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1. Introduction

The paper is devoted to study of a class of elliptic problems driven by p.�/-biharmonic
operator. In particular, we deal with the existence and multiplicity of solutions for the
problem

(P�)

´
�.j�ujp.x/�2�u/ D �f .x; u.x// in �;
u D �u D 0 in @�;

where � is an open bounded subset of RN (N � 1) with smooth boundary @�,
p 2 C.x�/ with

(1.1) max
²
1;
N

2

³
< p� W min

x2x�

p.x/ � pC W max
x2x�

p.x/ < C1;

�2
p.x/

u WD �.j�ujp.x/�2�u/ is the operator which is often called p.�/-biharmonic,
f 2 C 0.x� �R/, and � is a positive parameter.

Due to the simultaneous involvement of the variable exponent p.�/ and the bihar-
monic operator, problems as (P�) are of interest to several fields of application of the
study of elliptic problems.

The presence of variable exponent allows to frame the problem within the modeling
of various physical phenomena such as flows of electrorheological fluids or fluids with
temperature-dependent viscosity and nonlinear viscoelasticity; even filtration processes
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through a porous media and image processing give rise to equations with nonstandard
growth conditions, that is, equations with variable exponents of nonlinearities (see
[11, 14, 36] for more details).

On the other hand, the presence of biharmonic operator allows the problem to be
framed in the study of fourth-order differential equations that arise from the study of
beam deflection problems on nonlinear elastic foundation, first dealt by Nečas and
Kratochvíl in [31].

In the literature, there are several papers in which existence and multiplicity of solu-
tions related to problems involving the p.�/-biharmonic operator has been investigated.
Below we list some of the most recent publications in which these issues have been
addressed:
• nonlocal elliptic problem involving p.�/-biharmonic operator with Navier boundary

conditions (see for instance [1, 12, 13, 19, 21, 24, 28, 39]);
• .p.�/; q.�//-biharmonic systems (see for instance [4]);
• elliptic problems involving p.�/-biharmonic operator with different boundary condi-

tions (see for instance [2,3,10,13,15,16,18,20,22,23,25,27,29,32,37,38,40,41,43]).

Many of the results are obtained through variational methods by applying mountain
pass theorem, Krasnosel’skii genus theory and critical point theorems established by
Bonanno–Marano [9] and Ricceri [35] (see also [5, 6]).

In this paper, we prove the existence of at least two non-zero weak solutions for
problem (P�) assuming that the nonlinear term f verifies (AR)-condition and its
antiderivative has a suitable growth (see Theorem 3.1). This result will be extended to
the more general problem

(P�;�)

´
�
�
j�ujp.x/�2�u

�
D �f

�
x; u.x/

�
C �g

�
x; u.x/

�
in �;

u D �u D 0 in @�

(see Theorem 3.2) and, by way of application, we present a consequence of obtained
results (see Theorem 3.3) with an example. It is opportune to precise that the results
presented are a generalization of those ones obtained in [7] when exponent p is assumed
constant.

The abstract result we will use is contained in [8] and concerns the existence of at
least two non-trivial critical points for an appropriate functional.

2. Preliminaries

In order to introduce the space in which solutions of problem (P�) are defined, it is
necessary to recall some definitions concerning the variable exponent spaces. We refer
to the monograph by Rădulescu and Repovš [34] (see also [30]) for more details.
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With p 2 C.x�/ such that

(2.1) 1 < p� DW min
x2x�

p.x/ � pC DW max
x2x�

p.x/ < C1;

the variable exponent Lebesgue space Lp.x/.�/ is defined as

Lp.x/.�/ WD

²
u W �! R W measurable and �p.x/.u/ WD

Z
�

ju.x/jp.x/ dx < C1

³
and

(2.2) kukLp.x/.�/ WD inf
²
ı > 0 W

Z
�

ˇ̌̌̌
u.x/

ı

ˇ̌̌̌p.x/
dx � 1

³
defines a norm on it. The function �p.x/ is called “modular” and it is in close relation
with the norm (2.2) as pointed out by Fan and Zhao in [17, Theorem 1.3].

Proposition 2.1. Let u 2 Lp.x/.�/; then

(1) kukLp.x/.�/ < 1 .D 1I > 1/ ” �p.x/.u/ < 1 .D 1I > 1/;

(2) if kukLp.x/.�/ > 1, then kukp
�

Lp.x/.�/
� �p.x/.u/ � kuk

pC

Lp.x/.�/
;

(3) if kukLp.x/.�/ < 1, then kukp
C

Lp.x/.�/
� �p.x/.u/ � kuk

p�

Lp.x/.�/
.

Form 2N, we introduce the variable exponent Sobolev spaceW m;p.x/.�/ defined
as

W m;p.x/.�/ WD
®
u 2 Lp.x/.�/ W D˛u 2 Lp.x/.�/; 8j˛j � m

¯
and relative norm

kukm;p.x/ WD
X
j˛j�m

kD˛ukLp.x/.�/

with ˛ D .˛1; ˛2; : : : ; ˛N / multi-index of RN ,

j˛j D

iD1X
N

˛i and D˛
D D˛1

x1
D˛2
x2
� � �D˛N

xN
:

Condition p� > 1 in (2.1) ensures that Lp.x/.�/ and W m;p.x/.�/ are separable
and reflexive Banach spaces for each m 2 N (see for instance [17]).

We put X WD W 2;p.x/.�/ \ W
1;p.x/
0 .�/, where W 1;p.x/

0 .�/ is the closure of
C10 .�/ inW 1;p.x/.�/. As proved by Zang and Fu in [42], a norm on X equivalent to
the standard one k � k2;p.x/ is the following:

kuk WD k�ukLp.x/.�/

for each u 2 X
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By standard results on variable exponent Sobolev spaces (see for example [26,
Theorem 3.1]) we know that the embedding

X ,! W 2;p�.�/ \W
1;p�

0 .�/

is continuous. Moreover, by extension of Rellich–Kondrachov theorem to spaces
W m;p.�/, condition p� > N

2
in (1.1) ensures thatW 2;p�.�/ is compactly embedded

in C 0.x�/ and so the embedding X ,! C 0.x�/ is compact. In particular, there exists
k > 0 such that

kuk1 � kkuk

for each u 2 X .
In the sequel, for ˛ > 0 and q 2 C.x�/ with q� > 1, we put

Œ˛�q WD max¹˛q
�

; ˛q
C

º;

Œ˛�q WD min¹˛q
�

; ˛q
C

º�

It is easy to verify that

(i) Œ˛�
1
q D max¹˛

1
q� ; ˛

1

qC º,

(ii) Œ˛� 1
q
D min¹˛

1
q� ; ˛

1

qC º,

(iii) Œ˛� 1
q
D a ” ˛ D Œa�q , Œ˛�

1
q D a ” ˛ D Œa�q ,

(iv) Œ˛�qŒˇ�q � Œ˛ˇ�q � Œ˛ˇ�
q � Œ˛�qŒˇ�q .

Following what was done in several papers, we denote by D and x0, respectively,
the radius and the center of the greatest ball contained in �; i.e.

D WD sup
x2�

sup
®
r > 0 W B.x; r/ � �

¯
and B.x0;D/ � �.

Put h.t/ WD t2.t �D/2 for each t 2R, and fixed ı > 0; we denote by vı the function

vı.x/ D

8̂̂<̂
:̂
0 x 2 � n B.x0;D/;

ı
D4
16h

�
jx � x0j

�
x 2 B.x0;D/ n B

�
x0; D

2

�
;

ı x 2 B
�
x0; D

2

�
:

Clearly, vı 2 X for each ı > 0 and Figure 1 shows the trend of the function vı for
N D 2.

The following proposition provides the estimate of �p.x/.vı/ which will play an
important role in what we will say.
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Figure 1. Example of vı for N D 2.

Proposition 2.2. For each ı > 0, it results that

�p.x/.vı/ � Œı�
plD;

where

lD WD

�
32

D2

.N C 5/2

8.N C 2/

�p
m

�
DN
�

�
D

2

�N�
and m denotes the measure of unit ball of RN .

Proof. By standard arguments, for each x 2 � and i 2 ¹1; 2; : : : ; N º, it results that

@vı

@xi
.x/ D

8̂̂<̂
:̂
0 x 2 � n B.x0;D/;

ı
D4
16h0

�
jx � x0j

� xi�x0i
jx�x0j

x 2 B.x0;D/ n B
�
x0; D

2

�
;

0 x 2 B
�
x0; D

2

�
and

@2vı

@x2i
.x/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

0 x 2 � n B.x0;D/;

ı
D4
16
h
h00
�
jx � x0j

� .xi�x0i /2
jx�x0j2

C h0
�
jx � x0j

� jx�x0j2�.xi�x0i /2
jx�x0j3

i
;

x 2 B.x0;D/ n B
�
x0; D

2

�
;

0 x 2 B
�
x0; D

2

�
:

Therefore, one has

�vı.x/ D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
0 x 2 � n B.x0;D/;

ı 32
D4

�
2.N C 2/jx � x0j2 � 3D.N C 1/jx � x0j CND2

�
;

x 2 B.x0;D/ n B
�
x0; D

2

�
;

0 x 2 B
�
x0; D

2

�
:

In order to estimate �p.x/.vı/, we consider the function

K.t/ WD 2.N C 2/t2 � 3D.N C 1/t CND2
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and we observe that

�
D2

2
D K

�
D

2

�
< 0 < K.D/ D D2:

Moreover, arguing as in [7], we obtain that

�.�vı/ D

Z
�

ˇ̌
�vı.x/

ˇ̌p.x/
dx

D

Z
B.x0;D/nB.x0;D2 /

�
32ı

D4

ˇ̌
K
�
jx � x0j

�ˇ̌�p.x/
dx

�

Z
B.x0;D/nB.x0;D2 /

�
32ı

D4

.N C 5/2

8.N C 2/

�p.x/
dx

�

�
32ı

D4

.N C 5/2

8.N C 2/

�p
m

�
DN
�

�
D

2

�N�
� Œı�plD:

Now, we introduce the functionals ˆ;‰ W X ! R defined as follows:

ˆ.u/ WD

Z
�

1

p.x/

ˇ̌
�u.x/

ˇ̌p.x/
dx;

‰.u/ WD

Z
�

F
�
x; u.x/

�
dx

for each u 2 X , where F.x; t/ WD
R t
0
f .x; �/ d� for each .x; t/ 2 � � R. Standard

arguments ensure that ˆ and ‰ are in C 1.X/ with˝
ˆ0.u/; v

˛
D

Z
�

ˇ̌
�u.x/

ˇ̌p.x/�2
�u.x/�v.x/ dx;˝

‰0.u/; v
˛
D

Z
�

f
�
x; u.x/

�
v.x/ dx

for each u; v 2 X . These relations highlight the variational meaning of problem (P�)
in the sense that for each � > 0, the critical points of the functional I� WD ˆ � �‰ are
its weak solutions.

The main tool that will allow us to obtain weak solutions of (P�) is the following
result of Bonanno and D’Aguì (see [8]) in which existence of at least two non-zero
critical points for functionals type I� is guaranteed.

Theorem 2.1. LetX be a real Banach space and letˆ;‰ WX!R be two continuously
Gateaux differentiable functionals such that infx2X ˆ.x/Dˆ.0/D‰.0/D 0. Assume
that there exist r > 0 and Nx 2 X , with 0 < ˆ. Nx/ < r , such that

.a1/
supˆ.x/�r ‰.x/

r
< ‰. Nx/

ˆ. Nx/
,
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.a2/ for each � 2 ƒr WD �ˆ. Nx/‰. Nx/
; r

supˆ.x/�r ‰.x/
Œ, the functional I� W ˆ � �‰ satisfies

(PS)-condition and it is unbounded from below.

Then, for each � 2 ƒr , the functional I� admits at least two non-zero critical points
u�;1; u�;2 such that I�.u�;1/ < 0 < I�.u�;2/.

3. Existence of two weak non-zero solutions

A first result on problem (P�) concerns the existence of at lest two non-zero weak
solutions. In the sequel, with ˛ > 0 and H 2 C 0.� �R/, we put

H˛
WD

Z
�

max
j�j�˛

H.x; �/ dx

and we observe that H˛ � 0 for each ˛ > 0.

Theorem 3.1. Assume that

.f1/ there exist ı;  2 R, with 0 < ı <  , such that

F h


k.pC/
1
p�

i
p

<
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
;

.f2/ F.x; t/ � 0 for every x 2 � and for all t 2 Œ0; ı�,

.f3/ there exist m > pC, s > 0 such that

0 < mF.x; t/ � tf .x; t/

for each x 2 � and jt j � s.

Then, put

ƒ;ı WD

�
Œı�plD

p�
R
B.x0;D2 /

F.x; ı/ dx
;

h


k.pC/
1
p�

i
p

F 

�
;

for each � 2 ƒ;ı the problem (P�) admits at least two non-zero weak solutions.

Proof. Fixing ; ı as in .f1/ and � 2 ƒ;ı , we apply Theorem 2.1 to the functional

I� W ˆ � �‰

by choosing

(3.1) r D

�


k.pC/
1
p�

�
p

:
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First, we observe that condition .f3/ ensures (PS)-condition and unboundedness from
below for functional I� for each � > 0. To reach this condition, it is enough to use
arguments similar to those contained in [33] taking into account that the functional ˆ
is related to norm defined on X .

From (2) and (3) of Proposition 2.1, it results that�
kuk

�
p
D
�
k�ukp.x/

�
p
� �p.x/.�u/ �

�
k�ukp.x/

�p
D
�
kuk

�p
and so

1

pC

�
kuk

�
p
� ˆ.u/ �

1

p�

�
kuk

�p
for each u 2 X . In particular, if ˆ.u/ � r , then one has Œkuk�p � pCr that, thanks to
(3.1) and .iv/, is equivalent to

kuk � ŒpCr�
1
p :

The continuous embedding X ,! C 0.x�/ leads to

kuk1 � kkuk � kŒp
Cr�

1
p � kŒpC�

1
p Œr�

1
p D k.pC/

1
p� Œr�

1
p D 

and so
‰.u/ D

Z
�

F
�
x; u.x/

�
dx �

Z
�

max
j�j�

F.x; �/ dx D F  :

Therefore, it turns out that

(3.2)
1

r
sup

ˆ.u/�r

‰.u/ �
1

r
F  :

Moreover, as proven in Proposition 2.2, if we consider vı , it results that

ˆ.vı/ �
1

p�
�p.x/.vı/ �

1

p�
Œı�plD

while, taking into account that vı.x/ 2 Œ0; ı� for each x 2 �, condition .f2/ ensures
that

‰.vı/ D

Z
�

F
�
x; vı.x/

�
dx �

Z
B.x0;D2 /

F.x; ı/ dx:

In conclusion, one has

(3.3)
‰.vı/

ˆ.vı/
�
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
:

Conditions (3.2), (3.3), and .f1/ ensure that

1

r
sup

ˆ.u/�r

‰.u/ <
‰.vı/

ˆ.vı/



existence of two non-zero weak solutions for a p.�/-biharmonic problem 9

and so condition .a1/ requested in Theorem 2.1 is verified. Finally, we verify that

ˆ.vı/ < r D

�


k.pC/
1
p�

�
p

:

If ˆ.vı/ � r , then we obtain

1

p�
Œı�plD � ˆ.vı/ � r:

Taking into account that  > ı, one has

max
j�j�

F.x; �/ � F.x; ı/

and so F  �
R
B.x0;D/

F.x; ı/ dx. This leads to

F �


k.pC/
1
p�

�
p

�
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
;

which is in contradiction with condition .f1/. Since � 2 ƒ;ı � �ˆ.vı/‰.vı/
; r

supˆ.u/�r ‰.u/
Œ,

Theorem 2.1 ensures that functional I� admits at least two non-zero critical points that,
as observed before, are non-trivial weak solutions of problem (P�).

Remark 3.1. When F  D 0, it results that supˆ.x/�r ‰.x/
r

D 0 and so

ƒ;ı WD

�
Œı�plD

p�
R
B.x0;D2 /

F.x; ı/ dx
;C1

�
:

In this case, condition .f3/ implies that s �  , while condition .f2/ leads toF.x; �/D 0
for each � 2 Œ0; ı� for a.e. x 2 �.

Remark 3.2. If f .x; 0/ D 0, then in Theorem 3.1 condition .f3/ can be replaced by
the weaker condition

. Qf3/ there exist m > pC; s > 0 such that

0 < mF.x; t/ � tf .x; t/

for each x 2 � and t � s

in order to obtain the existence of at least two non-zero and non-negative weak solutions
for problem (P�).

Now we present an existence result for the perturbed problem (P�;�).
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Theorem 3.2. Assume that f 2 C 0.� �R/ verifies conditions .f1/, .f2/, and .f3/
of Theorem 3.1.

Then, for each � 2 ƒ;ı and g 2 C 0.� �R/ verifying that

.g2/ G.x; t/ � 0 for every x 2 � and for all t 2 Œ0; ı�,

.g3/ jg.x; t/j � a1jt j
˛ C a2 for each .x; t/ 2 � � R and for some a1, a2 > 0 and

0 < ˛ < pC � 1,

there exists ��;g > 0 with

(3.4) ��;g D
�

G

�


k.pC/
1
p�

�
p

 
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
�

F h


k.pC/
1
p�

i
p

!

such that for all � 2 �0; ��;g Œ the problem (P�;�) admits at least two non-zero weak
solutions.

Proof. Fixing � 2 ƒ;ı , g verifying .g2/ and .g3/ and � 2 �0; ��;g Œ, we apply Theo-
rem 2.1 by choosing

r D

�


k.pC/
1
p�

�
p

and taking into account that the energy functional related to problem (P�;�) is

I�;� W ˆ � �‰�;�

with
‰�;�.u/ D

Z
�

�
F
�
x; u.x/

�
C
�

�
G
�
x; u.x/

��
dx

for each u 2 X . Conditions .f3/ and .g3/ ensure that I�;� satisfies (PS)-condition and
it is unbounded from below.

Arguing as in Theorem 3.1, thanks to .g2/ one has

‰�;�.vı/ D

Z
�

�
F
�
x; vı.x/

�
C
�

�
G.x; vı.x/

��
dx �

Z
B.x0;D2 /

F.x; ı/ dx

and this ensures

(3.5)
‰�;�.vı/

ˆ.vı/
�
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
:

Moreover, if ˆ.u/ � r , then one has kuk1 �  (see Proof of Theorem 3.1) and so

‰�;�.u/ D

Z
�

�
F.x; u.x/

�
C
�

�
G
�
x; u.x/

��
dx � F  C

�

�
G
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from which

(3.6)
1

r
sup

ˆ�;�.u/�r

‰�;�.u/ �
1

r

�
F  C

�

�
G
�
:

Because of the condition (3.4), it results that

1

r

�
F  C

�

�
G
�
<
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
;

and so, by (3.5) and (3.6),

1

r
sup

ˆ.u/�r

‰�;�.u/ <
‰.vı/

ˆ�;�.vı/

which is the assumption .a1/ requested in Theorem 2.1.

Remark 3.3. The values of ƒ;ı and ��;g in the various particular cases are shown
below:
• F G > 0

ƒ;ı WD

#
Œı�plD

p�
R
B.x0;D2 /

F.x; ı/ dx
;

h


k.pC/
1
p�

i
p

F 

"
;

��;g D
�

G

�


k.pC/
1
p�

�
p

 
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
�

F h


k.pC/
1
p�

i
p

!
I

• F  > 0, G D 0

ƒ;ı WD

#
Œı�plD

p�
R
B.x0;D2 /

F.x; ı/ dx
;

h


k.pC/
1
p�

i
p

F 

"
; ��;g D C1I

• F  D 0, G > 0

ƒ;ı WD

�
Œı�plD

p�
R
B.x0;D2 /

F.x; ı/ dx
;C1

�
;

��;g D
�

G

�


k.pC/
1
p�

�
p

 
p�

lD

R
B.x0;D2 /

F.x; ı/ dx

Œı�p
�

F h


k.pC/
1
p�

i
p

!
I

• F  D G D 0

ƒ;ı WD

�
Œı�plD

p�
R
B.x0;D2 /

F.x; ı/ dx
;C1

�
; ��;g D C1:
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A more applicable version of result presented in Theorem 3.2 is the following.

Theorem 3.3. Assume that f 2 C 0.� �R/ verifies condition .f3/ of Theorem 3.1.
Moreover, we suppose that the following assumptions are verified:

. Qf1/ lim supt!0C
infx2� F.x;t/

tp
� D C1,

. Qf2/ F.x; t/ � 0 for every x 2 � and for all t 2 Œ0; k.pC/
1
p� �.

Then, put x WD k.pC/
1
p� and

�� WD

´
1
F x

F x > 0;

C1 F x D 0;

for each � 2 �0; ��Œ, for each g 2 C 0.� �R/ verifying .g3/ of Theorem 3.2 and

. Qg2/ G.x; t/ � 0 for every x 2 � and for all t 2 Œ0; k.pC/
1
p� �

and for each � 2 �0; 1
Gx
.1 � �F x /Œ, the problem (P�;�) admits at least two non-zero

weak solutions.

Proof. Fix � 2�0; ��Œ, g, and � as requested in the thesis. By . Qf1/ there exists xı <
min¹1; xº such that

(3.7)
p�m

�
D
2

�N infx2� F.x; t/
xıp
�
lD

>
1

�
:

We apply Theorem 3.2 by choosing ı D xı and  D x and by taking into account that
Œxı�p D xıp

� . Condition (3.7) ensures that

p�

lD

R
B.x0;D2 /

F.x; xı/ dx

Œxı�p
�
p�m

�
D
2

�N infx2� F.x; t/
xıp
�
lD

>
1

�
> F x

and so condition .f1/ is verified. Moreover, because of the choice of x conditions . Qf2/
and . Qg2/ imply, respectively, .f2/ and .g2/. Since it results thati

0;
1

Gx
.1 � �F x /

h
� �0; ��;g Œ;

Theorem 3.2 ensures the existence of at lest two non-zero solutions for problem (P�;�).

Remark 3.4. If f .x; 0/ D g.x; 0/ D 0, then in Theorems 3.2 and 3.3 condition .f3/
can be replaced by the weaker condition:

. Qf3/ there exist m > pC, s > 0 such that

0 < mF.x; t/ � tf .x; t/

for each x 2 � and t � s
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in order to obtain the existence of at least two non-zero and non-negative weak solutions
for problem (P�;�).

Finally, we present an example of application of the previous result.

Example 3.1. Let s; q; h 2�0;C1Œ such that s ¤ q and

0 < min¹s; qº C 1 < p� � pC < max¹s; qº C 1:

Then, for each � 2 �0; 1

j�j. 
sC1

sC1
C
qC1

qC1
/
Œ, 0 < h < pC � 1 and

� 2

�
0;

hC 1

j�jhC1

�
1 � �j�j

�
 sC1

s C 1
C
qC1

q C 1

���
problem ´

�
�
j�ujp.x/�2�u

�
D �

�
jt js C jt jq

�
C �jt jh in �;

u D �u D 0 in @�

admits at least two non-zero and non-negative weak solutions.
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