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ABSTRACT. — In this paper we describe a new method to derive different type of decay estimates
for solutions of evolution equations which allow to describe the asymptotic behavior of the solu-
tions both in presence or absence of “‘immediate’ regularizing properties. Moreover, we give various
examples of applications some of which new and dealing with a class of nonlinear problems with
degenerate coercivity.
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1. INTRODUCTION

In this paper we describe a new approach, developed in [17] and [19], to the study
of the regularity, asymptotic behavior and decay estimates (of different type) for
solutions of evolution equations. This new method allows to prove decay esti-
mates of the type
/
luoll T @)

()0 < CT for every ¢ > 0.

where 1 < r < 400, hy and h; are positive exponents and uy € L (Q) (ro > 1) is
the initial datum of the evolution problem satisfied by u.

We recall that if r = + oo the previous estimates are often called in literature as
“ultracontractive estimates”, while if ry < r < +oo they are referred as “super-
contractive estimates’.

Here both the cases of “immediate regularization phenomena’ (supercontrac-
tive and ultracontractive estimates) rp < r < +oo are considered together with
the case of decay without any improvement of regularity 1 < r < ry. This new
approach will allow to derive all these decay estimates (of any type) simply by
suitable integral estimates.

We will describe this method together with some possible applications in the
following Section 2.

We point out that further examples and developments of the theory can be
found in [15]-[23].
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Then, in Section 3 we state new results concerning the asymptotic behavior of
a class of nonlinear problems with degenerate coercivity whose prototype is the
following equation
U = div(%) inQ x (0,+0),
(1.1) u="0 on 0Q x (0, +00)
u(x,0) =up(x) onQ,

where y > 0 and uy € L"(Q), with ry > 1.

We will also investigate the influence in (1.1) of lower order terms of the type
aolul* "1 (s> 1) on the regularity and asymptotic behavior of these solutions
proving, for example, that it is sufficient any power s > 1 to provoke the immedi-
ate boundedness of the solutions whatever is the summability of the initial datum
and the value y of the degeneracy of the equation.

Finally, in Section 4 we give the proofs of these results using the approach
presented in Section 2.

2. A NEW APPROACH TO DECAY ESTIMATES

Let us consider the classical example of the heat equation

u, = Au in Q x (0,400),
u=20 on 0Q x (0, 00),
u(x,0) = up(x) onQ,

where Q is an open set of R". Although the initial datum ug is only in L'(Q) the
following regularity result (decay estimate) holds true

u
()| < Cm for every ¢ > 0.
>

Moreover, if u is more regular, for example if it belongs to L (Q), ry > 1, then
it results

u Ly
(2.1) ()| @ < CM for every ¢ > 0.

to
In other words, it is sufficient to have summable initial data u, to obtain L*-
estimates, but if the initial datum is more summable and belongs to L™ (Q), then
the exponent ry influences the L~ -estimate satisfied by the solution.
Notice that estimate (2.1) remains true also doing a slight change in the equa-
tion. In detail, if we consider the following problem

uy = div(A(x, 1)Vu), in Q x (0,40),
(2.2) u=20 on 0Q x (0,400)
u(x,0) = up(x) on Q,
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where A is a bounded matrix satisfying
(2.3) (A&, &) > alé]* forevery & € RV, o> 0,

then there exists a solution u of (2.2) satisfying (2.1) (see [26], [9] and [17]).
Hence all these linear equations exhibit the following very strong “Regulariz-
ing effect™:

up e L'NQ) = u(t) e L*(Q) forevery >0
and L™ estimates of the type

o]l
()| 2 ) < Ci for every 1 > 0

th
hold true with /iy and /; positive exponents. As recalled in the introduction, esti-
mates of the previous type are known in literature as “decay estimates’ or “ultra-
contractive estimates”.

The interest in studying these kind of estimates consists of the consequences
and the applications that follow by them.

As a matter of fact, these estimates are the starting point of the “improvement
process” of regularity: if you are interested in continuity (or more regularity of
the solutions) the first step is to prove the boundedness of the solutions. More-
over, they allow to describe the ““behavior of the solutions for t large” (i.e. how
the solution decays when t tends to +o0) together with the ““behavior of the solu-
tions for t small” (i.e. what happens to the solution for t that tends to zero).
Indeed, the improvement of regularity is often strongly related also to the unique-
ness of solutions. As a matter of fact, in many cases these solutions that regu-
larize are the only regular solutions (see [8], 18], [20] and [22]).

Decay estimates have been proved not only in the linear framework but also
for numerous nonlinear problems (or even doublynonlinear) which can be also
degenerate or singular. A famous example is the porous medium equation

u = A(Ju|™'u), in Qr =Q x (0,+0),
u=20 on 0Q x (0,400)
u(x,0) =up(x) onQ,

where m > 1. It is known that there exists a solution of this degenerate equation
satisfying

7,0
N(m l)+2r0
[[uo |

(2.4) Hu(t)HL’L(Q) <c L for every ¢ > 0.

t’\' m— l)+2r0

(see [26], [4], [1], [5] and [25]).

It is worth to notice that if m — 17 (formally) the porous medium equation
becomes the heat equation and the decay estimate (2.4) becomes the decay esti-
mate (2.1) satisfied by the solution of the heat equation.
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Moreover, if Q is a bounded set a faster decay (at infinity) appears and the
following bound holds

(25) ||u(t)||Lw:<Q) < T for every ¢ > 0,

m—1

where the constant C does not depend of the initial datum uy: for this reason
these kind of inequalities are also called universal estimates (see [26]). Indeed, it
is sufficient to assume that Q has finite measure to get universal estimates (see [7]
if Q is a connected domain and [17] in the remaining case). Notice that in absence
of this condition on Q these estimates fail (see [25]).

We remark that if Q has finite measure also the solution u of the heat equation
has a faster decay at infinity but of a “different type’ since the following expo-
nential decay occurs

u ¥
(2.6) (@)l 1) < C”O,llﬂ for every ¢ > 0.

oot

where o depends on the measure of Q (see [7] and [17]).
Another interesting case for which these estimates hold is the fast diffusion
equation

uy = A(|u)™ 'u), in Q x (0,400),
u=20 on 0Q x (0,40)
u(x,0) =up(x) onQ,

formally the same equation of the porous medium equation but now 0 < m < 1
and hence the equation is singular. In this case, the behavior of the solutions
changes: if Q has finite measure it is not true that uniform estimates hold and
restrictions on the coefficient m (in dependence of the summability 7 of the initial
datum u) are needed in order to have L*-regularization (see [25]). In detail,
if

N—2r0

(2.7) <m< 1.

then there is a solution that becomes immediately bounded and satisfies the decay
estimate (2.4) (see [3], [26], [13], [25]). Notice that once again this decay estimate
becomes the decay estimate of the heat equation letting m — 1.

Another nonlinear parabolic equation exhibiting regularizing phenomena is
the p-Laplacian equation

u, — div(|Vu|? *Vu) =0 in Q x (0,40),
(2.8) u=0 on 0Q x (0, +00)
u(x,0) = up(x) on Q.
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In the degenerate case p > 2 the behavior is similar to the porous medium equa-
tion: we have the decay estimate
1"0
luol 37 o™
(2.9) (Ol =) < ca——x—— forevery >0,

tN(P=2)+prg

that becomes the decay estimate (2.1) of the heat equation letting p — 27 (i.e.
when formally the p-Laplacian equation becomes the heat equation), while if Q
has finite measure the following universal bound holds

C
(2.10) (D) o) < —  forevery >0,

tp 2

(see [26], [14], [10], [7] and [25]). In the singular case 1 < p < 2, the behavior of
the solutions of (2.8) is similar at all to the case of the fast diffusion: no universal
bounds are satisfied and a restriction on the diffusion exponent p (once again de-
pending on ry) is needed to have a L™-decay estimate which is the same estimate
of the degenerate case (see [26], [14], [11], and [25]).

The previous nonlinear problems are only possible examples of PDE problems
exhibiting these L*-decay estimates and there is a wide literature on the subject.

The proofs of these decay estimates vary from one problem to the other and in
general the main tool is to derive suitable families of logarithmic Sobolev inequal-
ities which reflect the operator involved in the problem considered.

We recall a different approach developed in [17] that allows to derive L*-
decay estimates simply by suitable integral estimates.

Let use define the following function which often appears in many regularity
proofs

G (u) = (Ju| — k), sign(u).
The method relies in applying one of the following results.

THEOREM 2.1 (Theorem 2.1 in [17]). Assume that u is in C((0,T);L"(Q)) N
L0, T; L9(Q)) n C([0, T); L™ (Q)), where Q is an open set of RY (not necessary
bounded) N > 1,0 < T < +o0 and

(211) I<r<r<qg<+ow, by<b<gq, b=

where here (and in the rest of the paper) we consider ++D = 0. Assume that u satis-

fies the following integral estimates for every k > 0

b
L‘/(Q) dT

(2.12) /Q|Gk( (t dx—/|Gk (1) dx+c1/tt2 G () (z)

<0 forevery0<ity <t <T,
(2.13)  [[Ge(u) (D)l (@) < 2l Ge(u)(10) || o) Sfor every 0 <19 <t < T,
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where ¢\ and ¢, are positive constants independent of k and
(2.14) up = u(x,0) e L"(Q).

Then there exists a positive constant C depending only on N, c1, ¢, r, 1o, g and b
such that

ho
Uuop T
(2.15) [l () < C1H|Z|1+(Q) for every t € (0, T),
where
1 b
2.16 hy = o=k (1=
(2.16) g T 1 q)o

Moreover if Q has finite measure we have an exponential decay if b = r and
universal bounds if b > r. More in details we have the following result.

THEOREM 2.2 (Theorem 2.2 in [17]). Let the assumptions of Theorem 2.1 hold
true. If Q has finite measure and b = r the following exponential decay occurs

o[ .
(2.17) ()l 0) < Cz#;(Q> for every t € (0,T),

where C, is a positive constant depending only on N, cy, ¢, 1, 19, b and ¢, hy is as

in (2.16) and

(2.18) 0= Lb, K arbitrarily fixed in (0, 1- @)
4(r—ro)|Q " r

If otherwise Q has finite measure and b >r we have the following universal
bound

C
(2.19) ()l L (0) < tTf for every t € (0,T),
where
ho 1
2.2 = =
(2.20) ha h1+b—r b—r’

and Cy is a constant depending only on r, ry, q, b, c1, ¢o and the measure of Q.

We point out that the previous Theorems are “abstract results” where it is not
assumed that u solves any partial differential equation. Moreover, it is possible to
estimate the constants C;, C, and Cy above (see [17]) and some further general-
izations of these “abstract results” are allowed (see again [17]).
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We show now how to apply the previous results by means of the following
easy example. Consider the linear problem (2.2) above with uy € L(Q), i.e.

u, = div(A(x,1)Vu) in Q x (0,+00),
u=0 on 0Q x (0, +00),
u(x,0) = up(x) on Q,

where 4 is a bounded matrix satisfying (2.3) and Q is an open set of RY, N > 2
(not necessary bounded or with finite measure). Notice that the case considered
here is not included in the papers of [26] and [9]. To avoid technicality we do a
“formal calculus™ (but the rigorous one is very easy and can be found in [17]).
Taking Gy (u) as test function we deduce for every 0 < #; < £, < +0

%/Q|Gk(u)|2(tz)—%/Q|Gk(u)|2(tl)+/tlZ/QA(x,t)VuVGk(u) <0

Using the coercivity condition (2.3) and the Sobolev inequality® (with p = 2) we
obtain

/ / x, 1)VuV G (u / / x, 1)V Gy (1) V Gy (u)
5] ) %) )
2o [ [ WGP = oes [ 16w o
1 Q 4]

where cg is the Sobolev immersion constant defined in (2.21). Putting together the
previous estimates we deduce that for every 0 < #; < t < 40

(2.22) / (Ge(u)|*(82) / (Ge(u)] (1)

+ 24 / G <0,
es | 16w},

1.€. the 1ntegral estimate (2.12) holds true with r = b = 2, ¢; = 2ucs, ¢ = N 2, and
by = N 2 Notice that now ry = 1 and this choice of exponents satisfies the alge-
braic conditions in (2.11). To show that also (2.13) holds true it is again sufficient

to choose a suitable test function. In detail, take ¢ = {1 —m} sign(u)
(U

(0 > 1) as test function in Q x (0,¢), where ¢ > 0 is arbitrarily fixed. Notice
that ¢ is nonzero only on the set of finite measure 4y = {(x,7) € Q x (0,7) :
lu(x,7)| > k}. We deduce for every 0 < 1) <t < +o0

! The Sobolev inequality: there exists a constant ¢; depending only on N and p (N > p) such that

pN

(2.21) / v]” dx / |Vol” dx  for every ve W7 (Q), p* “N-p
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' 1
(2.23) /QIGk(u)I(t) +(;T1/A;o{l i+ |Gk(u)|(t0)]§_1}

4 VG (u)
o / /Q“(x’ b Vi) [+ |G (u)] (0]

1 1
S Join + 5= /A,z{l Ty |Gk<u>|<r>r“}'

where 4] = {x € Q: |u(x,7)| > k}. Notice that also 4] has finite measure. Using
again (2.3) (and that 6 > 1) from (2.23) we obtain

1 1
/Q (Gew)(r) < /Q Gilw)l(to) +57 Az{l‘u+|(;k<u)|<z>]‘“}

< [ Gl + 52,

which implies that (2.13) holds true for every 0 <7, < t < 400 thanks to the
arbitrary choice of ¢ > 1. Now applying Theorem 2.1 we obtain the decay
estimate

u
(2.24) (D) 0y < COM for every ¢ > 0,

with Cy = Co(«, cs, N)? which is, once again, the same decay estimate of the heat
equation.

Moreover, if |Q| < +00, we can apply also Theorem 2.2 concluding that also
the exponential decay estimate (2.6) is satisfied. Hence the behavior of the solu-
tion of the linear equation above is at all similar to that of the heat equation and
the exponential estimates are not a peculiarity of the heat equation.

The previous method works also with the classical equations (porous medium
etc.) recalled above and since the algebraic conditions become the sharp known
bounds to have the L™ decay we think that these conditions on the exponents
could be sharp. Indeed, also the formulas of the exponents give (in the known
cases) the sharp exponents.

An obvious consequence of this new approach is the following result.

COROLLARY 2.1. If the solutions of different evolution problems satisfy the same
integral inequalities (2.12) and (2.13) then they satisfy the same L*-regularizing
property and L™ -decay estimates.

2Here and everywhere in the paper we denote by C(-,-,-) a positive constant that depends only
on the variables in brackets.
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Hence, we can finally explain the reason why surprisingly the solutions of dif-
ferent problems like, for example, the heat equation, the linear problem (2.2) and
the nonlinear Leray—Lions operator with growth 2 or the p-Laplacian and the
Leray-Lions operators with growth p, satisfy exactly the same L*-decay esti-
mates. The motivation is very easy, but not clear at all with different approaches,
and relies (as stated in Corollary 2.1) in the fact that all these solutions that sat-
isfy the same decay estimates verify the same integral estimates too and hence, by
the results presented above, they have exactly the same regularizing and decay
properties.

This new approach allows to prove a lot of new decay results in a very simple
way: you just need to prove the integral estimates “of energy type” (2.12) and
(2.13). Easy applications to evolution equations like for example anisotropic
problems can be found in [17].

As just recalled above, in many ‘“‘classical” evolution problems when this
strong L* regularizing property appears these “regular solutions’” are unique, as
for example, in the case of the porous medium equation with summable initial
data (see [8]). Hence, now that you have an easy method to prove this improve-
ment of regularity, you can also check if also other problems for which this im-
provement of regularity appears exhibit this uniqueness property too. We point
out that this approach to uniqueness works also for other parabolic PDE like,
for example, Leray—Lions problems (see [18]).

We have described above some interesting properties of the solutions that
“immediately” regularize into L™ (Q) and an easy method to recognize these solu-
tions but there are many evolution problems for which this strong improvement
of regularity do not appear. Hence it would be interesting to study also what is
the behavior in these other cases.

Indeed, different behavior are allowed and the previous approach, that
makes use only of integral inequalities, can be extended to study also this differ-
ent framework. In particular, there are cases for which “no smoothing effect”
appears:

u(t) e L'(Q) for every ¢ > 0, (with u(t) ¢ L"(Q) for every r > 1)

like for example when u is a solution of the singular p-Laplacian or of the fast
diffusion equations for suitable choices of the exponents p and m. There are
PDE problems exhibiting a “very strong regularizing effect’:

u(t) e L"(Q) forevery r € (1,+00] and for every ¢ > 0

like the case of the solution of the heat equation or of the linear problem
(2.2) discussed above. It is also possible that a “weak regularizing effect”
appears:

u(t) e L"(Q) foreveryr e (ryp,+00) and u(t) ¢ L7 (Q)

as in the case of the solution u of the “porous media equation with two
weights”
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pytts — div(p,V(|u""'u)) =0 in Q x (0, ),
(2.25) u=0 on dQ x (0, o),
u(x,0) = up(x) on Q,

where m > 1 and the weights v = v(x) and u = u(x) are suitable functions defined
on Q (see [12]). Another possibility is a “very weak regularizing effect’”:

u(t) e L"(Q) re(ro,r1) 1 #+o0
but
u(t) ¢ L' (Q) for every r > ry.

An example of problem for which this last phenomenon holds true is the heat
equation with a singular potential term

u,—Au:/lﬁ in Q x (0, o),
(2.26) u=0 on 0Q x (0, o),

u(x,0) = up(x) onQ,

where Q is a bounded domain of R" containing the origin and 4 > 0 (see [19] and
123)).

It is also possible to prove that in all the different cases presented above
of “strong”, “‘weak’ or ““very weak’ regularization phenomena a decay of the
L7(Q)-norms of the solutions (with r as above suitable chosen satisfying r > ry)
appears.

Indeed, it can also appear a decay of the L"(Q)-norm of solutions that do not
satisfy any regularization like for example the p-Laplacian equation with p suit-
able small; in these cases the values of r satisfy r < ry (see [18] and [19]).

All these results can be proved extending the previous approach to the L*-
regularization phenomena. In other words, again if a solution satisfies suitable
integral estimates (similar but weaker than (2.11) and (2.12) in Theorem 2.1)
then it belongs to L"(2) and decays in the L"(€2)-norm, where the allowed values
of r depend on the integral estimates that these solutions verify. This new ap-
proach, presented in [19] (together with some possible applications of this new
method), allows to determine which kind of “regularization” appears together
with the decay bounds satisfied by the solutions. Further developments and appli-
cations can be found in [15], [16], [18], [20]-[23] and in Section 3 of this paper.

For the convenience of the reader, we conclude this section stating two of the
“abstract results” in [19] that we will use in Section 4 to prove new decay results
on some nonlinear degenerate parabolic equations, that, as said before, we state
with all the details in the following section.

THEOREM 2.3 (Theorem 2.1 in [19]). Let uy be in L™ (Q) and u in C((0,T);
L'(Q) L0, T; LY(Q)) n C([0, T); L™(Q)), where Q is an open set of RY
(not necessary bounded), N >1 and 0 < T < +oco. Assume that for every
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O0<h<th<T

15}
3

e [l = [ e [l d <o

(2.28) 1 <min{ry,q} <r <max{rg,q} <+o0, b>by, by= ::—i_{?,
q

and

(2.29) ()l 100y < 2lluoll ) ae 0<t<T.

Then the following estimate holds true

ol 1%
l(0)l iy < e for every 1 € (0,T),
where
)= n " Yo = h)
1= 0=
b r b b r b
r |:I’() (I‘() ) - E:| r|:r0 (% 1) - 5:|
and

ry 1,
= (—1) .
Cq

THEOREM 2.4 (Theorem 2.8 in [19]). Let u be in C((0,T);L"(Q)) N
L*(0,T;L"™(Q)) where 0 <r <ry < c0. Suppose also that |Q| < 400 if r # ry
(no assumption are needed on |Q| if r = ry). If u satisfies

(2.30) /Q|u|’(t2)—/g|u|"(t1)+cl/2||u(t)||£,.(9) di <0

n

forevery0 <t <thpb <T,
and there exists uy € L™ (Q) such that
(2.31) ()| L@y < c2lluoll o) for almost every t € (0, T),
where c;, i = 1,2 are real positive numbers, then the following estimate holds true

o ”L"O(Q)
e(rt

(2.32) () ) < ca Sforevery 0 <t < T,

where

11
o elol i <n, c
1 if r=ry, r
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3. AN APPLICATION TO NONLINEAR PROBLEMS WITH DEGENERATE
COERCIVITY

We show here some new applications of the method presented above. In detail,
we consider a class of nonlinear, degenerate and non coercive parabolic equations

u, = div(A(x,t,u)Vu) in Qr =Q x (0,7),
(3.1) u=20 on 0Q x (0,T)
u(x,0) = up(x) on Q,

where Q is a bounded domain of RY (N > 2) with a smooth boundary, 0 < T <
+oo and A(x,1,5) : Q% (0,T) x R — R"" is a bounded symmetric matrix func-
tion, continuous with respect to (x,s) and measurable with respect to t (for every
(x,5) € Q x R) such that for any ¢ € RV, s € Rand a.e. (x,1) € Qr

e B

(3-2) Tty )

< {A(x,1,5)E,E) <

where
o>0 >0 and y>0.
The model case we have in mind is the following

= div (8% lﬁi“ ;) in Qr,
(33) u=0 on dQ x (0, T)

u(x,0) =up(x) onQ,

We observe that these parabolic problems degenerate as soon as the solutions
are unbounded. Moreover, if the initial datum uy belongs to L™(Q), rp > 1, we
cannot hope (without further assumptions) that Vu always exists, even in a
weak sense. Hence, to overcome this difficulty and to define a solution of this
problem in [24] it was considered the gradient of an auxiliary function G(u) de-
fined as

S|
(3.4) G(s) = /0 Ty dz zeR

and the following notion of solution is considered.
DEerINITION 3.1. A measurable function u is a weak solution of (3.1) if u €

L0, T; LY(Q)), G(u) € L'(0, T; W (Q)), A(x,t,u)(1 + |u])'VG(u) € (L' (Q))"
and if it results

T
(3.5) /o /Q{ugo,+<A(x, l,u)(l+|u|)yVG(u),V(p>}dxdt:/Quogo(x,O)dx



ASYMPTOTIC BEHAVIOR 647

for every p € Wh1(0, T; L™ (Q)) A L™ (0, T; W, * (Q)), with compact support in
0,7) x Q.

As noticed in Remark 2.2 in [24], if Vue (L..(Q))" then
A(x, t,u)(1 + |u])’VG(u) = A(x,t,u)Vu and (3.5) becomes

T
/ /{u(pt + <{A(x, t,u)Vu, Vo) } dx dt = / uop(x,0) dx
0o Ja Q

We recall that the previous assumptions guarantee the existence of a weak solu-
tion for every choice of y > 0 and uy summable initial datum. As a matter of fact,
it results

THEOREM 3.1 (Theorem 2.5 in [24]). Let (3.2) hold true and uy € L™ (Q) with
ro = 1. Then there exists a weak solution u of (3.1) in L* (0, T; L"™(Q)). Moreover,
it results

qg=2 ifrg>2-—y,

(3.6)  Gu) e LIY0,T; W, I(Q)) L 4=55  ifl<n<2-y,
qe [l,z%y) ifl=ry<2—y.
Indeed, if (3.2) is satisfied for every ¢ € R, s € R and a.e. (x,) € Q x (0, x0)
(in such a case we say ‘“‘shortly” that (3.2) is satisfied in Q) it is also possible to
prove the existence of global weak solutions of

u, = div(A(x, t,u)Vu) in Qr =Q x (0,400),
(3.7) u=20 on 0Q x (0, o)
u(x,0) = up(x) on Q,

where by a global weak solution of (3.7) (or equivalently by a global weak solu-
tion of (3.1)) we mean a function u which is a weak solution of (3.1) for every
T > 0. As a matter of fact, the following result holds.

THEOREM 3.2. Assume that (3.2) is satisfied in Q... Let uy be in L™(Q) with
ro = 1. Then there exists a global weak solution u of (3.1) in L.([0,+00);
L (Q)) satisfying

(3.8) G(u) e L]

loc

([0, +o0); Wy ()
where q is as in (3.6).

The proof of the previous result together with the following ones are given in
Section 4.

REMARK 3.1. We point out that the previous theorem completes the existence
result proved in [24] removing the restriction (imposed in Theorem 2.15 in [24])
that ro > 22"
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We recall that if uy is bounded than also u is bounded (see Theorem 2.6 in
[24]) and the following estimate holds true

[l e @) < N0l o)

Moreover, even if the initial datum u, is not bounded, if ry and y are suitable
related, there exists a solution that becomes ‘“‘immediately bounded”. In details,
if

N
(3.9) ro > %

then u(7) € L™ (Q) and satisfies the following decay estimate

H”OHL"o(Q) oKt

(3.10) [l (@) < Kt —5

for every t > 0

where K;, K, and v are positive constants depending on the data in the prob-
lem (see Theorem 2.15 in [24]). Notice that condition (3.9) is a sharp condi-
tion to have this “immediate boundedness™ (see counterexamples in Section 6 in
[24)).

To our knowledge, it is not known which is the behavior of global weak solu-
tions when (3.9) is not satisfied. Hence we want to fill this gap here studying this
lacking case.

We have the following result

THEOREM 3.3. Assume that (3.2) is satisfied in Q.. Let uy be in L' (Q) with r,
verifying

(3.11) 1<r0£g.

If it results
(3.12) V= To,

then there exists a global weak solution u (which is the same solution given by
Theorem 3.2) which satisfies the following decay estimate

u ¥
3.13 uDl e < 10l ae.t>0,
L"(Q) 0

=

for every 1 <r < ry, where C is a positive constant independent of u (see formula
(4.17) below).

REMARK 3.2. We observe that if y < 1 then assumption (3.12) is ever satisfied.
We do not know if it is possible to remove this assumption in Theorem 3.3. Any-
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way, we observe that (3.12) is ever satisfied in the regularizing case ry > % when,
as recalled above, the decay of the L*-norm of u(#) (and hence of every L"-norm)
holds true.

Finally, in the borderline case y = 2 < rq further results and decay estimates in
(0, T') for weak solutions of (3.1) can be found in [6].

We show now that if we do a slight modification in problem (3.1) introducing
a lower order term ogu, with o positive constant, then it is possible to show a
decay of a global weak solution u also in L™(Q) and without assuming (3.12).
Moreover, a faster decay in L"(Q) (as t — +o0) occurs for every 1 <r <rp. In
detail, let us consider the following evolution problem

uy — div(A(x, t,u)Vu) + opu =0 in Qp = Q x (0,+00),
(3.14) u=20 on 0Q x (0, 00)
u(x,0) = up(x) on Q,

then we have the following result.

THEOREM 3.4. Assume that (3.2) is satisfied in Q., and that o is a positive con-
stant. Let uy be in L™(Q) with ry verifying

(3.15) 1<r< g

Then there exists a global weak® solution u of (3.14) in L.([0,+0); L(Q)) sat-

isfying (3.8) and such that for every 1 < r < ry the following decay estimate holds

ol 2o
(317) ||u(t)||L,(Q) < CW() a.e.t > O,
where
11
(.18) I i
1 if r=ry.

REMARK 3.3. Notice that the previous theorem allows to extend Theorem 3.3 to
the case rp = 1 together with (as recalled above) the cases r = r.

Finally if we “increase’ the power of the lower order term replacing oyu with
oc0|u|s’lu, with s > 1, then without any restriction on y and ry > 1 (hence also
when (3.9) is not satisfied) there exist global solutions that “immediately become

3 Here a global solution of (3.14) is a weak solution in every set Qr, for every T > 0, where by a
weak solution u in Q7 we mean that u satisfies Definition 3.1 with (3.5) replaced by

T
(3.16) /0 /Q{uga, + CA(x, t,u)(1 4 [u])’VG(u), Vo) + agup} dx dt = /Quo(p(x, 0) dx.
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bounded”. Moreover, it is also possible to show that uniform L*-bounds hold
true. In detail, let us consider the following evolution problem

uy — div(A(x, t,u)Vu) + oolul " 'u =0 in Qr = Q x (0, +00),
(3.19) u=>0 on 0Q x (0, o0)
u(x,0) = up(x) on Q,

then we have the following result.

THEOREM 3.5. Assume that (3.2) is satisfied in Q.. Let oy and s be positive con-
stants with s > 1 and let uy be in L™ (Q) with vy = 1. Then there exists a global
weak* solution u in L ([0, +00); L"(Q)) n L} ([0, +00); L*(Q)) satisfying (3.8).

Moreover, u belongs to L*(Q X (&,+0o0)) for every ¢ > 0 and satisfies the follow-
ing decay estimate

1
1 =
(321) ||u(t)||L7¢(Q> < {m} E ae.t> 0.

REMARK 4. We observe that (3.21) is an universal decay estimate, i.e. it is inde-
pendent of the initial datum, that consequently, does not influence the decay of
the solution.

We notice also that in many of the results above, the assumptions on A can be
weakened. We have preferred to not consider the full generality to avoid further
technicality.

4. PROOF OF THEOREMS 3.2-3.5

In this section we prove all the results stated in the Section 3.
4.1. Proof of Theorem 3.2

The proof proceed by steps.

Step 1. We show here that for every fixed n > 1 (n € N) there exists a global
weak solution u, of the following problem

(tn), = div(A4,(x, t,u,)Vu,) in Qp =Q x (0,+00),
(4.1) u, =0 on dQ x (0, 00)
un(xv 0) = Tn(uo(X)) on Qa

“Here a global solution of (3.19) is a weak solution in every set Qr, for every T > 0, where by a
weak solution u in Q7 we mean that u is in L*(Qr) and satisfies Definition 3.1 with (3.5) replaced by

T
(3.20) /0 /Q{uq), + CAx, t,u) (1 + [u]) VG (u), Vo) + aolul* ' up} dxdr = /Quoq)(x,O) dx.
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where 7,(o) is the usual truncated function
(4.2) T,(c) = min{|a|,n} sign(o).

and A, is the same regularization introduced in the proof of Theorem 3.1 above
(see Theorem 2.5 in [24]), i.e. we first extend A(x,7,¢) in all R” x R x R defining

A(x,t,0) = (1f\£\)7 for any (x,7) € (RY x R)/Q., and then we consider a smooth
approximation

Ay(x,t,0) = (A * j,)(x,t,0)
where j, = n"*'j(nx,no) (for any neN) and je C*(RV*!) is a nonnega-
tive function with support in By x (—1,1) and such that [ j(x,0)dxdo = 1.
Notice that these assumptions imply that for a.e. 7€ (0,40), A,(x,t,0) €
C*(RN*!) and satisfies (3.2) in Q,, with « and f replaced by «’ = o/(«) and
B' = B'(B) positive constants independent of n. Hence by Theorem 2.6 in [24],
for every fixed T > 0 there exists u, in C([0, T]; L>(Q)) n L*(Q7r) n L*(0, T;
Hi(Q)n C%5(Q x (0, T)) solution in Q7 of (4.1). Moreover, it results

(4.3) tnll =@y < 1 Tn(uo0) | o) <1
which implies
An(x> Z un) = An(xa , Tn(un))

and

O(/

2 2
O‘n|é| =< <An(x7 la Tn(U))f,€> < ﬁ|é‘ Where o = (1 + |n‘)7
Hence we can extend every u, into a global weak solution of (4.1) (which for
sake of notation we denote again with u,). Thus, we have constructed a sequence
u, which solves our approximating problem (4.1) in every set Qr (for every arbi-
trarily fixed 7 > 0).

By the regularity above and estimate (4.3) it follows that every u, is in
C([0,400); L*(Q)) A L™ (Q..) n L*(0, 005 HL (Q)) N C¥5(Q x (0, +00)).

Step 2. We complete the proof constructing a global weak solution u of our
problem by means of the sequence u, defined in the previous step. To this
aim, we remark that by the proof of Theorem 2.5 in [24], for every fixed T > 0
there exists a subsequence of u, that converges a.e. in Q7 to a weak solution u(”)
of (3.1) which belongs to L* (0, T'; L' (Q)) and satisfies (3.6). Moreover, the pre-
vious property remain true for every subsequence of u,°. Hence, let T > 0 arbi-

>i.e. for every fixed T > 0 and for every subsequence u,, of u,, there exists a subsequence of u,,
that converges a.e. in Q7 to a weak solution of (3.1) which belongs to L* (0, T; L' (Q)) and satisfies
(3.6).
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trarily fixed and consider the subsequence of u,, that we denote u,(ll), such that

ul) — u™ ae in Q x (0, Ty)

n

where (") is a weak solution of (3.1) in Q x (0, T). By construction every term
of the subsequences u,(ql) is a global weak solution of (4.1). Consequently, every
ul) is a weak solution of (4.1) in Q x (0,27)). Thus, it follows that there exists
a subsequence of u,(,l), that we denote u,(,2> (whose element by construction are all
global weak solution of (3.1)) such that

U S ul) aeinQx (0,27))

where 170 is a weak solution of (3.1) in Q x (0,27,). We point out that it
results

uT) = 4T e in Q x (0, Tp).
We iterate this procedure and we define a function u in Q x (0,400) as follows
for every T > 0 : u(x, 1) = u™(x,1) a.e. in Q x (0,7)

where m € N is such that 7" € (0,mT)). We notice that the definition of u is well
posed since by construction if 7' € (0,mTy) N (0,hT,) (with m and / in N) then it
results

(M To) (x,1) = u 7o) (x,7) ae. inQx(0,7).

By construction, for every arbitrarily fixed 7 > 0 u solves (3.1) (hence is a global
weak solution of (3.1)), belongs to L;5.([0,+00); L' (Q)) and satisfies (3.8). O

loc

4.2. Proof of Theorem 3.3

Let u be the global weak solution of (3.1) constructed in the proof of Theorem
3.2. The assertion will follow showing that for every arbitrarily fixed 7" > 0 it
results

Up I
L) < CHHOﬂ ae. te(0,7),

a

(4.4) [2e(2)

where C (see formula (4.17) below) is a positive constant depending only on 7y, r,
v, Q and uy.

Hence, let 7' > 0 arbitrarily fixed. By construction, there exists a subsequence
of u,, that for sake of notation we denote again by u,, such that

(up), = div(A,(x, t,u,)Vu,) inQr =Q x (0,7),

(4.5) u, =0 on 0Q x (0,7)
n (%,0) = Ty (1tg()) onQ,
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and

(4.6) U, — u a.e.in Qr.

Let us take ¢ = {[e + |u,]]" — &'} sign (u,) as test function in (4.5) where ¢ is

a positive constant arbitrarily fixed and 1 <r < ry (if 2 < r < ry we can choose
directly ¢ = 0). We obtain forevery 0 < t; <t < T

I R e Py RS e

—Sr_l/ |u,,(t2)|dx+8r_1/ |t (21)] dx
Q Q
/ IR Wu"' (e lu)) > <0

We estimate the last integral in (4.7). Let 1 < p < 2 arbitrarily fixed (it will be
chosen below). It results

P )
N )T

(1 + [u])*

)4

Ve * (e + [a) | 2]t
S[Q (4 )’ H/Q(”'””') ]

Let us choose p satisfying

Py 2ro
4.9 — =7y & = .
(49) 2-p " =

We observe that assumption (3.12) is equivalent to require p > 1. Hence, by (4.8)
it follows

p
£ ?
2

410 [ Vinle+ a7 V Vil ( et ] [/Q<1+|un|>’ﬂl_.

We observe that it results

(4.11) el =0, 7. 1002y < Nttoll Lo )

As a matter of fact, proceeding as in (4.7) but with r = ry and #; = 0 we deduce
1 ‘ 1 , r

(4.12) /{[s—l— (1)) —8’}dx—/{[8—|— ITu(uo)])™ — &} dx +
o Ja r'Ja

—gro—l/ |un(t2)|dx+8’°_1/ T ()| dx < 0
Q Q
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from which (4.11) follows letting ¢ — 0 since it results
1T (u0) [l o () = Nlttoll Lo

Hence, by (4.10) and (4.11) we deduce

Vi |* (& 4 [ua]) -2 [P =20\ 3
1 / L 5 e A AL |
t Q

where Cy = 2"0(1Q|"% + [Juo| " Lro @ ) is a constant independent of n. We estimate
the right hand side of (4.13). It results (using Poincaré inequality®)

/ |V“n|[7

/ V(e + )’ — e8] sign(ia,)|”

P r r
> (%) c{;/ e+ ) — 47
r Q

By the previous estimates we deduce

(4.15) / (et ()] — &7} dx — /Q (e + lun(t0)])” — &} dx

—rgr_l/ ]un(t2)|dx—|-r8’_1/ |un(21)] dx
Q

5] ) . 2
+c1/ /|s+|u,,| ) <0

where Cy =r(r—1)C, ;(%)20% is a positive constant independent of n. Letting

¥

e — 0 we deduce forevery 0 < t; < tb < T
- e m\ 2
(4.16) / |un(t2)|’—/ |un(t1)|'+C1/ (/ |un|z) <0
Q Q n Mo
that is the integral estimate (2.27) with ¢ = % and b = r. Notice that these coeffi-
cients satisfy the algebraic condition (2.28) (with ¢ < r < ry). Moreover, by (4.11)

it follows that also (2.29) is verified (with ¢, = 1). Thus, by Theorem 2.3 it follows
that

T, (u .
(Ol < M Nire g every 1 e (0,1,

£

% The Poincare inequality: there exists a constant c¢p depending only on Q, N and p such that

(4.14) cpllvl oy < IVoll o) for every v e Wy (Q).
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where
I‘O*I‘
ro — 1"\
4.17 C=
from which the assert (4.4) follows. O

REMARK 4.1. We point out that since Q is bounded, the decay estimates proved
above imply the decay also of the L'-norm of u(#). As a matter of fact, for every
1 < r < ry arbitrarily fixed it results

Mol
()l = €0,

where C* = C|Q|1_%.
4.3. Proof of Theorem 3.4

The existence of a global weak solution of (3.14) follows proceeding as in the
proof of Theorem 3.2 with the only change of replacing the approximating prob-
lem (4.1) with

(), — div(Apn(x, t,1,)Vity) + ooty = 0 in Qr = Q x (0,400),
(4.18) u, =0 on 0Q x (0, x0)
un(x,0) = T (uo(x)) on Q.

and hence we omit it. To prove the assert, it is sufficient to show that for every
arbitrarily fixed T > 0 it results

[0l 700

(4.19) tn ()] ) < € e for every t € (0, T),

where C is as in (3.18). The proof proceeds distinguishing two cases: the case
ro > 1 and the case ro = 1. If rp > 1, it is sufficient to prove

ol Lo
(4.20) et (D) 70() < TU for every ¢ € (0, T),

(i.e. the assert for r = ry) since if 1 < r < ry it results

1_1
rorg

[1n (Dl i) < Neta(D)]] L0 ()12

and hence the assertion follows by (4.20). Taking as test function ¢ =
{le + un]] " — &1} sign (u,) we deduce that for every 0 <1 <t < T it
results



656 M. M. PORZIO

%/Q{[S—i‘ |un(l‘2)|]m —Sm}dx—%\/g{[g—ﬂ— |un(t])Hr0 —8r°}dx

—8’01/|un(t2)|dx+£’°l/|u,,(t1)|dx
Q Q
Hoo b / / AT ety
|“rl|
& o—1
+oco/ /{[e+|un|]'°_ — " Nu,| <0
n Q

which implies

1 Ty ro 1 ro ro
ro/g{[8+|un(fz)|] e }dx—m/g{[6+lun(t1)] e} dx

—8"0_1/|u,,(t2)|dx+8"°_1/|un(11)|dx
Q Q
15}
+oco/ /{[e+ |u,,|]"°_1 — " N u,| <0.
N Q

By the previous estimate we deduce (letting e — 0) forevery 0 <ty <t < T

(4.21) /|un )| /|u,, 0| —I—rooco/ /|un|'° <0.

Thus, we can apply Theorem 2.4 obtaining the following decay estimate

[0l . Q)
ec{ot

(4.22) [n ()] 10 (02) < forevery t € (0,7),

which concludes the proof if ry > 1.

If ro = 1, changing the test function in ¢ = {1 — [l+|1u Ho.}sign(un), 0>1 (and
using assumption (3.2)) we deduce for every 0 < #; < 1 <T

/|unt2 +—/{ +|un11 }+0<0/ /n|{ 1—|—|un|]}
< [ o0l +52 /n{l i+ |un1<zz>n‘“}

from which, letting 6 — + oo it follows

(4.23) [ e = [ o)+ 0 / ’ [ 1wl <0
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(which is (4.21) with ry = 1). Now the assertion follows, as in the previous case,
applying Theorem 2.4. O

4.4. Proof of Theorem 3.5

As before, the existence of a global weak solution of (3.19) follows proceeding as
in the proof of Theorem 3.2 with the only change of replacing the approximating
problem (4.1) with

(), — div( Ay (x, 2, 1) Vi) + o] ', = 0 in Qr = Q x (0, +00),
(4.24) u, =0 on 0Q x (0, )
un(x,0) = T,y (uo(x)) on Q,

and hence we omit it. To prove the assert, it is sufficient to show that if rp = 1 for
every arbitrarily fixed 7 > 0 it results

1
IR
(4.25) [tn (D) || 2 () < [m] pu for every t € (0, 7).

Choosing ¢ = |u,,|r_2un as a test function, with r > 2 arbitrarily fixed we deduce
forevery0 <t <th<T

5]
(4.26) Ll = [t [ [ <0
Q Q h Q

Hence assumption (2.27) of Theorem 2.3 is satisfied with b=¢g=s+7r— 1.
Notice that also the algebraic conditions in (2.28) are verified (with now ry <
r < q). Moreover, proceeding exactly as in the proof of (4.23) we deduce that
also (2.29) is satisfied. Hence, applying Theorem 2.3 we deduce the following
decay estimate

1
o710
(4.27) [tn(O)|| 1) < C(r)——=— forevery e (0,7),

{ris=1)

where
r—1

e = ()

oor(s — 1

Notice that it results

r—+o0 s—1

3 lim C(r) = (ﬁ)_

Hence, (4.25) follows letting r — +oc0 in (4.27). 0
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