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Partial Differential Equations — A note on doubly nonlinear SPDEs with singular
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ABSTRACT. — We prove well-posedness for a class of second-order SPDEs with multiplicative
Wiener noise and doubly nonlinear drift of the form —divy(V-) + (-), where y is the subdifferential
of a convex function on R? and f is a maximal monotone graph everywhere defined on R, on which
neither growth nor continuity assumptions are imposed.
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1. INTRODUCTION

Let D be a bounded domain of R with smooth boundary and 7> 0 a fixed
number. We shall establish well-posedness in the strong sense for stochastic par-
tial differential equations of the type

du(t) — div y(Vu(t)) dt + p(u(t)) dt > B(t,u(t)) dW(t) in (0,T) x D,
(1.1) u=0 in (0,7) x 0D,
u(0) = up in D,

where y € R x R? and f C R x R are everywhere-defined maximal monotone
graphs, the first one of which is assumed to be the subdifferential of a convex
function k : RY — R. Furthermore, W is a cylindrical Wiener process on a sepa-
rable Hilbert space U, and B takes values in the space of Hilbert—Schmidt oper-
ators from U to L*(D). Precise assumptions on the data of the problem are given
in §2 below.

Equations with drift in divergence type, both in deterministic and stochastic
settings, have a long history and are thoroughly studied, especially because of
their physical significance. From a mathematical point of view, they are particu-
larly interesting because they are fully nonlinear, in the sense that they do not con-
tain any “leading” linear term. For stochastic equations, the first well-posedness
result is most likely due to Pardoux, as an application of his general results in
[12] on monotone stochastic evolution equations in the variational setting (see
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also [4] for improved results under more general assumptions on B). In this case
one needs to assume f = 0 and

p(x) - x 2 |xP =1, ) <$x" -1 YxeRY

with p > 1 (the centered dot stands for the usual Euclidean scalar product in R¢).
These are precisely the classical Leray—Lions conditions, well known in the deter-
ministic theory (cf. [5]). In some special cases a simple polynomial-type f can
be added: for instance, if y corresponds to the p-Laplacian, i.e. y(x) = |x|” 2,
p > 2, one may consider A(r) = |r|” 2 (cf. [6, p. 83]). However, it is well known
that if two nonlinear operators satisfy the conditions needed in the variational
setting, their sum in general does not. This phenomenon already gives rise to
severe restrictions on the class of semilinear equations with polynomial nonlinear-
ities that can be solved by such methods.

In some recent works we have obtained well-posedness results for (1.1) under
much more general hypotheses than those mentioned above. In particular, in [13]
it is assumed that y still satisfies the classical Leray—Lions assumptions, but no
growth restriction on £ is imposed: a very mild symmetry-like condition on its
behavior at infinity is shown to suffice. On the other hand, in [9] we consider the
case ff = 0, with no hypotheses on the growth of y, but with the additional re-
quirement that y is single-valued (a symmetry-like assumption on y is needed
in this case as well). Equations with more general, possibly multivalued y, are
treated in [10], where, however, less regular solutions are obtained.

Our goal is to unify and extend the above-mentioned well-posedness results
for equation (1.1), thus treating the case where both y and ff can be multivalued,
without any restriction on their rate of growth. We shall also show that we can
do so without loosing any regularity of solutions with respect to the results of
[9]. The approach we take, initiated in [11] and further refined and extended in
[7]-[10], consists in a combination of (deterministic and stochastic) variational
techniques and weak compactness in L' spaces. A key feature is the construc-
tion of a candidate solution as pathwise limit, in suitable topologies, of solutions
to regularized equations. In particular, due to this type of construction, in order
to obtain measurability properties of solutions, uniqueness of limits is crucial.
Roughly speaking, we can prove that —divy(Vu) + f(u) is unique, hence that it
is measurable, but showing that each one of them is unique (hence measurable)
seems difficult, if not impossible. This is the reason why y was assumed to be
single-valued in [9, 13]. In the general setting of this work we thus need different
ideas: let uy, y,, and f8; be suitable regularizations of u, y, and f, respectively, and
set 7, :=7,(Vu;) and &; := f,(u;). Comparing weak limits, obtained in different
ways, of the image of the pair (7,,&;) under a continuous linear map, we are go-
ing to prove that there exist two limiting processes # and &, “sections’ of y(Vu)
and f(u), respectively, that are indeed predictable and satisfy suitable uniqueness
properties. One may say that we restore uniqueness working in a suitable quo-
tient space, although quotient spaces do not appear explicitly.

The well-posedness result obtained here may be interesting also in the deter-
ministic setting, as our results extend to the doubly nonlinear case the sharpest
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results available for equations with f = 0 and B = 0, whose hypotheses on y are
identical to ours (cf. [2, p. 207-ff]).

Our interest for stochastic PDEs with singular monotone drift has been influ-
enced by reading the article [1], which, however, deals with semilinear equations
only.

The paper is organized as follows: in Section 2 we state the assumptions and
the main result, which is then proved in Section 3.

2. MAIN RESULT

Before stating the main result, we fix notation and introduce the necessary
assumptions.

As already mentioned, D stands for a bounded domain in R? with smooth
boundary. We shall denote the Hilbert space L*(D) by H, its norm and scalar
product by || - || and <-, -, respectively. We shall denote the Dirichlet Laplacian
on L'(D) (as well as on L*(D), without notationally distinguish them) by A. The
space of Hilbert—Schmidt operators from the separable Hilbert space U to H is
denoted by #?(U, H). We shall write @ < b to mean that there exists a constant
N > 0 such that a < Nb.

Let (Q, 7, P) be a probability space, endowed with a filtration (#), o 1) sat-
isfying the so-called usual conditions, on which all random elements will be
defined. Equality of stochastic processes is meant to be in the sense of indistin-
guishability, unless otherwise stated. We assume that the diffusion coefficient

B:Qx[0,T|x H— %*U,H)

is such that B(-,-, /) is progressively measurable for all # € H, and there exists a
positive constant N such that

1B(e0, 8, )| 220, ) < Na(1 +[|x[]),
1B, 1,x) = B(w, 1, y)|| 2, 1y < Nallx = yll

for all (w,?) e Q@ x [0,T] and x, y € H. Moreover, let the initial datum u, be
Fo-measurable with finite second moment, i.e. uy € L*(Q, F; H).
Let k : RY — R, be a convex function with k(0) = 0 such that

lim sup K(x) < +o0, lim @:—f—oo
x| —+o0 k(—x)

|x[—+00 |x\
(we shall call the second condition superlinearity at infinity). Then its sub-
differential y := 0k is a maximal monotone graph in RY x RY. We assume that
the domain of y coincides with R, which implies that k*, the convex conjugate
of k, is superlinear at infinity as well. Moreover, let j : R — R, be a further con-
vex function with j(0) = 0 such that

lim sup ](x) < +o0,
[x|—=+00 ](—X)
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whose subdifferential ff := ¢j is an everywhere defined maximal monotone graph
in R x R, so that j* is superlinear at infinity. The condition on j involving the
upper limit at infinity can be interpreted as a natural generalization of symmetry,
in the sense that its rates of growth at +o00 and —oo are assumed to be compa-
rable. The corresponding condition on k has the same interpretation, after re-
stricting k to any ray in R?. All notions of convex analysis and from the theory
of maximal monotone operators used thus far and in the sequel are standard and
are treated in detail, for instance, in [2].

We can now give the notion of solution to (1.1) that we are going to work
with. Throughout the work, ¥V} is a separable Hilbert space continuously em-
bedded in both W= (D) and H}(D): for instance one can take, thanks to
Sobolev embedding theorems, Vj := HY(D) for k e N sufficiently large. More-
over, the divergence operator is defined as

div: L'(D)" — V]

which is thus linear and bounded. In fact, for any f € LI(D)d and g € V),

KVl < 1 lLillgllw= oy < 1 2oy 91w,
because V) is continuously embedded in W' * (D).

DEFINITION 2.1. A strong solution to (1.1) is a triplet (u,#, &), where u, 1, and &
are adapted processes taking values in Wol’ YD)~ H, L'(D)?, and L'(D), respec-
tively, such that # € y(Vu) and & € f(u) a.e. in Q x (0,7) x D,

ue L(Q; C([0,T); H)) n L°(Q; L'(0, T; Wy ' (D)),
ne L'Q;L'((0,T) x D)),
&e LY(Q;L'((0,T) x D)),

Vu-n—+ué e L°(Q;L'((0,T) x D)),

and

wdr+ [ a0+ [ i = -+ [ Do) aws).4)

for all ¢ € V).

The last identity in the above definition is equivalent to the validity in the dual
of Vy of the equality

u—/O'divn(s)dH/o'é(s)ds_u0+/0'B(s,u(s))dW(s).
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Note that u, uy and the stochastic integrals take values in A and the third term
on the left-hand side takes values in L!(D), hence also the second term on the
right-hand side belongs to L'(D), so that the equality holds also in L'(D). The
same reasoning implies that the sum of the second and third terms on the left-
hand side take values in H, so that the above equality can also be seen as valid
in H.

The main result of the paper is the following. The proof is given in §3
below.

THEOREM 2.2. There exists a strong solution (u,n,&) to equation (1.1). It is pre-
dictable and satisfies the following properties:

ue L}Q; C([0,T); H)) n L'(Q; L'(0, T; W, ' (D)),
neL'(Qx(0,T) x D),
Ee L' (Qx (0,T) x D),
Vu-neL'(Qx(0,T)x D),
ué e LY(Q x (0,T) x D).

Moreover, the solution map

LXQ, Fo; H) — L*(Q; C((0, T]; H))
Uy — u
is Lipschitz-continuous. In particular, if (uy,n,,&,) and (uz,n,,&5) are any two

strong solutions satisfying the properties above, then u; = u, and —divny, + &, =
—divey, + & in L*(Q; C([0, T]; H)) and L'(Q; L' (0, T; V), respectively.

3. PROOF OF THEOREM 2.2
3.1. Ité’s formula for the square of the H-norm

We establish a version of I1td’s formula for the square of the H-norm in a gen-
eralized variational setting, which will play an important role in the sequel. The
result is interesting in its own right, as it does not follow from the classical ones
in [4, 12], and is apparently new for 1td processes containing a drift term in diver-
gence form with minimal integrability properties.

PROPOSITION 3.1. Let Y, f, and g be measurable adapted processes with values
in Hn WOI’I(D), LY(D)", and L'(D), respectively, such that

Y e LOQ; L7(0, T; H) n LY(Q; L'(0, T; Wy ' (D)),

[ e LY@ L((0,T) x D)),

g e LY L'((0,T) x D)),
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and there exists constants a, b > 0 such that
k(aVu) + k*(af) + j(bu) + j*(bg) € L°(Q; L' ((0, T) x D)).

Moreover, let Yy e L°(Q, Fo; H) and G be an £*(U, H)-valued progressively
measurable process such that G € L°(Q; L*>(0, T; £*(U, H))). If

Y—/O'divf(s)dw/o'g(s)ds: Y0+/0'G(s)dW(s)

as an identity in V;, then

s+ [ oyt [ orea
=510 45 [ 160N mds + [ Y6 aW ()

PrROOF. The proof is essentially a combination of arguments described in great
detail in [8, 9], hence we shall limit ourselves to a sketch only. Using a superscript
0 to denote the action of (I —JA)™", for a sufficiently large m € N, we have,
thanks to Sobolev embedding theorems and classical elliptic regularity results,

Y'>‘—/O'divfﬁ(s)dw/o'g&(s)ds: Y(§S+/O. G%(s) dW (s)

as an identity of H-valued processes. 1t6’s formula for Hilbert-space valued con-
tinuous semimartingales thus yields

e P+ [ [ re v [ eorieas

1 1 [ s T
=310 +5 [ 166 s+ [ Y66 aw ).
Thanks to the assumptions on Y, f, g ad G, it easily follows that, P-a.s.,

Y0 - Y, inH,

Y°(t)— Y(1) inH Vtel0,T],
fP=f i L'((0,T)x D),
g°—g  inL'((0,T)x D),

G’ -G  inL*0,T;2*U,H)).

Similarly, using simple properties of Hilbert—Schmidt operators and the domi-
nated convergence theorem, it is not difficult to verify that the quadratic variation
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of (Y°G’ — YG) - W converges to zero in probability, so that
/ YOG dW — / YGdW
0 0

uniformly (with respect to time) in probability. Furthermore, thanks to the hy-
potheses on k and j, the families (Vu? - Y°) and (¢° Y°) are uniformly integrable
in (0, T) x D P-a.s., hence by Vitali’s theorem we also have that, P-a.s.,

fo-VY° = f£.VY in LY((0,T) x D),
@Y’ =gy in L'((0,T) x D).

The proof is completed passing to the limit as o — 0 in (3.1), in complete analogy
to [7, §4] and [9, § 3]. O

COROLLARY 3.2. Under the assumptions of the previous proposition, one has
Y e L(Q; C([0, T]; H)).

Proor. Since Y € L*(0,T;H) n C([0, T]; Vy), the trajectories of Y are weakly
continuous in H (see, e.g., [14]). Moreover, by 1t6’s formula one has

SO =310+ [ [ r6-vreass [ [ gy

/nG 92 UHds+/ Y(5)G(s) dW (s)

for every r,t € [0, T]. This implies, by an argument analogous to the one used
in [8, §3], that the function ¢ — || Y (7)|| is continuous on [0, 7. By a well-known
criterion we thus conclude that Y has strongly continuous trajectories in H. [

3.2. Well-posedness in a special case

As a first step we prove existence of solutions to (1.1) assuming that the noise is
of additive type and that

Be L*(Q;L*0,T; £*(U, V))).

For any 4 > 0, let y, and f8, denote the Yosida approximations of y and f3, respec-
tively, and consider the regularized equation

duy(t) — AAuy(t) dt — divy,(Vu, (1)) dt + B, (u,(2)) dt = B(t) dW (1), u;(0) = up.

Since y; and f; are monotone and Lipschitz-continuous, it is not difficult to check
that the operator

¢ — —AAp — divy;(V4) + B;(¢)
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is hemicontinuous, monotone, coercive and bounded on the triple (H{} (D), H,
H~Y(D)), so that the classical results by Pardoux [12] provide existence and
uniqueness of a variational solution

u, e L*(Q; C([0, T); H)) n L*(Q; L*(0, T; Hy (D))).

The a priori estimates on the solution u; contained in the next lemma can be
obtained essentially as in [9, 10, 11, 13].

LEMMA 3.3. There exists a constant N independent of A such that

2 ) 2
””).HLZ(Q; c(o, 7)1y T AHVW||L2<Q;L2(0,T;H))
+ 172 (Vuz) - Vi oo, 1yxpy + 1182 (2) sl @0, 1yxpy <N

Sor all J € (0,1). Furthermore, there exists Q' € F with P(Q') = 1 such that, for
every w € Q', there exists a constant M (w) independent of J. such that

2 2
[z (@) e 0,7 1) + HVuz (@) 120, 7,11y + 172 (Vua(@)) - Vuz ()] 110, 7))
+ ||ﬁi(u/1(w)>u).(w)||L1((O,T)><D) < M(w)

forall A e (0,1).

PRrOOF. It is an immediate consequence of the (proofs of the) [9, Lemmata
4.3-4.7], for the part involving y, and [11, Lemmata 5.3-5.6], for the part involv-
ing f. O

Since

(7, (Vuz)) < k*(7,(Vap)) + k(L + 29) "' V) = 9,(Va) - (I + ) ™'V,
<9,(Vuy) - Vu,

and

J(By(u)) < 5 (B(us)) + (I +28) " us) = By(w) (I + 2B) " wp < B (uz)uy,

we infer that the families (k*(y,(Vu,))) and (j*(f,(u;))) are uniformly bounded
in L'(Q x (0,T) x D). Therefore, recalling that k* and j* are superlinear,
thanks to the de la Vallée-Poussin criterion and the Dunford—Pettis theorem
we deduce that the families (y,(u;)) and (f,(u;)) are relatively weakly com-
pact in L'(Q x (0, T) x D)d and L'(Q x (0, T) x D), respectively. Analogously,
the families (y,(u;(w))) and (f,(u,(w))) are relatively weakly compact in
L'((0,T) x D) and L'((0, T) x D), respectively, for P-a.e. w € Q.

Let Q' be as in the previous lemma and take w € Q'. Then we have, along a
subsequence A’ of /4 depending on w,
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u;(w) — u(w)  weakly” in L*(0,T; H),
Vu, (w) — Vu(w) weakly in L'((0, T) x D),
Vuy(w) — 0 in L*(0, T; H} (D)),
7 (U (@) = n(w)  weakly in L'((0,T) x D),
By (uy(w)) — E(w)  weakly in L'((0,T) x D),

hence, by passage to the weak limit in the regularized equation taking test func-
tions in V), we have

(3.2) M—Amw@¢+ﬁf@$:w+/3@ﬂww

0

Moreover, by the lower semicontinuity of convex integrals, it also follows that
k(Vu(@)) + k*(n()) + j(u(w)) + j*(&(@)) € L'((0,T) x D).

Arguing as in [11, pp. 27-28] and [9, pp. 18—19], one can show that the process u
constructed in this way is unique in the space L*(€; C([0, T]; H)). This ensures
in turn that the convergences of (u;) to u hold along the entire sequence A, which
is independent of w. In particular, we have that

u;(w) — u(w) weakly in L*(0, T; H) Vo € Q'

Since () is bounded in L*(Q x (0, T') x D), we deduce that u; converges weakly
to u also in L>(Q x (0, T); H). Hence, by a direct application of Mazur’s lemma,
we infer that u is a predictable process with values in H. Unfortunately a similar
argument does not apply to # and &. In fact, by uniqueness of u, we can only infer
from (3.2) that —divy + & is unique: namely, assume that (,(w), & (w)), i = 1,2,
are weak limits in L'(0, T; L'(D))“™" of (y,(Vuy()), B, (u;)) along two subse-
quences of 1 (depending on ). Then

/ Cdivin —m) + (& — &) ds =0 Vee [0,T),

hence —div(n; —n,) + (& — &) =0, or, equivalently, —divy, + & = —divy, +
& in Vj for a.a. t€[0,T]. However, this allows us to claim, setting #; :=
y,(Vu,) and &; := f,(u,), that

~divy, + & — —divy + ¢ weakly in L'(0, T; Vy) Vo e Q'

along the whole sequence A, thanks to the same uniqueness argument already
used for u. In fact, let us set, for notational convenience,

@: L'(D)" - ¥
(v, f) — —divo+ f
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and {; := (1,,¢&;), {:= (,£). Note that @, being a linear bounded operator, can
be extended to a linear bounded operator from L!((0,T) x D)d+l ~ L0, T;
LY(D)"™ to L'(0, T; V), also when both spaces are endowed with the weak to-
pology. Then {;, — { weakly in L'((0, T') x D)dJrl implies that ®{; — O weakly
in L1(0,T; V}) for all w € Q'. Such a convergence, however, does not allow to
infer that —divy + & is predictable as a Vj-valued process. The reason is that we
may certainly find, by Mazur’s lemma, a convex combination of —divy, +¢&;
converging strongly to —divy + & in L1(0, T; V) for all € Q', but such a con-
vex combination would depend on w, bringing us back to the same problem we
are trying to solve. We could just say that —divy + & is weakly measurable with
respect to # and the Borel g-algebra of L'(0, T; V}). Since this space is separa-
ble, by Pettis’ theorem we also have strong measurability. This observation, how-
ever, does not seem to imply the desired result.

In order to show that —divy + ¢ is indeed predictable, we are first going to
prove that

—divy, + &, — —divy + ¢ weakly in L' (Q x (0, T); V).

We have just shown that

T T
/ (O (0, 1), (1) di — / (D (w0, 1), (1) dr
0 0

for all ¢ € L*(0,T; Vy), for all w € Q', where <-,-» stands for the duality be-
tween V; and V' = Vy. Let y € L*(Q x (0,T); Vy). Then y(w,-) € L*(0,T;
V) for P-a.e. w € Q. Indeed, the set

A= {(w,1) e QX [0, T] = [, )y, > Wl L= @x 0,79 1)}

belongs to # ® #([0, T]), and, by Tonelli’s theorem,

|A|_/Q/OrlAdth_/QLeb(Aw)P(dw),

where |A4| denotes the measure of 4 and 4, stands for the section of 4 at w, i.e.
A, ={te[0,T]: (w,t) € A},
which belongs to #([0,T]) for P-a.e. w € Q. Since |4| =0, it follows that

|4,| =0 for P-a.e. we Q. This implies, by definition of 4, that y(w,-) €
L*(0,T) for P-a.e. w € Q. Consequently, we have

T T
/O (O, (0, 1), Yo, 1)y dt — /0 (O, 1), Y (w0, 1) dr

for P-a.e. w € Q. To complete the argument it is then enough to show that the
left-hand side, as a subset of L°(Q) indexed by 4, is uniformly integrable. To
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this end, we collect some simple facts about uniform integrability in the following
lemma.

LEMMA 3.4. Let (X,.o/,m) be a finite measure space and I an arbitrary index
set.

(@) Let (fi);er» (9i);c; C LY(X; R") be such that |f;| < |gi| for all i € I and assume
that (g;) is uniformly integrable. Then (f;) is uniformly integrable.

(b) Let (f;) € L°(X;R") be uniformly integrable and ¢ e L*(X;R"). Then
(¢- f;) € L°(X) is uniformly integrable.

(c) Let F: R" — R with F(0) = 0 be convex and superlinear at infinity, and (f;) C
LY(X;R") be such that (F o f;) is bounded in L'(X). Then (f;) is uniformly
integrable.

(d) Let (Y,%,n) be a further finite measure space. If (f;) C L°(X x Y,.«/ ® A,
m @ n; R") is uniformly integrable, then (g;) C L°(X;R") defined by

gi = /Yf;-(~, y)n(dy)

is uniformly integrable.
PROOF. (a) is an immediate consequence of the definition of uniform integra-
bility.
(b) Let ¢ > 0. By assumption, there exists 0 = d(¢) > 0 such that

&

/ |filgn dm < VA € o, m(4) < 9.
4 161l

Then

/Wﬂmgwm/mwm<a
A A

(c) is a variation of the classical criterion by de la Vallée-Poussin. A detailed
proof (which is nonetheless very close to the one in the standard one-
dimensional case) can be found in [9].

(d) Let e > 0. By assumption, there exists ' = 6(¢) > 0 such that

/|f}|Rndm®n<8 VCeod @A, m@n(C) <J'.
c
Let 5 :=6"/n(Y) and 4 € .o/ with m(A4) < J. Then

/

because m @ n(A x Y) =m(A)n(Y) <on(Y) =4". O

rem(dx)n(dy) < e

/Y fi(x, y)n(dy)

)< [ g
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Let us now resume with the main reasoning. Since

/ @00 < Wl e 0700 / [+ / | 1)

by parts (a), (b) and (d) of the previous lemma it is sufficient to show that (#,)
and (&;) are uniformly integrable in Q x (0, 7) x D. But this is true, in view of
part (c) of the previous lemma, because k*(77,) and j*(&;) are uniformly bounded
in L'(Q x (0, T) x D). Vitali’s theorem then yields

T T
/0 (O (0, 1), W, 1)y di — /O (O, 1), Y(e, 1)y dr in LI(Q),

hence, in particular,
D(7;,&;) — @, &) weakly in L'(Q x (0, T); V7).

Furthermore, from the uniform integrability of () and (&;) in Q x (0,7) x D
it also follows that, along a subsequence u of 4,

(1 &0) — (1,€)  weakly in L'(Q x (0,T) x D),
hence also
D(1,,&,) — (7, &) weakly in L'(Q x (0, T); V).

An application of Mazur’s lemma yields, in complete analogy to the case of u,
that 77 and & are predictable processes with values in L'(D)? and L!(D), respec-
tively. Since u is a subsequence of A, by uniqueness of the weak limit we have that

D(n,&) = d(7,8), i.e
—divy + & = —divij + ¢

This implies that the identity (3.2) remains true with # and & replaced by 7 and &,
respectively. In other words, modulo relabeling, we can just assume, without loss
of generality, that # and ¢ in (3.2) are predictable and that

(1;,&:) — (1,€)  weakly in L'(Q x (0,T) x D)**".

By weak lower semicontinuity and Lemma 3.3, this also implies, arguing as in
[9, 10, 11, 13], that

ue LX(Q; L*(0,T; H)) n LY(Q; L1 (0, T; W, (D))),
neL'(Qx(0,T)x D),
Ee LN(Qx (0,T) x D),
k(Vu) +k*(n) = Vu-ne L'(Q x (0,T) x D),
Ju) + j* (&) = ué e L'(Q x (0, T) x D).
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In order to show that # € y(Vu) and & € f(u) a.e. in Q x (0, T) x D, it suffices to
prove, by the maximal monotonicity of y and f, that

T T
(3.3) limsup[E/0 /D(n,qu;,—k@u;,) < [E/0 /D(n-Vu—f—éu)

A—0

(cf. [9, pp. 17-18]). To this purpose, note that the ordinary It6 formula and
Proposition 3.1 yield

1 r 1 1 r
EEHW(T)HZ + E/ /(WVuﬁém) =2[E||uo||2+2fE/ ||B(s)||f<!’2(U‘H) ds
0 D 0 )

and

1 T 1 1T
E[E||u(T)||2—l-[E/ /(W'VLH—GM) —§[E||U0||2+§[E/ ||B(S)||?g’2(U,H) ds,
o Jo 0

respectively (the stochastic integrals appearing in both versions of Ito’s for-
mula are in fact martingales, not just local martingales, hence their expecta-
tion is zero). Since u;(T) — u(T) weakly in L*(Q; H), one has E|u(T)|* <
liminf ;o E|ju;(T)||, hence, by comparison, (3.3) follows.

Finally, the strong pathwise continuity (in H) of u is an immediate conse-
quence of the corollary to Proposition 3.1.

REMARK 3.5. Another way to ‘“‘restore” uniqueness of limits for the pair
& = (n,,&;) is to view it as element of the quotient space L' (D)“"' /M, where
M :=ker ®. Note that M is a closed subset of L' (we suppress the superscript
as well as the indication of the domain just within this remark), as the inverse
image of the closed set {0} through a continuous linear map, hence L!/M
is a Banach space. However, working with the spaces L'(0,T;L'/M) and
L'(Q x (0,T); L'/ M) present technical difficulties due to the fact that their dual
spaces are hard to characterize. A bit more precisely, this has to do with the
fact that the dual of L!(0, T; E) is L*(0, T; E') if and only if E has the Radon-
Nikodym property. This property is enjoyed by reflexive spaces, but not by L'
spaces (see, e.g., [3]).

3.3. Well-posedness in the general case
Let us consider now equation (1.1) with general additive noise, i.e. with
Be L*(Q;L*0,T; ¥*(U,H))).
Thanks to classical elliptic regularity results, there exists m € N such that the
(I —S6A)™™ is a continuous linear map from L'(D) to W' (D) H}(D) for

every 0 > 0. Setting then Vo := (I — A) ™ (H) and B’ := (I — 6A) "B, we have
B’ € L*(Q; L*(0, T; #*(U, V))), hence, by the well-posedness results already
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obtained, the equation
du’ — divy(Vu®)dt + B(u) dt > B dW, u®(0) = uy,

admits a strong solution ( 9 n°,&%). Arguing as in [9, 10, 11, 13], one can show
usmg 1to’ s formula that (u®) is a Cauchy sequence in L>(Q; C([0, T); H)) and that
(Vu®), (°), and (&%) are relatively weakly compact in L'(Q x (0, T) x D), so
that
u’ —u in L*(Q; C([0, T); H)),
u’ — u  weakly in L'(Q x (0, T); W' (D)),
(Qx (0,7) x >",
(Qx(0,T) x

n’° —n weaklyin L'
f‘s — ¢ weakly in L!

from which it follows that (u,#,¢) solves the original equation. Moreover, the
strong-weak closure of f readily implies that ¢ € f(u) a.e. in Q x (0,7) x D.
Finally, arguing as in the previous subsection, by weak lower semicontinuity of
convex integrals and It6’s formula one can show that

T T
limsup[E/ /nA-Vuig[E/ /17~Vu,
1—0 o Jbp o Jp

so that # € y(Vu) a.e. in Q x (0, T) x D as well.

Continuous dependence on the initial datum is a consequence of It6’s formula
and the monotonicity of y and f. Finally, the generalization to the case of multi-
plicative noise follows using the Lipschitz continuity of B and a classical fixed
point argument. A detailed exposition of the arguments needed to prove these
claims can be found in [9, 10, 11, 13].
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