Rend. Lincei Mat. Appl. 34 (2023), 831-844
DOI 10.4171/RLM/1030
©2024 Accademia Nazionale dei Lincei

Published by EMS Press
This work licensed under a CC BY 4.0 license

Partial Differential Equations. — An isoperimetric result for an energy related to the
p-capacity, by PaoLo AcampPora and EMANUELE CRISTOFORONI, communicated on
10 November 2023.

ABsTrACT. — In this paper, we generalize the notion of the relative p-capacity of K with respect
to €2, by replacing the Dirichlet boundary condition with a Robin one. We show that, under
volume constraints, our notion of p-capacity is minimal when K and €2 are concentric balls. We
use the H -function (see Bossel (1986) and Daners (2006)) and a derearrangement technique.
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1. INTRODUCTION

Let p > 1, B > 0 be real numbers. For every open bounded set 2 C R” with Lipschitz
boundary, and every compact set K C Q with Lipschitz boundary, we define

(1.1) Eg »,(K,Q) = inf (/ |[Vv|? dx +,B/ |v|”dJ€”_1).
vewl.2(Q) Q Q

v=1in

We notice that it is sufficient to minimize among all functions v € H!(Q) withv = 1
in K and 0 < v < 1 a.e. Moreover, if K, Q are sufficiently smooth, a minimizer u
satisfies

u=1 in K,
(1.2) Apu =0 inQ\ K,
|Vu|1’_2?,—"f+ﬂ|u|p_2u =0 ondQ\JK,

where Apu = div(|Vu|P~2Vu) is the p-Laplacian of u and v is the outer unit normal
to 0Q2. If K = 2, equation (1.2) has to be understood as ¥ = 1 in €2, and the energy is

Epp(Q.2) = pI" (39).

In general, equation (1.2) has to be interpreted in the weak sense; that is, for every
¢ € WHP(Q) such that 9 = 0in K,

(1.3) / |Vul|P~2VuVe d " —l—ﬂ/ uPlod "1 = 0.
Q Q
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In particular, if u is a minimizer, letting ¢ = u — 1, we have that
Ep ,(K,Q) = / |Vul? dx + ﬂ/ uP dH"! = ,8/ uP~ta g1,
Q a0 a0

Moreover, from the strict convexity of the functional, the minimizer is the unique
solution to (1.3).
This problem is related to the so-called relative p-capacity of K with respect to €2,
defined as
Cap,(K,Q):= inf (/Q|Vv|1’ dx).

veW, P ()
v=1in K

In the case p = 2, it represents the electrostatic capacity of an annular condenser
consisting of a conducting surface 9€2, and a conductor K, where the electrostatic
potential is prescribed to be 1 inside K and 0 outside €2. Let w,, be the measure of the
unit sphere in R”, and let M > w,,; then, it is well known that there exists some 7 > 1
such that

lein Cap, (K, 2) = Cap,(B1, By).

|=wn

Q<M

This is an immediate consequence of the Pélya—Szegd inequality for the Schwarz
rearrangement (see, for instance, [11, 14]). We are interested in studying the same
problem for the energy defined in (1.1), which corresponds to changing the Dirichlet
boundary condition on d€2 into a Robin boundary condition; namely, we consider the
following problem:
(1.4) inf Eg ,(K,Q).

|K|=wn

Q<M
In this case, the previous symmetrization techniques cannot be employed anymore.

Problem (1.4) has been studied in the linear case p = 2 in [7], with more general

boundary conditions on d€2; namely,

Ju 1

— 4+ -0O'(m) =0,

v 2 @)
where O is a suitable increasing function vanishing at 0. This kind of problem has also
been addressed in the context of thermal insulation (see, for instance, [1, 2, 8]). Our
main result reads as follows.

Tueorem 1.1. Let B > 0 such that

n—p
p—1

BrT >
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Then, for every M > w,,, the solution to problem (1.4) is given by two concentric balls
(B1, By); that is,
min Eg ,(K,Q) = Eg ,(B1, By).

|K|=wn
Q=M

In particular, we have that eitherr = 1 or M = w,r".
Moreover, if Ky C Q2 are such that

Eﬂ’p(Ko, QO) = |KI?:H:) Eﬂ,p(K, Q),
l<M

and u is the minimizer of Eg ,(Ko, o), then the sets {u = 1} and {u > 0} coincide
with two concentric balls up to a J"-negligible set.

ReEMARK 1.2. In the case

adapting the symmetrization techniques used in [7], it can be proved that a solution to
problem (1.4) is always given by the pair (B, By).

We point out that the proof of the theorem relies on the techniques involving the
H -function introduced in [5, 9].

The case in which € is the Minkowski sum Q = K + B,(0), with the energy
Eg (K, 2),has been studied in [4] under suitable geometrical constraints (see also [10]).

2. PROOF OF THE THEOREM
To prove Theorem 1.1, we start by studying the function
R = Eﬂ,p(Blv BR)

A similar study of the previous function can also be found in [4]. Let

log(p) if p=n,
¢P,n(p) = p—1 1 .
_ﬁp'}f_'f if p # n.

For every R > 1, consider

B7T (@pn(1x]) = @pa(D)),
® (R) + B7T (Bpn(R) — By n(1)

2.1 ut(x)=1-
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the solution to

u* =1 in Bl,
Apu* =0 in Bg \ By,

|Vu*|P7295 4 Blu*|P~2y* =0 on dBg.
We have that
(2.2) E@ABth:i/|VMde+ﬂ/.|MVdﬁm”
Bgr 0BR

nwyf

[@),(R) + B7T (@0 (R) = Bpa(1))]”

Notice that Eg, ,(By, Bg) is decreasing in R > 0 if and only if

1
E(cij,n (R) + B7T®,, (R)) >0,
that is, if and only if
R>"" I 1
— =g p.
St

Moreover,

Eﬂ’p(Bl, Bl) = nwnﬂ,
lim Eg ,(Bi.Bg) =
R—o00

Therefore, there are three cases:
() it prT = nk,
R e [1, —I-OO) — EB,p(Bla BR)

is decreasing;

1
i if =P p—1 n—1
@) if 1 < B <=

R € [1,400) — Eg ,(B1, BR)

834

increases on [1, ag ] and decreases on [ag ,, +00), with the existence of a

unique Rg, , > ap, p such that Eg ,(B1, Brg ) = Eg p(B1, B1);

(i) if p7=1 < 2=
R € [1,4+00) — Eg ,(B1, Br)

reaches its minimum at R = 1.
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4 Eﬁ.p(Bh By)

B = B2

B <B<B2

Ficure 1. Eg ,(B1, By) depending on the value of 8.

See, for instance, Figure 1, where

_ p—1 -1 p—1
g=(2=2) | g=(" . p=25n=23
p—1 p—1

We will need the following.

Lemma 2.1. Let R > 1, 8 > 0 and let u* be the solution of the problem on (B, BR).
Then,
[Vu*| 1
<

=prT

u*
in Bg \ By if and only if

Ep p(B1, Bp) > Eg ,(B1, BR)
for every p € [1, R].

Proor. Recalling the expressions of u™* in (2.1), by straightforward computations, we
have that

*
Wui | < g7
in Br \ B; if and only if
1
(2.3) D), (R) + B7=T (Dpn(R) — @pu(1))

> @ (0) + BT (Dpa(p) — Bpa(D)
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for every p € [1, R]. Using the expression of Eg ,(B1, B,) in (2.2), (2.3) is equivalent
to
Eﬂ,p(Bl’ Bp) = Eﬂ,p(Bh BR)

for every p € [1, R]. ]

DeriniTION 2.2. Let 2 € R” be an open set, and let U C 2 be another set. We define
the internal boundary of U as

U =0UNQ
and the external boundary of U as
.U = dU N aQ2.

Let K € Q C R” be open bounded sets, and let u be the minimizer of E 8.p(K, Q).
In the following, we denote

U,:{x€§2|u(x)>t}.

DEeriNiTION 2.3 (H -function). Let ¢ € W1-?(Q). We define

Hit.¢) = / 0P daen T~ (p— 1) [ ol den + pI" Bl
3iUt Ut

Notice that this definition is slightly different from the one given in [6].

LEMMA 2.4. Let K € Q C R” be open bounded sets, and let u be the minimizer of
Eg »,(K,2). Then, for a.e. t € (0,1), we have

v
H(t, |u_u|) = Eg (K, Q).
Proor. Recall that
2.4) Eg ,(K,Q) = / [Vul? d£" —I—,B/ u?
Q Q2
=B | uPtdx" .
Q2

Let ¢ € (0, 1). We construct the following test functions: let ¢ > 0, and let

-1 if u(x) <t,

Ps(x) = 85((;));11 -1 ift<ulx)<t+e

L 1 ifux)>t+e,

u(x)?P—1
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so that ¢, is an approximation to the function (u'~? yy, — 1), and

0 if u(x) <t,
Vs (x) = %(% —(p- 1)%) ift <u(x) <t+e,
—(p—l)z(“x()x,,) ifu(x) >1t+e

We have that ¢, is an admissible test function for the Euler—Lagrange equation (1.3),
which entails

1 Vu|P1 VulP u—t
o:-f %wumz"—(p—n VulPu =1 ) gn
& Ju<u<t+eine  u? (<u<t+eing  U?P &
Vul|? —t
—(p—1) Vul” jen 4+ g =L g gen
{u>t+e}NQ up {t<u<t+e}ndQ €

+BHTOQ N {u > 1 +¢)) — ,8/ uP~td H"
Q2
Letting now ¢ go to 0, by the coarea formula, we get that for a.e. t € (0, 1),

p—1
(25) ,3/ up—l d}gn—l :/ (|vu|) d%n—l
Glo] Jur \ U

—(p-1) (ﬂ)p A" + BH"1(d.Uy).
U, u

Joining (2.4) and (2.5), the lemma is proven. ]

ReMARK 2.5. Notice that if K and 2 are two concentric balls, the minimizer u is
the one written in (2.1), for which the statement of the above lemma holds for every
t €(0,1).

LeEmMMA 2.6. Let ¢ € L°°(2). Then, there exists t € (0, 1) such that

H(t7 (p) S Eﬂ,p(K7 Q)

Vu|\ 7!
— ot — (I
w=lop - (5)

Proor. Let

Then, we evaluate

H(t,p)— H(t, |Vu|)
u

\V/ p
:/ wd I~ (p—1) <|¢|P—(| “') )d:fi"
BiU, Ut u
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\Y%
5/ def"_l—p/ | u'wdi”
aiUt Ut u

1
= — i tp/ |Vu|wd§£n s
1Pl dt U U

where we used the inequality

(2.6) a? —pp < 2 “a @' =b"") Va.b=0.

Multiplying by #7~! and integrating, we get

1 1
2.7 / tp_l(H(t,go) — H(t, |Vu|)) dt < —[zl’/ lvu'wdéﬁ"} =0,
0 u U u 0

from which we obtain the conclusion of the proof. ]

RemARrk 2.7. Notice that inequality (2.6) holds as equality if and only if a = b.
Therefore, if ¢ # |Vu—”‘ on a set of positive measure, then inequality (2.7) is strict since

oo

for small enough ¢. Therefore, there exists S C (0, 1) such that £1(S) > 0, and for
everyt € S,

>0

H(t.¢) < Ep ,(K.Q).

In the following, we fix a radius R such that |Bg| > |2|, u* the minimizer of
Eg p(B1, Bg), and

e = | ol are = —(p 1) [ ez
H{u*>t}NBR {u*>1}
+ ﬂ%"‘l(a{u* <t}yn BBR).
Here, we recall the isoperimetric inequality (see, for example, [12]), which will be
useful in what follows.

DeriniTiON 2.8. Let E be a measurable set. For every ¢ € [0, 1], let
L*(E N Br(x
E® — {xeR” | hmM: }
r—=>0 " (Br (x))

be the set of all points where E has density ¢. We define the essential boundary of E
as the set
FSE =R"\ (E(O) U E(l)).

Notice that 0°E C dF.
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THEOREM 2.9 (Isoperimetric inequality). Let E be a measurable set, and let B be the
ball such that £"(B) = £"(E). Then,

an_l (aessE) > ]fn_l (aB)’
and the equality holds if and only if E = B up to a set of measure .

Proposition 2.10. Let B > 0. Assume that

*
Vel gt

(2.8) <
u

Then, we have that
Eg »,(K,Q) > Eg ,(Bi1, BR).

Prookr. In the following, if v is a radial function on Bg and r € (0, R), we denote
with abuse of notation

v(r) = v(x),
where x is any point on dB,. By Lemma 2.4, we know that for every ¢ € (0, 1),
«f VU7
(29) H (t, M* = Eﬂ,p(BlaBR)ﬂ

while by Lemma 2.6, for every ¢ € L°°(R2), there exists ¢t € (0, 1) such that
(2.10) Ep ,(K.Q) > H(t,9).

We aim to find a suitable ¢ such that, for some ¢,

@2.11) H(t, ) > H*(t, |Vu” |),

*

so that combining (2.10), (2.11), and (2.9), we conclude the proof. In order to con-
struct ¢, for every ¢ € (0, 1), we define

2.12) r(t) = ('Z")";

n

then, we set, for every x € €2,
|Vu*|

M*

o(x) = (r (u (x)))
Vu*|

Cramm. The functions ¢y, and Iu—* XB,, are equi-measurable; in particular,

Vur|\?
(2.13) / gapdéﬁ”:/ (' ”') dgn.
U; By) u
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Indeed, let g(r) = %L:l (r), and by the coarea formula,

2.14) Ui n{gp > s}

_ / dgn
Urn{g(r(u(x)))>s}
+o0 1
=/ / ——dH"  (x)dt
t * Uz N{g (r(2))>s} |Vu(x){
r(t) 1 .
= X - dH"(x)do.
/o /a [Vu(o)[[r (@)1

Notice now that since
wur(T)" = |Uy|,

then

(2.15) r'(t) = — : / : dH" 1 (x).

nogr@" 1 Jyp, [Vu(@)|

Therefore, substituting in (2.14), we get

’

() . |[Vu*|
|Ut NA{p > S}| = / nw,o"” X{g(o)>s} do = ‘Br(,;) N { o > S}
0

where we have used polar coordinates to get the last equality. Thus, the claim is proved.
Recalling the definition of ¢, (2.8) reads
B =g,

and then using (2.13) and the definition of H (see Definition 2.3), we have

2.16) H(t.g) = I (0.U,) + / ePdH T —(p—1) [ pPden
0;U; Uy

\V/ * D
Z/ (/)p_ld%n_l—(p—l)/ (| 7’: |) d:ﬁn
U, By u

Vu* p—1 Vu* D
3Br(r) u Br@) u

= H*(u*(r(t))’ |Vu*|)

M*

= Eg ,(B1,BRr),

where in the last inequality we have used the isoperimetric inequality and the fact that
@ is constant on dUj;. =
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Remark 2.11. By Remark 2.7, we have that if K and 2 are such that
Eg »(K,Q) = Ep ,(B1, Br),

then
Q= @ fora.e. x € Q,
u
so that, by Lemma 2.4, we have equality in (2.16) for a.e. ¢t € (0, 1). Thus, by the
rigidity of the isoperimetric inequality, we get that U; coincides with a ball up to a
J"~L_negligible set for a.e. t € (0, 1). In particular,

w>0=JU, and u=1=\U,

coincide with two balls up to a #"~!-negligible set.

Proor oF THEOREM 1.1. Fix M = w, R" with R > 1. We divide the proof of the
minimality of balls into two cases, and subsequently, we study the equality case.

Let us assume that
n—1

p—1

p7T >
and recall that in this case the function
p € [l,+00) = Eg ,(B1, By)

is decreasing. Let u™* be the minimizer of Eg ,(B;, Br); by Lemma 2.1, condition
(2.8) holds and, by Proposition 2.10, we have that a solution to (1.4) is given by the
concentric balls (By, Bg).

Assume now that

n—p - ,Bﬁ - n 1;
p—1 p—1
then, in this case, letting
(n—1)
XBp = 1>
(p—DBrT

the function
p € [l,+00) = Eg ,(B1, By)

increases on [1, ag, ,] and decreases on [og, ,, +00), and there exists a unique Rg , >
ag, p such that
Ep p(B1, Brs ) = Eg,p(B1, B1).

If R > Rg, p, the function u*, the minimizer of Eg ,(B1, Br), still satisfies condition
(2.8), and, as in the previous case, a solution to (1.4) is given by the concentric balls
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(B1, BR). On the other hand, if R < Rg ,, we can consider uz’p the minimizer of
Eg »(B1, BRﬁ'p). By Lemma 2.1, we have that, for the function uz,p, condition (2.8)
holds, and, by Proposition 2.10, we have that if K and €2 are open bounded Lipschitz
sets with K C Q, |K| = wy, and |2|] < M, then

Eg p(K,2) = Eg »(B1, Bry ) = Ep,p(B1, B1)

and a solution to (1.4) is given by the pair (B, By).
For what concerns the equality case, we will follow the outline of the rigidity
problem given in [13, Section 3] (see also [3, Section 2]). Let Ky C Qo be such that

Eg (Ko, 0) = |KI?—12) Eg (K, Q).
Q<M

Let u be the minimizer of Eg ,(Ko, o). If lgo = Qo, then |Q2¢| = |B1| and the
isoperimetric inequality yields

H"1(9R0) = H" (3B,
while, from the minimality of (Ko, €2¢), we have that
Eg p(Ko,20) = BH" 1 (00) < Ep p(B1, B1) = BH" 1 (3B)),

sothat #"~1(Q9) = H#"~1(dB;). Hence, by the rigidity of the isoperimetric inequality,
we have that Ko = ¢ are balls of radius 1. On the other hand, if Ky # Q¢, from the
first part of the proof, there exists Ro > 1 such that |Bg,| > M and

E,B,p(KO7 QO) = Eﬂ,p(Bl7 BR())'

Therefore, by Remark 2.11, we have that for a.e. ¢ € (0, 1), the superlevel sets U,
coincide with balls up to #"~!-negligible sets, and {u = 1} and {u > 0} coincide
with balls, up to "~ !-negligible sets, as well. We only have to show that {u = 1} and
{u > 0} are concentric balls. To this aim, let us denote by x (¢) the center of the ball U,
and by r(¢) the radius of Uy, as already done in (2.12). In addition, we also have that

|Vul

u

[Vu™|

T ) = o =

(x),

so that if u(x) = ¢, then |Vu(x)| = C; > 0. This ensures that we can write
1

x(t) = W/Utxdéﬁ (x)

= L 1 L n—1 n
a |Ut|([ /aUS |Vu(x)| ¥t (X)ds+/de;g (x)),
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and we can infer that x (¢) is an absolutely continuous function since |Vu/| > 0 implies
that |U,| is an absolutely continuous function as well. Moreover, on dU;, we have that
for every v € S"71,

(2.17) u(x(@) +r(yw) =t,
from which
(2.18) Vu(x(r) + r(t)v) = —C;v.

Differentiating (2.17), and using (2.18), we obtain

(2.19) —CixX'(t)y-v=C; (1) = 1.

Finally, joining (2.19) and (2.15), along with the fact that |Vu| = C; on dU;, we get
x't)-v=0

for every v € S*~!, so that x (¢) is constant and U, are concentric balls for a.e. € (0, 1).
In particular, {u = 1} =), U; and {u > 0} = | J, U; share the same center. ]

Funping. — This work was partially supported by the Research Project GNAMPA,
2023, “Symmetry and Asymmetry in PDE’s”, CUP_E53C22001930001.
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