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ABSTRACT. — We answer the question of Vidaux and Videla about the distribution of the Northcott
numbers for the Weil height. We solve the same problem for the weighted Weil heights. These
heights generalize both the absolute and relative Weil height. Our results also refine those of
Pazuki, Technau, and Widmer.
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1. INTRODUCTION

For a subset A C @, a function § : @ — R, and a real number C > 0, we set
B(A,5,C) := {a e Al b)) < C}

and
Z(A,h) :={a € A| bh(a) = 0}.

The following definitions are important concepts when we study finiteness properties
in number theory.

DeriniTION 1.1 ([6,16]). (1) We say that A has the §-Northcott property (or h-(N) for
short) if the set B(4, 5, C) is finite for all C > 0.

(2) We say that A has the h-Bogomolov property (or §h-(B) for short) if the set
B(A,9H,C)\ Z(A,}) is finite for some C > 0.

Definition 1.1 lets us set
Norg(A) :=inf {C > 0 | #B(A,h,C) = oo}.

The non-negative number Nory (A) is called the Northcott number of A with respect to
b, introduced in [16,25]. By definition, a subset A has §-(N) (resp. h-(B)) if and only
if Norg(A) = oo (resp. Norg (A4 \ Z(4.5)) > 0). Here we regard inf ) as co. We note
that h-(B) immediately follows from b-(N).
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Leth : @ — R be the absolute logarithmic Weil height. In [25], Vidaux and
Videla proposed the following question.

QuesTioN 1.2 ([25, Question 6]). Which real numbers can be realized as Nory, (L) for
some field L C Q?

The above question was first dealt with in [16, Theorem 3], which reveals that for
any given ¢ > 0 there exists a field L C Q satisfying that ¢/2 < Nory,(L) < c. This
result lets us expect that any positive real number can be realized as Nory (L) for some
field L C Q. Hence our main result is the following answer to Question 1.2.

TraeOREM 1.3. For any given ¢ > 0, we can construct a field L satisfying that
Nory (L) = c.

We prove a more general result for the weighted Weil heights, which generalize the
absolute and the relative Weil height. For each y € R and a € Q, we set

hy(a) = deg(@)” h(a),

where deg(a) := [Q(a) : Q]. The function h,, is called the y-weighted Weil height,
introduced in [16]. Here we should note that /,,-(B) was studied implicitly in [4] before
[16]. We first remark that s (resp. &11) is the absolute (resp. relative) Weil height. We
also note that the equality Z(Q, hy) = pg U {0} holds for all y € R, where p4 is
the set of roots of unity in a subset A C Q (see, e.g., [5, Theorem 1.5.9]). We denote
hy-(N) (resp. hy-(B)) by y-(N) (resp. y-(B)) for short. We write Nory,, (-) as Nor,, (-)
for simplicity. The property 0-(N) (resp. 0-(B)) is usually called the Northcott property
(resp. Bogomolov property). There are several examples of infinite extensions of Q
that have 0-(N) or 0-(B) (see, e.g., [3,6, 13,20] or [27]). On the other hand, the Lehmer
conjecture asserts that Q has 1-(B) and Nor; (Q \ K@) = log(s), where s = 1.176. ..
is the smallest known Salem number (see, e.g., [22, p. 100]). In [16, Theorem 4], Pazuki,
Technau, and Widmer gave fields that have 1-(B) but not 0-(B). More precisely, for each
y < land ¢ > 0, they constructed a field L C Q that has y-(N) but not (y — £)-(B).
As we will see in Lemma 2.1, the sets

In(A) ;= {y € R | A has y-(N)}

and
Ig(A) = {)/ € R | A has y—(B)}

are intervals of the form (y, oo) or [y, co) for some y € R U {Z00}. Thus the field L
in [16, Theorem 4] satisfies that (y — e, 00) D Ig(L) D Iny(L) D [y, 00). However,
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the values of inf /g (L) and inf I (L) were not mentioned in [16, Theorem 4]:

not Bogomolov ? Northcott
A

v

As we will see in Corollary 2.4 and Remark 2.6, we remark that
inf Iny(A\ py) = inf Ip(A) € [—o0, 1]
hold for all subsets 4 C Q. Hence our generalization of Theorem 1.3 is the following.

THEOREM 1.4. Let y < 1 and ¢ > 0 be real numbers. We can construct a field L C Q
satisfying one of the following conditions (1), (2) or (3), respectively:

(1) In(L) = Ip(L) = [y, 00);
(2) IN(L) = (y.00) & [y,00) = Ip(L) with Nor, (L) = ¢,
(3) In(L) = Ip(L) = (y,00).

RemMARrk 1.5. We note that Theorem 1.4 covers neither the case y = 1 nor y = —oo. We
will discuss fields L satisfying each of Iy (L) = Ig(L) = [1,00), In(L) = (1,00) &
[1,00) = Ig(L),and Ix(L) = Ig(L) = R in Section 5.

RemMARK 1.6. There are some works on calculating Northcott numbers with respect to
the house. The notion of Northcott numbers originally stems from Julia Robinson’s
numbers, which are Northcott numbers of sets of totally positive algebraic integers
with respect to the house (see, e.g., [7,12,17,24] or [25]). Another remarkable result is
[16, Theorem 1]. Pazuki, Technau, and Widmer constructed for any given ¢ > 1 a field
whose ring of integers has Northcott number (with respect to the house) equal to c¢. The
image under the house of their rings of integers also satisfies additional topological
properties motivated by work on the undecidability of rings (see, e.g., [17,24]).

The other result concerns the following theorem.

THeorewMm 1.7 (e.g., [10, Theorem 2.1]). Let L C @ be a field with 0-(N). Then for any
d > 0, the set
LD :=laeQ|[L(a): L] <d}

also has 0-(N).

The well-known fact that any number field has 0-(N) is an immediate consequence
of Theorem 1.7. We show that Theorem 1.7 fails for 4, whenever 0 < y < I.
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ProrosiTION 1.8. Let Q" be the field of all totally real numbers. Then for all 0 <y < 1
the field Q" has y-(N) but the field Q" (~/—1) does not have y-(N). More precisely,
forall 0 <y <1 the set Q"(+/—1) \ Kau(y=T) does not have y-(N).

Outline of this paper

In Section 2, we study properties of In(A) and Ip(A) that we use later. As a conse-
quence of Proposition 2.3, we prove Proposition 1.8 at the end of Section 2. In Section 3,
we give some lemmata needed to calculate Northcott numbers. In Section 4, we give
a more explicit form of Theorem 1.4 and prove it. We also compare our fields with
those constructed in [16] and then we present further problems. In Section 5, we give
some supplemental remarks on the cases y = 1 and y = —oo of the conditions in
Theorem 1.4.

2. INTERVALS ASSOCIATED WITH Y-(N) AnD y-(B)

Let A C Q. In this section, we give some basic properties of Iy (A4) and Ip(A) defined
in Section 1.

LemMa 2.1. Lety e R.IfA C Q has y-(N) (resp. y-(B)), the set A also has §-(N)
(resp. §-(B)) for all § > y.

Proor. Let§ >y and 4 C Q. Since the inequality hy(a) < hg(a)holds foralla € Q,
the property §-(N) of A immediately follows from y-(N) of A. On the other hand, a set
A having y-(B) means that there exists a constant D > 0 such that 4, (a) > D for all
ae A\ (ug U{0}). Thus 6-(B) of A also follows from y-(B) of A since we know that
hs(a) > hy(a) > D foralla € A\ (ua U {0}). =

PROPOSITION 2.2. For each subset A C Q, the sets I (A) and Ig(A) are intervals of
Sforms (y, 00) or [y, 00) for some y € R U {£o00}.

Proor. This is an immediate consequence of Lemma 2.1. |
By the definitions of y-(N) and y-(B), we know that Iy (A4) C Ig(A), i.e.,
inf Iy (A) > inf I5(A).

We actually have inf Iy (A \ u4) = inf Ig(A). This is an immediate consequence of
the following proposition.

PropPOSITION 2.3. Let y € R. If A C Q has y-(B), the set A\ jiq has §-(N) for all
8> y.
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Proor. Takeany C > Oanda € A\ (uaq U {0}) with hg(a) < C. Since A4 has y-(B),
there exists a constant D > 0 independent of a such that ,,(a) > D. Thus we have

2.1 deg(a) = (ZSEZ;)H < (%)H
¥

If § > 0, then we have

(2.2) h(a) < deg(a)’h(a) = hs(a) < C.

By Theorem 1.7, the conditions (2.1) and (2.2) imply that the set B(A \ w4, kg, C) is
finite for the case § > 0.

On the other hand, if § < 0, then (2.1) implies that deg(a)™® < (C/D) 7= . There-
fore, we have

(2.3) h(a) = deg(a)_‘shg(a) < (%)HC

By Theorem 1.7, the conditions (2.1) and (2.3) imply that the set B(A \ w4, ks, C) is
finite for the case § < 0. u

COROLLARY 2.4. For any subset A C Q, the equality inf Iy (A \ j4) = inf Iz (A)
holds. In addition, if A contains only finitely many roots of unity, we have inf I (A) =
inf Ig(A).

REMARK 2.5. We cannot remove the assumption “excluding p4” in Proposition 2.3.
This is because the set ug clearly has y-(B) but not y-(N) for all y € R.

REMARK 2.6. We set

log’ (deg(a) 3
7 ( ) ) hi(a),

log’ log (deg(a))
where log’(-) := max{1, log(-)}. In [9], Dobrowolski proved that Q has /p.,-(B). Hence
there exists D > 0 such that f(a) > D foralla € Q \ (ng U{0}). Itis clear that for
any ¢ > 0, if deg(a) is sufficiently large, the inequality

log’ (deg(a)) )3
log’ log (deg(a))

hDob(a) = (

deg(a)® > (

holds. Thus Q has (1 + ¢)-(B) for any & > 0 by Theorem 1.7. Therefore, by Corollary 2.4,
we have

In@Q\ png) = (1.oo) and infIy(A\ pa) = inf [p(4) € [00, 1]
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for all subsets A C Q. Note that these immediately follow if we assume the Lehmer
conjecture.

As a consequence of Proposition 2.3, we prove Proposition 1.8.

ProOF OF ProposiTION 1.8. It is known that Q" has 0-(B) (see [20]). Thus Q" has y-
(N) for each y > 0 by the equality pgr = {1} and Proposition 2.3. On the other hand,
the field Q" (v/—1) does not have y-(N) for all 0 < y < 1. Indeed, the algebraic number
ar = ((2—+/—=1)/2 4+ ~/—1))/* is an element of Q" (+/—1) for each k € Z~¢ (see,

e.g., [2, Section 5]). Since we have the inequalities

_ v 1]k 2
hy(ak) = deglag)"h(a,"") = ;5= hlar) = 2h(ay).
the field Q" (+/—1) has infinitely many elements with bounded value of #,,. [

3. SOME REMARKS ON LOWER BOUNDS FOR HEIGHTS

Throughout the rest of the paper, we denote the set of positive integers by N. This section
is devoted to giving some technical lemmata to calculate the y-Northcott numbers.
Theorem 3.1 and Lemma 3.2 allow us to get a lower bound for the Northcott number
of our fields.

TueoREM 3.1. Let K be a number field. Assume that a € Q satisfies that [K (a) : K] > 1.
We set M := K(a) and m := [M : K]. Then we have the inequality

1 (log (Nk/o(Dmyk))
-1 m[K : Q]

where Nk q is the usual norm and Dk is the relative discriminant ideal of the
extension M/ K.

h(a) > 2o - log(m)),

Proor. See [21, Theorem 2]. [

LEMMA 3.2. Lety € R and A C Q. We set
8y(B) := inf hy, (B)

for each non-empty subset B C A. Let Ay & A1 & Az & --+ be an ascending chain of

ray

non-empty subsets of A satisfying that
(1) A; has y-(N) foralli € Z > and
2) A= Uiezzo Aj.
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Then we have
Nor, (A) = liminf 8, (4; \ 4;—1).
1—>00

Proor. See [16, Lemma 6]. [

ProposiTiON 3.3. Let y < 1 be a real number. We also let (p;)ieN, (¢i)ieN, and
(di)ieN be strictly increasing sequences of prime numbers. Assume that there exists
io € N such that for all i > iy, the inequality p; < q; and

i qi ¢{d1,p1.91,-..,.di—1, Pi—1.49i—1}

hold. We set ;
log(pi) — &)y = 1),
Vi,y) = { 5 O<y<1),
log(p;) (y < 0).

(dydi—)~vd; ™

Then the field L := Q((p;/qi)"/% | i € N) satisfies that

Nory, (L) > liminf V(i, y).
1—>00

Especially, we have the following:
(1) L has y-(N) if liminf; o V (i, y) = oo,
(2) L has y-(B) ifliminf, o V(i,y) > 0.

Proor. We set
Ko:=Q., Ki:=Ki—1((pi/g)"¥), and Fi:=Q((pi/q:)"/")
for eachi € N. By Lemma 3.2, it is enough to show that the inequality
3.1 liminf 8, (K; \ K;j—1) > liminf V (i, y)
i—>00 i—00

holds. Take any i > ig and a € K; \ K;_;. Note that the equality K;_;(a) = K; holds
since [K; : Kj_1] = d; is a prime number and a ¢ K;_;. Thus we have the inequalities

(3.2) di <deg(a) <di---d;
and

deg(a)” (log (NKi—l/@(DKi/Ki—l)) )
63yl z B (PR 0O oy, )
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by Theorem 3.1. To estimate the value of /4, (a) from below, we give a lower bound
for Nk, _,/0(Dk,/k;_,)- Since F; = Q((piqlq"_l)l/df) and (piqidi_l)l/di is a root
of the p;-Eisenstein polynomial X% — p; cil.d"_1 € Q[X], we know that p; ramifies
totally in F; (see, e.g., [11, Theorem 24 (a)]). Thus it holds that p;ii_l | Df, q (see,
e.g., [15,p. 199, (2.6)] and [ 15, p. 201, (2.9)]). Now we note that the equalities

K;:K; (K;:F;
34 NK,;I/Q(DK,:/KH)D[ 1/@1] Dk; 10 = NF,/@(DKI/FZ)DF o
hold (see, e.g., [15, p. 202, (2.10)]). Since K;_; is the compositum of Fy,..., Fj_
and p; ¢ {d1, p1,.91,...,di—1, pi—1,qi—1}, we know that p; does not ramify in K;_;
(see, e.g., [14, Theorem 85] and [26, Lemma 4.1]). Hence p; + Dk, , ;o holds. There-
fore, (3.4) yields that

Kl'ZF,' d
pi[ I(

(3.5) D | N,_, oDk, /ki_y)-

Replacing p; with ¢; in the above discussion, we also get
i Fil(d;—
(3.6) g AT | N (D y)-
Since the equality [K; : F;] = di ---di—1 = [K;—1 : Q] holds, the conditions (3.5)
and (3.6) yield that

og (Nk;_,/0(Dx;/k:_,))

1
(3.7) 2log(pi) < log(pigi) < (K1 :Qld; — 1)

Thus we conclude that

hy(a) = deg(a)y(log;ipi) _ ;(‘;%%ﬂ)) by 3.3), (3.7)
_ (deg(a))y(log(pi) _d] log(di))
d; dil—y 2(d; — 1)
() _ & o) O=y=D
o () oo
Vi, 1) — 505 y =1,
=1 Viiy) - G O=<y<.
Vi, y) = sgsa—sy ¥ <0).
Since we have the equalities
lim 2089 o i M:O(O§y<l),

i—00 Z(d, - 1) B i—o00 2(d, - 1)
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and log(ds)
. ogld;
1 =0 < 0),
00 2(dy - di) Y (d; — 1) v <0
we get the inequality (3.1) by letting i — oo. u

4. CONTROLLING NORTHCOTT NUMBERS
4.1. Proof of Theorem 1.4
In this section, we prove Theorem 1.4. More precisely, we prove the following theorem.

TueoREM 4.1. Let y < 1 and ¢ > 0 be real numbers. We also let (p;)ieN, (¢i)ieN,
and (d;)ien be strictly increasing sequences of prime numbers with q; < p;+1 and
pi < qi <2p; foralli € N. Furthermore, we let f(x) be log(x), ¢, or 1/log(x). If
y > 0, then we assume that the inequalities

exp (f(di)d; ") < pi < 2exp (f(di)d; ")
hold for all i € N. On the other hand, if y < 0, then we assume that the inequalities
exp (f(di)(dy "'di—l)_ydil_y) < pi <2exp(f(di)(d "'di—l)_ydil_y)
hold for all i € N and the equality

ilog(di)

lim =0

isoo  d. Y
holds. We set L := Q((p;/q:)"/% | i € N).
(1) If f(x) = log(x), the field L satisfies that Iy (L) = Ig(L) = [y, 00).
(2) If f(x) = c, the field L satisfies that

IN(L) = (y,00) & [y,00) = Ip(L)

with Nory, (L) = c.
(3) If f(x) = 1/1og(x), the field L satisfies that Iy (L) = Ip(L) = (y, 00).

REMARK 4.2. By the theorem of Bertrand—Chebyshev, we can take (p;)ien and (¢;)ieN
in Theorem 4.1. Furthermore, for each y < 0, the sequence of prime numbers (d;);eN

satisfies the equality
 log(d;
tim 02 _
i—>00 di

if, for example, the inequality d; * > i? holds for each i € N.
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Proor oF THEOREM 4.1. Let V (i, y) be the quantity defined in Proposition 3.3. First,
we prove the assertion in the case y > 0. We prepare some notation. By the assumptions
exp(f(d,-)dl.l_y) < p; and y < 1, there exists ip € N such that d; < p; forall i > ij.
Combining the assumption ¢; < p;+1, we know that

pi-qi €4{di,p1.q1.....di—1. pi—1.49i—1}

for alli > iy. Thus we can apply Proposition 3.3 to our setting. For each § > y with
8 < 1 and ¢ < y, we have the inequalities

. 1-y
Vi) = L9 _ sy iy = Lyi.s)
dil § 4
and
0 < he((pifan" ) = df Hogtan) < oo 4 L) . 11

by the assumption ¢; < 2p; < 4 exp(f(d,-)dil_y),

(1) For § > y, since we have
V(i,8) > L1(i.8) = d 7" log(d;) — oo

asi — 0o, the field L has §-(N) by Proposition 3.3.
For ¢ < y, because we observe that

log(4) = log(d;)

0 < he((pi/ai)'™) < Urlie) = —75 + =5
14 1

asi — 09, the field L does not have &-(B).

(2) Proposition 3.3 and the inequality
V(i,y) = L., y) = ¢
imply that Nor, (L) > ¢ holds. On the other hand, since

; . log(4)
hy ((pi/a0)"' %) < Ur(ivy) = d%—y +c—c

i

as i — oo, the inequality Nory, (L) < c also holds. Hence we get the equality
Nor, (L) = c. It also follows that

IN(L) = (y,00) & [y,00) = Ip(L)

by Proposition 2.3.
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(3) For § > y, since we have
S—y
V(i,8) > L1(i,8) = —* — 00
log(d;)
as i — 0o, the field L has §-(N) by Proposition 3.3.
For ¢ < y, because we observe that

log(4) 1

di / —
0 < he((pi/g)"¥) < Ur(i,e) = 4= T ogd) ’

as i — 00, the field L does not have ¢-(B).

Next, we prove the assertion in the case y < 0. As in the case y > 0, we can apply
Proposition 3.3 to our setting. For each of the negative real numbers § > y and ¢ < y,

we have the inequalities

di d -..dl._ —ydll—y .
ot = ()™ f(d) =: La(i)

Vi, d) >

and

0 < he((p1/q)/™ - (pi/g) %)
= (dv---di)*h((p1/q)" " - (pi/ai) ")
< (d--d) (h((pr/qD)" ™) + -+ h((pi/ai) %))

=(d1-~di)5(w+...+w)

dq d;
< Y L fdy S
< (dr e dy) ((d1 + +d,.)1°g(4)+( o +(d1---d,~)1'))
ilog@)  fW) 4+ fWi) | fd)
DT i @ dyre 0

by the assumption ¢; < 2p; < 4exp(f(di)(dy---di—1)77d} 7).
(1) For § > y, since we have

V(i,8) > L(i,8) = (d1-+-d;)* 7 log(d;) — o0

as i — 0o, the field L has §-(N) by Proposition 3.3.
For ¢ < y, because we observe that

0 < he((p1/q)" ¥ -+ (pi/ai)" ) < Us(i.e)

- i lo%(4) n i log_(di) log(d;) 0
di : di ¢ (dl ceedi)V e

asi — o0, the field L does not have &-(B).
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(2) Proposition 3.3 and the inequality
V(i,y) = La(i,y) = c,

imply that Nor,, (L) > ¢ holds. On the other hand, since

hy ((p1/q0)Y 9 - (pi/gi) ) < Ua(i,y) < —S— + —= +c — ¢

as i — oo, the inequality Nory, (L) < c also holds. Hence we get the equality
Nor, (L) = c.

(3) For § > y, since we have

. . (dy---d;)’7
V(i,§) > Ly(i,§) = ———— — 00
’ log(d;)
as i — oo, the field L has §-(N) by Proposition 3.3.
For ¢ < y, because we observe that

0 < he((p1/q) ¥ - (pi/q) ") < Ua(i e)
 log(4 ; 1
< ! O%E ) — : + —-0
e T logd) | (di- iy log(d,)

as i — o0, the field L does not have ¢-(B). ]

In summary, the fields L = Q((p;/q:)"/% | i € N) in Theorem 4.1 satisfy the
items displayed in Table 1.

f(x) Iy (L) and Ip(L)

log(x) IN(L) = IB(L) = [y.00)

c>0 In(L) = (y,00) & [y, 00) = Ip(L) with Nory, (L) = ¢
1/ log(x) In(L) = Ip(L) = (y,00)

TaBLE 1. Stratification of L.

4.2. Comparison with previous work and further problems

In this section, we compare our result with that in [16] and then present further problems.
The following is a variant of [16, Theorems 3 and 4].

THEOREM 4.3. Let y < 1 and ¢ > 0 be non-negative real numbers. We also let (p;)ieN
and (d;)ieN be strictly increasing sequences of prime numbers. Furthermore, we let
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f(x) belog(x), ¢, or 1/1og(x). Assume that the inequalities
exp (f(di)d; ") < pi < 2exp (f(di)d; ")

hold for alli € N. We set L' := Q(p!/% | i e N).

(D) If f(x) = log(x), the field L' satisfies that Iy (L") = Ig(L') = [y, o0).
(2) If f(x) = c, the field L’ satisfies that

IN(L)) = (y.00) & [y.00) = Ip(L)

with ¢ /2 < Nory, (L') < c.
(3) If f(x) = 1/ log(x), the field L' satisfies that Iy (L) = Ig(L’) = (y, 00).

We can similarly prove Theorem 4.3 as Theorem 4.1. The field constructed in
[16, Theorem 4] is that of Theorem 4.3 (2) with replacement of y by y — ¢/2 for given
positive real numbers y < 1 and ¢ < 2y. Indeed, the field has y-(N) but not (y — &)-(B).
The field L’ in Theorem 4.3 (1), (2) or (3) also satisfies the condition about the intervals
in Theorem 1.4 (1), (2) or (3). However, to calculate the Northcott number, we employed
one more sequence (¢;);en. This idea is based on the argument in [23, Section 1].
We also note that similar fields were dealt with in [18, Proposition 1] and [19, p. 18,
Example]. Here we should emphasize the following advantage of fields in Theorem 4.3.
The field L’ in Theorem 4.3 (2) also satisfies the inequalities

¢/2 <Nor,(Op) <c,

while it seems difficult to estimate the value of Nor, (O ) for our field L in The-
orem 4.1 (2), where O is the set of algebraic integers in a field F C Q. In fact,
combining Theorem 4.3 (2) and [16, proof of Theorem 1 (b)], we can construct for any
given ¢ > 0 a field L’ C Q which satisfies that

¢/2 < Norg(L") < Norg(Or/) <c¢ and Nor+ ) (Or) = ¢,

where @ : Q — R is the house and we set log™* (-) := max{log(-), 0}. As we did for
the Weil height, foreach y € R and a € (9@, we set

log) (@) := deg(a)? log™ (i@).
We denote Nor,,,») () () by Nor};,s(~). For each subset A C Og, we also set
IN(A) = {y € R| Ahas log(”)(m)—(N)}

and
I3(A) := {y € R | A has log® (m)-(B)}.
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Here we remark that, since the inequality /1 (a) < log™ (@) holds for all a € Og, we
can similarly prove the equality II}\‘,S (A\ pyg) = III}S(A) as Corollary 2.4. We also note
that the inequalities

Nor, (F) < Nor, (OF) < Norl;,s((QF)

and
inf I(F) > inf Ip(OF) > inf I55(OF)

hold for each y € R and each field F C Q. These observations let us propose the
following questions.

QuesTioN 4.4. Let y < 1 be a real number.
(1) Which real numbers can be realized as Nor, (O r) for some field F C Q?

(2) Can we give an example of a field F C Q such that all the values Nor, (F),
Nory (OF), and Nort;s((9 F) are positive real numbers, and we can explicitly calcu-
late all of them?

(3) For given real numbers 0 < c¢; < ¢; < c3, is there a field F C @ satisfying the
equalities Nor,, (F) = ¢y, Nor, (OF) = ¢, and Norl;s((9p) = ¢3?

(4) For given real numbers 1 > y; > y, > y3, is there a field F C @ satisfying the
equalities inf /g (F) = y1, inf Ig(OF) = y», and inf I} (OF) = y3?

REMARK 4.5. Although we furthermore dealt with the house in Question 4.4, we kept
restricting our attention to the case y < 1 because of [8, Theorem 1], which asserts
that the inequality Norllls((9@) > log(2)/4 holds.

REMARrKk 4.6. We imposed the condition that the Northcott numbers are positive real
numbers on Question 4.4 (2) since we have already known the following trivial examples.
For all y € R, the field Q satisfies that

Nory(@) = Nory (Og) = Nor}}‘,‘“(O@) =0

and any number field K does that Nor, (K) = Nor, (Ok) = Norr;s(@ K) = 00.

5. REMARKS ON THE CASES ¥ = | AND y = —00

In this section, we partially deal with the cases y = 1 and y = —oo of the conditions
in Theorem 1.4. Before dealing with the case y = 1, we note that constructing a field
L satisfying the condition (2) or (3) in Theorem 1.4 of y = 1 will disprove the Lehmer
conjecture. Thus we deal with neither the case y = 1 of the conditions in Theorem
1.4 (2) nor (3). Now we give a field L C Q such that Iy (L) = Ig(L) = [1, 00).
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ProposITION 5.1. Let (pi)ien and (q;)ieN be strictly increasing sequences of prime
numbers with q; < pijy1 and p; < q;i < 2p; for all i € N. Then the field L :=
Q((pi/gi)'Pi | i e N) satisfies that [y (L) = [1, 00).

Proor. Let (d;)ien := (pi)ien and V (i, y) be the quantity defined in Proposition 3.3.
Since we have

1
V(i) = Elog(pi) — 00

asi — 0o, the field L has 1-(N) by Proposition 3.3.
For ¢ < 1, because we observe that

) log(g; log(2p;
0 < he((pi/g)"/7) = pggé) < il—}:l) —0
i i

asi — oo, the field L does not have &-(B). ]

Next, we deal with fields L € Q such that Iy (L) = (1,00) < [1,00) = Ip(L). By
using the result in [1], we can construct for any given ¢ > 0 a field L C Q satisfying
that ¢ < Nor; (L) < oo. For each integer » > 2 and prime number p > 3, we set

Lyp = Q. b7 | i € N),
(b) := (the subgroup of LZ’ » generated by b),

and
(b) :={a € Lpp | a" € (b) for some n € N},

where £, is a primitive m-th root of unity for each m € N. Amoroso gave the following
theorem.

Tueorem 5.2 ([1, Theorem 3.31). If p + b and p* } b?~' — 1, the set Ly , \ /()
has 0-(B).

ProposITION 5.3. Let ¢ > 0 be a real number. We also let a prime number b € N satisfy
that b > exp(c) and b € {9n + 2 | n € Z}. Then the field L}, , := Q(b*/* | i € N)
satisfies that IN(L;)’3) =(1,00) S [1,00) = IB(LZJ) and ¢ < Norl(LZJ) < 00.

REMARK 5.4. By Dirichlet’s theorem on primes in arithmetic progressions, such b as
in Proposition 5.3 always exists.

Proor of Prorosition 5.3. By Corollary 2.4 and the equality Ky, = {£1},itis
sufficient only to prove the inequalities ¢ < Nor; (LZ,3) < oo.Notethat3 4 b =9n + 2
and 3% 4 b3~ —1 = (9n + 3)(9n + 1) hold. Thus, by Proposition 2.3 and Theorem 5.2,
the set L;)’3 \ \/W has 1-(N). Thus there are only finitely many a € L;L3 \ \/m such



M. OKAZAKI AND K. SANO 142

that /11 (a) < log(b). On the other hand, we know that /1 (a) > log(b) for all a €
V(b)Y \ {£1} and that i (b'/3") = log(b) forall i € N. Hence we have Nor; (L;),3) =
log(b) > c. [

Finally, we deal with fields L C Q such that Iy (L) = Ig(L) = R. We remark that
any number field satisfies the condition by Theorem 1.7. Here we give such a field of
infinite extensions of Q.

ProrosiTion 5.5. Let (d;)ieN, (pi)ieN, and (q;)ieN be strictly increasing sequences
of prime numbers. Assume that the inequalities

2
exp(d; ") < pi < qi < pit1
hold foralli € N. Then the field L := Q((p; /q:)"/% | i € N) satisfies that Iy (L) = R.

Proor. Let V (i, y) be the quantity defined in Proposition 3.3. For y < 0, since we

have
1442 g1+’ i)
V(i,y) > ’ — > L =4 5
(dy---dis)7d 7 T
as i — oo, the field L has y-(N) by Proposition 3.3. |

AckNOWLEDGMENTS. — The authors would like to thank professor Pazuki, Technau,
and Widmer for their favorable comments. The valuable comments of professor Technau
made many sentences in the draft better. The suggestion of professor Widmer highly
improved the proof of Proposition 3.3. The authors express great gratitude to professor
Toshiki Matsusaka for suggesting their joint work. Without his suggestion, this work
would not exist. The authors are grateful to professor Masanobu Kaneko for reading
the draft carefully and pointing out some errata. The first author thanks his doctoral
advisor Yuichiro Takeda for introducing [16] to him. The authors greatly appreciate the
anonymous referee for many valuable comments. These greatly improved the whole
draft. This study was conducted while the second author was affiliated with the Faculty
of Science and Engineering, Doshisha University. He thanks Professor Hideki Takuwa,
many other professors, and office workers for their support during this period.

Funping. — The first author was supported until March 2022 by JST SPRING (grant
number JPMJSP2136). The second author is supported by JSPS KAKENHI (grant
number JP20K14300).

REFERENCES

[1] F. Amoroso, On a conjecture of G. Rémond. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 15
(2016), 599-608. Zbl 1417.11129 MR 3495440


https://doi.org/10.2422/2036-2145.201401_007
https://zbmath.org/?q=an:1417.11129
https://mathscinet.ams.org/mathscinet-getitem?mr=3495440

NORTHCOTT NUMBERS FOR THE WEIGHTED WEIL HEIGHTS 143

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

[13]

[14]

(15]

[16]

(17]

(18]

F. Amoroso — S. Davip — U. ZaNNIER, On fields with Property (B). Proc. Amer. Math.
Soc. 142 (2014), no. 6, 1893-1910. Zbl 1294.11112 MR 3182009

F. Amoroso —R. DvornicicH, A lower bound for the height in abelian extensions. J.
Number Theory 80 (2000), no. 2, 260-272. Zbl 0973.11092 MR 1740514

F. AMoroso — D. Massker, Lower bounds for the height in Galois extensions. Bull. Lond.
Math. Soc. 48 (2016), no. 6, 1008—-1012. Zbl 1386.11081 MR 3608945

E. BomBIiERI — W. GUBLER, Heights in Diophantine geometry. New Math. Monogr. 4,
Cambridge University Press, Cambridge, 2006. Zbl 1115.11034 MR 2216774

E. BoMmBIieRrI — U. ZANNIER, A note on heights in certain infinite extensions of Q. A#ti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 12 (2001), 5-14.
Zbl 1072.11077 MR 1898444

M. CasTtiLLo — X. Vipaux — C. R. VibELA, Julia Robinson numbers and arithmetical
dynamic of quadratic polynomials. Indiana Univ. Math. J. 69 (2020), no. 3, 873-885.
Zbl 1458.11152 MR 4095177

V. DimrTrOV, A proof of the Schinzel-Zassenhaus conjecture on polynomials. 2019,
arXiv:1912.12545.

E. DoBrowoLskI, On a question of Lehmer and the number of irreducible factors of a
polynomial. Acta Arith. 34 (1979), no. 4, 391-401. Zbl 0416.12001 MR 543210

R. DvornicicH — U. ZANNIER, On the properties of Northcott and of Narkiewicz for fields
of algebraic numbers. Funct. Approx. Comment. Math. 39 (2008), no. part 1, 163-173.
Zbl 1186.12002 MR 2490096

A. FrOHLICH — M. J. TAYLOR, Algebraic number theory. Cambridge Stud. Adv. Math. 27,
Cambridge University Press, Cambridge, 1993. Zbl 0744.11001 MR 1215934

P. GiLLIBERT — G. RANIERTI, Julia Robinson numbers. Int. J. Number Theory 15 (2019),
no. 8, 1565-1599. Zbl 1457.11142 MR 3994148

P. HABEGGER, Small height and infinite nonabelian extensions. Duke Math. J. 162 (2013),
no. 11, 2027-2076. Zbl 1282.11074 MR 3090783

D. HiLBERT, The theory of algebraic number fields. Springer, Berlin, 1998.
Zbl 0984.11001 MR 1646901

J. NEUKIRCH, Algebraic number theory. Grundlehren Math. Wiss. 322, Springer, Berlin,
1999. Zbl 0956.11021 MR 1697859

F. Pazuki — N. TEcaNAU — M. WIDMER, Northcott numbers for the house and the Weil
height. Bull. Lond. Math. Soc. 54 (2022), no. 5, 1873-1897. MR 4517716

J. RoBinsoN, On the decision problem for algebraic rings. In Studies in mathematical
analysis and related topics, pp. 297-304, Stanford University Press, Stanford, CA, 1962.
Zbl 0117.01204 MR 0146083

D. Roy —J. L. THUNDER, A note on Siegel’s lemma over number fields. Monatsh. Math.
120 (1995), no. 3-4, 307-318. Zbl 0839.11011 MR 1363143


https://doi.org/10.1090/S0002-9939-2014-11925-3
https://zbmath.org/?q=an:1294.11112
https://mathscinet.ams.org/mathscinet-getitem?mr=3182009
https://doi.org/10.1006/jnth.1999.2451
https://zbmath.org/?q=an:0973.11092
https://mathscinet.ams.org/mathscinet-getitem?mr=1740514
https://doi.org/10.1112/blms/bdw057
https://zbmath.org/?q=an:1386.11081
https://mathscinet.ams.org/mathscinet-getitem?mr=3608945
https://doi.org/10.1017/CBO9780511542879
https://zbmath.org/?q=an:1115.11034
https://mathscinet.ams.org/mathscinet-getitem?mr=2216774
https://zbmath.org/?q=an:1072.11077
https://mathscinet.ams.org/mathscinet-getitem?mr=1898444
https://doi.org/10.1512/iumj.2020.69.7928
https://doi.org/10.1512/iumj.2020.69.7928
https://zbmath.org/?q=an:1458.11152
https://mathscinet.ams.org/mathscinet-getitem?mr=4095177
https://arxiv.org/abs/1912.12545
https://doi.org/10.4064/aa-34-4-391-401
https://doi.org/10.4064/aa-34-4-391-401
https://zbmath.org/?q=an:0416.12001
https://mathscinet.ams.org/mathscinet-getitem?mr=543210
https://doi.org/10.7169/facm/1229696562
https://doi.org/10.7169/facm/1229696562
https://zbmath.org/?q=an:1186.12002
https://mathscinet.ams.org/mathscinet-getitem?mr=2490096
https://zbmath.org/?q=an:0744.11001
https://mathscinet.ams.org/mathscinet-getitem?mr=1215934
https://doi.org/10.1142/S1793042119500908
https://zbmath.org/?q=an:1457.11142
https://mathscinet.ams.org/mathscinet-getitem?mr=3994148
https://doi.org/10.1215/00127094-2331342
https://zbmath.org/?q=an:1282.11074
https://mathscinet.ams.org/mathscinet-getitem?mr=3090783
https://doi.org/10.1007/978-3-662-03545-0
https://zbmath.org/?q=an:0984.11001
https://mathscinet.ams.org/mathscinet-getitem?mr=1646901
https://doi.org/10.1007/978-3-662-03983-0
https://zbmath.org/?q=an:0956.11021
https://mathscinet.ams.org/mathscinet-getitem?mr=1697859
https://doi.org/10.1112/blms.12662
https://doi.org/10.1112/blms.12662
https://mathscinet.ams.org/mathscinet-getitem?mr=4517716
https://zbmath.org/?q=an:0117.01204
https://mathscinet.ams.org/mathscinet-getitem?mr=0146083
https://doi.org/10.1007/BF01294863
https://zbmath.org/?q=an:0839.11011
https://mathscinet.ams.org/mathscinet-getitem?mr=1363143

M. OKAZAKI AND K. SANO 144

[19]

(20]

(21]

(22]

(23]

(24]

(25]

[26]

(27]

W. M. RupperT, Small generators of number fields. Manuscripta Math. 96 (1998), no. 1,
17-22. Zbl 0899.11063 MR 1624340

A. ScHinzeL, On the product of the conjugates outside the unit circle of an algebraic number.
Acta Arith. 24 (1973), 385-399. Zbl 0275.12004 MR 360515

J. H. SivermAN, Lower bounds for height functions. Duke Math. J. 51 (1984), no. 2,
395-403. Zbl 0579.14035 MR 747871

J. H. SiLverMAN, The arithmetic of dynamical systems. Grad. Texts in Math. 241, Springer,
New York, 2007. Zbl 1130.37001 MR 2316407

J. D. VAALER — M. WIDMER, Number fields without small generators. Math. Proc. Cam-
bridge Philos. Soc. 159 (2015), no. 3, 379-385. Zbl 1371.11141 MR 3413883

X. Vipaux — C. R. VipeLA, Definability of the natural numbers in totally real towers of
nested square roots. Proc. Amer. Math. Soc. 143 (2015), no. 10, 4463—4477.
Zbl 1392.03023 MR 3373945

X. Vipaux — C. R. VIDELA, A note on the Northcott property and undecidability. Bull.
Lond. Math. Soc. 48 (2016), no. 1, 58-62. Zbl 1347.03017 MR 3455748

F. Viviani, Ramification groups and Artin conductors of radical extensions of Q. J. Théor.
Nombres Bordeaux 16 (2004), no. 3, 779-816. Zbl 1075.11073 MR 2144967

M. WIDMER, On certain infinite extensions of the rationals with Northcott property. Monatsh.
Math. 162 (2011), no. 3, 341-353. Zbl 1220.11133 MR 2775852

Received 20 April 2022,
and in revised form 14 August 2022

Masao Okazaki

National Institute of Technology (KOSEN), Oyama College,
Tochigi 323-0806, Japan

m-okazaki@oyama-ct.ac.jp

Kaoru Sano

Institute for Fundamental Mathematics, Nippon Telegraph and Telephone Corporation,
Tokyo 100-8116, Japan
kaoru.sano @ntt.com


https://doi.org/10.1007/s002290050051
https://zbmath.org/?q=an:0899.11063
https://mathscinet.ams.org/mathscinet-getitem?mr=1624340
https://doi.org/10.4064/aa-24-4-385-399
https://zbmath.org/?q=an:0275.12004
https://mathscinet.ams.org/mathscinet-getitem?mr=360515
https://doi.org/10.1215/S0012-7094-84-05118-4
https://zbmath.org/?q=an:0579.14035
https://mathscinet.ams.org/mathscinet-getitem?mr=747871
https://doi.org/10.1007/978-0-387-69904-2
https://zbmath.org/?q=an:1130.37001
https://mathscinet.ams.org/mathscinet-getitem?mr=2316407
https://doi.org/10.1017/S0305004115000298
https://zbmath.org/?q=an:1371.11141
https://mathscinet.ams.org/mathscinet-getitem?mr=3413883
https://doi.org/10.1090/S0002-9939-2015-12592-0
https://doi.org/10.1090/S0002-9939-2015-12592-0
https://zbmath.org/?q=an:1392.03023
https://mathscinet.ams.org/mathscinet-getitem?mr=3373945
https://doi.org/10.1112/blms/bdv089
https://zbmath.org/?q=an:1347.03017
https://mathscinet.ams.org/mathscinet-getitem?mr=3455748
https://doi.org/10.5802/jtnb.470
https://zbmath.org/?q=an:1075.11073
https://mathscinet.ams.org/mathscinet-getitem?mr=2144967
https://doi.org/10.1007/s00605-009-0162-7
https://zbmath.org/?q=an:1220.11133
https://mathscinet.ams.org/mathscinet-getitem?mr=2775852
mailto:m-okazaki@oyama-ct.ac.jp
mailto:kaoru.sano@ntt.com

	1. Introduction
	Outline of this paper

	2. Intervals associated with \gamma-(N) and \gamma-(B)
	3. Some remarks on lower bounds for heights
	4. Controlling Northcott numbers
	4.1. Proof of Theorem 1.4
	4.2. Comparison with previous work and further problems

	5. Remarks on the cases γ=1 and γ=-∞
	References

