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ABSTRACT. — Let 9@ be the boundary of a convex polygon in R?, ey, = (cos a, sin &) and

el = (—sina,cos ) a basis of R? for some o € [0,27) and ¢ : 3@ — R? a continuous,
finitely piecewise linear injective map. We construct a finitely piecewise affine homeomorphism
v : @ — R? coinciding with ¢ on 9@ such that the following property holds: [{Dv, eq)|(Q)
(resp., (Dv, ez )|(Q)) is as close as we want to inf [{Du, ey )|(Q) (resp., inf |(Du, ez )|(Q))
where the infimum is meant over the class of all BV homeomorphisms u extending ¢ inside @.
This result extends that already proven by Pratelli and the third author in [Atti Accad. Naz. Lincei

Rend. Lincei Mat. Appl. 29 (2018), no. 3, 511-555] in the shape of the domain.
Keyworps. — Homeomorphic extension, BV homeomorphisms, strict approximation in BV.

MATHEMATICS SUBJECT CLASSIFICATION 2020. — 46E35 (primary); 30E10, S8E20 (secondary).

1. INTRODUCTION

In this paper, we are interested in the problem of extending injective continuous
and piecewise linear boundary values from a convex polygon by piecewise affine
homeomorphisms. The motivation for such a study arises in the context of approximation
problems found in regularity theory for non-linear elasticity. There is already a plurality
of extension results in a variety of contexts, which have been applied to solve various
approximation problems. Let us now give an overview of some examples.

In general, we are interested in the approximation of a weakly differentiable homeo-
morphism, which we would like to approximate by €' homeomorphisms or by locally
finite piecewise affine homeomorphisms. The approximation of a planar W -# home-
omorphism 1 < p < oo in [9, 10] relies heavily on the injectivity of the harmonic
extension of convex boundary values. In [5], the authors were also able to approximate
a bi-Lipschitz map and its inverse simultaneously in the (p, p)-bi-Sobolev setting
and to do so used the extension result in [6]. In order to solve the W 1! case in [8],
the authors had to develop an independent extension result in that paper which was
further examined and improved in [1, 15]. The extension result was also utilized in
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the (1, 1)-bi-Sobolev setting in [12]. Finally, let us mention that the authors of [14]
approximate planar BV homeomorphisms using an extension result they proved in [13].

More than just the approximation of weakly differentiable homeomorphisms by
diffeomorphisms, these extension results have been key in examining the behavior of
weak and strong limits of homeomorphisms in their respective classes. Such results
include a categorization of the closure of Hom N wlp, p > 2,in[11], a categorization
of the closure of Hom N\W 17 1 < p < 2,in [7] and partial BV result in [2,4].

It was demonstrated in [13] that their main extension result can be “rotated” to
approximate a BV homeomorphism strictly and similarly in [14] for the area-strict case.
Nevertheless, this approach makes the application of the extension result somewhat
cumbersome and technical. The main result of the present paper is a piecewise affine
homeomorphic extension that improves on that of [13]. More precisely, we consider
extensions of piecewise linear boundary values defined on a boundary of convex
quadrilaterals (and not only rectangles parallel to the coordinate axes as in [13]) which
are optimal in a particular BV sense. We emphasize that the generality of the class
of convex quadrilaterals includes the “rotated” version of the extension result of [13].
Also, our Theorem 1.2 is stronger than the extension theorem there (not only because
of the shape of @) in the sense that it immediately implies their extension theorem but
the opposite is not true (see Remark 1.3). Nevertheless, this improvement is a case of
separating estimates already conducted in [13].

The motivation for our extension theorem is the full categorization result in [3],
where we identify a condition which guarantees that a map is a strict or area-strict
limit of BV homeomorphisms. In the course of the approximation, we want to work on
grids that are not only made up of rectangles, and we prefer to not have to rotate the
rectangles. In that sense, we need the current result, which we present below, after we
set some necessary notation.

Let @ C R? be a convex polygon, leta € [0, 27) be fixed and call e, = (cosa, sina)
and e = (—sina, cosa).

We define the following numbers (see Figure 1):

a” = inf{(x,ej) x €@} at = sup{(x,ej) x €@},

1.1
(b b™ = inf{(x,ea) 1X € (,‘2} bt = sup{(x,ea) IX € (Q}

For each s € (a™,a™), we define V!, V2 uniquely by the conditions

(1.2) VI vZedq, (Vlel)=(VZer)=s (V! ey < (VZ eq).

S o S o
Similarly, for every t € (b~,b™), we define H;}!', H? uniquely by

(13)  H'H?>€d@Q, (H!.ey) = (H? ex) =t (H!. el) < (H?e}).

tTa t’ o
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{(x.ea) =a"}

i {(x.ea) = a7}
{(xea) = b7}

Figure 1. Polygon @ with H ' H tz’ VSl and VSZ.

Let ¢ : 3@ — R? be continuous, injective and piecewise linear. We denote P as
the bounded component of R? \ ¢(d@). For every pair of pomts A,B € 7, we denote
by pp (A, B) the geodesic distance between A and B inside . We define the quantity

at bt

W)= [ prlooD)ds + [ prlptty. ot dr

Loosely speaking, the quantity W, (¢) accounts for the length of all the geodesics inside
P connecting pairs of points on ¢(d@) whose preimage in ¢ is a pair of points in 0@
lying on a line parallel to either  or a-. Further, for u € BV(Q, R?), we denote the
a-Manhattan norm of Du as || - ||, which we define as

|Dulla(@) := [(Du,eq)|(@) + [(Du, ) |(Q).
The main results of the paper are the following.

TuEOREM 1.1. Let o € [0,27) be fixed, @ C R? a convex polygon and ¢ : 0@ — R? a
continuous piecewise linear injective map. Then, for every € > 0, there exists a finitely
piecewise affine homeomorphism v : @ — R? extending ¢, such that

(1.4) [Dv]o(Q) = Wal(p) + &

TaEOREM 1.2. Let € > 0 and let v be the extension from Theorem 1.1. Then,
bt

(D@ = [ prlptHpH)dr + e

(1.5)

at

|(Dv,ex)|(@) </ p2(e(VhH. o(VE))ds + e.
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REmARrk 1.3. We observe that Theorem 1.1 is stronger than the result of [13] as it
provides the almost optimal extension with respect to any rotated Manhattan norm and
not just for the canonical one (where o = 0).

Let us also remark that Theorem 1.2 immediately implies Theorem 1.1 but the
argument used to construct v is exactly the same. Also, it is immediate that
bt

| potetd. o)
<inf {|(Du, e4)|(Q) : u € HomNBV(Q,R?), u = ¢ on 9Q}

and
at

| ol ev)as
<inf {|{Du,ey)|[(Q) : u € HomNBV(Q,R?), u = ¢ on 0@},

and our result in fact shows that there is a sequence of homeomorphisms achieving the
infimum and having variation converging to the left-hand side in the sense of (1.5). This
fact is actually a direct consequence of the proofs in [13], though it was not explicitly
remarked there. The key argument is in Theorem 2.9.

1.1. Sketch of the proof

Before expounding the proof in detail, let us look at an overview of the proof. We start
with a convex polygon @. Up to a rotation of o, we may assume that ¢ = 0. Either
(the rotated) @ has horizontal sides, or after removing a tiny triangle called T} close to
the lowest point of @ and a triangle called T, close to the highest point of @ we get a
convex A that has a pair of horizontal sides (see Figure 2). We extend ¢ on 977, 07>
so that it is continuous injective and piecewise linear. By making the triangles small
enough, we guarantee that Wo(¢(A)) + Wo(p(T1)) + Yo(e(T2)) < Yo(p(Q)) + &.
Here, our new ¢ extends the original ¢ from d@. This step is Lemma 3.2.

Now, we separate A into thin horizontal strips S; (see Figure 3), defining a continuous
injective piecewise linear ¢ on dS; so that Z,Ai1 Wo(@(0S;)) < Wo(p(dA)) + & which
extends the original ¢ from dA U a7 U d75. This step is Lemma 3.3.

We separate each S; into a central rectangle and a pair of right-angle triangles at
each end. On the rectangular domains R;, we can use Proposition 2.8 to extend the
boundary values and get a piecewise affine homeomorphism w; on the R; satisfying an
estimate on | Dw; |(R;). In Lemma 4.2, we show how we extend the boundary values
to get a piecewise affine homeomorphism on the triangles at the ends of the strips; see
Figure 6. We do this by further separating them into even thinner rectangles where
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we can extend and estimate as above. The remaining part of the set is so small that its
contribution to the norm is bounded by 27/ s.

The final part of the proof is collating the estimates and summing to estimate that
our mapping v satisfies (1.4).

2. PRELIMINARIES

In this section, we recall a list of definitions and known geometrical results which are
already available in the literature. Most of them are taken from [13, 14].

NortaTion 2.1. Throughout the paper, we endeavor to keep to the following norms of
notation:

@ is a convex polygon,

P is a 2-dimensional polygon with boundary 3. If ¢ : 3@ — R? is injective and
piecewise linear continuous, then # is the polygon corresponding to the bounded
component of R? \ ¢(0@) and £ = ¢(3Q),

a € [0,27) is a given angle and the vector e, := (cos «, sina). Also, we denote
ey := (cos(a + 7/2),sin(e + 7/2)),
u and v are planar BV mappings,
a~,at,b™,b™T are the numbers from (1.1), typically s € (a~,a¥)andt € (b~,b™)
andl =at —a",h=bt—b",

+ A is a convex polygon with 2 sides parallel to «,
T, Ty, T, T, T}, T? are all triangles,

V1, V2 H} H? are the points satisfying the conditions in (1.2) and (1.3) although
we may replace @ with another convex polygon, for example, A or 7',

+ by Rg =[a",at]eq + [b~,bT]e; we denote the smallest rectangle with sides
parallel to eq and ej; containing @,

c1,C2,d1,dy € R are ordinates,
by C we denote a generic constant whose precise value may vary between estimates,
+ the points in the preimage are A, B,C, D, E, F,G, P, Q!

if ¢ is a piecewise linear injective map defined on the triangle ABC, we call
d := |p(A) — ¢(C)| the length of the image of the hypotenuse through ¢,

(1) We do not need to utilize the notation B(x,r) = {y : |y — x| < r} so there is no danger
of confusion when using B to denote a point.
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+ B €(0,7%)is the angle at A in the triangle ABC,
n > 01is a small chosen parameter,
the points in the image are written in bold font, e.g., A,B,C,D, X, Y, Z,

< P, P, PT are polygons in the image, typically the piecewise affine image of a
polygon in the preimage, e.g., P = ¢(0Q),
@, ¥ are continuous injective piecewise linear maps from one-dimensional “skele-
tons” (i.e., a finite union of segments) in the preimage,

given a set A C R? and a function ¢ : A — R?, we denote by @1 g the restriction
of ¢ to asubset B C A,

va,B is the geodesic curve from A to B in / and pp (A, B) is the length of that
curve.

DerinTTION 2.2 (Geodesics and modified geodesics) Let # C R? be a polygon, and
let A and B be any two distinct points in . We define y5p as the unique geodesic (i.e.,
curve of minimal length) connecting them, lying inside J°. Notice that ysp is a piecewise
linear curve, whose vertices are only A, B and some vertices of 5 whose internal
angles have size at least 7. Assume now that A, B € 0, and let Wy, W, ..., Wg be
all the vertices of > met by yag, so that

vaBp = AW, W5, ..., WkB.

Fix now any § > 0. Forevery 1 <i < K, let W # W; be some arbitrary point in the
internal bisector of the angle at W; havmg distance from W; smaller than §. The piece-
wise linear curve yap = AW1 , Wz, .. WKB is then called a §-modification of yug.

Notice that there exists a constant §($) > 0, depending on & but not on A and B,
such that the interior of Yap is contained in the interior of & if § < §(P), unless the
segment AB is already contained in 04, in which case K = 0 and yag = yap C 9.

Lemma 2.3 ([13,Lemma2.4]). Let A, B, C and D be four distinct points in a polygon P

Then, the intersection yag N Ycp is either empty or closed and connected. Assume now
also that A, B, C,D € 0P and call 051, 0P, the two components of 0P \ {C,D}. If
A € 0P and B € 05, then YAB N Ycp 75 @. IfA,B € 0P and yYaB N Ycp ;ﬁ @, then
the first and last point of this intersection must either be vertices of P or coincide with
one of the points A or B.

We remark that in the reference the lemma is stated without closedness of the
intersection but it follows from the following simple observation. If A, B, C and D are
four distinct points in & and the intersection yap N ycp is not empty, then it is either a
point (hence a closed set) or a piecewise linear curve which starts and ends at corners
of 9% (thus being the finite union of closed connected segments).



MINIMAL EXTENSION FOR THE 0 ~-MANHATTAN NORM 779

Lemma 2.4 ([13, Lemma 2.5)]). Let # be a polygon, let A,B € 0P be two points
such that the segment AB is not contained in 3P, then let § < §(P) and let Jag be a
modified geodesic in the sense of Definition 2.2. Let also 1 and P, be the two polygons
in which & is divided by yYag, and let ¢ > 0 be a given constant. If § is small enough,
depending only on € and &, then the following is true.

For any two points C,D € P; fori € {1,2}, one has
2.1 p2; (C,D) < pp(C,D) + &.

IfC e P, D € P, and E € P, N 0P, is any point with distance at most § from
YCD, then

(2.2) p#, (C,E) + pp,(E,D) < pp(C,D) +&.

DEerINITION 2.5 (Set of vertices of a geodesic curve). Let $ C R? be a polygon. For
every A, B € 0P, there is a unique ordered set X' (A,B) = {Xj,...,Xx} such that
the geodesic yap is exactly the piecewise linear curve AXy, ..., Xy B, and the points
X are all the vertices of &> met by the geodesic ysp (except A and B themselves, in
case they are already vertices). The set X (A, B) is called the set of vertices of yap.

DEFrINTTION 2.6 (§-linearization of a Jordan curve). Let ¢ be a Jordan curve with finite
length, and let § > 0 be much smaller than the diameter of the bounded component
of R2\ v. Let A/IT31,A/2-]\32, LA @ N be finitely many essentially disjoint arcs
contained in . Let then ¢ be the closed curve obtained by replacing each arc A/,-l\}i
with the segment A; B;. We say that ¢ is a §-linearization of i if

@ is injective,

every arc A B, is such that Jfl(A/iTSi) <,

A:B; N C A/B;.
The §-linearization is said complete if the union of the arcs A/,-iii is the whole curve v;
hence, ¢ is piecewise linear.

Lemma 2.7 ([13, Corollary 4.3]). Let A C R? be a convex polygon, and let vy : A —
R? be a parametrized Jordan curve with finite length and let ¢ : A — R? be a
8-linearization of . Then, for every P, Q € dA, one has

Po@a) (@(P), 9(Q)) < py@a) (¥ (P). ¥(Q)) + 26.

In particular, for every 6 € [0,2r), we deduce

Wo(p) < Wo(y) + 2831 (IN).
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We conclude this section recalling two extension results that will be useful in the
sequel. The next proposition (Proposition 2.8) is proved in [13, Theorem A], and
Corollary 2.10 is a straightforward consequence of Proposition 2.8.

ProposiTioN 2.8 (Minimal extension for standard Manhattan norm). Let R C R? be
,at] x [b~,bT], and let ¢ : IR — R? be a continuous
injective map. Then, for every ¢ > 0, there exists a piecewise affine homeomorphism
v : R — R2 coinciding with ¢ on R such that

a rectangle of the form [a

[Dvllo(R) < ¥o(p) + &.

Moreover, if ¢ is piecewise linear, then the map v can be chosen finitely piecewise

affine.

THEOREM 2.9 (Minimal extension for standard Manhattan norm). Let ¢ > 0, and let v
be the mapping from Proposition 2.8. Then,

bt
1D1v](Q) < / pp(@(H}). p(HY))dt + &,

ot
|D2v|(Q) 5/ p2(e(VH). o(VE))ds + e.

a

Proor. The finitely piecewise affine homeomorphisms from a rectangle to a polygon
in [13] used in the proof of Proposition 2.8 are constructed in [13, Lemma 2.12]. The
key estimates we need to extract are the last two unnumbered equations of the proof,
found in [13, p. 543]. They say exactly that

b+
D10](@) < / pp(@(HD). o(H2))d1 + e,

at

Daw](@) < / P (V). o(V2))ds + . "

a

CoroLLARY 2.10 (W1 extension with non-optimal bound). There exists C > 0 such
that the following holds. Let R C R? be a rectangle, let R be its boundary and let
¢ : OR — R2 be a continuous, piecewise linear and injective map. Then, there exists
a finitely piecewise affine homeomorphism v : R — R? extending ¢ such that

1DVl 1z < CH'OR)H (p(IR)).
Proor. The conclusion follows by applying Proposition 2.8 with

e = J' ORI (p(OR))
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b
Ra Q

R b.—.— — a+
FiGure 2. The figure shows the set-up in the case that « = 0. We have the polygon @ constituted
of the green set A and the removed red triangle(s). In the case where the polygon @ has no sides
parallel to « (corresponding to class (iii) from Remark 3.1 pictured on the left), we generate a
polygon with two sides, both parallel to @ by removing 2 triangles. If there is already one side
parallel to some « (as pictured in the middle), then it is enough to remove one triangle and the
remaining set has two sides both parallel to «; this corresponds to class (ii) from Remark 3.1. In
the scenario, on the right, @ already has two sides parallel to « (corresponding to class (i) from
Remark 3.1), and it is not necessary to remove any triangles.

and by observing that
IDv]L1(z) < C(ID10[(R) + [D2v|(R)) = C[|Dv]lo(R)

and
at bt
Wo(p) = / Poer) (@(1,67), @, bF))dr + /b Po@cRr) (@™ 1), p(a™.1))dt
- _

<@ "—a +bt - b_)%l(w(aﬂ))

IA

%Jﬂ’l(aﬁ)%l(w(aﬂ)).

3. EXTENSION ON A ONE-DIMENSIONAL SKELETON

Remark 3.1. If @ coincides with the rectangle JR g, then the conclusion of Theorem 1.1
follows directly by [13, Theorem A]. So, without loss of generality, we can assume
that @ # Rg. Then, as sketched in Figure 2, there are three cases left to consider:

(1) @ has two parallel sides parallel to «;
(i) @ has exactly one side parallel to «;
(iii) @ has no side parallel to «.
In this section, we introduce a suitable partition of €, whose boundary will be
referred to as one-dimensional skeleton, and we define a continuous, injective and

piecewise linear extension of ¢ on the skeleton. This procedure will be done in two
different steps, which eventually correspond to the following technical lemmas.
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Lemma 3.2 (Skeleton-triangles). Let o € [0, 21) be fixed, let @ C R? be a convex
polygon and let ¢ : 0Q — R? be a continuous, piecewise linear, injective map.
Then, for every € > 0, one of the following holds:

+  the set @ is of class (ii) from Remark 3.1, and there exists a triangle T satisfying
the following:

(a) two sides of T are contained in two sides of @, so T and @ share the vertex W

and the side of T inside @ is parallel to o (we refer to the point in the intersection
of the third side of T and the bisector of the vertex at W as W*),

(b) H1(IT) < &,

() @ =T U A, where dA is a convex polygon with two sides parallel to o one of
which lies in 0@ and the other one is the common side of T and 0A,

(d) @ is linear on each side of 0T N 0Q,

(e) there exists ¢ : T U dA — R? a continuous piecewise linear injective map
such that ¢ = ¢ on 0Q, @ is exactly bi-linear on T N A and the singular
point is precisely W*,

(f) the estimates
H'(p(0T)) <,
Yo (@197) + Ya(@19a) < Yalp) +¢
hold;

+  the set @ is of class (iii) from Remark 3.1, and there exists a pair of disjoint triangles
Ty, T, satisfying the following:

(a) Ty, T, each contain a vertex of @ which we call Wy and W, resp.,
(b) it holds that

3.1 HLOTy), H1(OT,) < €,

() @ =T, UT, UA, where A is a convex polygon with two sides parallel to o
one of which is the common side of 0T, and 0A and the other is the common
side of 0T, and A,

(d) ¢ is linear on each side of 9T; N 0@ and 3T, N 0@,

(e) there exists ¢ : 3T, U 3T, U A — R? a continuous piecewise linear injective
map such that ¢ = ¢ on 0@, @ is exactly bi-linear on 0T, N A andon dT; N A
and the singular points are precisely W, W,

(f) the estimates

(3.2) H(POT)) + H(FOT2)) < e
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and

(3.3) Yo (@101,) + Ya(@104) + Vo (P191,) < Yalp) + ¢

hold.

Prookr. It suffices to prove the claim for the case of @ being class (ii) since the class
(iii) case is just a repetition of the same argument used at a pair of opposing vertices
of Q.

Assume that @ is of class (ii), then there exists a side of R¢g (the smallest rectangle
containing @ with sides parallel and perpendicular to e, e;-) whose intersection with @
is exactly the vertex W of @. Up to a rotation of angle « and a translation of (—a™, —b7),
we may assume that Rg = [0,£] x [0, h] for { =at —a~ and h = b™ — b™. Further,
we may assume that the o rotation of @ has a horizontal side lying in [0, £] x {/} such
that W = (w, 0) for some w € [0, £]. It suffices to prove our claim for the a-rotated,
translated @ and replacing W, with W,.

Since @ is convex, it holds that for every ¢ € (0, i), one has that 0@ N (R x {z})
consists of exactly two points H;' and H2 with 0 < (H}!); < (H?); < {. Analogously,
for every s € (0, £), one has that 3@ N ({s} x R) consists of exactly two points V! and
VSZ with 0 < (Vsl)l < (Vsz)l <h.

Let ¢ > 0 be arbitrary fixed. We then let § = §(¢(3@)) > 0 be the parameter
introduced directly after Definition 2.2, and let §; < § be the parameter introduced in

Lemma 2.4 for the polygon given by ¢(d@) and the number Let

0<” < & 1
mn
! ! 24 4

2(h+e)

For the following, recall the definition of the points H ,1’2 in (1.3). Since ¢ : @ — R?
is continuous, injective and piecewise linear, then we can find 0 < t* < & such that
the following properties hold:

(1) |H1*—W|<U1,|H2*—W|<771;
(i) ¢ is linear on each of the segments H\ W, HAW;
(iiD) |o(Hj) —@(W)| < nand |p(HZ) — e(W)| < 1.

We denote T the triangle WH Y, H% ,and A =@\ T. Wecall W* = %(Htl* + HZ),
and then W* is the intersection of the segment H . ! HE 2. and the bisector of the angle
at W. Then, claim (a) is immediate and claim (b) is 1mmediate from the choice of ¢*.

By construction, A is convex and the third side of T is horizontal (i.e., parallel to «),
thus proving (c). By the triangular inequality and by property (i), we have that

JLAT) < 4.
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We now consider y* the geodesic connecting ¢ (H tl*) and p(H tl*) inside the polygon
identified by ¢(0@). There are two possibilities: either y* is a segment or y* is a bi-
linear path lying inside ¢(d@) passing through ¢(W). In both cases, we let X be on the
internal bisector of the corner ¢ (W) such that |[X — ¢(W)| < 251, and we call y* the
path p(H \.)X@(H?2). Notice that, since 21y < 81, 7* is a §;-modification of y* in the
sense of Definition 2.2. Moreover, 7* lies in the interior of ¢(d@) and # 1 (}7*) < 4n,.

We now construct the extension @ : 97 U 32 — R? that is continuous, piecewise
linear and injective. We let @ = ¢ on 0@, then we have claim (d) by the choice of t*
and we only need to define ¢ on the segment H tl* H tz*

We set p(W*) := X, and then we define ¢ : H tl* H tz* — IR? as the map that is linear
on Htl* W* and W*th*, such that

Then, we have claim (e). Thanks to property (iii) from the choice of t* and the bound
on J#!(¥*), we can compute

H'((dT)) < 611.

For claim (f), we now estimate the quantity Wo(¢157) + Wo(@19a). Thanks to our
choice of §; and (2.1) of Lemma 2.4, we can observe

poer) (B(H,), §(H))

< ppe) (0(H}). p(HD)) +
paan)(@(H/), §(HD))

< pooe (P(HD). p(HY)) + m forall € (¢*, h),
pn) @V, 8(VD))

< P (V). 0 (V) +

€
——— forallz € (0,%),
2+ D) orallz € ( )

€ 1 2
2(]1—4—6) forall s € (0, (Ht*)l)U((Ht*)l,K).

On the other hand, for every s € (H\)1, (H2)1), we call V3 = (s,1*) and we
notice that the geodesic Y,y 1,2y must intersect y*.

Since, by construction, ¢(V,}) € 7*, then the maximal distance between @(V;®) and
7 N Yo(vi)p(v2) is bounded by JH1(7*) < 4n1 < §8;. Then, from (2.2) of Lemma 2.4,
we get

paar) @V, (V) + paeany (@(V). 8(VY))

< ppe@) (e(VH). 0(VD)) + m



MINIMAL EXTENSION FOR THE 0 ~-MANHATTAN NORM 785

Therefore, we can compute

(3:4) Wo(@rar) + Yol@raa)
t* _ I — > (th*)l _ = 3
= [ esom @ g+ | 1 psom @00, 70D)ds

*/1

h (th*)l
+ [ poam @D G+ [ ppan @0, 7072)ds
t*

*/1

+ peen) (@(VH. @(VE))ds

[(0,(Ht‘*)1)u((Ht2*)1,£)
h V4

< [ pooe (V). o(V2))di + / pooey (P(V). p(V2))ds
0 0

&

200+ 0)
< Wol(p) + %

+(+h)

To finish the proof, it suffices to prove the claim in the case that @ is class (iii).
However, this is just a question of repeating the argument above for the opposing vertex
since the horizontal side of @ was not used at any point. Finally, in every case, dA has
two sides parallel to «. u

The next result that we present concerns the extension of the boundary values inside
a convex polygon A having two non-consecutive parallel sides. This is an opportune
generalization of the analogous results on rectangles proved in [13, Lemma 2.11].
Loosely speaking, there are two differences between the current setting and the one
considered in [13, Lemma 2.11]. In [13], the rectangular domain is partitioned in
rectangular strips, while here the polygon A is partitioned into strips that are not
necessarily rectangular, which we later split further into a rectangle and two triangles,
one at either end.

Lemma 3.3 (Skeleton-strips). Let h,£ > 0, let A C [0, £] x [0, h] be a convex polygon
and let [0, £] x [0, h] be the smallest rectangle containing A. Further, assume that
dA has a pair of horizontal sides, one of which lies in [0, £] x {0} and the other in
[0, €] x {h}. For every ¢ : A — R? continuous piecewise linear injective map and
for every e > 0, there exist M € N and values

O=to<ti <--<ty_1<tym=h

such that the following properties hold:
(1) tig1—t <eforeveryi =0,..., M —1,
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(i) foreveryi =0,...,M — 1, call S; := AN (R x [t;,ti4+1]) (Which we call a

horizontal strip). Then, ¢ is linear on Il-1 and I3, where Iil, Ii2 are the two

1 )
non-horizontal segments of 0.S; N IA. Moreover,

3.5) H (I + H (p(ID)) < e,

(iii) there exists @ : U?igl 0S; — R? a continuous, piecewise linear, injective map
such that o = ¢ on A and

M-1
(3.6) D Wo(@as;) < Wolp) + &,
i=0
(iv) foreveryi =0,..., M — 1, the quadrilateral S; can be decomposed in the

essentially disjoint union Til UR; U Tiz, where R; is a rectangle with horizontal
and vertical sides and Til, Ti2 are right angle triangles whose hypotenuses are
I', 12 the two segments of A N 3S;,

171
(v)  there exists ¢ : U?igl aTi1 UJR; U E)Ti2 — R? a continuous, piecewise linear,
injective map such that § = { on Uiaigl aS;, and

M-1

3.7 Z (‘I’O((z]aTil) + Wo(Prar;) + ‘yo(a]aTiZ)) < Wo(p) +e&.
i=0

Proor. Let ¢ > 0 be fixed. Throughout the proof, we denote by J the polygon of
boundary ¢(dA).

Step 1. Finding the value M and fixing (t;)i=o,.. .. There are a finite number of
vertices of A; call it M. There are similarly a finite number of vertices of J; call
it M. Since |D.¢| € L*°(dA), we have that any segment on dA of length at most
e(1 + || D+¢|lo) ™! has image whose length is at most &. Further, since #!(dA) < oo,
we find a number M3 bounded by e ! H 1 (dA)(1 + || D+¢| o) splitting dA into M3
segments; then, the length of the segments and their images is bounded by ¢.

We take the set of all 7 € (0, &) as the ¢-coordinates such that A has a vertex with
t-coordinate equal to 7 (their number is bounded by M ); further, all 7 € (0, /) such
that d;¢ does not exist (their number is bounded by M>), and then add a finite number
(bounded by M3) of 7 such that whenever 7, * are a pair of neighbors (with respect to
the order <), we have

|H! —H)\| <e>|H?—H.| and |H!-H|<e>H —HZ]|

where we use the convention that the letters in bold style H correspond to ¢ (H ). Indexing
this set from {1,..., M — 1} and calling o = 0 and 73y = h, we determine #; and the
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V2
A+
V3
1 ! 2
H, So Hf
Vl

FiGurEe 3. The figure shows the slicing of the set A into AT U Sp by the horizontal line R x {¢1}
and & into 1 U P by the modified geodesic called ¥ .

number M, where M < M + M, + M3. We define the strips S; = (R x [t;,ti4+1]) N A.
They are all convex quadrilaterals with two horizontal sides.

Step 1. Deﬁnition ofthe curveyy = (A N (R x {t1})) and the polygons A+ U Sy = A
and PT U P P. The goal of this step is to define the piecewise linear curve y1,
internal to P, wh1ch will be the image of the segment H tll H t21 in a map @ extending ¢.
The precise parametrization of ¢ will be presented in the next step; here we only aim
to define the curve y; C &P
Our argument is recursive and so we deal with the first curve y; defined on H tll H ,2]
separating A into Sp and A N R x [t;,h] = AT (see Figure 3). Similarly, the curve
y1 means dividing the polygon & into two further polygons: a polygon J#y (which will
be the image of So) containing the curve ¢(H, H? ) and another polygon #* (which
will be the image of A™) (see Figure 3).
Since & is a non-degenerate polygon, let 8 (#) > 0 be the parameter of Definition 2.2
and let §; > 0 be so small that
- ety — ¢ h e
§; < min {8(?)’—8;3161(833’)’ 2—3,5}
ety — 1o)

and Lemma 2.4 applies with §; for # and W

We define
y1 as a §1-modification of the geodesic in  connecting Htl1 and H%l.

Step I1I. Definition of ¢ on 0Sy. In this step, we care about the definition of ¢ on 3Sj.
More precisely, we let § = ¢ on dA and we specify the parametrization

g: AT N (R x{t1}) >
so that ¢ is continuous, injective and piecewise linear, and

(3.8) Yo (@1950) + Yo(@19a+) < Yolp) + —(fl —19).
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Let us observe that thanks to Lemma 2.7 it is enough to look for a continuous and
injective parametrization ¥ : A" U 3Sy — R? coinciding with ¢ on A such that
(3.8) holds for v with error 5 (t1 — #9); namely,

Yo (Vaso) + Yo(¥paa+) < Wolp) + ﬁ(h — 1o).

Indeed, the correct ¢ can be found as a §-linearization of i for some § small enough
depending on 45 (t; — #o) such that

_ _ P
Wo(@1as,) + Yo(@raa+) < Wo(¥as,) + Yo(¥yaa+) + E(Il — lo).

Thanks to our choice of §; and the fact that y; is a §;-modification with variable
endpoints of the geodesic connecting H}l and Hfl, hence splitting & into the two
polygons &y and £ T, we can apply Lemma 2.4 to get that

1 —
PJ’o(H}’H?) = P?(H}Hf) + 8(1—0) for any ty <t < t1,
3.9) Sh(C+ h)
' (t — to)
pp+(H; H?) < pp(H; H?) + ) forany 1, <t <tpy.

For short, denote ¢; = (H/,)1 and ¢ = (H})1. Then, 0 < ¢; < ¢, < {. For every
0 < s < £, we call y; the geodesic inside & connecting V! and V2. Moreover, whenever
c1 <5 < ¢, we also set V2 := (s, 1) the point in the intersection of H ,11 Ht21 with
VIV2. For every s € (0,c¢1) U (c2, £), we have that either V!, V2 € Sy and using
Lemma 2.4,

(VA V) < pp (VA VD) b=t
or V!, V2 € A* and by Lemma 2.4,
o (VEVE) < pp(VE VD + =00,
The two equations above can be expressed simultaneously as
G10)  max{p, (VL. V2). s (VL VD)) < pp(VEV2) 4 S 210
8h(€ 4+ h)

forall s € (0,c1) U (ca,£).

On the other hand, whenever s € (cy, ¢2), the points V; € Py and V? e P71 thus, the
geodesic Y, necessarily intersects ;. Let « be the (injective and continuous) constant-
speed parametrization of 7 from [0, ' (¥1)], k(0) = Hj, and k(' (y1)) = H3, . For
every s € (c1,c2), we then let X(s) be the point in ys N y7 such that

X(s) = k(max {x € [0, #'(71)] : k(x) € ys N 71}).
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Then, thanks to Lemma 2.3, it is easy to see that the map s — «~!(X(s)) is non-
decreasing; therefore, if c; < 5 < s’ < ¢3, then

X(s") € k([ (X()). ' (71)])-

Notice that, in general, the function s — «~! o X(s) is not continuous, nor injective
nor surjective. However, any one-dimensional monotone function can be approximated
uniformly by strictly monotone functions. Further, it is always possible to slightly modify
these strictly monotone approximations in such a way that they become continuous
and the price of this is loosing the control on the uniform distance from the original
function on a subset whose measure can be made as small as desired. Then, for every
o > 0, it is always possible to find a continuous bijection X, of [c1, ¢2] onto ¥; such
that

(3.11) H'(Jy) <o where J, 1= {s € (c1,¢2): }Xg(s) —X(s)| > 0}.
)
We can then fix o = 3 and apply Lemma 2.4 to get that

&(ty — to)

(3.12) P?O(VSI,X%(S)) + P¢7>+(X871(S)’V§) < pp(Vy. V3 + S+ h)

forall s € (c1,c2) \ Js, . On the other hand, we have the trivial estimate
2
(3.13) p2y (V3. X5, (5)) + pp+ (X, (5).V2) < H'(DP) + H' (1) < 20" (0P)
2 2

forall s € Js, .

We deﬁnezw :0AT U3Sy — R%asy = ¢ on A and ¢ (V}) = X3, (s) for every
s € (c1,¢32). In particular, ¥ is continuous and injective and fails to be pizecewise linear
only on the segment H/} H.. Moreover, gathering together (3.9), (3.10), (3.12) and
(3.13), we deduce that

Wo(V1as,) + Wo(¥yoa+)

1 h
- /0 P (W () 0 (H2))dt + / p (W (). y (H2))d1

131

+ / min {p, (V1. V2) + pps (V. V2))
(0,c1)U(c2,8)

4 [( D ID) s (D VO2)

4 /J P (W (VDA VD) + pps (W (V). 0 (VD))

J1
2
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h
S/ po (0 (H}). p(HP))d!1 +/ pe eV (V) ds
0 0.0\/5,
" %(5 b= 3 (Toy)) + € (T5) )25 (0P)

€
<Wv¥ + — (1 — 1),
= Wolp) + (i = 1to)
where in the last inequality we used (3.11) and the fact that §; < %.
Finally, thanks to Lemma 2.7 and the considerations of the first part of the step, we
can find a function @ : AT U 85y — R2 that is continuous, injective and piecewise
linear and such that (3.8) holds.

Step V. Definition of § on 3T, U dRo U dT¢. In this step, we further subdivide the
strip So in the essentially disjoint union of two triangles 7}, 7¢ and a rectangle Ry
with the following properties. The rectangle Ry is the biggest rectangle with horizontal
and vertical sides inside Sg, such that the horizontal sides are contained in 0Sq, while
TOI, TO2 are the two disjoint right-angle triangles containing /, 01, 1 02, respectively.

We continue to define some new

@:0AT UIT) UORy U AT — R?

coinciding with @ on dA™ U 9, such that @ is injective, continuous and piecewise
linear and satisfies the following estimate:

~ ~ ~ _ &
G.14) Wo@yry) + Yo(@raro) + Po(Prarz) = Wo(@rasy) + 5 (11 — fo).

Let us emphasize that ¢ will be defined so that (37, U dRo U dTZ) C Po.

We denote by d; and d5 the two values such that the projection of .5y onto R x {0} is
exactly [d1, d>] x {0}, and we call x1 and x, those values for which the projection of dR
onto R x {0} is the segment [x1, x3] x {0}. Notice that d1 < ¢1 < x1 < X2 <3 < d>.

Since & is a non-degenerate polygon, we let §($) be the parameter of Defini-
tion 2.2 and take

ety — to) }

32hH 1 (0P)
and Lemma 2.4 applies with §] for £y and 186(21(233).

Let now vy, be the geodesic inside &y connecting ¢ (Vxll) and ¢ (Vx31) and let vy,

8} < min {g(f/’o),

be its §7-modification in the sense of Definition 2.2. In particular, vy, splits P into
two non-degenerate polygons £ and U, where $; contains ¢(/}) and U contains
@(13), where IO1 2 are the two non-horizontal segments of dSo N dA. This situation is
depicted in Figure 4.



MINIMAL EXTENSION FOR THE 0 ~-MANHATTAN NORM 791

1 1 H'21 P 1 H2
Hf 1 TO 3 0 t
H; H?
1
# R \TOZ B '
0
Vl

X1

FiGurE 4. The sets TO1 s T2 Ro, P, 0 I and U in Step I'V.

Thanks to Lemma 2.4, we have

w(@VH, (V) <ppe (V. 8(V) + 186(;1( 7 h)) for all s € (x1, x2).
(3.15)
w(@(V). (V) <pay (B (V). (V) + fé;‘(g ‘;l)) for all s € (x2. d2),
while for all s € (dy, x1),
_ 1y = _ 1~ (tr — to)
B.16)  pp1(@(V). 9(VY) = pry (P(V). (VD)) + %'

We continue similarly as described in Step III. For every ¢ € (0, ¢1), we denote the
point (H}) = H! € $§ and p(H?) = H? € U, thus, the geodesic {; connecting H}
and H% inside $o must 1ntersect Vx, . So also in this case, for every ¢ € (0, f1), we can
find a map Y(¢) identifying the last point of the intersection {; N Vx, running vy, from
o( Vxll) to @( fo‘l ). Moreover, exactly as explained in Step III, we can find a continuous
and injective approximation Y s such that

2
8 W
Y(1) =Yy ()] < 31 forallz € (0,11) \ J;,l and J(’I(Jalq) < 51
2 2 2

So if we now call H? := (t, x1), then we can define ¥! : 9T U 3Sy — R? in this

way: ¥! = @ on 85, and

Y (H}) =Yy (1) forallz € (0,0).
2

Then, the map ! is continuous and injective and fails to be piecewise linear only on

the segment {x1} x [0, #;]. Using Lemma 2.4, for all t € (0,¢;) \ J, , we can estimate

8/3
2

(3.17) pps (W HD, Y (HY)) + pu (V' (HY), v (H)

e(ty — to)

= PP()(@(H}),@(HE)) + m
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while for the remaining t € J é, ,
1

2

we get

(3.18) pot (W (HD. W (HD) + pu (' (H). v (H)
< H(Vx,) + K @Po) < 231 (3P0).

Then, (3.15), (3.16), (3.17) and (3.18) give
1 1
Yo (Uary) + Yo (Vysry)

c] i1y —rir2 501 _tO)
sfdl o7 (POVD.P0D) + 1 ds

e I e(ty — o)
+ [ PR (BN FOD) + g ds

2 _ t—t
w [ e @0 002) + s

e(ty — 1)

— L dt+2H0Y(J L) H P,
ter@+ T (571) (3%0)

+ / P (B(HY. F(HD) +
O\,
2

_ &
< VYo(@12,) + @(11 — 1),

and, as in Step III, Lemma 2.7 ensures that there is some continuous, injective and
piecewise linear map @' : 37, U 3So — R? such that g' = ¢! = @ on 85, and

~1 ~1 — €
\p()((p'laTOl) + \I]O(w]a(S()\T(})) = 'I'O((/)]:Po) + E(tl - [0)

To conclude the step, we need to repeat the very same argument on ('ﬁ]la (So\T1) by
0\
replacing £y with U and considering a §7-modification of vy,, where §/ is chosen so

that
e(t1 — to)
32£1(0U)

and Lemma 2.4 applies with §{ for U and %.

This would provide a continuous, injective and piecewise linear map ¢ : BTO1 U
dRo U dT¢ — R? extending @' (hence, ultimately, @) such that

8] < min {E(u),

- - _ - e
WO(‘P};)TOI) + Yo(@19r,) + ‘IJO(<pr02) =< ‘I’O(%IB(SO\T&)) + E(h — 1)
_ e
< VYo(@12,) + %(Il — 1)

thus proving (3.14) and concluding the step.
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Step V. Recursion and conclusion. In this final step, we want to conclude our construction
by recursion. In Steps IIT and IV, we divided A into a new convex polygon with two
horizontal sides AT and a horizontal strip Sy given by a rectangle Ry and two triangles
Ty, TE.

Then, we defined continuous, injective and piecewise linear functions @, ¢ such
that = @ on dA™ satisfies (by (3.8), (3.14) and our choice of §;)

Yo(@1950) + Yo(@roa+) < Yolp) + —(11 —to + 261)

< V¥o(p) + ﬂ(h to) +:2

42
~ ~ ~ _ €
\IJO((p]BTOl) + Wo(P19R,) + ‘IJO(%BT&) < Wol(@1as,) + —(fl —to + 261)
_ el
=< lIJ()(ga-wS()) + (tl - t()) + =
42
Iterating the construction and choosing for every i the parameter d; suitably small
depending on #;_1, 2,{’H and the polygon P\ = 0 P;, we then find
M—1 M—1 e M1
> Wo(@s;) < Polp) + 5, 2o (i1 =) + 7
i=0 i=0 i=0
and
M—1
Z ‘Ijo(a]aTil) + Yo (@19gr,;) + ‘Po(%rg)
i=0
e M1
= Z l1’0(901851) + Z (tl-i-l [l) + - Z ’
which finally imply (3.6) and (3.7), respectively. |

4. PIECEWISE AFFINE EXTENSION

In this section, we investigate two possible finitely piecewise affine homeomorphic
extension inside triangles.

LemMma 4.1 (Extension-direct). Let T C R? be a triangle of corners A, B, C such that
BC is horizontal and A* is the intersection of BC with the bisector of the angle at A. If
¢ : 0T — R? is continuous, injective and linear on each of the segments AB, AC, BA*
and A*C, then there exists a bi-affine homeomorphism v : T — R? such that v = ¢
on 0T and

| Dvlo(T) < H' (9(dT))H ' (IT).
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Proor. The proof is immediate, and indeed it is enough to consider the continuous
map v which is affine on each of the triangles T := ABA*, T, := BA*C. Then, we
can compute

_ @(A") —o(B)

) PO =),
P = e, T P S
and
g4 — p(4%) — Dyvy (A — (A1)
Pain = (A2~ (47)2 “
(A — p(4%) — Dyvys (A — (A1)
baor, = (A)2 — (A7) -

In particular, one can estimate
[ Dvllo(T) = |D1v[(T1) + |D2v|(Th) + [D1v[(T2) + | D2v[(T2)
1 * * *
< 5|90(A ) = o(B)|[|(A)2 = (A")a| + [(A)1 — (A")]
1
+ 5le(a") = p()]|[(B): = (47|
1 * * *
+ §|<P(C) — p(AN)|[[(A)2 = (42| + [(A)1 — (A)1|]
1
+ 510" = o] €)1 = (41|
1 *
= H(pOD))5 (414 - 47| + B - C|)
1
< J€1(¢(8T))§(2|A — B|+2[A-C|+2|B-C]|)
< ' (p(dT))H' (3T). "
LeEMMA 4.2 (Extension-indirect). Let T C R? be a triangle of corners A, B, C such
that AB is horizontal, BC is vertical and let ¢ : 0T — R? be a continuous, piecewise
linear, injective map such that ¢ is linear on the hypotenuse AC. For every & > 0, there

exists a finitely piecewise affine homeomorphism v : T — R? such that v = ¢ on 3T
and

IDv[lo(T) < Wo(p) + 24271 (dT)H ' (p(AC)) + .

Proor. Let ¢ > 0 be fixed arbitrary small.

For simplicity of notation, through the proof we refer to 8 as the internal angle
of the corner A = (0, 0) and we will denote d := |p(A) — ¢(C)| = H'(¢(AC)) and
d = |A — C|. Clearly, since the internal angle in B is /2, then 8 € (0, /2).
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A D B

FiGure 5. The decomposition of 7" into 7' = Q U T U ADEC, and the corresponding decom-
position of int @(dT) into P U P+ U PapEc.

Since the polygon of boundary ¢(d7") is non-degenerate, then Definition 2.2 provides
some constant § > 0, and then we consider

@.1) fpdsde _1||D||_1

‘ U R VAV 2wnp) Nl

The basic idea of the proof is to find a suitable one-dimensional skeleton Y inside 7',
construct a continuous, piecewise linear and injective map @ : Y — R? coinciding

with ¢ on 7T and finally perform a suitable piecewise affine extension inside each
component of the partition of 7" identified by Y.

For clarity, we present the proof in three separate steps.
Step 1. Definition of a first skeleton B and a continuous piecewise linear injective map
¢! : 8 — R2. In this step, we would like to construct a one-dimensional skeleton of
the form E = 97 U DE U F G, for some suitably chosen points D, E, F, G, and we
will define an extension ¢! of ¢ on DE U FG that is still continuous, piecewise linear
and injective. See Figure 5 for an illustration.

We will select D, E, F, G so that

DeAB, E,FeBC, GeDE, FG|AB and DE || AC,
satisfying the following estimates:
|[A—D|<n and |C —E|<n,
4.2) H' (@' T)) < 4n,
Wo(piaq) < Wolp) + (d + 14 H ' 3T),

where T C T is the triangle of corners E, F, G and 2 C T is the trapezoid of corners
D,B,F,G.
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Having fixed 7, by the assumptions on ¢, we can choose D € AB and E € BC so that
(i) |A—D|<nand|C —E| <n;
(ii) lp(4) —@(D)| < nand |p(C) —p(E)| <n;

(iii)  the restriction of ¢ is linear on AD and CE;

(iv) DE isparallel to AC;

(v) the point X is on the internal bisector of ¢(A) and Y on the internal bisector
of ¢(C) such that |p(A) — X]| < 25 and |p(C) — Y| < 27 and the piecewise
linear path Yo(D)o(E) ‘= ¢(D)XYg(E) lies in the interior of ¢(d7) and is a
§/2-modification of the geodesic Yy (p)e(£) in the sense of Definition 2.2.

Observe that (ii) and (v) imply that |@(D) — X|, |¢(E) — Y| < 37 and also

(4.3) I Fpprp(E)) < 19(D) = X| + X = Y| + |9(E) - Y|
< 6n+ lp(4) = X| + [p(4) — ¢(C)| + |p(C) — Y|
<d+ 10n.

We find a point F on the segment EB, a point G € DE and a point Z € [Yo(E)]
such that

(vi) |F —E| <nand|p(F)—@(E)| <n;
(vii) ¢ islinearon EF;

(viii) |@(E) —Z| < n and [@p(F)Z] lies in int ¢ (d7T), and as a consequence,
lo(F) —Z] < 2n;

(ix) Gy = F,,|G—E|<n(sinB)™'and |G — F| < n(tan B)~1.

This concludes the definition of E. Indeed, (i) ensures the first equation of (4.2),
then T is a right-angle triangle and 2 is a trapezoid inside 7.

We now proceed to construct a function ¢! : E — R? extending ¢ such that the
second and third estimates of (4.2) are satisfied. In order to do that, we consider two
further auxiliary points P, Q € DG so that

(x) |P—-D|<nand|Q—G|<n;

and we set
o' (P):=X, ¢Y(Q):=Y and ¢'(G):=7Z.

We then define ¢! : E — R? so that ¢! = ¢ on 47, (pr p is the parametrization at
constant speed of the segment ¢(D)X, <p]1 PO is the parametrization at constant speed
of the segment XY, (ple ¢ 18 the parametrization at constant speed of the segment
YZ, (p11G g 1s the parametrization at constant speed of the segment Zg(E) and, finally,
(p{G  1s the parametrization at constant speed of the segment Z¢(F'). A sketch of the
situation is presented in Figure 5.
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The second estimate of (4.2) is a direct consequence of (vi) and (viii); indeed, ¢! is
linear in each of the segments EF, FG, EG, and by triangular inequality, we have

I (9'OT)) = |@(E) — o(F)| + |p(E) = Z| + |Z — o(F)|
<2(|¢(E) — o(F)| + |(E) — Z|) < 4n.

The remaining part of the step is devoted to the proof of the third estimate of (4.2).
In the following, X; is the i-th coordinate of the point X. For every ¢ € [0, E;], we
denote by H}, H?, H? the intersections between the horizontal line R x {¢} and the
curves AC, DE, BF ,respectively. Clearly, H} = A, HZ = D, Hj = B, HI%"z =G and
Hg, = F.Similarly, for every s € [D1, By}, we denote by V', V2, V7 the intersections

between the vertical line {s} x R and the sets DB, DG U GF, AC, respectively. Then,
Vp,=V5, =D, Vg =C. Vg =F and Vg =B
We recall that, by definition, ¥ (¢1lasz) corresponds to the following quantity:

Fq B
| pratet Ryt e+ [ op (o' 4.0t V) as,
1
where Pgq is the non-degenerate polygon identified by ¢! (9R2).

Notice that, by construction, the curve ¢! (D G) is exactly the piecewise linear curve
@(D)XYZ, so ¢! (H?) and ¢! (V2) will lie on ¢(D)XYZ for every ¢ € [0, F»] and
s € [D1, G1]. On the other hand, when s € [G1, B1], we get that ¢! (V2) lies on the
segment Zo(F).

Obviously, one can construct a path in Pq from ¢! (H?) to ¢! (H?) by following
Yo(HDo(H?) N &Pq and when necessary going around J5 on its boundary and travelling
along 7,(p)e (k) till one gets to ¢! (H?). The length of this curve bounds the length of
the geodesic in P between ¢! (H?) and ¢! (H}?). Further,

@4 peg (@' (HY). 9" (H}))
< ' Vo) N ) + HOPF) + H (FpDyeE))
< poor) (P(HY). 9(H})) +d + 147,

where in the last inequality we used the second of (4.2) and (4.3). Analogously, for
every s € (D1, By), it holds that
@5 prg(e'(VD.0' (V)

< ‘;el(ygo(VSl)tp(Vﬁ) N fPQ) + Jfl(afPf) + Jfl()zp(p)w(p;))

< poor) (P(V), o(V)) +d + 14n.
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Gathering the last two estimates together, we obtain

F B

(4.6) Wo(pisq) :/o pfg(sﬂl(H,z),wl(Hf))dtJr/D pro (9! (V). 0! (V2))ds
1
B,

F
S/O p(p(aT)((p(Htl)vw(H;))dt‘f'/ poy (9 (V). 0(V))dss

D
+ (d + 14n)(|/F — B| + |D — B|)
< Wo(p) + (d + 14n)H'(T),
which is exactly the third estimate of (4.2).

Step I1. Definition of the final skeleton Y and the continuous piecewise linear injective
map @ : ¥ — R2. The aim of this step is to define a set Y depicted in Figure 6 and a
map ¢ satisfying the following properties:

(1) the set Y subdivides 7 in the essentially disjoint union 7 U 7 UP U M " R;,
where P is a polygon which is C -bi-Lipschitz (5 is a universal constant) equivalent
to the rectangle [0, |A — C|] x [0, |A — D|sin 8], Tisa triangle near either A or C,
T is the triangle defined in Step I of corners E, F, G and R; are M pairwise
essentially disjoint rectangles having horizontal and vertical sides.

2 ¢:T— R2 is piecewise linear, continuous and injective; moreover, it coincides
with ¢! on E (where E is the set defined in Step I) and satisfies the following

estimates:
M-1 n
(4.7) > Wo(@iam;) < Wolp) + (d + 141" (OT) + .
i=0

We use Lemma 3.3 on ¢! and on Q with

1
£ < mmin { sin B dist(D, AC), %}

and get a number M € N and M values
O=to<thh < - <ty—1 <ty =F

such that |t; 41 —t;| < & foreveryi = 1,..., M — 1. We remark that it is also possible
to choose & = &. Moreover, it is possible to decompose 2 into the essentially disjoint
union of M — 1 horizontal strips S; = R x [t;_1, ;] N Q such that ¢! is linear on
I; :=93S; N DG and on 4S; N FB and #'(¢'(I;)) < &. Further, we deduce from
Lemma 3.3 the existence of a continuous, piecewise linear and injective
M—1
¢? :0TUDEUFGU (] 85, > R?

i=1
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such that 9> = ¢! on T U DE U FG and

Z ‘PO(‘/’%aSi) = lI’O(<P11z)sz) +§.

A consequence of the above inequality, the choice of £ and the third estimate of (4.2)
is that
M-
48) Wo(¢2ys,) < o) + @+ 141) 3" OT) + ¢
i=0

._.

< Wo(p) + (d + 14n)HLOT) + m

We now proceed to construct the skeleton Y and the final map @. Observe that
foreveryi = 0,..., M — 1, the right-angle triangle 7; of hypotenuse /; constructed
at the exterior of €2 is still contained in T and does not intersect AC. Indeed, by
construction one has that #1(dS; N FB) = |ti11 — t;| < & and hence #!(I;) <
o B and the dlstance between any point of 7; and the segment AC must be at least
dist(D, AC) — 2 dist(D, AC), thus ensuring that 7; C T. Clearly, T; N T;

sin ﬂ 100
is either empty or containing at most one corner (this corresponds to the case where
j=iZxl).
Then, connecting the horizontal and vertical sides of 7; foreveryi =0,...,M — 1,

we obtain a continuous piecewise linear path I' connecting D and G that lies inside T
and, at the same time, outside the trapezoid 2. Moreover, by construction, we have that

dist(AC,T) > —dlSt(D AC) = m|A D|sin B

and
(4.9) HUT) <2|D—G|+|E—-G| <2|D—E|<2h.

Assuming that f is bounded away from 0 and 7, we have that the non-degenerate
polygon P C T of boundary AC U AD UT' U GE U EC is C-bi-Lipschitz equivalent
to a rectangle of side-lengths |4 — C| = d and |A — D|sin 8. On the other hand,
if B is very close to 0, it suffices to take away the triangle T with vertexes at A,
A/2 + D/2 and a third vertex on AC with angle /2. Then, the remaining part of
PP is again C -bi-Lipschitz equivalent to a rectangle of side-lengths |4 — C| = d and
|A — D] sin 8. Similarly, if 8 is close to 7 /2, we subtract a triangle T close to C
and then the remaining set is C -bi-Lipschitz equivalent to a rectangle of side-lengths
|[A—C|=d and |A — D|sinpB.

Let us now observe that, by construction, the polygon of boundary DB U FB U
FG UT can be seen as the essentially disjoint union of M rectangles R; of horizontal
and vertical sides such that S; = R; N Q and 7; = R; \ Q2.
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A D B
FIGURE 6. The divisionof T into T =P U T U \U; R; and R; = T; U S; where one vertex of
R; lies on DE. The set IP is uniformly bi-Lipschitz equivalent to the rectangle [0, |4 — C|] x

[0,|A — D|]. The usage of T is optional and is used near either A or C when the hypotenuse is
close to being either horizontal or vertical.

Notice that the rectangles R; are pairwise essentially disjoint; moreover, they are
essentially disjoint from P and 7'. We are finally in position to define the set

M-1
Y:=0PUdT uaT U | J oR;,
i=0

satisfying all conditions of property (1).
We now focus on the definition of ¢ : T — R2. We set

M-1

7:=¢> on (: u Y as,-) \ DG.
i=0

Then, we only need to care about the definition of g on I'. The ideais tolet (d7; \ I;) =
@?(1;) and decide the parametrization in such a way that Wo(@)r;) S Yo (¢123 s.)-
For this reason, foreveryi = 0,..., M — 1, we define ¢ : dT; \ I; — R? as the
bi-linear map that parametrizes the segment ¢2(/;) at constant speed. We recall that
Lemma 3.3 gives a ¢ that s linear and equal to ¢! oneach I;, and # ! (¢?(1;)) <£.Asa
consequence, for any choice of X e [N 3T; and Y € I;, we get that [¢(X) — ¢?(Y)| <&,
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and since any horizontal/vertical slice of R; intersects d.5;, it is immediate to deduce
that

Yo (P1oR;) < ‘Po(fp]zasi) + EH N NOTY)

foreveryi =0,...,M — 1.
Recalling the first of (4.2), (4.9) and the bound on &, thanks to (4.8), we deduce

M-1 M-1

D Wo@r) < ) (Wolehs,) + £ (T NITy))

i=0 i=0
< Wo(p) + (d + 14 (OT) + 105 + £ (D)
< Wo(p) + (d + 14y J' (IT) + %

which is exactly (4.7). Then, the fact that ¢ is continuous and injective and coincides
with 2 = ¢! on E \ DG implies property (2), hence the conclusion of the step.

Step II1. Piecewise affine extensions in the components of T \ Y and conclusion. In
this conclusive step, we perform independently piecewise affine extensions in the
different components of 7' \ Y. Indeed, thanks to Step II, we have that T is the disjoint
union of P, T, possibly T and M rectangles R; and ¢ is continuous, injective and
piecewise linear on the respective boundaries. This allows us to work separately in
each component with piecewise affine extensions that coincide with the restriction of
¢ on the boundary of the considered component.

Let us first consider the rectangle R; for somei = 0,..., M — 1. Proposition 2.8
applied to R; and ¢pg, with parameter 2% provides a finitely piecewise affine homeo-
morphism v; : R; — R? extending @ on dR; such that

~ &
(4.10) [ Dvillo(R;) < Wo(Pror;) + TR

We pass now to consider the extension inside the triangle T. Since § is linear on
each side of BT, then we define w : T — R? as the unique affine extension of the
boundary value ¢. We recall that whenever one considers two triples of distinct points
in the plane, then there is only one affine function mapping the first triple into the
second one. We can then directly compute

_9(F)-9(G)

O(E) —o(F
Diw = and  Dyw = PE) =)

|F — G| ~ |E-F]

Therefore, recalling (vi), (vii), (viii), (ix) and the fact that

9(G) =Z.9(E) = ¢(E). §(F) = ¢(F),
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from Step I, we get

~ 1
@11 [IDwlo(T) = S(I1E = FI|F(G) = G(F)| +|F = GI|F(E) = &(F)))

~ 1
< g(|Z—(p(F)| +|F -GJ) < 772(1 + 2tanﬁ).

To extend in 7', we use Lemma 4.1. We have #1(37) < Cnand #2(3(0T)) <
C || D¢|loon- Recalling (4.1), we get a bi-affine homeomorphism v equal to & on aT
and || Dvllo(T) =7 <e.

At last, we discuss the extension inside P. Since P is C -bi-Lipschitz equivalent
to R :=[0,|A — C|] x [0,]A — D|sin B], then there exists a C -bi-Lipschitz finitely
piecewise affine homeomorphism ¢ : P — R. We now observe that by construction,
dR is a rectangle and ¥ := @ o ¢! is a piecewise linear injective map defined on
dR; thus, we are in position to apply Corollary 2.10 to ¥ : 3R — R? to get a finitely
piecewise affine homeomorphism @ : R — R? coinciding with ¥ on 3R such that

108,15 < CI' @RI (Y (OR)).

Then, the map @ := @ o ¢ : P — R? is a finitely piecewise affine homeomorphism
coinciding with ¢ on dIP and satisfying

IDolL1 @y < CIIDE| L1 (%) < CH (@(OP)) I (7 0 o™ (IR))
< CH'(OP) K (F(DP)).

Once here we recall (4.9) and the first of (4.2) to get that
H'OP)<|A—C|+|D—A|+|C—E|+H'(T)+|E —G| <4d + 21,
while from (ii), the fact that G(I' U EG) = ¢! (DE) = V,(p)p(E) and (4.3), we deduce

HHFOP)) < H' (p(AC)) + H ' (9(AD)) + H'(p(CE)) + H'(¢' (ED))

< |e(A)—(C)|+|e(A) (D) | +|0(C)—¢(E)| + H " (FpD)o(E))
<2d + 121,

Then, the last two observations together with the estimate on Dw imply
4.12)  [|Dolo®) = C||Dollpie) = €(d +nd+n) < Cdd
We finally define v : T — R? the finitely piecewise affine map such that

Vp =@, U1 =W and v]Ri=v,~f0reveryi=0,...,M—l.
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We observe that v is continuous and injective, hence a homeomorphism, since v = ¢
on Y. From the same observation, we also deduce that v = ¢ on 0T because ¢ = ¢
there. Gathering together (4.10), (4.11), (4.12) and (4.7), we find

M-1
IDvlo(T) = | Dwllo(®) + I Dwllo(T) + Y- I1Dvillo(R:) + [ Dvllo(T)
i=0
M_

—_

~ 1 &
2 - —
< Cda+p?(1+ 2Umﬁ) > (wo@ror) + 57) + de
i=
< dd + n2(1 + 2tan,3) + Wo(p) + CAF'OT) + Ce

< Wo(p) + CH'AT)H' (9(AC)) + Ce,
where in the last inequality, we used that

d=|A-C|<H'(OT) and d=|p(4A—9¢(C))| "

5. Proor oF THEOREMS 1.1 AND 1.2

Proor oF THEOREM 1.1. Let ¢ > 0 be arbitrary fixed and let

5.1) 0<n<min{1,—~ S }

C+CHY Q)
for some large appropriate but fixed geometric constant C. We describe in detail the
proof when @ is of class (iii) in the sense of Remark 3.1, while the other cases are an
obvious modification of the current argument.

Applying Lemma 3.2 to @, ¢, @ and the parameter 7, we can partition @ in two
triangles 77, 7> and a convex polygon A and find a continuous, piecewise linear,
injective map ¢ : 377 U 37> U A — R? with the properties listed in the statement of
Lemma 3.2. In particular, from (3.3), it follows that

(5.2) Yo (@10a) < Yalp) + 1,
where (3.1) and (3.2) ensure that
(53)  H'OT) + H'OT2) <n, KU (@) + H'(p(3T2)) < .

Furthermore, since A is a convex polygon with two parallel sides in direction o, we
can apply the a-rotated version of Lemma 3.3 to A, ¢! and the parameter 7 to find M
increasing values (¢; f‘i ! and a-rotated strips S;, which can be seen as the union of a
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rectangle R; and two triangles Ti1 and Tiz, and a continuous piecewise linear injective
map ¢ : U;-Aigl aTil UdR; U 8Ti2 — R? coinciding with @ on A with the properties
of Lemma 3.3. In particular, thanks to (3.7), we deduce

M—1
(54) D (Ve (Gro71) + Ya(Pror,) + Ya(Pror2)) < Ve (#aa) + 1,

i=0

while (3.5) ensures that
(5.5) FH(@UN) + I (9(UID) <1

where 1! = 9T;' N A and I? = dT? N JA.
We are finally in position to define a function

M-1
@07 U ( U aTiluaRanTiz) U 3T, — R?

i=0

that is continuous, injective, finitely piecewise linear and such that = @' on 07, U 0T,
and § = ¢ on ULy 9T U dR; U IT?.

Once here we will perform the homeomorphic piecewise affine extension on
Ty, T», T!, T? and R; independently for every i = 0,..., M — 1. We first focus
on the extension inside the strips S;. Leti € {0,..., M — 1} be fixed; we then apply
the a-rotated version of Proposition 2.8 to R;, ¢19r, and parameter 7(Z;+1 — #;) to find
finitely piecewise affine homeomorphisms v; : R; — R? coinciding with ¢ on R;
such that

(5.6) [ Dville(Ri) < Wa(Prar;) + n(tit1 — ;).

By construction, we have that Tl.l, Ti2 are right-angle triangles whose hypotenuse is

contained in dA N 0@, and we can apply the a-rotated version of Lemma 4.2 to Til’z,

&1 o71.2 and parameter 7(Z;+1 — #;) to find finitely piecewise affine homeomorphisms
1

12 . 1,2
w; T — R?

coinciding with ¢ on 8Ti1’2 such that

1,2
| Dw,

o(T}?) < Wa(@iyp12) + CHI QT K (G(U) + Cltir — 1),
which thanks to (5.5) implies

(5.7 1Dw! o(T]) + |1 Dw] o (T7)
< W (awT,-l)""I’a (awT,.z) +[C (' OTH+ ' OT?)) +C (tis1—1:) 1.
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Let us also notice that, for future need, since the triangles Til’2 have one angle
equal to 77/2 and, by construction, their hypotenuse is / il’z, then one has #1(9 Til’z) <
3H(1 il’z) for every i. Moreover, having / i1,2 C (0A N 0@) and the triangles pairwise
essentially disjoint, we deduce

M—-1 M—1
(5.8) Y (H'OTH 4+ H'OTH) <3 Y (H'IH + H' (D)) <351 (0Q).
i=0 i=0

Let us now consider the extension inside the triangles 77, 7». In this case, by
construction, we are in position to apply the a-rotated version of Lemma 4.1 to Tj »
and &1371.2 to find bi-affine homeomorphisms wy > : 71,2 — R2 such that

[Dwizle(T1,2) < %1(5(8Tl,2))3€1(3T1,2)
which, thanks to (5.3), gives
(5.9) I Dw1lla(T1) + [ Dws]la(T2) < 277

We can finally define v : @ — R? to be the piecewise affine function such that

1,2 1,2 .
v=wiponTip v=w;"onT; and v=v; on R; foreveryi=0,...,M—1.

By construction, v is continuous because v = @ on the one-dimensional skeleton
0T, U (U?igl 8Ti1 U dR; U 8Ti2) U 97>, and, moreover, v coincides with ¢ = ¢
on dQ. To conclude, it is only left to verify the validity of (1.4), but this is now a
straightforward consequence of (5.6), (5.7), (5.9), (5.4), (5.8) and (5.2). Indeed, we get

[Dv]le(Q) = [|Dwille(T1) + [[Dw2]la(T2)

M-1
+ > (IDw! (T + IDvilla(Ri) + | Dw? o (T7))
i=0
-1
= Z o(Prar) + Ya(Pror;) + Ya(Prar2))
i=0
_ M-1
+4n” +Cy Y [(F'OT) + H'OT?) + (ti1 —13)]
i=0

< Wa(@lyp) + 1+ 40 + Cp(H1(3Q) + diam Q)
< Wy (@13a) + 61+ Cn(J' (0Q)),
< Wu(p) + Cn(1 + ' (3Q)),

and then estimate (1.4) follows since 1 has been chosen as in (5.1). ]
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5.1. Proof of Theorem 1.2

To prove the claim, it suffices to repeat the proof of the above lemmas as before but using
the estimates from Theorem 2.9 instead of from Proposition 2.8. In all of our calculations,
we estimate [ pp,, (9! (H?), ¢ (H}))dt and flfll pro (@1 (VY), 01 (V2))ds separately.
Now it suffices to keep them separate instead of summing them.

The key estimates in Lemma 3.2 are (3.4), in Lemma 3.3 they are (3.12), (3.13) and
the calculation following, and in Lemma 4.2 they are (4.4), (4.5), (4.6).

We can then repeat the proof of Theorem 1.1 with the difference that in (5.4), (5.6)
and so on we use the separate estimates, rather than the summed estimates expressed
using Wy,. ]

Funbing. — The first author was supported by grant GACR 20-19018Y.
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