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ABsTRACT. — In this paper, we generalize a classical comparison result for solutions to Hamilton—
Jacobi equations with Dirichlet boundary conditions, to solutions to Hamilton—Jacobi equations
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As a consequence, we prove the isoperimetric inequality for the torsional rigidity (with Robin
boundary conditions) and for other functionals involving such boundary conditions.
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1. INTRODUCTION

Let 2 be a bounded, open, and Lipschitz set and let u € W7 (Q), for some p > 1, be
a non-negative function.

In this paper, we deal with the problem of comparing a function u € W17 (Q) with
a radial function having the modulus of the gradient equi-rearranged with |Vu|. Hence,
we aim to extend the results presented by Giarrusso and Nunziante in [11] to a more
general setting.

Throughout this article, | - | will denote both the n-dimensional Lebesgue measure
and the (n — 1)-dimensional Hausdorff measure; the meaning will be clear by the
context.

If 4 is a bounded and open set with the same measure as €2, we say that a function
f* € LP(A) is equi-rearranged to f € L? () if they have the same distribution
function; that is clear by the following definition.

DeriniTION 1.1. Let f : @ — R be a measurable function; the distribution function
of f is the function
wr [0, +o00[ — [0, +-o00[
defined by
wr(t) = |{x eQ:|f(x)] > t}|

In order to state our results, we recall some definitions.
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DeriniTION 1.2. Let f : Q — R be a measurable function:

the decreasing rearrangement of f, denoted by f*, is the distribution function of
. Moreover, we can write

f*(s) =inf{t = 0| ur(r) <s};
the increasing rearrangement of f is defined as
fils) = fH(19] = s);

the spherically symmetric decreasing rearrangement of f, defined in QF ie. the
ball centered at the origin with the same measure as €2, is the function

FHx) = f* (wnlx]™),

where w,, is the measure of the n-dimensional unit-ball of R”;

the spherically symmetric increasing rearrangement of f, defined in Q¥ is

Je(x) = fu(wnlx]").

Clearly, we can construct several rearrangements of a given function f, but the one
we will refer to is the spherically symmetric increasing rearrangement defined in %,
The starting point of our work, and many others, is [11, Theorem 2.2].

TueoreM 1.1. Let p > 1, f:Q — R, H:R" — R be measurable non-negative
functions and let K: [0, +00) — [0, +00) be a strictly increasing real-valued function
such that

0<K(yl) < H() VyeR'and K7'(f) € L7(Q).
Letv € Wol’lJ (R2) be a function that satisfies

H(Vv) = f(x) ae inQ,
v=20 on 092.

Then, denoting by v the unique decreasing spherically symmetric solution to

K(|Vd]) = fi(x) ae.in Q¥
v =0 on Q¥

it holds that

(1.1 IvllLi@) = 01l @#)-
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They give also a similar result for the spherically symmetric decreasing rearrange-
ment of the gradient, with an L comparison.

In recent decades, many authors studied this kind of problems, in particular, in
[4] Alvino, Lions, and Trombetti proved the existence of a spherically symmetric
rearrangement of the gradient of v which gives an L? comparison as in (1.1) for a
fixed q.

Moreover, Cianchi in [8] gives a characterization of such rearrangement; clearly,
the rearrangement found by Cianchi is different both from the spherically symmetric
increasing and decreasing rearrangement if g € (1, 00).

Furthermore, in [9, 10] the authors studied the optimization of the norm of a Sobolev
function in the class of functions with fixed rearrangement of the gradient.

Incidentally, let us mention that the case where the L4:! Lorentz norm (see Section
2 for its definition) takes the place of the L4 norm in (1.1) has been studied in [15]. In
particular, he stated the following theorem.

THeOREM 1.2. Let u be a real-valued function defined in R". Suppose that u is nice
enough — e.g. Lipschitz continuous — and the support of u has finite measure. Let M
and 'V denote the distribution function of |Vu| and the measure of the support of u,
respectively.

Let v be the real-valued function defined in R" that satisfies the following conditions:

(1) |Vv| is a rearrangement of |Vu|;
(2) the support of v has the same measure of the support of u;

(3) v is radially decreasing and |Vv| is radially increasing.

Then, )
lull o1y < IvllLra e ifn:10r0<p§—n_1;
furthermore,
2 00
4 141 1yl
llzr1@n = 1—/ [Vetn —(V—M@)» " ]dr.
oy (n+ p) ’°

On the other hand, the problem of studying the rearrangement of the Laplacian
has been widely studied by several authors. The bibliography is extensive; for the
sake of completeness, let us recall some of the works: [14] for the Dirichlet boundary
conditions, [1,2,5] for the Robin conditions.

As we already said, we focus on the case in which the functions do not vanish on
the boundary. Our main theorem is the following.

TuEOREM 1.3. Let Q@ C R” be a bounded, open, and Lipschitz set and letu € WP (Q)
be a non-negative function. If we denote by Q* the ball centered at the origin with the
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same measure as S, then there exists a non-negative function u* € W4P(Q¥%) that

satisfies
|[Vu*| = |Vuly(x) a.e. in QF,
(1.2) u* = JagudH"! on 9Qt
|0Q2#|
and such that
(1.3) lullLrgy < ™l @s)-

ReMARK 1.4. By the explicit expression of u* on the boundary and the Holder inequal-
ity, we can estimate the L? norm of the trace:

(1.4) Elolilat / u*)? dJger!
e

p
=(/ udJ(’"_l) §|asz|1’—1/ uPdx™' vp>1.
R Q2

This result allows us to compare solutions to PDE with Robin boundary conditions
with solutions to their symmetrized.
Precisely, we are able to compare solutions to

—Au=1 in 2,
0
e + Bl0R2Ju =0 ondR
ov
with the solution to
—Av =1 in QF,
ov

— 4+ B|0Q% v =0 on Q.
av

In particular, we get the following.
CoroLLARY 1.5. Let B > 0 and let 2 C R” be a bounded, open, and Lipschitz set. If

we denote by Q¥ the ball centered at the origin with the same measure as 2, it holds
that

T(Q,p) > T(Q, B),

where

Vw|?d 02 24 gen1
r@.py= int AoV PR gw

1,2
el oy wdx)? forw e WH*(Q).




SYMMETRIC REARRANGEMENT OF THE GRADIENT OF A SOBOLEV FUNCTION 437

The paper is organized as follows. In Section 2, we recall some basic notions,
definitions, and classical results and we prove Theorem 1.3. Eventually, Section 3 is
dedicated to the application to the Robin torsional rigidity and in Section 4 we get a
comparison between Lorentz norm of u and u*.

2. NOTATIONS, PRELIMINARIES, AND PROOF OF THE MAIN RESULT

Observe that obviously Vp > 1

£l = If *lerqogen = I FllLr s
= | fellerqojem = 1 fellLr @)

moreover, the Hardy—Littlewood inequalities hold true:

2]

/ F@emlde < [ F2 g ) ds = / FH0)gh0o) dx,
Q Qf

12
/ FH0ga(0) dx = / FH(5)gu(s) ds < / | £()g ()] dox.
Qt 0 Q

Finally, the operator which assigns to a function its symmetric decreasing rearrangement
is a contraction in L? (see [7]) i.e.

(2.1 I f*—g*llLrqoiomn < I f —glrr@)-

One can find more results and details about rearrangements for instance in [13] and
in [15].

Other powerful tools are the pseudo-rearrangements. Let u € W17 () and let
f e LY(Q),asin [3] Vs € [0, |2|], there exists a subset D(s) < € such that

(D) [D(s)] = s3

(2) D(s1) € D(sp) if 51 < 82

(B3) D(s) ={x e Q| |u(x)| >t}ifs = u(®).
So the function

f(x)dx

D(s)

is absolutely continuous, therefore there exists a function F such that

(2.2) / Ry dr = f(x)dx.
0 D(s)

We will use the following property [3, Lemma 2.2].
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LemMma 2.1. Let f € LP for p > 1 and let D(s) be a family described above. If F
is defined as in (2.2), then there exists a sequence {Fy} such that Fy has the same
rearrangement as f and

Fe — F in L?([0,12[]).

If f € L1, it follows that

12| |2
li]zn/O Fr(s)g(s)ds = fo F(s)g(s)ds
for each function g € BV([0, |22]]).

Moreover, for sake of completeness, we will recall the definition of the Lorentz
norm.

DeriniTION 2.1. Let 2 C R” be a measurable set, 0 < p < +00,and 0 < g < +o00.
Then, a function g belongs to the Lorentz space L?9(R2) if

ooy, i\
lelrow = ([ e O T <+

Let us notice that for p = g the Lorentz space L??(2) coincides with the Lebesgue
space L?(£2) by Cavalieri’s principle.
Let us now prove the main theorem.
Proor oF THEOREM 1.3. Let us consider ¢, § := §,, and the sets
Q. ={x eR"|d(x,Q2) < &} e =Q:\Q,
Qf = (x eR"d(x, Q% <8} =f =qQf\ QF
12| = |2 = = |2,

where, since |X;|/e — |02] and |E§|/8 — |0Q2#| as & — 0, we have
) |0S2]
im - = —.
e—0 & |8Qﬁ|
Let d(-, 2) be defined as follows:

d(x,Q) := inf |[x — y|.
yeQ

Then, we divide the proof into four steps.

Step 1. First of all, we assume Q with C 1% boundary, u € W1®°(Q),and u > o > 0
in €2.
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So we can consider the following “linear” extension of u, u, in €2;:
d(x,0Q
Ug(x) = u(p(x)) (1 — (X—)) Vx e Q. \ @,
e

where p(x) is the projection of x on d$2 (for ¢ sufficiently small, this definition is well
posed since 2 is smooth; see [12]). The function u, has the following properties:

(@) uelg =u,

(b) u, =0o0n 0,

©) [[Vuglreo@) < |Vue|(y) Yy € X, for ¢ sufficiently small,
(@) lim,_o+ [g, [Vueldx = [oud "'

Properties (a) and (b) follow immediately by the definition of u,, while (c) is a con-
sequence of the regularity of u. Property (d) can be obtained by an easy calculation;

d(x,0Q Vd(x, 092
Vet = Tlu(peo)| 1= T | < up) T,
For the first term, we can notice that

/\v p(x))) |[ dex, aQ)]dfo/ dx = L|Z,),
Ze

where L is the L norm of Vu(p(x)). Now we deal with the second term and, keeping

indeed

in mind that |Vd| = 1 and using coarea formula, we have

1 &
lim [Vue| dx = hm —/ u(p(x))dx = lim dt | (wop)dx" !,
e—>0t Jx, e—> . e—>0t Jo I

where I'; = {x € 3, | d(x, 9R2) = ¢}. By continuity of u and Lebesgue differentiation
theorem, we get

lim —/ dt/ uopdH" ! = /(qu)dJ(’"1=/ udHn!
e—~>0t € Ty aQ

that proves property (d).
For every € > 0, we consider the problem

Vel (x) = |Vuelg(x) in QF,
2.3) 4
ve =0 on 0925,

and by Theorem 1.1 it holds that

(24) ||u€||Ll(Qs) S ”vE”Ll(Qg)'
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Moreover, there exists € such that for every ¢ < &
(2.5) |Vve|(x) = |Vugly(x) = |Vulp(x) Vx e QF.

We can see u, as a W1(Qz) function and we have
@6 [ 1vul= [ Vud= [ 1vul+ [ Vel = 19ul1@) + 2l
Qz Qg Q Ze

by property (d).
Finally, by Poincar¢ and (2.6), there exists a constant 0 < C = C(n, 2) such that

Ive = ClVuelpioy = Co. ) ullwra (o)

”W”(Qg)

Therefore, up to a subsequence, there exists a limit function u* € BV(Q;) such
that [6, Proposition 3.13]

* 1 # * * -
ve —>u”in L' (7)) Vve — Vu™ in Q;
namely,

e—0

lim gadva:/ @dVu* Vg e Co(2,R").
QF of
Our aim is to show that u™ satisfies properties (1.2), (1.3), and (1.4).

Concerning (1.2), then |[Vu*| = [Vuly follows from (2.5).

To find the value of u* at the boundary, we observe that, from (2.3) and (2.5), we

have
[ vl = [ vl
e ol

Now, for ¢ > 0 setting I'; = {d(x, Q) =1}, Ff = {d(x, Qﬁ) =t},r= (%)%, and
recalling that v, is radially symmetric, we have

r+4 4 r+4 4 ;
/u [Vvg| :/ /‘ﬁ |Vue|d "V dt = |F,|/ —v |T7|dt = [T} ve(r).
P24 r Iy r

Therefore, by monotonicity of |Ff| we have

r+8
T v (r) < [ (—olITH) dr < T, [ve(r),
r

and since

ety = [ ved s
aQH
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using the fact that v, — v in L1(R), Vv, = Vu in Q and the continuity embedding
of WH1(Q) in L1(R), in the end we have

/|W8|—>/ urdy" !
#
b2} oQt

Using property (d), we obtain

/ ud&’f”_lzf u*dJert.
191 aQt

In the end, we have that for u* it holds that

|Vu*| = |Vul in QF,
d%n—l
M* = ‘/\BQTTM on 89#

that proves (1.2).
Furthermore, by

luelzipy = llullLipy  and  lvellLipsy = lu*llL1 ot
we can pass to the limit ¢ — 0 in (2.4) and we get
lullr @) < ™l @
that proves (1.3).
Step 2. Now, we remove the extra-assumption ¥ > § > 0 defining
Ug :=U + 0.

Then, u. is strictly positive in 2 and we can apply the previous result: there exists
a function v, in Q¥ such that

|[Vug| = [Vugly = |Vuly a.e.in QF,
n—1 n—1
vy = Jaquo dH"" _ [rquddt 51982 n9Qk,
|0Q2#| |04 |0Q#|
and
(2.7 luollzr@) < lvellLiqs)-
If we define
. |0€2]
= v,

IATISTR
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then u* solves

[Vu*| = |Vuly in QF,
d%n—l
ur = f‘mTQ—m on I,

Sending 0 — 0 in (2.7), we have

lullzr@) < lu*llr@s)-

Step 3. Now we remove the assumption on the regularity of £2.

Let © be a bounded, open, and Lipschitz set and let u € W 1:*°(Q). Then, there
exists a sequence {2z } C R” of open set with C 2 boundary such that Q@ C Q, Yk € N
(for instance you can mollify yq and take a suitable superlevel set) and

QA Q| — 0, H'HOQ) — HHIQ)  fork — 4o0.

Let # be an extension of u in R” such that

ulg

u, |ullwicomny < Cllullwi.cow)-
We define
Up = UxQy
and clearly ugx = u in . By the previous step, we can construct u; € W1’°°(S2,ﬂ€) such

that it is radial, [Vug |« = [Vu[|«, and

(2.8) lurllL @y =< ||”l:||Ll(s22)’

(2.9) / ukd,}e"—lzf upd et
Elop Elo3

k

Therefore, since [|ug|lw1.»(q,) < M, for all p, the sequence {u; } is equibounded in
WP (Q%) and it has a subsequence which converges strongly in L? and weakly in
WP to a function w.

Let us prove that [Vu| and |[Vw| have the same rearrangement:

limksup [1Vugl - |Vu|ﬁ||L,,(m) =< lilgn | (fi)s — fi ”Lp(Rny

where

Fl) = {|va| inQ, o £ = {|Vuk| in Q.

|Vitllpso@ny inR"\Q IVitllpcogny inR”\ Q.
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So using (2.1), we have

IS — f#”Lp(Rn) < |Wfk — fllLe@ry = 1fk — fllLr@ne
= 2||Vii|| oo mmy €2 \ €21
that tends to 0 as k — 400 by the fact that |Q2; AQ| — 0.
Hence, the functions Vw and Vu have the same rearrangement by the uniqueness

of the weak limit in Q¥.
In the end, passing to limit kK — +o0 in (2.8) and (2.9), we have

lullLr@) < lwllz s

/ud]f”_lzf wdJer!.
Q2 aQH

Hence, w = u™.

Step 4. Finally, we proceed by removing the assumption u € W 1>(Q).

If u € WP (Q), by Meyers—Serrin theorem, there exists a sequence {uy } C C ()
N WP (Q) such that uy — u in W12 (). We can apply a previous step to obtain
uy € W12 (QH#) such that |Vuy | and |Vuj | are equally distributed and

(2.10) Ikl < luglli s Vk € N,
(2.11) / up d "1 =/ u,:de”_l Vk e N.
Q2 ok
Arguing as the previous step, there exists a function w such that up to a subsequence
uy — win L?(Q), Vup — Vwin LP(Q;R"),

and |Vw| has the same rearrangement as | Vu|.
Finally, sending k — 400 in (2.10) and (2.11), we have

lullLr@) < lwllpr s

/m%”*:/ wdJr!.
Q2 aQH

Hence, w = u*. ]

3. AN APPLICATION TO TORSIONAL RIGIDITY

Let B > 0, let Q2 C R” be a bounded and open set with Lipschitz boundary, and let us
consider the functional

Jo IVw|?dx + B|0Q| [yq w?d H"!

Fp(2,w) = (widx)z

w e WH(Q)
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and the associate minimum problem

T(R2,)= min Fg(w).

weWwl.2(Q)
The minimum u is a weak solution to
—Au =1 in 2,
ou
— + Bl0Qu =0 onof.
dv
Our aim is to compare 7(£2, B) with
T(QB):= min  Fqp)
veW1.2(Q)
) fm |Vv|? dx + B|aQ2*| fam v2d !
= min ,
veW1.2(Q) (Joi vdx)?

where the minimum is a weak solution to

—Az =1 in QF,
0

a—Z + B1oQ¥|z =0 ondQF.
v

ProoF oF COROLLARY 1.5. Letw € W1-7(Q). By Theorem 1.3 and Remark 1.4, there
exists w* € W1 (Q¥) radial such that

/|Vw|2dx=/ |IVw*|? dx,
Q Qb
[ wlax < [ jwria
Q QF

|asz”|/ (w*)25|asz|/ .
aiQt I

Fp(w) = Fp(w*).

Therefore,

Passing to the infimum on the right-hand side and successively to the left-hand side,

we obtain
T(Q.B) = T(Q B). =

ReEmARrk 3.1. We highlight that all the arguments work also in the non-linear case,
where the functional

Joy [Vw|P dx + BIQIP~Y [ wP d Fem!
(fq wdx)?

Fp,p(w) = forw € WHP(Q)

is considered.
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4. A wriGHTED L! coMPARISON

Let us check how to extend the result by [15] to the case of function non-vanishing on
the boundary.

THueOREM 4.1. Let Q@ C R” be a bounded, open, and Lipschitz set. Let f € L*°(Q2)
be a function such that

t
4.1) f*@t) = (1—%);/ f*(s)ds Vi e[0,]12]].
0
Ifu € WHP(Q) and u* is the function given by Theorem 1.3, then
4.2) / F(Xu(x)dx < / FHxOu* (x) dx.
Q Qf

Proor. Ifu € Wol’p (2), the result is contained in [15]. We recall it for the sake of
completeness.
By [11, (2.7)], it is known that

|2]
43) w(s) < — / FO 4

1 1
tl=n

nw;

where F is a function such that

/0 F(t)dt =/;)(S)|Vu|*(s)ds

with D(s) defined in Section 2.
Setting g(r) 1= — L f(f f*(s) ds, multiplying both terms of (4.3) for f*(s), inte-
tn
grating from O to |€2], and using Fubini’s theorem, we get

A

19] |2 1]
(44) ot ds < —— [ 1) ( / F@ dt) ds
0 0 K

T P
noy [

1 12|
= : /0 F(t)g(t)dz.

now,;

Let us suppose that g(¢) is non-decreasing, so g«(s) = g(s) and by Lemma 2.1 there
exists a sequence { Fy } such that (Fi)« = (Vu)s« and Fy — F in BV. Therefore,

/lQFt t)dt = li /lQFt t)dt
[ Fogwdn=tim [ R
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Using Hardy—Littlewood’s inequality, we have
. 2] 2] 9]
tim [ Feg0dr < [ Vulgd = [Vl 0z dr.
0 0 0
Hence, by (4.4) and Fubini’s theorem, we obtain

€]

1 12
frOu(t)de < 1/0 |Vul«(t) g(t) dt

nw;;

1 19] 1 t .
[ vo(55 [ o) a

nw,;

(L [ [ Vul@)
0 f(s)( - = dt)ds

nwy "

0

€21

= | rreE) s

Therefore, by Hardy-Littlewood’s inequality, we have

€2 2]

/Qf(x)u(x)dxs ; frOu*@) < ; fH) W) (s)ds
=/ FHO) u* (x) dx.
Qtt

But we have to deal with the assumption that g is non-decreasing; that is

’ d 1 ! % _ n—1 1 t %
gt)>0 E(E/Of(s)ds)—— p ﬂ‘ﬁ(/of(S)ds)

: f*@t)=0

1
t=u

* 1 ] ! *
f ([)2(1_5)?/0 f*(s)ds.

Now let us deal with u ¢ Wol’p (2). Suppose that u € C?(2) is a non-negative function,
that  has C? boundary, and that f satisfies (4.1). Proceeding as in Step 1 of Theorem
1.3, for every ¢ > 0 we can construct u, that coincides with u in 2 and is zero on 0€2,.
Moreover, we can extend f to 2, simply defining

+

if and only if

fx)  inQ,

fet) = {f*(|sz|) inQ.\ Q.
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The rearrangement, for every € > 0, is
[ info,]Q],
fx(1l) i [l 2],

so we just have to check (4.1) for ¢ € [|2], |2¢|]; namely,

)}Aﬂm@m.

Keeping in mind that f verifies (4.1), we have

fe (1) =

n

-1
n

(4.5) [0 = (

_ |2
ﬁm=ﬁmmzc ﬁi- F*(s)ds
n 2] Jo

If we show that

1 * > _ *
@0 f*(s)ds = . ), fr(s)ds + ;

12| |:1 [€2] 1 —19

ﬂmﬂ
1o
:;[) fS (S)ds,

then (4.5) is true. By direct calculations,

il LB RO ) [ L s e ia)
T ), SWdsz——=r9) < o | S@dsz (9

that is true of the fact that f* is decreasing.
So, Ve > 0 we can apply the first part of the theorem obtaining

/ugfgdxff vafeﬂdx.
Qe Qf

Sending ¢ — 0, we get

/ufdxf/ u* fhdx.
Q Qy

Arguing as in Theorem 1.3, we get (4.2). |

REMARK 4.2. Condition (4.1) implies that the f is strictly positive. Moreover, if the
essential oscillation of f is bounded

esssupyeq| f(0] _ 7
essinfxeg|f(x)| “n—-1

essosc|f]|:=

El

then (4.1) is satisfied.
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Theorem 4.1 allows us to compare the minimum of

1 Q2
Tp.r(R):= min {-[ |Vw|2dx+M/ wzd%”_l—/ wfdx}
’ wew2@) (2 Jo 2 Jae Q
with the one of
1 90k
Tp.r(2%:= min {-/ |Vv|2dx+M vzd%”_l—/ vfﬁdx}.
’ vewl2@t) |2 Jor 2 PYor: of

CoroLLARY 4.3. Let B > 0 and let @ C R” be a bounded, open, and Lipschitz set.
If f satisfies (4.1), then denoting by QF the ball centered at the origin with the same
measure as 2, it holds that

Tp, 1 (Q) = Tp, p+(2F).

Moreover, we can use Theorem 4.1 to get a comparison between Lorentz norm of
u and u*.

n

CoroLLARY 4.4. Letl < p < 1

that

Under the assumption of Theorem 1.3, it holds

(4.6) lullra(@y < 1™ lLoa ey,
where u* is the function given by Theorem 1.3.

Proor. Let us explicit the L?>! norm of u:

+o00 L +00 1
Wl = [ 0= [ o,
0 0

Hence by Theorem 4.1, it is sufficient that

1 on—=11 " _1
4.7 t r— — s 2 ds > 0.
n t 0

If we compute

then we have

1 n—=11 ' _1 _1 n—1
1T — | s Vds=t 71— p]|>0 = p<
n t 0 n

’

n—1

so (4.7) is true and we can apply Theorem 4.1 obtaining

+o00 1 +o00 1
/ 1P u(r)de 5/ P ur(r)dt
0 0

that is (4.6). [ ]
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ReEMARK 4.5. We emphasize that the bound p < n”Tl is the best we can hope for Lorentz
norm L1, Indeed, if by absurd (4.6) holds for p > n”Tl, then by the embedding of

LP4 spaces, L91(Q) € L?9(Q) = L9(R2), which gives a contradiction.
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