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1. Introduction

We study the interaction electron-photon analyzing the Euler–Lagrange equations for a
system consisting of a spinor field coupled with a massless scalar field. More precisely,
our system consists of the Dirac equation coupled with a massless Klein–Gordon
equation, and looks for normalized and stationary solutions of the system

(1.1)

´
.�i
�@� Cm �

p
s'/ D 0 in R �R3;

@�@�' D 4�
p
s. ; ˇ / in R �R3;

where  WR �R3 ! C4, 'WR �R3 ! R, m > 0 is the mass of the electron,
p
s > 0

is the coupling constant, 
� are the 4 � 4 Dirac matrices
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and .z; w/ D
P4
iD1 Nziwi , the scalar product between z, w 2 C4.
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This problem is closely related to the one studied in [6], and we will prove the
existence of a solution of (1.1) with essentially the same methods developed in that
article (see also [2]).

More precisely, we prove the existence of stationary, normalized solutions of this
system, that is solutions .!;  / of the problem

(1.2)

8̂̂<̂
:̂
.�i˛ � r Cmˇ �

p
s'ˇ/ D ! in R3;

��' D 4�
p
s. ; ˇ / in R3;

j j22 D
R

R3

ˇ̌
 .t; x/

ˇ̌2
dx D 1;

where ˛i D ˇ
i , i D 1; : : : ; 3. From ��' D 4�
p
s. ; ˇ /, we deduce that

' D
p
s. ; ˇ / �

1

jxj

and hence our problem reduces to

(1.3)

8<:
�
� i˛ � r Cmˇ � s. ; ˇ / � 1

jxj
ˇ
�
 D ! in R3;

j j22 D
R

R3

ˇ̌
 .t; x/

ˇ̌2
dx D 1:

Our result is the following theorem.

Theorem 1.4. For all s 2 .0; 1
8�
/, there exists ! 2 .0; m/ and  2 H 1=2.R3;C4/

solutions of problem (1.3).

In the article [3], the authors prove using critical point theory the existence of one
stationary solution of equation (1.1) but do not prescribe its L2-norm.

We will find such a solution as a critical point of the functional

I. / D
1

2

Z
R3

.H ; / �
s

4

Z
R3�R3

. ; ˇ /.x/. ; ˇ /.y/

jx � yj

restricted on the manifold j j22 D 1. Here

H D �i˛ � r Cmˇ:

The functional I is strongly indefinite, and, following the method introduced in [2, 6],
the solution will be found via a min-max procedure consisting in minimizing the
supremum of I over subspaces of dimension 1 in the positive energy subspace of
the linear operator H ; see Proposition 2.13. Let us remark here that we know very
few results on the existence of normalized solutions for Dirac’s equation (and more
generally for strongly indefinite problems – one of these is [1]).
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1.1. Notation and background results

We let jujpp D
R

R3 ju.x/j
p , .u j v/ D

R
R3 u.x/v.x/.

Let us recall some well-known facts on the Dirac operator H (see [7] for more
details):H is a first order, self-adjoint operator onH 1.R3;C4/ with purely absolutely
continuous spectrum given by

�.H/ D .�1;�m� [ Œm;C1/:

The orthogonal projectorsƒ˙ on the positive and negative energies subspaces are such
that

Hƒ˙ D ƒ˙H D ˙
p
��Cm2ƒ˙ D ˙ƒ˙

p
��Cm2

and henceZ �
 .x/;H .x/

�
dx D

ˇ̌
.��Cm2/1=4ƒC 

ˇ̌2
2
�
ˇ̌
.��Cm2/1=4ƒ� 

ˇ̌2
2
:

We will denote X D H 1=2.R3;C4/, X˙ D ƒ˙X , † D ¹ 2 X j j j2 D 1º, and
†˙ D ¹ 2 X˙ j j j2 D 1º.

We have also that

OH D FHF �1 D ˛ � p Cmˇ;

U OHU�1 D �.p/ˇ;

Oƒ˙ D Fƒ˙F �1 D U�1
�

I˙ ˇ
2

�
U D

1

2

�
I˙

m

�.p/
ˇ ˙

1

�.p/
˛ � p

�
;

where

F  .p/ D O .p/

�
D

1

.2�/3=2

Z
R3

e�ipx  .x/ dx for all v 2 �.R3/

�
;

�.p/ D
p
jpj2 Cm2;

U D uC.p/IC u�.p/ˇ
˛ � p

jpj
;

U�1 D uC.p/I � u�.p/ˇ
˛ � p

jpj
;

u˙.p/ D

s
1

2

�
1˙

m

�.p/

�
:

Let, for � and  2 H 1=2.R3; C 4/,

h� j  i D

Z p
jpj2 Cm2

�
O�.p/; O .p/

�
dp
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and
k k2 D h j  i:

We have that
hƒC� j ƒ� i D .ƒC� j ƒ� / D 0:

Let us recall that, since F 1
jxj
D

q
2
�

1
jpj2

, for all f 2 L1.R3/ \ L3=2.R3/

(1.5)
Z
f .x/ Nf .y/

jx � yj
D 4�

Z ˇ̌
Of .p/

ˇ̌
jpj2

� 0

and that for all � 2 L1.R3/,  2 H 1=2.R3;C4/

(1.6)
Z
�.x/j j2.y/

jx � yj
� �j�j1

ˇ̌
.��/1=4 

ˇ̌2
2
� �j�j1k k

2

(� D �
2

) and also that

(1.7)
Z
jfnj.x/jgnj.x/jhnj.y/jvj.y/

jx � yj
! 0

when fn, gn. hn and v 2 H 1=2, fn, gn bounded, hn * 0.

2. Maximization

Let I WH 1=2.R3;C4/! R

I. / D
1

2
kƒC k

2
�
1

2
kƒ� k

2
�
s

4

Z
. ; ˇ /.x/. ; ˇ /.y/

jx � yj
:

Let us fix w 2 †C and let

B1 D
®
� 2 X� j j�j2 < 1

¯
:

We will look, given w, for a maximizer of the functional Jw defined on B1,

Jw.�/ D I
�
a.�/w C �

�
D
1

2



a.�/w

2 � 1
2
k�k2 �

s

4

Z
. ; ˇ /.x/. ; ˇ /.y/

jx � yj
;

where a.�/ D
q
1 � j�j22 and  D a.�/w C � 2 †.
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We have that da.�/Œ�� D �a.�/�1.� j �/ and hence the derivative of Jw is given,
for all � 2 X�, by

dJw.�/Œ�� D dI
�
a.�/w C �

��
da.�/Œ��w C �

�
D dI. /Œh�

D
˝
a.�/w j da.�/Œ��w

˛
� h� j �i � s

Z
. ; ˇ /.x/. ; ˇh/.y/

jx � yj

D �.� j �/kwk2 � h� j �i � s

Z
. ; ˇ /.x/. ; ˇh/.y/

jx � yj

(2.1)

(here h D da.�/Œ��w C �) and we have, in particular,

dJw.�/Œ�� D �j�j
2
2kwk

2
� k�k2 � s

Z
. ; ˇ /.x/

�
 ; ˇ

�
da.�/Œ��w C �

��
.y/

jx � yj
:

Lemma 2.2. For all w 2 †C and � 2 B1, we have

(2.3) k�k2 � a.�/2kwk2 � 2Jw.�/;

and for all � 2 B1 such that j�j22 �
1
2

and Jw.�/ � 0, we have that

(2.4) dJw.�/Œ�� � �
1

2
.1 � 4s�/m < 0;

Proof. We have, thanks to (1.5), that for � 2 B1 and  D a.�/w C �,

1

2
k�k2 �

1

2
k�k2 C

s

4

Z
. ; ˇ /.x/. ; ˇ /.y/

jx � yj
D
1

2



a.�/w

2 � Jw.�/
and (2.3) follows.

From (2.3) it follows that k�k � a.�/kwk if Jw.�/ � 0; hence we have, if j�j22 >
1
2
,

dJw.�/Œ�� D �j�j
2
2kwk

2
� k�k2 � s

Z
. ; ˇ /.x/. ; ˇ /.y/

jx � yj

C s

Z
. ; ˇ /.x/.w; ˇw/.y/

jx � yj
C sa.�/�1

Z
. ; ˇ /.x/.�; ˇw/.y/

jx � yj

� �j�j22kwk
2
� k�k2 C s�

�
kwk2 C a.�/�1k�kkwk

�
� �

1

2
kwk2 � k�k2 C 2s�kwk2 < �

1

2
.1 � 4s�/kwk2

� �
1

2
.1 � 4s�/mjwj22 D �

1

2
.1 � 4s�/m;

where we have used (1.5) and (1.6).

Remark 2.5. It follows from Lemma 2.2 that if �n is a Palais–Smale sequence for Jw
such that Jw.�n/ � 0, then j�nj22 <

1
2

for all n 2 N large enough.



v. coti zelati and m. nolasco 106

Lemma 2.6. Let �n 2 B1 be a Palais–Smale sequence for Jw , that is

Jw.�n/! c � 0; dJw.�n/! 0:

Then �n converges, up to a subsequence, to a critical point � of Jw .

Proof. It follows from Lemma 2.2 and Remark 2.5 that j�nj22 <
1
2

and that k�nk is
bounded; hence �n * � (up to a subsequence).

From

o.1/ D dJw.�n/Œ�n � �� D �.�n j �n � �/kwk
2
� h�n j �n � �i

� s

Z
. n; ˇ n/.x/

�
 n; ˇ

�
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�1.�n j �n � �/w C �n � �
��
.y/

jx � yj
;

we deduce that

j�n � �j
2
2kwk

2
C k�n � �k

2

D �.� j �n � �/kwk
2
� h� j �n � �i

C sa.�n/
�1.�n j �n � �/

Z
. n; ˇ n/.x/. n; ˇw/.y/

jx � yj

� s

Z
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�
 n; ˇ.�n � �/

�
.y/

jx � yj
C o.1/:

We have thatZ
. n; ˇ n/.x/

�
 n; ˇ.�n � �/

�
.y/

jx � yj

D

Z �
 n; ˇ.�n � �/

�
.x/
�
 n; ˇ.�n � �/

�
.y/

jx � yj
C

Z
. n; ˇ�/.x/

�
 n; ˇ.�n � �/

�
.y/

jx � yj

C a.�n/

Z
. n; ˇw/.x/

�
 n; ˇ.�n � �/

�
.y/

jx � yj

D

Z �
 n; ˇ.�n � �/

�
.x/
�
 n; ˇ.�n � �/

�
.y/

jx � yj
C o.1/

and ˇ̌̌̌ Z
. n; ˇ n/.x/

�
 n; ˇa.�n/w

�
.y/

jx � yj

ˇ̌̌̌
� �k nk



a.�n/w

 � ��2

a.�n/w

2 C k�nk2� � 3�a.�n/2kwk2:
Since j�nj22 <

1
2
, we have

a.�n/
�2.�n j �n � �/ D a.�n/

�2
j�n � �j

2
2 C o.1/
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and we deduce that

j�n � �j
2
2kwk

2
C k�n � �k

2

� 3s�j�n � �j
2
2kwk

2
� s

Z �
 n; ˇ.�n � �/

�
.x/
�
 n; ˇ.�n � �/

�
.y/

jx � yj
C o.1/

� 3s�j�n � �j
2
2kwk

2
C o.1/

and �n ! �, with � critical point of Jw .

We now show that all the critical points of Jw at positive levels are strict local
maxima. This lemma follows as in [2, 6].

Lemma 2.7. Let � 2 X� a critical point of Jw such that Jw.�/ � 0.
Then there exists ı > 0 such that

d2Jw.�/Œ�; �� � �ık�k
2 for all � 2 X�:

Proof. In order to compute the second derivative we denote  D a.�/w C � and
h D da.�/Œ��w C � and observe that

d2a.�/Œ�; �� D �a.�/�1
�
.� j �/C

.� j �/.�; �/

1 � j�j22

�
:

Then

d2Jw.�/Œ�; ��

D d2I. /Œh; h�C dI. /
�
d2a.�/Œ�; ��w

�
D
˝
da.�/Œ��w j da.�/Œ��w

˛
� h� j �i � s

Z
. ; ˇ /.x/.h; ˇh/.y/

jx � yj

� 2s

Z
. ; ˇh/.x/. ; ˇh/.y/

jx � yj
C a.�/d2a.�/Œ�; ��hw j wi

� s

Z
. ; ˇ /.x/

�
 ; ˇd2a.�/Œ�:��w

�
.y/

jx � yj

D �j�j22kwk
2
C sj�j22

Z
. ; ˇ /.x/.w; ˇw/.y/

jx � yj
� k�k2

� s

Z
. ; ˇ /.x/.�; ˇ�/.y/

jx � yj
C 2s

.� j �/

1 � j�j22
a.�/�.�/

� 2s

Z
. ; ˇh/.x/. ; ˇh/.y/

jx � yj
C s

 
j�j22

1 � j�j22
C

.� j �/2�
1 � j�j22

�2
!
a.�/�.�/;
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where we have set
�.�/ D

Z
. ; ˇ /.x/.w; ˇ�/.y/

jx � yj
:

Since � is a critical point for Jw , we have that

d2Jw.�/Œ�; �� D d
2Jw.�/Œ�; ��C 2

.� j �/

1 � j�j22
dJw.�/Œ��

C

�
j�j22

1 � j�j22
C 3

.�; �/2�
1 � j�j22

�2�dJw.�/Œ��:
We have that

0 D dJw.�/Œ�� D �j�j
2
2kwk

2
� k�k2 C s

j�j22
1 � j�j22

Z
. ; ˇ /.x/.w; ˇw/.y/

jx � yj

� s

Z
. ; ˇ /.x/.�; ˇ�/.y/

jx � yj
� s

�
1 � 2j�j22
1 � j�j22

�
a�.�/

� �j�j22.1 � �/kwk � .1 � �/k�k � s

�
1 � 2j�j22
1 � j�j22

�
a�.�/

which implies that �.�/ < 0. After some simplification, we get

d2Jw.�/Œ�; �� � �Q.1 � s�/kwk
2
�
j�j22

1 � j�j22
.1 � s�/k�k2 � .1 � s�/k� CR�k2

� �
j�j22

1 � j�j22
.1 � s�/k�k2 � .1 � s�/

�
1

3
k�k2 �

1

2
R2k�k2

�
� �

1

3
.1 � s�/k�k2;

where

R D
.�; �/

1 � j�j22
;

Q D j�j22 C 2R.�; �/ � j�j
2
2

�
j�j22

1 � j�j22
CR2

�
:

Remark that, since j�j22 <
1
2
, we have

Q �

�
j�j2

1 � j�j22
CR2

��
1 � 2j�j22

�
> 0

and
j�j22

1 � j�j22
�
1

2

.� j �/2�
1 � j�j22

�2 � j�j22�2 � 3j�j22�
2
�
1 � j�j22

�2 >
j�j22

4
�
1 � j�j22

�2 > 0:
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We let, for all w 2 †C,

E.w/ D sup
�2B1

Jw.�/:

Lemma 2.8. For all w 2 †C, we have

0 <
1

4
.2 � s�/m �

1

4
.2 � s�/kwk2 � E.w/ �

1

2
kwk2:

Proof. We have that

E.w/ � Jw.0/ D
1

2
kwk2 �

s

4

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj

�
1

4
.2 � s�/kwk2 �

1

4
.2 � s�/mjwj22 D

1

4
.2 � s�/m

and, for all � 2 B1, we have

Jw.�/ D
1

2



a.�/w

2 � 1
2
k�k2 �

s

4

Z
. ; ˇ /.x/. ; ˇ /.y/

jx � yj
�
1

2
kwk2:

Proposition 2.9. For every w 2 †C, there is a unique �.w/ 2 B1 such that

Jw
�
�.w/

�
D max
�2B1

Jw.�/ D E.w/:

�.w/ is a critical point of Jw on B1 such that j�.w/j2 < 1
2

and

(2.10)


�.w/

2 Cm � 

a.�/w

2; 

�.w/

2 � s

2
�kwk2:

Moreover, the map

w 2 XC n ¹0º 7! 
.w/ D �
�
jwj�12 w

�
2 B1

is smooth.

Proof. We can find, by Lemma 2.8 and using Ekeland’s variational principle, a maxi-
mizing Palais–Smale sequence �n at a positive level.

Then, by Lemma 2.6, �n ! � (up to a subsequence), with

dJw.�/ D 0; Jw.�/ D E.w/:

From

E.w/ D
1

2
a.�/2kwk2 �

1

2
k�k2 �

s

4

Z
. ; ˇ /.x/. ; ˇ /.y/

jx � yj

�
1

2
kwk2 �

s

4

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj
;
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we deduce, using Lemma A.1 in the appendix, that

a.�/2kwk2 � k�k2 �m

� kwk2 � s�j�j22kwk
2
� 7sa.�/2�

�
kwk2 �mjwj22

�
� 9s�k�k2 �mjwj22

� 9s�
�
a.�/2kwk2�k�k2�mjwj22

�
C .1� 16s�/

�
kwk2�mjwj22

�
C 8s�j�j22kwk

2

and we immediately deduce that

a.�/2kwk2 � k�k2 �mjwj22 �
1 � 16s�

1 � 9s�

�
kwk2 �mjwj22

�
> 0:

We also have that

j�j22kwk
2
C k�k2 �

s

2

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj

�
s

2
�
ˇ̌
.��/�1=4w

ˇ̌2
2
�
s

2
�kwk2

from which we deduce that
k�k2 �

s

2
�kwk2:

To prove the uniqueness of the maxima for Jw.�/, we assume, by contradiction, the
existence of �1, �2 2 B1 such that

Jw.�1/ D Jw.�2/ D E.w/:

It follows from Lemma 2.2 that j�1j22 <
1
2

and j�2j22 <
1
2
. We will use the mountain

pass lemma in order to reach a contradiction. Let

� D

²
g 2 C

�
Œ0; 1�; B1

�
j g.0/ D �1; g.1/ D �2;

ˇ̌
g.t/

ˇ̌2
2
<
1

2

³
and define the min-max level

c D sup
g2�

min
t2Œ0;1�

Jw
�
g.t/

�
:

Let g.t/ D t�1 C .1 � t /�2. We have that
ˇ̌
g.t/

ˇ̌2
2
< 1

2
and a.g.t//2 > 1

2
for all

t 2 Œ0; 1�, so that we have, letting  t D a.g.t//w C g.t/,

Jw
�
g.t/

�
D
1

2
a
�
g.t/

�2
kwk2 �

1

2



g.t/

2 � s
4

Z
. t ; ˇ t /.x/. t ; ˇ t /.y/

jx � yj

�
1

2

�
1 �

s�

2

�
a
�
g.t/

�2
kwk2 �

1

2

�
1C

s�

2

�

g.t/

2
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�
1

2

�
1 �

s�

2

�
ta.�1/

2
kwk2 C

1

2

�
1 �

s�

2

�
.1 � t /a.�2/

2
kwk2

�
1

2

�
1C

s�

2

�
tk�1k

2
�
1

2

�
1C

s�

2

�
.1 � t /k�2k

2

�
1

4

�
1 �

s�

2

�
kwk2 �

1

2

�
1C

s�

2

�
s

2
�kwk2 �

1

4
.1 � 2s�/kwk2;

where we have used the second inequality in (2.10) and s� < 2. We deduce that c > 0.
Since the set � is invariant for the gradient flow (see Lemma 2.2) and the Palais–Smale
condition holds (see Lemma 2.6), we deduce from the mountain pass theorem that
there exists a critical point at level c, which cannot be a strict local maximum. The
contradiction then follows from Lemma 2.7.

To prove that the map w 7! 
.w/ D �.jwj�12 w/ is smooth, we consider, since
the map w 7! P.w/ D jwj�12 w is smooth, that .w0; �.w0// 2 †C � B1 and we let
V � XC n ¹0º and U � B1 be neighborhoods of w0 and �.w0/, respectively. Then we
define the map F WV � U ! L.X�/ as

F.w; �/Œ�� D dJP.w/.�/Œ�� � 2 X�:

Clearly, P.w0/ D w0 and F.w0; �.w0// D 0. We have that

d�F
�
w0; �.w0/

�
Œ��Œ�� D d2Jw0

�
�.w0/

�
Œ�; ��; �; � 2 X�:

It follows from Lemma 2.7 that

�d�F
�
w0; �.w0/

�
Œ��Œ�� D �d2Jw0

�
�.w0/

�
Œ�; �� � ık�k2 for all � 2 X�

and hence we have from Lax–Milgram that for all linear functionals L on X� there is
a unique � 2 X� such that

�d�F
�
w0; �.w0/

�
Œ��Œ�� D LŒ��; for all � 2 X�;

that is,LD�d�F.w0; �.w0//Œ��. By the implicit function theorem, there exist V0 � V
and U0 � U , neighborhoods ofw0 and �.w0/ and a smooth map 
 WV0! U0 such that
F.w; 
.w// D 0 for all w 2 V0; that is, 
.w/ is a critical point of JP.w/ on B1 at a
positive level. Then, by Proposition 2.7, 
.w/ is a strict local maximum of JP.w/ onB1.
Again using the mountain pass theorem, we deduce that actually 
.w/ D �.P.w// is
the unique (up to a phase factor) maximum of JP.w/.

Finally, we have that

d
.w/Œv� D �d�F
�
w; 
.w/

��1�
dwF

�
w; 
.w/

�
Œv�
�

for all v 2 XC:
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It follows from Proposition 2.9 that we can consider the smooth functional EWXC n

¹0º ! R defined as

E.w/ D JP.w/
�

.w/

�
D sup
�2B1

JP.w/.�/:

Since
JP.w/

�

.w/

�
D I

�
a
�

.w/

�
P.w/C 
.w/

�
and recalling that

dJP.w/
�

.w/

�
Œ�� D dI. w/

�
da
�

.w/

�
Œ��P.w/C �

�
D 0 for all � 2 X�

(where  w D a.
.w//P.w/C 
.w/), we have that for all v 2 XC

dE.w/Œv� D dwJP.w/
�

.w/

�
Œv�

D dI. w/
�
da
�

.w/

��
d
.w/Œv�

�
P.w/Ca

�

.w/

�
dP.w/Œv�Cd
.w/Œv�

�
D d�JP.w/

�

.w/

��
d
.w/Œv�

�
C dI. w/

�
a
�

.w/

�
dP.w/Œv�

�
D dI. w/

�
a
�

.w/

�
dP.w/Œv�

�
D dI. w/

�
a
�

.w/

�
v
�
� dI. w/

�
a
�

.w/

�
.w j v/w

�
(we have used that dP.w/Œv� D v � .w j v/w) and

(2.11) dE.w/Œv�D a
�

.w/

�
dI. w/Œv�� a

�

.w/

�2
!. w/.w j v/ for all v 2XC;

where

(2.12) !. w/ D a
�

.w/

��1
dI. w/Œw�:

Proposition 2.13. Let w0 2 †C be a critical point of E restricted on the manifold
†C. Then w0 is a critical point for E on XC and the function

 0 D a
�
�.w0/

�
w0 C �.w0/ 2 †

is a critical point for I on the manifold † and satisfies

(2.14) dI. 0/Œh� D !. 0 j h/ for all h 2 X;

where ! D !. 0/ 2 R,

(2.15) .1 � 3s�/kw0k
2
� !. 0/ � 2I. w0

/ D 2E.w0/:

Moreover, if  0 2 † satisfies I. 0/ � 0 and (2.14) for some ! 2 R, then w D
jƒC 0j

�1
2 ƒC 0 is a critical point for E.w/.
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Proof. Let w0 2 †C be a critical point for E on †C, �0 D �.w0/ D 
.w0/, and
 0 D a.�0/w0 C �0. Then

dE.w0/Œh� D 0 for all h 2 Tw0
†C D

®
h 2 XC j .w0 j h/ D 0

¯
:

Since dP.w0/Œw0� D 0, we immediately deduce that

dE.w0/Œv� D 0 for all v 2 XC:

From (2.1), we have that for all � 2 X�

0 D dJw0
.�0/Œ�� D dI. 0/Œ��C dI. 0/

��
da.�0/Œ��

�
w0
�

while for all v 2 XC we have

0 D dE.w0/Œv� D a.�0/dI. 0/Œv� � a.�0/
2!. 0/.w0 j v/

and hence, for all h D v C � , v 2 XC, � 2 X�,

dI. 0/Œh� D a.�0/!. 0/.w0 j v/ � dI. 0/
�
da.�0/Œ��w0

�
D a.�0/!. 0/.w0 j v/C !. 0/.�0 j �/

D !. 0/. 0 j h/;

that is
dI. 0/Œh� D !. 0/. 0 j h/ for all h 2 X;

which shows that  0 is a critical point for I. / under the constraint j j2 D 1. The
Lagrange multiplier !. 0/ D a.�0/�1dI. 0/Œw0� is such that

!. 0/ D a
�
�.w0/

��1
dI. 0/Œw0� � kw0k

2
� s�a

�
�.w0/

��1
k 0kkw0k

� kw0k
2
�
s�

2

�
a
�
�.w0/

��2
k 0k

2
C kw0k

2
�

� kw0k
2
�
s�

2

�
kw0k

2
C a

�
�.w0/

��2
k�0k

2
C kw0k

2
�

� kw0k
2
�
3s�

2
kw0k

2

and
!. 0/ D dI. 0/Œ 0� � 2I. 0/:

Suppose now that  0 2 † satisfies (2.14) for some Q!. Let w0 D jƒC 0j�12 ƒC 0
and �0 D ƒ� 0. Then we deduce from (2.1) that for all � 2 X�

dJw0
.�0/Œ�� D dI. 0/

�
da.�0/Œ��w0 C �

�
D Q!

�
 0 j da.�0/Œ��w0 C �

�
D 0;
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and �0 is a critical point of Jw0
. From Lemma 2.8, we know that �0 is a local maximum

and, arguing as in the proof of Proposition 2.9, we deduce that �0 D �.w0/ and
E.w0/ D J!0

.�0/. We also have that

Q! D dI. 0/Œ 0� D !. 0/:

We then deduce from (2.11) that

dE.w0/ D a
�

.w0/

�
dI. 0/Œv� � a

�

.w0/

�2
!. 0/.w0 j v/

D a
�

.w0/

�
Q!. 0 j v/ � a

�

.w0/

�2
!. w0

/.w0 j v/

D a
�

.w0/

�
!. 0/

�
a
�

.w0/

�
w0C � j v

�
�a

�

.w0/

�2
!. 0/.w0; v/D 0:

From now on, we will make explicit the dependence of I , J , and E on s > 0writing
Is , Js , and Es , introduce the following minimization problem:

e.s/ D inf
w2†C

Es.w/

D inf
w2†C

²
1

2
a
�
�s.w/

�2
kwk2 �

1

2
k�s.w/k

2

�
s

4

Z
. w ; ˇ w/.x/. w ; ˇ w/.y/

jx � yj

³
;

and let E.s/ D se.s/.
The next lemma allows us to recover enough compactness (via the concentration-

compactness lemma [4, 5]) in order to prove our main result; see also [6, Lemma 4.2].

Lemma 2.16. For all s 2 .0; 1
8�
� we have that 0 < e.s/ < m

2
.

Proof. From Lemma 2.8, we have that e.s/ � 1
4
.2 � s�/m � 1

4
.2 � �/m > 0.

Using Lemma A.1, we deduce that

Es.w/ D Is. w/

�
m

2
C
1

2
.1C 8s�/

�
kwk2 �mjwj22

�
�
s

4

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj
:

Fixw1 2H 1.R3;C2/ such that jw1j2 D 1,w D
�
w1
0

�
and letw".x/D "3=2w."x/.

We have that
jw"j

2
2 D jwj

2
2 D 1;

and
Ow".q/ D

1

"3=2
w."�1p/;
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so that

kw"k
2
�mjw"j

2
2 D

Z �p
jqj2 Cm2 �m

�ˇ̌
Ow".q/

ˇ̌2
D

Z �p
"2jqj2 Cm2 �m

�ˇ̌
Ow1.q/

ˇ̌2
�
"2

2m

Z
jqj2

ˇ̌
Ow1.q/

ˇ̌2
and kw"k2 � mC C"2. We then observe that

kw" �ƒCw"k
2
D kƒ�w"k

2

D

Z p
"2jpj2 Cm2

ˇ̌̌̌
1

2

�
I �

mˇp
"2jpj2 Cm2

�
"˛ � pp

"2jpj2 Cm2

� 
Ow1.p/

0

! ˇ̌̌̌2

D
1

4

Z p
"2jpj2 Cm2

ˇ̌̌̌
ˇ̌̌
0B@
p
"jpj2Cm2�m
p
"jpj2Cm2

Ow1.p/

"� �pp
"jpj2Cm2

Ow1.p/

1CA
ˇ̌̌̌
ˇ̌̌
2

D
1

2

Z �p
"2jpj2 Cm2 �m

�ˇ̌
Ow1.p/

ˇ̌2
�
"2

4m

Z
jpj2

ˇ̌
Ow1.p/

ˇ̌2
and also ˇ̌

1 � jƒCw"j2
ˇ̌
D
ˇ̌
jw"j2 � jƒCw"j2

ˇ̌
� jw" �ƒCw"j2

D jƒ�w"j2 �
"

2
p
m

�Z
jpj2

ˇ̌
Ow1.p/

ˇ̌2�1=2
:

We deduce from this that for " > 0 small enough jƒCw"j2 > 1
2
.

Let
'".x/ D jƒCw"j

�1
2 ƒCw".x/:

We have that
k'"k � jƒCw"j

�1
2 kw"k �

p
mC C"

and

kw" � '"k � kw" �ƒCw"k C


�1 � jƒCw"j2�'"



�
"

2
p
m

�
2C k'"k

�� Z
jpj2

ˇ̌
Ow1.p/

ˇ̌2�1=2
and also

j'" � w"j2 D
1

jƒCw"j2
jw" �ƒCw"j2 �

"
p
m

�Z
jpj2

ˇ̌
Ow1.p/

ˇ̌2�1=2
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and we can estimate

Es.'"/ �
m

2
C
1

2
.1C 8s�/

�
k'"k

2
�mj'"j

2
2

�
�
s

4

Z
.'"; ˇ'"/.x/.'"; ˇ'"/.y/

jx � yj
:

We have that

k'"k
2
�mj'"j

2
2

D

Z �p
jqj2 Cm2 �m

�ˇ̌
O'".q/

ˇ̌2
� 2

Z �p
jqj2 Cm2 �m

�ˇ̌
O'".q/ � Ow".q/

ˇ̌2
C 2

Z �p
jqj2 Cm2 �m

�ˇ̌
Ow".q/

ˇ̌2
D 2

�
k'" � w"k

2
�mj'" � w"j

2
2

�
C 2

�
kw"k

2
�mjw"j

2
2

�
�
"2

2m

�
3C k'"k

�2
jrw1j

2
2:

We have that

Q.'"/ �Q.w"/ D Q
�
.'" � w"/C w"

�
�Q.w"/

D Q.'" � w"/C 4

Z
.'" � w"; ˇw"/.x/.w"; ˇw"/.x/

jx � yj

C 3

Z
.'" � w"; ˇw"/.x/.'" � w"; ˇw"/.x/

jx � yj

C 3

Z �
'" � w"; ˇ.'" � w"/

�
.x/.w"; ˇw"/.x/

jx � yj

C 4

Z �
'" � w"; ˇ.'" � w"/

�
.x/.'" � w"; ˇw"/.x/

jx � yj

� �4�j'" � w"j2
ˇ̌
.��/1=4jw"j

ˇ̌2
2
� 3�j'" � w"j

2
2

ˇ̌
.��/1=4jw"j

ˇ̌2
2

� 4�j'" � w"j2k'" � w"k
2:

Since ˇ̌
.��/1=4jw"j

ˇ̌2
2
D

Z
jpjj Ow"j

2
D "

Z
jpjjw1j

2;

we have
Q.'"/ � Q.w"/ � c"

2
� "Q.w/ � c"2I

we therefore deduce that

Es.w"/ �
m

2
C
2"2

m
.1C 8s�/jrwj22 � "

s

4

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj
C c"2:
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Since Q.w/ > 0, we deduce that

Es.w"/ <
m

2

for " small enough and for all s 2 .0; 1
8�
/, and hence e.s/ < m

2
for all s 2 .0; 1

8�
/.

Proposition 2.17. For all � > 1 and s 2 .0; 1
8�
/ such that �s 2 .0; 1

8�
/, we have that

e.�s/ < e.s/:

Proof. Let � > 1 and s 2 .0; 1
8�
/ such that �s 2 .0; 1

8�
/. Take w 2 †C and let

�s.w/ 2 B1 the function whose existence follows from Proposition 2.9. Since it follows
from (2.10) that 

a���s.w/�w

2 � 

��s.w/

2 �m � 0;
we have that

�

�
E�s.w/ �

m

2

�
D �

�
1

2



a���s.w/�w

2� 1
2



��s.w/

2� m
2
�
�s

4

Z
. 1; ˇ 1/.x/. 1; ˇ 1/.y/

jx � yj

�
� �2

�
1

2



a���s.w/�w

2� 1
2



��s.w/

2� m
2
�
s

4

Z
. 1; ˇ 1/.x/. 1; ˇ 1/.y/

jx � yj

�
� �2

�
1

2



a��s.w/�w

2 � 1
2



�s.w/

2 � m
2
�
s

4

Z
. 2; ˇ 2/.x/. 2; ˇ 2/.y/

jx � yj

�
D �2

�
Es.w/ �

m

2

�
(here  1 D a.��s.w//w C ��s.w/) and  2 D a.�s.w//w C �s.w/. We know that
e.s/ < m

2
and hence

�

�
e.�s/ �

m

2

�
� �2

�
e.s/ �

m

2

�
< �

�
e.s/ �

m

2

�
from which we deduce that e.�s/ < e.s/.

Proof of Theorem 1.4. By Ekeland’s variational principle, there exists a sequence
wn 2 †C such that

Es.wn/! e.s/; sup
v2†C

ˇ̌
dEs.wn/Œv�

ˇ̌
! 0:

From Es.wn/! e.s/, we deduce from Lemma 2.8 that kwnk � 4e.s/
2�s�
C o.1/ so that

the sequence wn is bounded. It follows from Proposition 2.9 that also �n D �.wn/ and
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 n D a.�n/wn C �n are bounded in X . Letting !n D a.�n/�1dI. n/Œwn�, we have
that

dIs. n/Œh� � !n. n j h/ D 0 for all h 2 X:

We can assume that (up to a subsequence)  n *  in X and that !n ! !. Then
we have that for all h 2 X

dIs. n/Œh� � !n. n j h/

D h n j ƒChi � h n j ƒ�hi � s

Z
. n; ˇ n/.x/. n; ˇh/.y/

jx � yj
� !n. n j h/

! 0;

since, by (1.7), we have thatZ
. n; ˇ n/.x/. n �  ; ˇh/.y/

jx � yj
! 0:

As a consequence, we have that

dIs. /Œh� � !. j h/ D 0 for all h 2 X:

The weak convergence does not, however, preserve the L2 norm, so we only know that
j j2 � j nj2 D 1 (it could even be that  D 0).

To conclude, we will now apply the concentration-compactness principle; see [4,5].
First of all, let us show that no vanishing occurs. By contradiction, assume that

lim sup
n!C1

sup
y2R3

Z
B.y;1/

j nj
2
D 0:

Then we know, see [4] or [8, Lemma 1.21], that  n ! 0 in Lp.R3/ for 2 < p < 3.
SinceZ �

 n; ˇ n.x/
��
 n; ˇ n.y/

�
jx � yj

�

Z ˇ̌
 n.x/

ˇ̌2ˇ̌
 n.y/

ˇ̌2
jx � yj

� C
ˇ̌
 n
ˇ̌4

12
5

! 0;

we deduce, using (2.10), (2.15), and Lemma 2.16, that

0 D dIs. n/Œ n� � !nj nj
2
2

D


a.�n/wn

2 � k�nk2 � !nj nj22 � s Z �

 n; ˇ n.x/
��
 n; ˇ n.y/

�
jx � yj

D


a.�n/wn

2 � k�nk2 �mj nj22 C .m � !n/C o.1/ � .m � !n/C o.1/ > 0

for n large enough, a contradiction which shows that vanishing does not occur.
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Then we know from the concentration-compactness principle, that there exist p � 1
functions �1; : : : ; �p 2 X , critical points for Is under the constraint j j22 D �i (hence
satisfying (2.14) with ! D limn !n > 0), and p sequences of points xi;n 2 R3, i D
1; : : : ; p such that jxi;n � xj;nj ! C1 for all i ¤ j as n!C1 and



 n � pX

iDi

�i .� � xi;n/





! 0 as n!C1:

From this it follows also that j nj22 D 1 D
Pp
iD1 �i .

We then observe that

kƒC nk
2
� kƒ� nk

2

D h n j ƒC n �ƒ� ni

D

*
 n �

pX
iDi

�i .� � xi;n/ j ƒC n �ƒ� n

+

C

pX
iDi

˝
�i .� � xi;n/ j ƒC n �ƒ� n

˛
D

pX
iDi

�˝
ƒC�i .� � xi;n/ j  n

˛
�
˝
ƒ��i .� � xi;n/ j  n

˛�
C o.1/

D

pX
iDi

�
kƒC�ik

2
� kƒ��ik

2
�
C o.1/

and alsoZ �
 n; ˇ n.x/

��
 n; ˇ n.y/

�
jx � yj

D

pX
iD1

Z �
�i ; ˇ�i .x/

��
�i ; ˇ�i .y/

�
jx � yj

C o.1/:

Finally, we have that

(2.18) e.s/ D Is. n/C o.1/ D

pX
iD1

Is.�i /C o.1/:

Let, for i D 1; : : : ; n, Q i D j�i j�12 �i D �
�1=2
i �i 2 †. We have that

Is.�i / D Is.
p
�i Q i / D �iIs�i

. Q i /

and

0 D dIs.�i /Œh� � !.�i j h/ D
p
�i
�
dIs�i

. Q i /Œh� � !. Q i j h/
�

for all h 2 X:
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It follows from Proposition 2.13 that Qwi D jƒC Q i j�12 ƒC Q i 2 †C is a critical point
for Es�i

and Es�i
. Qwi / D Is�i

. Q i /.
Since

Es�i
. Qwi / � e.s�i /;

we deduce from Proposition 2.17 that

e.s/D

pX
iD1

Is.�i /D

pX
iD1

�iIs�i
. Q i /�

pX
iD1

�ie.s�i />

pX
iD1

�ie

�
1

�i
s�i

�
De.s/

pX
iD1

�i ;

a contradiction if p > 1.
Since there is no vanishing or dichotomy, our sequence  n converges strongly in X

to a critical point  2 X of (2.14) such that j j2 D 1 and the theorem follows.

A. A useful lemma

This lemma is similar to [6, Lemma 2.9]. We give here a slightly different proof.

Lemma A.1. For all  D
q
1 � jwj22w C �, w 2 †C, � 2 X�, we haveZ

. ; ˇ /.x/. ; ˇ /.y/

jx � yj
�

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj
� 2�j�j22kwk

2

� 14a.�/2�
�
kwk2 �mjwj22

�
� 18�k�k2:

Proof. We haveZ
. ; ˇ /.x/. ; ˇ /.y/

jx � yj

D a.�/4
Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj

C 4a.�/3
Z
.w; ˇw/.x/.w; ˇ�/.y/

jx � yj
C 3a.�/2

Z
.w; ˇw/.x/.�; ˇ�/.y/

jx � yj

C 3a.�/2
Z
.w; ˇ�/.x/.w; ˇ�/.y/

jx � yj
C 4a.�/

Z
.�; ˇ�/.x/.w; ˇ�/.y/

jx � yj

C

Z
.�; ˇ�/.x/.�; ˇ�/.y/

jx � yj

� a.�/4
Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj
C 4a.�/3

Z
.w; ˇw/.x/.w; ˇ�/.y/

jx � yj

� 3a.�/2�k�k2 C 4a.�/

Z
.�; ˇ�/.x/.w; ˇ�/.y/

jx � yj
:
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We haveˇ̌̌̌ Z
.w; ˇw/.x/.w; ˇ�/.y/

jx � yj
dx dt

ˇ̌̌̌
D .2�/3=2

r
2

�

ˇ̌̌̌ Z
F
�
.w; ˇw/

�
F
�
.w; ˇ�/

�
jpj2

dp

ˇ̌̌̌
� .2�/3=2

r
2

�

ˇ̌
F
�
.w; ˇw/

�ˇ̌
1

ˇ̌̌̌ Z ˇ̌
F
�
.w; ˇ�/

�ˇ̌
jpj2

dp

ˇ̌̌̌
�

r
2

�

ˇ̌
.w; ˇw/

ˇ̌
1

ˇ̌̌̌ Z ˇ̌
F
�
.w; ˇ�/

�ˇ̌
jpj2

dp

ˇ̌̌̌
�

r
2

�
jwj22

ˇ̌̌̌ Z ˇ̌
F
�
.w; ˇ�/

�ˇ̌
jpj2

dp

ˇ̌̌̌
�

r
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z ˇ̌�
Ow.p � q/; ˇ O�.q/

�ˇ̌
dq

�
and ˇ̌̌̌ Z

.�; ˇ�/.x/.w; ˇ�/.y/

jx � yj
dx dt

ˇ̌̌̌
� j�j22

r
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z ˇ̌�
Ow.p � q/; ˇ O�.q/

�ˇ̌
dq

�
so that

4a.�/3
Z
.w; ˇw/.x/.w; ˇ�/.y/

jx � yj
C 4a.�/

Z
.�; ˇ�/.x/.w; ˇ�/.y/

jx � yj

� 4a.�/

r
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z ˇ̌�
Ow.p � q/; ˇ O�.q/

�ˇ̌
dq

�
:

Since �
Ow.p � q/; ˇ O�.q/

�
D
�
OƒC.p � q/ Ow.p � q/; ˇ Oƒ�.q/ O�.q/

�
D
�
Ow.p � q/; OƒC.p � q/ˇ Oƒ�.q/ O�.q/

�
;

we compute

4 OƒC.p � q/ˇ Oƒ�.q/

D

�
IC

mˇ

�.p � q/
C
˛ � .p � q/

�.p � q/

�
ˇ

�
I �

mˇ

�.q/
�
˛ � q

�.q/

�
D ˇ

�
1 �

m2

�.q/�.p � q/

�
� I
�
m

�.q/
�

m

�.p � q/

�
� ˇ˛ �

�
q

�.q/
C

p � q

�.p � q/

�
�
m˛ �

�
q C .p � q/

�
�.q/�.p � q/

C
ˇ

�.q/�.p � q/

�
˛ � .p � q/˛ � q

�



v. coti zelati and m. nolasco 122

D ˇ

�
1 �

m2

�.q/�.p � q/

�
� I
�
m

�.q/
�

m

�.p � q/

�
� ˇ˛ �

�
q

�.q/
C

p � q

�.p � q/

�
�

m˛ � p

�.q/�.p � q/
C
ˇ† � .p � q/† � q

�.q/�.p � q/
;

where

†i D

 
�i 0

0 �i

!
:

We now estimate the different terms. First of all, from

m
�
jp � qj C jqj

�
� �.q/�.p � q/ � jqjjp � qj Cm

�
jqj C jp � qj

�
Cm2

and ˇ̌
jqj�.p � q/ � jp � qj�.q/

ˇ̌
� mjpj;

we deduce thatˇ̌̌̌
jqj

�.q/
�
jp � qj

�.p � q/

ˇ̌̌̌
D

ˇ̌̌̌
jqj�.p � q/ � jp � qj�.q/

�.q/�.p � q/

ˇ̌̌̌
�

mjpj

�.q/�.p � q/

andˇ̌̌̌
m

�.q/
�

m

�.p � q/

ˇ̌̌̌
D m

ˇ̌
�.p � q/ � �.q/

ˇ̌
�.q/�.p � q/

D m

ˇ̌
m2 C jp � qj2 �m2 � jqj2

ˇ̌
�.q/�.p � q/

�
�.q/C �.p � q/

�
�

ˇ̌
jp � qj � jqj

ˇ̌
�.q/C �.p � q/

�
jpj

�.q/C �.p � q/

�
jpj�

�.q/Cm
�1=2�

�.p � q/Cm
�1=2 :

Thenˇ̌̌̌
�.q/�.p � q/ �m2

�.q/�.p � q/

ˇ̌̌̌
�
jqjjp � qj Cm

�
jqj C jp � qj

�
�.q/�.p � q/

�
jqjjp � qj

�.q/�.p � q/
C

mjpj

�.q/�.p � q/
C 2

mjp � qj

�.q/�.p � q/

and ˇ̌̌̌
q

�.q/
C

p � q

�.p � q/

ˇ̌̌̌
�

ˇ̌̌̌
jqj

�.q/
�
jp � qj

�.p � q/

ˇ̌̌̌
C 2
jp � qj

�.p � q/

�
mjpj

�.q/�.p � q/
C 2
jp � qj

�.p � q/
:
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Since ˇ̌̌̌
ˇ† � .p � q/† � q

�.q/�.p � q/

ˇ̌̌̌
�
jqjjp � qj

�.q/�.p � q/
;

we finally have

4
ˇ̌�
Ow.p � q/; ˇ O�.q/

�ˇ̌
�

�
3jqjjp � qj C 3mjpj C 2mjp � qj

�.q/�.p � q/
C
2jp � qj

�.p � q/

�ˇ̌
Ow.p � q/

ˇ̌ˇ̌
O�.q/

ˇ̌
C

jpj�
�.q/Cm

�1=2�
�.p � q/Cm

�1=2 ˇ̌ Ow.p � q/ˇ̌ˇ̌ O�.q/ˇ̌:
Let us analyze the different terms:r

2

�

Z
dp

jpj2

�
1

.2�/3=2

Z
jp � qj

ˇ̌
Ow.p � q/

ˇ̌
�.p � q/

jqj
ˇ̌
O�.q/

ˇ̌
�.q/

dq

�
D

r
2

�

Z
1

jpj2
F

�
F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�
F �1

�
jpj
ˇ̌
O�.p/

ˇ̌
�.p/

��
dp

D

Z
1

jxj
F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�
F �1

�
jpj
ˇ̌
O�.p/

ˇ̌
�.p/

�
dx

�

ˇ̌̌̌
1

jxj1=2
F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

ˇ̌̌̌
1

jxj1=2
F �1

�
jpj
ˇ̌
O�.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

� �

ˇ̌̌̌
.��/1=4F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

ˇ̌̌̌
.��/1=4F �1

�
jpj
ˇ̌
O�.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

� 2�

q
kwk2 �mjwj22

q
k�k2 �mj�j22

since ˇ̌̌̌
.��/1=4F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�ˇ̌̌̌2
2

D

Z
jpj3

ˇ̌
Ow.p/

ˇ̌2
�.p/2

dp

� 2

Z �p
jpj2 Cm2 �m

�ˇ̌
Ow.p/

ˇ̌2
dp D 2

�
kwk2 �mjwj22

�
and r

2

�

Z
dp

jpj2

�
1

.2�/3=2

Z
jp � qj

ˇ̌
Ow.p � q/

ˇ̌
�.p � q/

m
ˇ̌
Ow.q/

ˇ̌
�.q/

dq

�
� �

ˇ̌̌̌
.��/1=4F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

ˇ̌̌̌
.��/1=4F �1

�
m
ˇ̌
O�.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

�
p
m�j�j2

q
kwk2 �mjwj22
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since ˇ̌̌̌
.��/1=4F �1

�
m
ˇ̌
O�.p/

ˇ̌
�.p/

�ˇ̌̌̌2
2

D

Z
m2jpj

ˇ̌
O�.p/

ˇ̌2
�.p/2

dp �
m

2
j�j22:

We also have thatr
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z
jpj

ˇ̌
Ow.p � q/

ˇ̌�
�.p � q/Cm

�1=2
ˇ̌
O�.q/

ˇ̌�
�.q/Cm

�1=2 dq�

D

r
2

�

Z
1

jpj
F

�
F �1

� ˇ̌
Ow.p/

ˇ̌�
�.p/Cm

�1=2�F �1
�
jpj
ˇ̌
O�.p/

ˇ̌�
�.p/Cm

�1=2�� dp
D
2

�

Z
1

jxj2
F �1

� ˇ̌
Ow.p/

ˇ̌�
�.p/Cm

�1=2�F �1
� ˇ̌

O�.p/
ˇ̌�

�.p/Cm
�1=2� dx

�
2

�

ˇ̌̌̌
1

jxj
F �1

� ˇ̌
Ow.p/

ˇ̌�
�.p/Cm

�1=2�ˇ̌̌̌
2

ˇ̌̌̌
1

jxj1=2
F �1

� ˇ̌
O�.p/

ˇ̌�
�.p/Cm

�1=2�ˇ̌̌̌
2

�
8

�

ˇ̌̌̌
jpj
ˇ̌
Ow.p/

ˇ̌�
�.p/Cm

�1=2 ˇ̌̌̌
2

ˇ̌̌̌
jpj
ˇ̌
O�.p/

ˇ̌�
�.p/Cm

�1=2 ˇ̌̌̌
2

� 2�

q
kwk2 �mjwj22

q
k�k2 �mj�j22

and r
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z
mjpj

ˇ̌
Ow.p � q/

ˇ̌
�.p � q/

ˇ̌
O�.q/

ˇ̌
�.q/

dq

�
�
8

�

ˇ̌̌̌p
mjpj

ˇ̌
Ow.p/

ˇ̌
�.p/

ˇ̌̌̌
2

ˇ̌̌̌p
mjpj

ˇ̌
O�.p/

ˇ̌
�.p/

ˇ̌̌̌
2

� 5�

q
kwk2 �mjwj22

q
k�k2 �mj�j22

(we have used the fact that mp2

p2Cm2 �
5
2
.
p
p2 Cm2 �m/).

Finally, we haver
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z
jp � qj

ˇ̌
Ow.p � q/

ˇ̌ˇ̌
Ow.q/

ˇ̌
�.p � q/

dq

�
� �

ˇ̌̌̌
.��/1=4F �1

�
jpj
ˇ̌
Ow.p/

ˇ̌
�.p/

�ˇ̌̌̌
2

ˇ̌
.��/1=4F �1

�ˇ̌
O�.p/

ˇ̌�ˇ̌
2

�
p
2�k�k

q
kwk2 �mjwj22:
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We now collect the terms:

4a.�/

r
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z ˇ̌�
Ow.p � q/; ˇ O�.q/

�ˇ̌
dq

�
� 23�a.�/

q
kwk2 �mjwj22

q
k�k2 �mj�j22

C 2
p
m�a.�/j�j2

q
kwk2 �mjwj22 C 2

p
2�a.�/k�k

q
kwk2 �mjwj22

� 14a.�/2�
�
kwk2 �mjwj22

�
C 15�k�k2

to deduce thatZ
. ; ˇ /.x/. ; ˇ /.y/

jx � yj
�

Z
.w; ˇw/.x/.w; ˇw/.y/

jx � yj

� �2�j�j22kwk
2
� 3a.�/2�k�k2

� 4a.�/

r
2

�

Z
dp

jpj2

�
1

.2�/3=2

Z ˇ̌�
Ow.p � q/; ˇ O�.q/

�ˇ̌
dq

�
� �14a.�/2�

�
kwk2 �mjwj22

�
� 2�j�j22kwk

2
� 18�k�k2:
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