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ABSTRACT. — In this short note we announce the main results of [2] about variational problems
involving 1-dimensional connected sets in the Euclidean plane, such as for example the Steiner tree
problem and the irrigation (Gilbert—Steiner) problem.
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In this note we describe the main results obtained in [2] concerning problems
involving 1-dimensional structures, focusing our attention on the two classical
examples given by the Euclidean Steiner tree problem and Gilbert—Steiner (or
irrigation type) problems. The Steiner tree problem in R¢ can be stated as fol-
lows: given N distinct points Py, ..., Py in R?, find the shortest connected graph
containing the points P;, or equivalently

(STP) inf{#'(L), L connected, L D {Py,..., Py}}.

An optimal (not necessarily unique) graph L always exists and also the structure
of L is known: a union of segments connecting the endpoints, possibly meeting at
120° in at most N — 2 further branch points, called Steiner points. On the other
hand, the Gilbert-Steiner problem for N — 1 unit sources and one sink fits within
the realm of optimal transportation problems and can be formulated as follows:
identifying networks L connecting the P; as streamlines of a vector measure u =
0(x)t(x) - #' L L flowing unit masses located at P;, i < N, to Py, find an opti-
mal network minimizing a transport cost which is a sublinear (concave) function
of the mass density, to favour branching (see [11]). More precisely, for 0 < o < 1,
we have

N-1
(L) inf{/ 0(x)|*dA#" L, divp="> " 6p — (N — 1)5PN}.
R i—1

L This paper is related to a talk given at “XXVII Convegno Nazionale di Calcolo delle Varia-
zioni” — Levico Terme (Trento) 6-10 February, 2017.
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In the recent years many different variational approximations have been pro-
posed for the treatment of (STP) or (I,), see for example [10, 7, 4, 5], but mainly
for the two dimensional setting using a phase field based approach together with
some coercive regularization. Here, following [8, 9], we analyse this kind of opti-
mization problems on Euclidean graphs with fixed endpoints set A, like (STP) or
irrigation-type problems, and we rephrase them as optimal partition-type prob-
lems in the planar case R, obtaining a variational approximation in the sense
of I'-convergence (Theorem 3.2). Moreover we propose a convex relaxation and
identify numerically the optimal networks. The corresponding analysis in R,
d > 3, is contained in the companion paper [3].

1. ACYCLIC GRAPHS AND RANK ONE TENSOR VALUED MEASURES

Fix a set of N distinct points 4 = {Py,..., Py} C RY, d > 2. Define %(A) to
be the set of (connected) acyclic graphs L that can be described as the union
L= Ul]i ]1 Ai, where A; are simple rectifiable curves connecting P; to Py and
oriented by #'-measurable unit vector fields ; satisfying 7;(x) = 7;(x) for
AHlae xeln 4j (i.e. the orientation of /; is coherent with that of 4; on their
intersection).

For each L e %(A), we identify the curves A; with the vector measures
A;=1;- #"' A, so that all the information concerning this acyclic graph L
is encoded in the rank one tensor valued measure A=1® g - H# ! L L, where
7€ R? is the #'-measurable unit vector field carrying the orientation of the
graph L, with sptt = L, = 7; #'-a.e. on A;, and g € RV ! is an #'-measurable
vector map over L whose components g; are defined by g; - #' L L= 4" J; =
|Ai|, with |A;| the total variation measure of A;. Observe that g; € {0, 1} a.e. for
any i and the measures A; verify the property

(11) diVAiZC;Pi—épN.

DEerINITION 1.1. Given L € 4(A), we call the above constructed measure
A=1t®g-#" L the canonical (rank one) tensor valued measure representa-
tion of the acyclic graph L.

To any connected set S D 4 with #!(S) finite, i.e. to any candidate minimizer
for (STP), we can associate in a canonical way (see e.g. Lemma 2.1 in [8]) an acy-
clic graph L O 4 such that #'(L) < #'(S) and L € %(A). Given now a graph
L € 9(A) canonically represented by the tensor valued measure A, we observe
that #! L L = sup,(#' L 4;) = sup;|Aj|, i.e. the measure #' L_ L corresponds to
the smallest positive measure dominating the family of measures |A;| = #' L ;.
We thus have

HN(L) = /ddjfl LL= /dsup Al = 7°(A),
R RE i
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and we recognize that minimizing #° among graphs L € %(A4), i.e. among rank
one tensor valued measures A =1 ® g - A 'L which are the canonical repre-
sentation of acyclic graphs L € %(A4), solves (STP) in RY.

Following [9], we can address in a similar way irrigation problems from the
point sources { Py, ..., Py_;} to the target point Py by using the canonical repre-
sentation as rank one tensor valued measures of graphs L € %(A4). For doing so
we need some additional notation: for a measure i = (4, ..., 1), with g; posi-
tive measures on R, let ||, = 3, 4, so that ji = g|ji], withge RY, 0 < g, <1
for 1 <i< M, ) ,g;=1. Accordingly, we denote ||, the supremum mea-
sure ||, = sup; 4; = (sup; ¢;)|4|, and for generic p > 1 we define the measure
|dl, = lgl,|dl,, with |g|, = (3_; gip)l/‘” the /” norm of g. More generally, for ¥ a
norm on R, we define the measure ¥ (i) := W(g)|il,, characterized as

M
() (RY) = sup{z [ o 0 < pe CHRN VI < i< M ¥ (5) < 1}
i=1

with ¥* the dual norm to W w.r.t. the Euclidean structure on RY.
Let now A=1t® i =1®g|d|, be a rank one R? ® RY~!-valued measure
with |7] = 1. For 0 < o < 1 define

(1.2) FHA) = /Rd gl dliily = |l (RY)

and

a3 W= [ llodia = [ (s ) =1, R,

<i<N-1

In other words, 7 *(A) = [[Ally,, 7 O%A) = |Ally, are total variation-type func-
tionals, with respect to the norms W, =|-|,» and Wo=|-|,~. When A =
T®g- AL is the canonical representation of an acyclic graph L € %(A),
so that in particular we have |t =1 and ¢; € {0,1} for 1 <i< N —1, we
deduce

FOUN) = /Rd gl dx' L =" (L),
7o) = [ lolyan'LL= [ lo1an’,
R L

where 0(x) =), gi(x)V* = >.:9i(x) € Z,and 0 < O(x) < N — 1. We thus recog-

nize that minimizing the functional . * among graphs L connecting P1, ..., Py_;
to Py solves the irrigation problem with sources Pi,...,Py_; and target Py
(see [9]), while minimizing #° among graphs L with endpoints set {Py,..., Py}

solves (STP) in RY.
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2. ACYCLIC GRAPHS AND PARTITIONS OF R?

Our two-dimensional analysis is based on following lemma which states that two
acyclic graphs having the same endpoints set give rise to a partition of R?, or
equivalently that their oriented difference corresponds to the orthogonal distri-
butional gradient of a piecewise integer valued function having bounded total
variation.

LEMMA 2.1. Let {P,R} C R* and let J, y be simple rectifiable curves from P to R
oriented by #''-measurable unit vector fields t', . Define A =1t'- A" L) and
T =1"-#"_y. Then there exists a function u € SBV (R?; Z) such that, denoting
Du and Du* respectively the measures representing the gradient and the orthogonal
gradient of u, we have Du* =T — A.

The idea is now to take advantage of this lemma to reformulate the minimiza-
tion of # * as an optimization problem over the class of integer valued SBV func-
tions. For this purpose fix once and for all an acyclic graph G connecting the end-
points set A, for example

(2.1) G= Ufi}l y;,  with p; the segment joining P; to Py,

denote 7; = ‘?;f:ﬁ: i the orientation of each segment and identify y; with the vector
measure I'; = 7, - #' Ly;, so that #!'(G) = |T'|(R?) and |I'| = sup,|T";|. Taking

into account Lemma 2.1, and in the simplest case of %", we have

COROLLARY 2.2. Let A={P,...,Py} C R? be a set of terminal points and
G € 9(A) as above. For any acyclic graph L € 4(A), denoting T (resp. A) the
canonical tensor valued representation of G (resp. L), we have

%I(L):/ sup|A,-|:/ sup |Dui- — T
R? i R> i

1

for suitable u; e SBV(R*7),1 <i<N — 1.

Thus, having fixed the family of measures I' = (I';,...,T'y_1), we are led to con-
sider the minimization for U = (uy, ...,uy_1) € SBV(R* Z"~!) of the functional
FOU)=7%DU+ -T) = / sup | Du — Ty

R? i

We have already seen that to each acyclic graph L € %(A4) we can associate a
U e SBV(R?* Z"~!) such that #'(L) = #°(U). Moreover we can also prove
that for each minimizer U € SBV (R?;ZV~") of #° we can identify, in the sup-
port of the family of measures {I'; — Du}., an acyclic graph L connecting the
terminal points Py, ..., Py and such that #°(U) = #'(L). This means that we
have a relationship between (STP) and the minimization of #° over functions in
SBV(R?;Z"~1), and a similar connection can be made between the a-irrigation
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problem and minimization over the same space of #*(U) = Z*(DU* —T'). To
this family of functionals % * we now provide an approximation in the sense of
I'-convergence through Modica—Mortola type energies.

3. I'-CONVERGENCE

We first consider Modica—Mortola functionals for functions having a prescribed
jump part: for any given i€ {l,...,N — 1} consider the measure I';=r71;-
Ay, defined for G as in (2.1), and let

(3.1) F;(u,B):/e;i(u)dx:/DuL—r,-|2+£12W(u)dx,
B B

defined for ue H; = Wll(z(Rz\yl) N BV(R?*) and BcC R*\{Pi,...,Py} open,
where W(u) > 0 is a smooth I-periodic potential Vamshmg on Z and let
co = 2f0 /W (s)ds (we can take for example W (u) = sin’(zu), then ¢ = 2/7).
Observe that due to summability issues for the absolutely continuous part of the
gradient we work in local spaces.

For each fixed i € {1,..., N — 1} functionals {¢F/},, which are just “shifted”
variants of the classical Modica—Mortola ones, I'-converge as ¢ — 0 to the limit-
ing functional F'(u,B) = ¢y [zd|Du* —T;| (Section 3.1 in [2] or see also [1]).
Based on this “component-wise’’ result we can now address the general problem
involving total variation type functionals such as % *.

COROLLARY 3.1 (I'-convergence). Let ¥ : RV~™! — [0, 400) be a norm on RV~!,
define H = H) x --- x Hy_ and consider the functionals

32)  7Y(U,B) - /a\P(a.(U))dx, Jor U= (u1,....ux1) € H,
B

(3.3) FY¥U,B) = / Y(9)d| DU+ —T|,, for Ue SBV(R*zN™ 1),
B

for BC R*\{Py,..., Py} open, where we set &,(U) = (e} (u),...,eN (uy_1)),

g:(gl,...,gN,l) and for 1<i<N-—1, |Du —T;|=g;|DU*+ —T|,, with
DU+ =T, := SN |Du — T4|. Then we have

(1) (Compactness and lower bound inequality) For all U, € H such that 7,* (U, B)
< C(B), BC R)\{Py,..., Py}, there exists U € SBV([F\E2 7N such that (up
to a subsequence) U, — U in L'(R*; RY~1). Moreover,

(3.4) liminf %, (U,, B) > ¢o.# ¥ (U, B)

e—0

(2) (Upper bound (in)-equality) Let A =t® g- #' L L be a rank one tensor
valued measure canonically representing an acyclic graph L connecting
Pi,...,Py, and let U € SBV(R*;Z""") such that Du} =T, — A; for any
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i=1,....,N—1. Then there exists a sequence U, € H such that U, — U in
LY (R*; RY"1Y and

(3.5) limsup Z,* (U,, B) < co7 ¥ (U, B)

&e—0
for any open subset B C R*\{Py,..., Py}.

Corollary 3.1, together with the convergence of minimizers (see [2]), may be sum-
marized, in case Z ¥ corresponds respectively to Z° and Z * for 0 < o < 1, in the
following

THEOREM 3.2. Let A={P,....Py} CR®> and T; =1- Jf Ly, for 1<i<
N —1, as in Remark 2.1. For U = (uy,...,un_1), u; € Wlac (R \y)mBV([Riz)
0 < a <1, define

%O(U,B):/esupeé(ui)dx and %“(U,B):/ (Ze 1/”)
L

! i=1

where B C R*\{Py,..., Py} is open and the energy densities e!(u;) are defined as
in formula (3.1), and let

(3.6) Z7°U,B)=Z7°(DU*-T,B), #*U,B)=ZF*DU*~T,B)
be defined as in (1.3) and (1.2). Let ¢y > 0 be defined as above. Then we have
750 — 7" and F 5 o7 ”,

and T-convergence takes place with respect to the strong topology of
L! (R2 RN- l) In particular, up to subsequences, minimizers U, of 7, O converge,
as ¢ — 0, to UeSBV(R* 7N with DU -T=1Qg- %I_L and L a
Steiner Minimal Tree with terminal points in A, while minimizers V, of #,* con-
verge (up to subsequences), as ¢ — 0, to V € SBV(IR%2 ZNY, where prior=
T ® g’ - AL L, represents an optimal o-irrigation plan with sources Py, ..., Py_
and target point Py.

4. CONVEX RELAXATION

Another possible way to address the minimization of % * is to provide suitable
convex positively 1-homogeneous relaxations of it, which in this case maintain
their validity in any dimension. We recall that the functional % * is defined as

F0) = 1Ay, = [ lalod 'L

if the measure A is the canonical representation of an acyclic graph L with ter-
minal points {Py,..., Py} C R?, so that in particular, according to Definition
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1.1, we can write A=1t®g-#"'L_L with |7 =1, g; € {0,1}. For any other
d x (N — 1) valued measure A on R? we set #*(A) = +o0. We look at possible
extensions of this type from two perspectives:

Extension to rank one tensor measures. Following [2], we first propose possible
positively 1-homogeneous convex relaxations of #* on the class of rank one
tensor valued Radon measures A = t ® g - |fi|,, where [t7[ =1, g e R¥ ! and ji =

(41 iy_y) is a family of positive Radon measures on R? with ||, = 3, 4.
For such a A we consider extensions of the form

w) = [ ¥,
for a convex positively 1-homogeneous ¥* on RV~! (i.e. a norm) verifying
(4.1) 911/, < ¥*(g9) < @5(g) forallge RN,

with the convention 1/0 = oo. Here we have

) il =( > w1y (X lel")

1<i<N-1 1<i<N-1
for o > 0 and for o = 0
43 O (g) = su f— inf -
( ) OO(Q) 1§[£]Pi]7191 ISiSNflgl )

with g/ = max{g;,0} and g; = min{g;,0}. In practice ®; represents the convex
positively 1-homogeneous envelope of the function ®g,(g) := |gl;, when g; > 0
for all i, 400 otherwise. This relaxation depends on the choice of the function
W* and in general it is not sharp, i.e. minimizers in suitable classes of weighted
graphs with prescribed fluxes at their terminal points, or more generally in the
class of rank one tensor valued measures having divergence prescribed by (1.1),
do not represent minimal Steiner trees (or convex combination of them): for
example, choosing ¥° = | - |, and minimizing %" within the class of rank one
tensor valued Radon measures A =t ® g - |4, satisfying (1.1) leads to a mini-
mizer which is not acyclic (see example 4.1 in [2]).

Extension to general matrix valued measures. We turn next to the convex
relaxation of Z* for generic d x (N — 1) matrix valued measures A = (Aj, ...,
An-1), where A;, for 1 <i < N — 1, are the vector measures corresponding to
the columns of A. Since we are looking for a positively 1-homogeneous extension,
we observe that whenever A=p - #'LL=t®g-#'LL, with [tf]=c>0
and ¢g; € {0, 1}, we must have

w8 = [ el dr' L= [ @pyan' L,

Rt[
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with ®,(p) = [t||gl;, defined only for matrices p € Ko (+o0 otherwise), where
Ko={t®geR™¥ Y g,e{0,1}, |t = ¢ = 0}. Then, following [6], we look
for a “local” convex envelope of this energy, i.e. we look for ®@;*, the positively
1-homogeneous convex envelope on R?*(Y=1 of ®,, and use it to define a relax-
ation of our initial energy. Setting ¢ = (q1, ..., qy_1), with ¢; € R? its columns, it
turns out that @;" is the support function of the convex set

qu‘

K* — {q c RdX(N—l)’
ieJ

<|J|*VJ C {1,...,N—1}},

and thus we are led to consider the relaxed functional

N-1
R*(N) = /[Rd D (A) = sup{z /[R{" p;dN;, ¢ € CL?O(R“’;K“)},
i1

where ¢ = (¢,,...,¢y_;) i1s @ matrix valued function. Observe that for A a rank
one tensor valued measure the above expression coincides with the one obtained
in the previous section choosing ¥° = @ . In the planar case d = 2 we can now
fix a measure I' as for instance in (2.1) and define our relaxed energy on functions
U e BV(R* RN as 6*(U) = #*(DU+ —T) or equivalently

N-1
&*(U) = sup{/ Z(DuiL ~T) -0, pc Cjo([];e2;1<ac)}.
R* 51

5. NUMERICAL IDENTIFICATION OF OPTIMAL STRUCTURES

The previous I'-convergence result and the proposed relaxation &* can now be
extensively used from a numerical point of view to identify optimal Steiner trees
and o-irrigation networks.

The approximation of the functionals .%,* is carried out through the use of
ad-hoc finite element spaces which are designed to take into account the presence
of the drift terms I'; (see [2] for details). In the experiments of figure 1 we approx-
imate the optimal Steiner trees associated to the vertices of a triangle, a regular

Figure 1. Local minimizers obtained by the I'-convergence approach for 3, 5 and 7
points.
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/7

Figure 2. Gilbert—Steiner solutions for parameters o = 0.2,0.4,0.6,0.8 and 1 (left to
right).

Figure 3. Results obtained by convex relaxation for 3, 4, 5 and 7 given points.

pentagon and a regular hexagon with its center. Observe that in the first two
cases we are able to recover a global minimizer while the result obtained for the
hexagon and its center is only a local minimizer. In figure 2 we focus on simple
irrigation problems and we recover the solutions of Gilbert—Steiner problems for
different values of o (for small o we can see that the irrigation network is close to
an optimal Steiner tree).

Eventually the numerical optimization of the relaxed energy &% can be
addressed within the same framework used for the approximation of %%, and in
figure 3 we can see the results in four test cases. The convex formulatlon is able
to approximate the (unique) optimal structure in the case of the triangle, while in
the other three examples, where the solution is not unique, the result of the opti-
mization is expected to be a convex combination of all solutions whenever the re-
laxation is sharp, as it can be observed on the second and fourth case of figure 3.
However we do not expect this behaviour to hold for any configuration of points:
for example in the third picture of figure 3 the numerical solution is not supported
on a convex combination of global solutions since the density in the middle point
is not 0.
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