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1. INTRODUCTION

The main geometric difference between the functions of bounded variation and the
generalized functions of bounded variation is that the latter may have an infinite approx-
imate limit on bigger sets. More precisely, the set of points where a function of bounded
variation defined on @ C R¥ has an infinite approximate limit is negligible w.r.t. the
N — 1 dimensional Hausdorff measure, while it is easy to see that the generalized
functions of bounded variation may have an infinite approximate limit on the sets with
a Hausdorff dimension greater than N — 1. In the paper, we study this discrepancy.

Let L°(2) be the collection of Lebesgue-measurable functions that are finite valued
almost everywhere. Given u € L°(Q), we denote by ii(x) its approximate limit at x
whenever it exists, and we say that a set C C Q is Lo-polar if there exists a function
v € L) such that C C {x € Q : |#(x)| = +o0}. Analogous definitions hold if u
is in the space BV(L2) of functions of bounded variation or in the space GBV(L2) of
generalized functions of bounded variation, and we denote the collections of polar sets,
respectively, with #7 o0, Py, and Pgpy (Definition 3.1).

Employing results from the general theory of approximate limits and functions of
bounded variation, we show that & o is the class of sets that are negligible w.r.t. the
Lebesgue measure A"V, while Pgy is the class of sets that are negligible w.r.t. the Haus-
dorff measure H™V~!, and we prove that all inclusions in the following chain are strict:

?BVC?GBVC?LO.
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The class $gpy cannot be characterized in terms of Hausdorff measures since one
can show that GBV-polar sets may have any Hausdorff dimension smaller than the
dimension of the ambient space.

To introduce our characterization of the class $ggy, we observe that the previous
results may be reformulated saying that a set C C €2 belongs to &y o if and only if there
exists a collection of open sets {Uy }xen containing C such that AN (Uy) — 0, while
it belongs to Fgy if and only if in addition to the previous conditions we also have that
the perimeters P (Uy, 2) of the sets Uy tend to zero as k goes to infinity. We then prove
that a subset C C 2 belongs to Pgpy if and only if there exists a collection {Uy }xen of
open sets of a locally finite perimeter containing C whose Lebesgue measure decreases
to zero as k goes to infinity. The proof of this fact cannot be obtained through the same
tools used for ;0 and Py and relies on a new approximation result for the sets of
finite perimeter which is interesting in itself.

More precisely, we prove that a set of finite perimeter C C €2 can be approximated
in a strict sense (i.e., in measure and with the perimeters of the approximating sets
approaching the perimeter of C) by open sets containing the points of 2 where C has
density 1. We also show that one cannot replace the set of points where C has density 1
with C itself and that the approximating sets in general cannot have smooth boundary.
This approximation theorem is not directly implied by existing ones ([ 1, Theorem 3.42],
[2, 8]) and its proof relies on tools from the capacity theory combined with a strong
approximation result proved by Quentin de Gromard in [7].

The first section fixes the notation and contains preliminaries, and in Section 3, we
analyze the properties of polar sets, while the last section deals with the proof of the
aforementioned approximation result.

2. NOTATION AND PRELIMINARIES

Let © be an open subset of RY. Given A C R", we denote its indicator function by 14.
We denote by wy the volume of the N -dimensional unit ball, and given a Borel set
A C Q, we will denote by A (A4) its Lebesgue measure, while H~1(A) will be its
N — 1 dimensional Hausdorff measure. Whenever we apply AN or HV =1 to a set, we
assume implicitly its A"V - or H™N~!-measurability. We say that a sequence {Q }xen
of open subset of Q is an exhaustion of € if for every k we have Q C Q. and the
union of the sets 2 is the whole 2. It is well known that there exists an exhaustion of
2 made of smooth sets.
Given x € €2, the upper and lower density of A at x are defined, respectively, as

) AN (AN By(x)) . AN(AN By(x))
) M TN )

’
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while we say that A has density ¢ at x (and we write 8(A4, x) = t) if ¢ is both the upper
and the lower density of A at x. The set of points in 2 where A has density ¢ will be
denoted by A®, while the set of points where A has strictly positive upper density will
be denoted by AT. We will indicate with L°(2) the collection of A" -a.e. real-valued
Lebesgue measurable functions, and for any u € L°(S2), its approximate upper limit
at x is

ut(x):=inf{t e R:0({y € Q:u(y) > t},x) =0},

with the convention that inf(@) = +o0. Similarly, the approximate lower limit of u at
x is the value

U~ (x) :=sup {t eR: 9({y eQ:u(y) < t},x) = 0},

with the convention that sup(@) = —oo. If u™(x) = u~(x), their common value is
called the approximate limit of ¥ at x and is denoted by i (x). It follows from the
definition that for a continuous function u, we have 7 (x) = u(x) for every x € Q. It
is also easy to see that if f : R — R is a continuous function and u € L°($2) has
approximate limit % (x) at x, then the approximate limit of f o u at x is f(#(x)). We
will use the following theorem.

THEOREM 2.1 ([4, Theorem 2.9.13]). Ifu € L°(R), then for A" -almost every x € 2,
the approximate limit of u at x exists and is finite.

For the properties of the space BV(£2) of the functions of bounded variation, we
refer to [1, Chapter 3] and [3, Chapter 5]. Given u € LIIOC(Q), we denote its total
variation [1, Definition 3.4] by V(u, Q). Ifu € L'(Q), then u € BV(R) if and only if
V(u, Q) < +oo.If u € BV(R2), then Du will be its distributional derivative (which is a
bounded Radon measure with values in R™) and | Du| will be the variation of Du, which
satisfies | Du|(2) = V(u, 2). Itis known that the total variation is lower semicontinuous
with respect to convergence in L (). Moreover, if u € BV(Q) and f : R — R is
Lipschitz with f(0) = 0, then f ocu € BV(Q) and |Df (u)|(2)| < Lip(f)|Dul|(2).
We define the norm |ju||gy := |u||;1 + |Du|(2), and we refer to convergence in the
BV norm as strong convergence.

We will indicate the perimeter of 4 in 2 [1, Definition 3.35] with P (A, 2), and we
say that A has a locally finite perimeter if its perimeter is finite in every precompact
open subset of €2; in this case, 3* A will be its reduced boundary [1, Definition 3.54].

If u € BV(R2), the coarea formula [1, Theorem 3.40] implies that

/+0° P({u > 1},Q)dt = |Du|().

o]

By the blow-up properties of the reduced boundary, we have the following theorems.
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TraeoreM 2.2 ([1, Theorem 3.59]). Let A be a set of finite perimeter in Q2. Then,
P(A,Q) = HN"1(0*4A N Q).

Tueorem 2.3 ([1, Theorem 3.61]). Let A be a set of finite perimeter in Q2. Then,
*A c AP

We will use also the following fine properties of BV functions.

TueoreM 2.4 ([3, Theorems 2-3, Section 5.9]). Ifu € BV(R), then for HN ~-almost
every x € Q, we have that u™ (x) and u™ (x) are finite and

+ —
lim ][ u(y)dy = M’
p=0 By(x) 2

where the slashed integral denotes the mean value.
The next result is due to Quentin de Gromard and will be crucial in Section 4.

TuaeorREM 2.5 ([7, Theorem 3.1]). Let B C Q be a set of finite perimeter in Q2 and
let ¢ > 0 be fixed. There exists a relatively closed set L C Q2 such that the following
properties hold:

(1) AN(BAL) < ¢;
(@) |D(p = 1)[(Q) < &
(3) HN (AL N Q)\ d*L) < &.

We now recall the definition of the generalized functions of bounded variation.

DEeriniTION 2.6. A function u : 2 — R is a generalized function of bounded variation
if for every m € R, the truncated function at the level m, i.e., m A u vV —m, belongs
to BV, (£2). We denote such truncation by u™ and the space of these functions by
GBV ().

Ifu : Q@ — R is real-valued A¥ -a.e. and satisfies the truncation condition of Defini-
tion 2.6, we say that u € GBV(£2), implicitly referring to its real-valued representative.
Some properties of GBV functions can be found in [1, Section 4.5]. Even if GBV(2)
is not a vector space, the sum of positive GBV functions is still in GBV(£2). We will
also use the following result.

ProrosiTioN 2.7 ([1, Theorem 4.34]). Let u € GBV(S2). Then, for M-g.e t € R, the
set {u > t} has a locally finite perimeter.

We now introduce the notation needed to apply the slicing techniques. Let v be a
vector in S¥~! and C ¢ RY. We denote by 7, the hyperplane of R" orthogonal to
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v and by C,, the orthogonal projection of C on this hyperplane. For any y € x,, the
(possibly empty) set {t € R : y +tv € C} is denoted by Cy .

Givenu : C — R, for every y € C, such that C) # @, the function u} : CJ — R
is defined by u} (1) := u(y + tv).

ProposiTION 2.8 ([1, Proposition 4.35]). Let u € GBV(Q) and v € SN~1. Then, for
HN=l.ge. y e Q,, we have that u}, € GBV(Qy) and

@) () = @) * (1),
for everyt € Q5.

Finally, we need some results about the 1-capacity of a set. For these results, we refer
to [3, Section 4.7] and [5]. Using the notation of [3], we say that a positive function u
belongs to K! if it is in L~=T (RN and its distributional derivative is a vector-valued
function Vu whose modulus is in L' (RY).

DeriNITION 2.9. The 1-capacity of a set E C RY is defined as the quantity
Cap,(E) := inf {/ |Vu(x)| dx:ueK', u>1AN-ae. on aneighborhood of E}
RN

with the usual convention that inf @ := +o00.

We will often refer to the 1-capacity simply as the capacity. The next propositions
summarize some of the main properties of the capacity.

ProposiTioN 2.10 ([3, Section 4.7, Theorem 1]). The set function Cap, (+), defined on
the power set of RY | is increasing and countably subadditive.

ProposiTiON 2.11 ([3, Section 5.6, Theorem 3]). A set E C RY satisfies Cap,(E)=0
if and only if HN "1 (E) = 0.

The next proposition gives a characterization of the capacity that will be used in
Proposition 2.13.

ProposITION 2.12. Given E C RY, the capacity of E coincides with the following
quantities:

a(E) = inf{P(B,]RN) : B AN -measurable., AN(B) < 400, E C é},
b(E) = inf{|Du|(]RN) cu € BY@RY), u > 1AN-a.e. on aneigh. ofE}.

Proor. The equivalence of Cap, (E) witha(E) follows by [5, p. 145], so we only prove
the equivalence of a(E) and b(E). We only prove that b(E) > a(E) since the other
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implication is trivial. To do this, we prove that if u € BV(RY)andu > 1 A¥-ae.ona
neighborhood of E, then there exists B as in a(E) such that P(B,RY) < |Du|(RY).
To this aim, we set v € BV(RY) as v := 0 vV u A 1, and we observe that |[Dv|(RY) <
| Du|(R™). Moreover, by the coarea formula, we have that

1
/ P({v >t},RY)dt = |Dv|RY) < |Du|(RY),
0

so that there exists 7o € (0, 1) such that P({v > o}, RY) < |Du|(RY).

We now note that {v > fo} D {u > 1}; since u > 1 at AV-a.e. every point of a
neighborhood of E, there exists a A -null set A such that {v > fo} U A4 contains a
neighborhood of E. Observe then that P({v > o} U A,RY) = P({v > 1}, RV) so
that setting B := {v > tyo} U A, we conclude. ]

ProposiTioN 2.13. There exists a dimensional constant ¢ > 0 such that for every
u € BVRY) and ¢ > 0, the following estimate is satisfied:

Capl{x:ElpeR+:][ u(y)dy>8} < E|Du|(IRN).
Bp(x) €

Proor. The desired estimate is proved for every u € K Lin [3, Lemma 1, Section 4.8].
To prove our version, one simply repeats the exact same argument of [3] using the
equivalence between Cap, (E) and b(E) proved in Proposition 2.12. [

3. POLAR SETS

In this section, we introduce the classes of polar sets 70, gy, and Pgpy. First, we
characterize ;0 and $gy, respectively, as the class of AN _and HN _1—negligible sets,
and we observe that these conditions can both be expressed in terms of intersections of
open sets (with a perimeter constraint in the BV case). Then, we use these characteri-
zations to prove that the inclusions in the chain Py C Pgpy C Pro are strict. To this
aim, we prove that any relatively closed AV -negligible set C C Q belongs to gy
and that GBV-polar sets behave well w.r.t. one-dimensional slicings.

In the final part of the section, assuming a result which will be later proved in
Section 4, we characterize #ggy in terms of intersections of open sets with a locally
finite perimeter (Theorem 3.11), completing the picture on polar sets.

DErINITION 3.1. Aset C C Q is called L° polar (respectively, BV polar or GBV polar)
if there exists a function u in L°(R2) (respectively, in BV(2) or in GBV(R2)) such
that C C {x € Q : |ii(x)| = +o00}. We denote the collection of these sets with ;o
(respectively, with Py or Pgpy).
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Replacing u with |u| in the previous definition, we obtain that a set C C Q is
(L%, BV or GBV) polar if and only if there exists a positive function v (in L°(R),
BV(€2) or GBV(R2)) such that C C {x € Q : ¥(x) = 400}.

ProposiTION 3.2. Let C C Q2. The following conditions are equivalent:
(a) C e J)LO,'
(b) AN(C)=0;

(c) there exists a sequence of open sets {Uy \xen containing C such that AN (Uy) — 0.

Proor. If C € #;0, then AV (C) = 0 by Theorem 2.1.

If AN (C) = 0, then there exists the desired sequence of open sets by the outer
regularity of the Lebesgue measure.

Suppose now that we have a sequence as in (c). Passing to a (not relabeled) subse-
quence {Uy };eN, We may suppose that AN (Ux) < k2. Now, define

v:Q —> RU{+o0}

by
v(x) =Y 1y, (v).
keN
and observe that by the monotone convergence theorem,

/ ()| dx =Y AN(Uk) <Y k7 < +o0,
Q

keN keN

so that v is real-valued A -almost everywhere. Moreover, for every ko € N, we have
that v > ko on ﬂi‘;l Uk, and since this is an open set containing C, we deduce that
for every x € C, we have u~(x) > k¢. By the arbitrariness of k¢, we conclude. [

The next lemma is needed to characterize Py and will be used also in Section 4.
We denote by SV — 1 the unit sphere in RY and by o _; its surface area.

LemMa 3.3. Let Z C Q be such that HN~1(Z) < +o0. There exists a dimensional
constant T such that for every & > 0, there exists an open set Vs O Z with AN (V) < ¢
and P(Vy, Q) < t(HN=Y(Z) + ¢).

Proor. To lighten the notation, we set ¢ :== HV~1(Z). Lete > 0 and § > 0; by the
definition of Hausdorff measure, there exists a sequence of open balls {B; };en each
with radius r; less than §, such that their union contains Z and

3.1 C;jvv:ll Z riN_l <c+e

ieN
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Define now Us := ;¢ Bi N €2 and note that this set is open and contains Z. Moreover,
since each r; is less than §, taking (3.1) into consideration, we get

w 2N—1
ieN ieN WN-1

Hence, choosing § small enough, we have A"V (Us) < &. Reasoning similarly, we obtain
vo1 _ 2V o
PUs. Q) <> PBNQQ) <oy » rN T <=—"(c+e).
ieN ieN ®N-1

In conclusion, if § is chosen small enough, we can define V, := Us. [

We are now ready to characterize the class Ppy.

PropositioN 3.4. Let C C 2. The following conditions are equivalent:
(@ C € Ppv;
(b) HY7I(C) =0;

(c) there exists a sequence of open sets {Uy }xen containing C such that AN (Uy) — 0
and P(Ug,2) — 0.

Proor. If C € Py, then HY~1(C) = 0 by Theorem 2.4, while if HY~1(C) = 0,
there exists a sequence {Uy }ren of open sets as in ¢ by Lemma 3.3.

Suppose now that there exists a sequence of open sets as in (c). Passing to a (not
relabeled) subsequence {Uy }ren, We may suppose that

WU <k™2 and PUi, Q) <k 2.
Reasoning as in Proposition 3.2, we define v : 2 — R U {400} by

v(x) =Y 1y (%),
keN
and we have that v € L!(R2) and C C {x : (x) = +00}. Moreover, v is the limit in
L1(Q) of its partial sums, whose total variations are equibounded by the perimeter

condition on {Uy }ren. By the lower semicontinuity of the variation, we deduce that
v € BV(RQ2). ]

We now turn our attention to Pgpy.

PropOSITION 3.5. Let C C Q be a relatively closed set such that A (C) = 0. Then,
C e <7)GBV-
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Proor. Consider u : 2 — R defined by

1
u(x) ;= .0y

Since C is a AN -null set, then u is real-valued A -almost everywhere. Fix m > 0 and
note that the truncated function u™ satisfies

1

O T v

Being the reciprocal of a Lipschitz function strictly greater than % the function u™ is
itself Lipschitz and belongs to BV, (€2), implying that u € GBV(£2). Moreover, since
u is continuous, we have that {y : |#i(y)| = +o0} = u=1(4+00) = C. ]

The previous proposition implies that GBV-polar sets may have any Hausdorff
dimension smaller than the dimension of the ambient space, so that the inclusion
Py C Pgpy is strict. The next proposition concerns GBV-polar sets in dimension 1
and will be used to find a necessary condition for a set to be GBV-polar by means of a
slicing argument.

ProposriTioN 3.6. Let Q C R and let C be a subset of Q. Then, C € Pgpy if and only
ifALC NQ) =0.

ProOF. By Proposition 3.5, we know that if A'(C N Q) = 0, then C € Pgpy.

Vice versa, suppose that C € Pgpy and let u € GBV(£2) be a positive function such
that C C {y : ti(y) = +o0}. Denote by R, the set of points where the approximate limit
of u exists, and recall that A1 (2 \ R,) = 0. Fix m € N and observe that u”™ := m A u
has approximate limit m at every point of C. We claim that its approximate limit is m
at every point of C N R,,.

To this aim, consider the left continuous representative of u” [1, Theorem 3.28]
and observe that it must have approximate limit 72 at any point of R,, (here, u™ has the
approximate limit) that can be approximated from the left with points in C (so that the
approximate limit of u”” must be greater than m). Analogously, the right continuous
representative of u’” will have approximate limit 7z at any point of R,, that can be
approximated from the right with points in C. Since the approximate limit does not
depend on the representative, we deduce that ¥™ has approximate limit i at every
point of C N R,,. Hence, u must have an infinite approximate limit on every such point,
implying by Theorem 2.1 that A'(C N Q) = A1(C N R,) = 0. n

ProPOSITION 3.7. Let v € SN=1 and C € Pgpy. Then, for HN '-a.e. y € C,, we
have A1 (CY N QY) = 0.
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Proor. By Proposition 2.8 for H¥"!-a.e. y € C,, we have uj € GBV(Q}) and
{teq] ud (1) = +oo} = {x € Q:ii(x) = +oo}) D C}.
so that Proposition 3.6 implies that A (CJ N Q) = 0. n

The previous proposition implies that the inclusion Pepy C o is strict. An
example of a L°-polar set which is not GBV-polar is the cartesian product of Q with
any set A C R¥~! such that AN ~1(4) > 0, taking Q := RV,

The remaining part of the section is devoted to proving Theorem 3.11, which
characterizes $ggy along the lines of conditions (c) in Propositions 3.2 and 3.4. We
will use Proposition 3.8, which follows by Theorem 4.7 (whose proof is postponed to
Section 4) by a standard localization argument.

ProrosiTioN 3.8. Let A C 2 be a set having a locally finite perimeter in 2. Then, for
every ¢ > 0, there exists U C Q, open set with a locally finite perimeter in 2, such
that U > AW and AN (U \ A) < e.

The following lemma is needed in view of Proposition 3.10.

LemMa 3.9. Let C € Pgpy. Then, there exists a positive functionu € L' () N GBV(Q)
such that C C {x € Q :1i(x) = +o00}.

Proor. Let v € GBV(£2) be a positive function such that
CC{er:ﬁ(x):—l—oo}.

Let then {Q }xen be an exhaustion of 2 made of smooth sets and define Q¢ := @.
Now, consider for every k > 2, the sets By := Qp \ Qx—» and note that the product
vlg, isin GBV(Q) for every k and that AV (By) < -+00. As a consequence for every
k € N, we can choose a sequence {l,k }ien C Ry suchthatt; 1t +o0 asi goes to infinity
and

(3.2) P({v> 15y N Bk, Q) < +oo, AN({v>rfyn By) < 21

We now define vg : 2 — R U {+00} by

1
Uk(x) = 2_lek (x) Z 1{v>tlk}(x)9
ieN

and we note that because of (3.2), we have vy € GBV(L2) and

1
(3.3) /Q vk (x)| dx < 2
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Moreover, by construction,
C N By C {x €Q:Ux(x) = +oo}.

Define now u : 2 — R U {+o0} by

u .= Z Uk
keN
and observe that this function is in L'(£2) by (3.3) and that u € GBV(Q) as it is a

locally finite sum of positive GBV functions. Moreover, if x € C, then x € C N By
for some k € N so that 7 (x) = +oo by construction. [

The next proposition provides a first characterization of Pgpy.

ProposrTioN 3.10. Let C C 2. Then, C € Pgpy if and only if there exists a sequence
{Ax }ken of sets with a locally finite perimeter in Q such that

AN(Ag) >0 and O(Ag.x) =1
for every x € C and for every k € N.

Proor. Suppose first that we have a collection { A }ren as in the statement. It is not
restrictive to assume Ag 41 C Ay forevery k € N (taking the intersection of the first k
sets). Then, define u : 2 — R U +o0 by

u(x) =Y lg (x)

keN

and note that u is real-valued A"V -a.e. and that u € GBV(2) since its truncations are a
finite sum of characteristic functions of sets having a locally finite perimeter. If x € C,
for every k € N, we have

0({u < k}.x) < 6(Q\ Ag.x) =0,

proving that % (x) = +o0. Hence, C € Pgpy.

Vice versa, let C € Pgpy. By Lemma 3.9, there exists a positive function u €
GBV(Q2) N L'(R) such that ii(x) = +oo for every x € C. Note that this means that
forevery ¢ € R and for every x € C, we have 6({u > t},x) = 1. Since u € GBV(R2), by
Proposition 2.7, we can find a sequence {t }r ey With #x 1 +o00 such that {u > #;} has a
locally finite perimeter in €2, and since u € L' (£2), we also obtain that AV ({u > 1;}) | 0.
Defining Ag := {u > t}, we conclude. ]

The next theorem, together with Propositions 3.2 and 3.4, completes the picture of
polar sets.
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TueorREM 3.11. Let C C Q. Then, C € Pgpy if and only if there exists a sequence of

open sets {Uy }ren having a locally finite perimeter in Q and containing C such that
AN (Up) — 0.

Proor. If we have such a collection {Uy }xen , the statement follows by Proposition 3.10
since we have stronger hypotheses.

Vice versa, suppose that C € Fggy. By Proposition 3.10, there exists a sequence
{Ag }ren of sets with a locally finite perimeter in 2 such that

AN(4x) >0 and (A4, x) =1

forevery x € C and every k€ N. By Proposition 3.8, for every k € N, there exists an open
set Uy with a locally finite perimeter in €2 such that Uy D A,(cl) and AN (Uy \ 4y) < %
This last fact, since A (4;) — 0, implies that AN (Uy) — 0. Finally, for every k € N,
we have that Uy D A,(cl) D C, concluding the proof. [

4. OUTER APPROXIMATION OF SETS OF FINITE PERIMETER WITH OPEN SETS

The goal of the section is to prove that if A C € is a set of finite perimeter in €2, then
for every & > 0, there exists an open set U such that U > AW, AN (U \ A) < ¢, and
|P(U, Q) — P(A, Q)| < & (Theorem 4.7). This fact then implies the result that we used
in the previous section (Proposition 3.8). To prove the aforementioned theorem, we first
need to show that strong convergence in BV implies (up to passing to a subsequence)
convergence H " ~1-almost everywhere (Theorem 4.2). This fact seems to be known
(for example, it is considered in the general setting of metric spaces in [6]) but does not
appear in the standard references about functions of bounded variation. Since it is an
easy consequence of Proposition 2.13, we give a complete proof. The next proposition
is a preliminary version of Theorem 4.2.

ProposiTiON 4.1. Let {uy }xeN be a sequence of positive functions of bounded variation
such that uy — 0 strongly in BV(RY). Then, there is a (not relabeled) subsequence
such that u,j(x) — 0 for HVN"1-almost every x € R.

Proor. Passing to a subsequence, we may suppose that for every k € N, we have
lullsy < 27%, and with this extra hypothesis, we fix € > 0 and we prove that the set

A= {xe]RN:VneNElkeN:kznandu,j(x)>28}

has HV =1 zero measure. If we are able to do this, then the statement follows by the
arbitrariness of ¢. Since HV~1(4) =0 if and only if Cap, (4) =0, by Proposition 2.11,
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we prove the latter. To this aim, observe that
A= ﬂ U {x : u,i'(x) > 25},
neN k>n

so that the monotonicity and the subadditivity of the capacity (Proposition 2.10) give
that for every n € N, we have

4.1) Cap,(4) < ZCapl({x : u]':(x) > 28}).
k>n
Taking into account that u is positive together with Theorem 2.4, we get that

u;'(x) + up (x) - 8}

{x : u]j(x) > 28} C {x : >

C{x:EIp>O:f uk(y)dy>s},
Bp(x)

which implies by Proposition 2.13 that there exists a constant C > 0 such that
Cap, ({x : uf (x) > 2¢}) < C|Dug|(R").
Combining this with (4.1), we deduce that for every n € N, we have
Cap, (4) < C Y lluellwy < C Y 27F,
k>n k>n

and letting # increase to infinity, we get that Cap, (A4) = 0. ]

THEOREM 4.2. Let {uy}ren be a sequence converging strongly in BV(RY) to u e
BV (RY). Then, there exists a (not relabeled) subsequence such that u,': (x) = ut(x)
for HN=1-almost every x € RV.

Proor. We will prove that [u;” —u™| < |ug — u|™, and applying Proposition 4.1 to
(a subsequence of) |u — uy|, we will then obtain that for H” ~!-almost every x € Q,
lim sup ’u,j'(x) — u+(x)} < lim |ug —u|T(x) =0,

k—+o0 k—+oo
which implies the statement of the theorem.
We now prove that |u,‘€F —u™"| < |ug —u|*. By the triangle inequality, we have
Uy < u + |uxg — u|, and passing to the approximate upper limit on both sides, we
getuy < (u+ Jug —ul)® < ut + |ug —ul*, giving uif —ut < jug —ulT. By
symmetry, we deduce that [u;” —u™| < Jug —u|*. n

The next corollary is obtained from the previous theorem by a standard localization
argument.
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CoroLLARY 4.3. Let {ug}ren C BVioc(2) be a sequence converging strongly in
BVioc(2) t0 u € BV oo (2). There exists a (not relabeled) subsequence such that
ui (x) = ut(x) for HN"-almost every x € Q.

We recall that given E C 2, we denote by EV the set of points in Q where E
has density 1 and by E™ the set of points where E has positive upper density. By the
Lebesgue differentiation theorem, for A -almost every x in Q, we have

IE(x) = 1E+(x) = 1E(1)(x).

Moreover, from the definition of upper density, it easily follows that lJbC(x) = lg+(x)
and that ED) = ¢((°E)*), where °E := Q \ E. The next three lemmas provide the
intermediate steps needed to prove Theorem 4.7.

LemMA 4.4. Let C C 2 be a relatively closed set of finite perimeter in Q2. Then,

ctul@nac)\o*c]=c.

Proor. Note that by Theorem 2.3, we have CT D Co’ U 0*C, so that
ctul@nac)\a*c]>Cu(@nac)>cC.

Vice versa, since C is relatively closed, we have C* U (2 N dC) C C, so that also
CTU[(RNaC)\ad*C]cC. [

LeEmMA 4.5. Let B C Q2 be a set of finite perimeter in Q2. For every € > 0, there exist
a sequence {Cy }ren of relatively closed sets of finite perimeter in Q and a Borel set
Z C 2 with the following properties:

(@ |D(1g —1¢)|(R) — 0and AN (BACy) — 0;
(b) forevery x ¢ Z, we have that 1¢, (x) — 1g+(x);
() HN "1 (2) <=

Proor. By Theorem 2.5, there exists a sequence {Cy }xen Of relatively closed sets
with finite perimeter in Q such that AN (Cx AB) — 0, |[D(1¢, — 15)|(R2) — 0, and

4.2) HY"1((0C )\ 0% C) < 2%

By Corollary 4.3, there exists a H Y ~!-null set Z C Q anda (not relabeled) subsequence
of {Cy}ren such that for every x ¢ Z, we have lJcrk (x) — lg(x), and, taking into

account that 1;{ = 14+, we deduce that for every such x, we have

(4.3) 1C];|-(x) — 1B+(x).
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Define now
z:=Zu | J[0Cn)\d*C].
keN
and note that by (4.2), we have that H¥~1(Z) < . Since every Cy is relatively closed
in £2, by Lemma 4.4, we have that C k+ \ Z = Cy \ Z, which together with (4.3) implies
that for every x ¢ Z, we have I¢, (x) — 15+(x). [

LEMMA 4.6. Let A C Q2 be a set of finite perimeter in Q2. Then, for every ¢ > 0, there
exist Z C Q such that HN=Y(Z) < ¢ and an open set U such that U U Z > AW,
AN(WU\ A) <e and P(U,Q) < P(A,Q) +e&.

Proor. Let B := Q \ 4 and note that P(B,2) = P(A4,2) < +o00. By Lemma 4.5,
there exists a sequence {Cy }xen Of relatively closed sets with finite perimeter in
and a Borel set Z C 2 such that
(@) |D(1p —1¢,)|(R) < 27 and AN (BACy) < e27F;
(b) forevery x ¢ Z, we have 1¢, (x) — 1p+(x);
(¢ HN"1(Z) <e.
We define
C:=()C
keN
and U := Q \ C, and we claim that U has the required properties. By (b), we get that
Bt \ Z > C\ Z, and passing to the complement in this inclusion, keeping in mind
that AV = ¢(BY), we get AV C Z U U. Moreover,
WO =Y AN(@\C\4) = Y AV (@\DAC) = Y AV (CrAB).
keN keN keN

and the last term of the chain is less than ¢ by (a).

To conclude the proof, we only need to show that P (U, 2) < P(A4, 2) +¢. To achieve
this, we prove that the function 1y — 14 isin BV}, (€2) and satisfies | D(1y —14)[(2) <e,
so that we obtain

P(U,Q) = |D1y|(Q) < |D(ly — 14)|(Q) + |D14|(R) < P(4,Q) +&.

Observe that 1y — 14 = (1 — 1¢) — (1 — 15) = 15 — 1¢ so that it is sufficient to
show that 1 — 1¢ € BV|,.(£2) and satisfies |D(1p — 1¢)|(R2) < &.

To this aim, let f : R — R be the truncation function at the levels zero and one,
ie, f(t) :=0Vvt Al and we claim that the following identity holds A" -almost
everywhere in 2:

(44 te—lc=f( Y (z—-1c)).

keN
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First of all, observe that for every x ¢ Z, the term 15+ (x) — 1¢, (x) is eventually zero
by the condition (b), so that since AN (Z) = 0 and AN (BAB,) = 0, we have that the
series in the r.h.s. of (4.4) is well-defined AV -almost everywhere. Another consequence
of (b) is that AV -almost every point of C belongs to B so that A"V -almost every such
point is in B. Taking this into account, (4.4) follows. As a consequence, the function
L () of the sequence { fj}jen given by

loc
J
fi= f(Z(lB - 1ck)),

k=1

1g — 1¢ is the limit in L

and since f is Lipschitz with Lipschitz constant one, each function f; belongs to
BV1oc(£2) and satisfies

IDA1(Q) < D [P — 1 )|(Q) <.
keN
This implies that also 1 — 1¢ belongs to BV, (€2) and satisfies |[D(1g — 1¢)|(R2) < &,
concluding the proof. ]

THeEOREM 4.7. Let A C 2 be a set of finite perimeter in S2. Then, for every € > 0, there
exists an open set U such that U D AW AN (U \ A)<e, and |P(U,Q)—P(A, Q)| <e.

Proor. By Lemma 4.6, for every n € N, we find an open set V;, and a set Z,, such that
VaUZy D AV ANV, \4) <1 P(V,.Q) < P(A. Q)+ 1, and H¥N"1(Z) < L,
where 7 is the dimensional constant of Lemma 3.3.

By the aforementioned lemma, we then find an open set W, D Z,, such that AN (W,,) <
rl; and P(W,, Q) < ,ll, and we define U,, := V,, U W,,. In this way, we have a sequence

{Un}nen of open sets containing AW, converging to A in measure such that
2
n

Then, by the lower semicontinuity of the perimeter w.r.t. convergence in measure, it is
sufficient to define U := U, for n sufficiently large. ]

REmARK 4.8. The previous theorem makes sense even if the set 4 is defined modulo
AN -negligible sets, as all the terms involved are invariant under modifications on
AN -null sets.

REMARK 4.9. Theorem 4.7 fails if we replace the condition that U D A with U D A.
We show this by considering the case when A" (4) = 0. Indeed, if we could find
a sequence of open sets {U,} containing A with Lebesgue measure and perimeter
decreasing to zero, we would obtain by Proposition 3.4 that A € Py, while the same
proposition shows that this is in general not possible.
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The next example shows that we cannot require the smoothness of the approximating
set in Theorem 4.7 when N > 2.

ExampLE 4.10. Let Q := R¥ and let A C R" be an open dense set with a finite
perimeter and a finite Lebesgue measure (for example, a countable union of balls with
dense centers and sufficiently small radii). Suppose by contradiction that there exists
a smooth open set U such that U D> A > 4 and AN (U) < +o0. If we had such a
set U, we would then get that U = R¥, so that

AN@U) = AN O) = AN (U) = +c0.

On the other hand, the smoothness of U implies that AY (9U) = 0, giving the desired
contradiction.
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