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Infinite dimensional spaces in the set of strongly
norm-attaining Lipschitz maps

Antonio Avilés, Gonzalo Martínez-Cervantes, Abraham Rueda Zoca and
Pedro Tradacete

Abstract. We prove that if M is an infinite complete metric space, then the set of
strongly norm-attaining Lipschitz functions SNA.M/ contains a linear subspace iso-
morphic to c0. This solves an open question posed by V. Kadets and Ó. Roldán.

1. Introduction

Let M be a metric space with a distinguished point 0 2 M . The couple .M; 0/ is com-
monly called a pointed metric space. Given a pointed metric space M , we will denote by
Lip0.M/ the Banach space of all real-valued Lipschitz functions on M which vanish at 0
under the standard Lipschitz norm

kf k WD sup
°
jf .x/ � f .y/j

d.x; y/
W x; y 2M;x ¤ y

±
:

Observe that the requirement that every Lipschitz function in Lip0.M/ vanishes at a com-
mon point guarantees that the unique constant function that Lip0.M/ contains is the zero
function and, consequently, the best Lipschitz constant of a function defines a norm on
Lip0.M/. Moreover, since every Lipschitz function on a metric spaceM extends uniquely
to its completion, there is no loss of generality in assuming that M is complete.

There is a natural concept of norm-attainment in Lip0.M/. Given f 2 Lip0.M/,
we say that f strongly attains its norm if the above supremum is actually a maximum,
i.e., if there are two different points x; y 2 M such that f .x/�f .y/

d.x;y/
D kf k. We denote

by SNA.M/ the set of those Lipschitz functions which strongly attain their norm. Even
though it seems the most natural sense of norm attainment, one reason for saying “strong
norm-attainment” is that, thanks to the rich structure of the space Lip0.M/, many con-
cepts of norm-attainment for a Lipschitz function have been considered in the literature
(see [6, 14, 16] for other notions of norm-attainment). On the other hand, the reason for
the terminology “strong” is that it is a very restrictive concept as we will explain below.
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The origin of strong norm-attainment goes back to the papers [14, 16]. On the one
hand, in [16] negative examples are provided to illustrate that this concept is very restric-
tive. To mention one example, in Theorem 2.3 of [16], a Lipschitz function f 2Lip0.Œ0;1�/

is given with the property that d.f; SNA.Œ0; 1�/ > 1=2. On the other hand, in Section 5
of [14], examples of metric spaces M are provided for which the set SNA.M/ is dense
in Lip0.M/. Since then, a vast literature has appeared dealing with the problem of when
the set of vector-valued strongly norm-attaining Lipschitz functions (defined in the natural
way) is dense in the space of all Lipschitz functions (see [1–5, 12, 13, 15]).

A different study of the size of SNA.M/ has been recently performed in [17], where,
instead of studying when SNA.M/ is dense, the authors study when SNA.M/ contains
linear subspaces. At first glance, one could expect that, since strong-norm attainment is
a restrictive concept and SNA.M/ can be small, the set SNA.M/ could fail to contain
linear subspaces of dimension bigger than 2 for some metric spaces M . However, in [17]
it is proved that, for every infinite metric space M , the set SNA.M/ contains, for every
n 2 N, a vector subspace isomorphic to `n

1 .
A natural question now (explicitly posed in Question 1 of [17]) is whether SNA.M/

contains an infinite-dimensional subspace when M is infinite. From the results of Sec-
tion 3 in [17], it is reasonable to conjecture that, if we look for an infinite-dimensional
subspace of Lip0.M/ contained in SNA.M/, the natural candidate would be c0. In fact,
in Theorem 3 of [17] it is proved that if M is � -precompact, then all the subspaces that
SNA.M/ may contain must be separable and isomorphic to polyhedral spaces. Observe
also that, given any infinite metric space M , the space Lip0.M/ always contains an iso-
morphic copy of c0, see [7]. Finally, observe that in Example 1 of [17] it is proved that
SNA.M/ contains a linear isometric copy of c0 if M contains an isometric copy of Œ0; 1�.
For M D Œ0; 1� this says that SNA.M/ may fail to be dense in Lip0.M/ (and hence being
somehow “small”), but it contains an isometric copy of c0, in particular it may contain
infinite dimensional subspaces. All these results motivated the authors of [17] to pose the
following question.

Question (Question 2 in [17]). Is it true that, for every infinite complete pointed metric
space M , the corresponding SNA.M/ contains an isomorphic copy of c0?

The aim of this paper is to give a positive answer to this question. Consequently, the
main theorem of the paper is the following.

Main Theorem. Let M be an infinite complete pointed metric space. Then SNA.M/

contains an isomorphic copy of c0.

After introducing some preliminary results and the necessary notation in Section 2, we
prove the Main Theorem in Section 3. For convenience, let us sketch the strategy of the
proof here: we begin by distinguishing whether the accumulation of the given metric space
is infinite or finite (possibly empty); the former case will be considered in Theorem 3.2,
while for the latter we consider first the situation when the metric space is countable and
compact by means of Theorem 3.3, and when that is not the case, then up to removing
a finite collection of balls we have to deal with a discrete metric space. In this situation,
Theorem 3.4 allows us to handle the case of non-uniformly discrete spaces, whereas the
uniformly discrete case will be solved by distinguishing several possibilities on the struc-
ture of the underlying metric space and with the help of Ramsey’s theorem.
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2. Notation and preliminary results

All the metric spaces considered in this text will be assumed to be complete. Given a
metric spaceM , we denote by B.x; r/D ¹y 2M W d.x;y/ < rº and B.x; r/ WD ¹y 2M W
d.x; y/ 6 rº. Moreover, for any pair of subsets A;B � M , we write d.A; B/ to denote
the number

d.A;B/ D inf¹d.x; y/ W x 2 A; y 2 Bº:

Observe that, if we select different distinguished points 0 and 00 in a metric space M ,
the mapping f 7! f � f .00/ establishes an onto linear isometry from the space Lip0.M/

onto the space Lip00.M/. Because of this, the choice of the origin is irrelevant and we will
consider that all the metric spaces in the text are pointed without explicit mention.

Given a metric space M , we will say that SNA.M/ contains an isomorphic copy
of c0 (or similar sentences) if we can find a linear operator T W c0 ! Lip0.M/ which is
an isomorphism onto T .c0/ and such that T .c0/ � SNA.M/. The sequence ¹enº always
denotes the canonical basis of c0.

In order to prove that a sequence of Lipschitz functions is equivalent to the c0 basis,
the following lemma will be extremely useful. The proof follows directly from that of
Lemma 1.5 in [1].

Lemma 2.1. Let M be a metric space and let ¹fnº be a sequence in the unit ball of
Lip0.M/. Write, for every n 2 N, Un WD ¹x 2 M W fn.x/ ¤ 0º. If Un \ Um D ; for
every n ¤ m, then the operator T W c0 ! Lip0.M/ given by T .en/ D fn is bounded with
kT k 6 2.

Given a metric space M , we will denote by M 0 the set of cluster points of M . The
space M is said to be discrete if M 0 D ;; in other words, if for every x 2M there exists
rx > 0 such that B.x; rx/ D ¹xº. If a common radius r can be found, i.e., if there exists
r > 0 such that d.x; y/ > r whenever x ¤ y, then M is said to be uniformly discrete.
Given " > 0, we say that a sequence ¹xnº in M is "-separated if d.xn; xm/ > " for every
n ¤ m. We will make use of the well-known fact that every sequence in a metric space
contains either a Cauchy subsequence or an "-separated subsequence for some " > 0.
As a consequence, every infinite metric space contains an infinite sequence of pairwise
disjoint balls.

The following result is proved in [1], Lemma 4.3, and will be the key ingredient when
dealing with discrete metric spaces which are not uniformly discrete.

Lemma 2.2. Let M be a complete metric space. Assume that M is discrete but not uni-
formly discrete. Then, for every k > 2 and every " > 0, there exist x; y 2 M such that
0 < d.x; y/ 6 " and the set M n B.x; k d.x; y// is not uniformly discrete.

3. Main results

We start with a useful lemma which will cover several situations when SNA.M/ contains
an isometric copy of c0.

Lemma 3.1. LetM be a metric space. Assume that there is a sequence of ballsB.xn;Rn/,
n 2 N, satisfying the following conditions:
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(1) d.B.xi ; Ri /; B.xj ; Rj // > 0 for every i ¤ j ,

(2) for every i ¤ j ,
Ri CRj

d.B.xi ; Ri /; B.xj ; Rj //
<
1

2
;

(3) and for every n 2N there is yn 2 B.xn;Rn/ n ¹xnº such that d.xn; yn/ < d.yn;M n

B.xn; Rn//.

Then, for every n 2 N, there is a norm-one Lipschitz function fn with

fn.yn/ � fn.xn/

d.xn; yn/
D 1;

so that ¹fnº is isometric to the c0-basis and SNA.M/ contains span¹fnº.

Proof. By removing one ball, we can assume that 0 … B.xn; Rn/ for every n 2 N. Let us
consider for n 2 N the function

fn.x/ WD min¹d.x; xn/; d.x;MnB.xn; Rn//º:

It is straightforward to check that kfnk 6 1 and, due to the conditions on B.xn; Rn/, it is
immediate that fn.yn/ � fn.xn/ D d.yn; xn/. Hence, fn strongly attains the norm at the
pair xn; yn.

Let us now prove the remaining part. To this end, pick a sequence .�n/ in c0 and write
the formal sum g WD

P1
nD1 �nfn. Observe that gWM ! R is well defined because the

supports of fn are contained in B.xn; Rn/, and these are pairwise disjoint. Let us prove
that g is Lipschitz, its norm is maxi2N j�i j, and that g strongly attains its Lipschitz norm.
This will conclude the rest of the proof.

In order to do so, pick i 2 N such that j�i j D maxj2N j�j j. Pick x ¤ y 2M , and let
us estimate

A WD
ˇ̌̌g.x/ � g.y/

d.x; y/

ˇ̌̌
:

There are different possibilities for the position of x and y.
(1) If x; y …

S
n2N B.xn; Rn/, it is immediate that g.x/ D g.y/ D 0, and then A D 0

in this case.
(2) If x 2

S
n2N B.xn;Rn/ but y …

S
n2N B.xn;Rn/, we conclude that g.y/D 0. More-

over, if x 2 B.xn; Rn/ for certain n, we obtain

A D j�nj
jfn.x/j

d.x; y/
D j�nj

jfn.x/ � fn.y/j

d.x; y/
6 j�nj:

(3) If x 2 B.xn; Rn/; y 2 B.xm; Rm/ for certain n;m 2 N, then g.x/ D �nfn.x/ and
g.y/ D �mfm.y/. If n D m, then it is immediate that A 6 j�nj. If n ¤ m, observe
that g.x/ D �nfn.x/ D �n.fn.x/ � fn.xn// and, similarly, g.y/ D �mfm.y/ D

�m.fm.y/ � fm.xm// by the definition of fn and fm. Then

A 6
j�nj jfn.xn/ � fn.x/j C j�mj jfm.xm/ � fm.y/j

d.x; y/

6
j�njd.xn; x/C j�mjd.xm; y/

d.x; y/
6 j�i j

Rn CRm

d.B.xn; Rn/; B.xm; Rm//
<
1

2
j�i j:
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Observe that this covers all the possible positions for x and y, which proves that g is
Lipschitz and kgk 6 j�i j D maxn2N j�nj. Observe that

jg.xi / � g.yi /j

d.xi ; yi /
D j�i j:

This proves simultaneously that kgk D maxn2N j�nj, and that it attains its norm at xi ; yi ,
which finishes the proof.

Let us obtain a number of theorems which are a consequence of the above lemma. Let
us start with the following one.

Theorem 3.2. Let M be a complete metric space so that M 0 is infinite. Then SNA.M/

contains an isometric copy of c0.

Proof. Since M 0 is infinite, there exists a sequence of distinct points ¹xnº in M 0 and
numbers rn > 0 such that ¹B.xn; rn/º is an infinite family of pairwise disjoint balls. Tak-
ing Rn D rn=7 and any yn 2 B.xn; Rn=3/ n ¹xnº, standard computations show that the
sequence of balls ¹B.xn; Rn/º fulfils conditions (1), (2) and (3) in Lemma 3.1, so we are
done.

Recall that a metric space M is said to be proper (or boundedly compact) if every
closed and bounded set is compact.

Let us now consider two subspaces of Lip0.M/ of capital importance in the paper [10].
Given a metric space M , define

lip0.M/ WD
°
f 2 Lip0.M/ W lim

"!0
sup

0<d.x;y/<"

jf .x/ � f .y/j

d.x; y/
D 0

±
;

S.M/ WD
°
f 2 lip0.M/ W lim

r!1
sup

x or y…B.0;r/

jf .x/ � f .y/j

d.x; y/
D 0

±
:

The space lip0.M/ is known as the little Lipschitz function spaces (see Chapter 4 in [19]),
whereas, up to our knowledge, the introduction of the space S.M/ is originally from [18]
(which appears under the terminology of lip0.M/). It is proved in [9] (respectively, in [10])
that ifM is countable and compact (respectively, countable and proper), then lip0.M/��D

Lip0.M/ (respectively S.M/�� D Lip0.M/). We will take this into account to prove the
following result.

Theorem 3.3. Let M be an infinite proper metric space. Then SNA.M/ contains an iso-
morphic copy of c0.

Proof. If M 0 is infinite, then Theorem 3.2 applies and SNA.M/ even contains isomet-
ric copies of c0. If M 0 is finite, it is immediate that M is countable and proper. Then
S.M/�� D Lip0.M/ and, in particular, S.M/ is infinite-dimensional. It is clear by a com-
pactness argument (and it is proved in Lemma 2.4 of [10]) that S.M/� SNA.M/. In order
to finish the proof, observe that Lemma 3.9 in [10] implies that S.M/ is .1C "/-isometric
to a subspace of c0, from where S.M/ contains an isomorphic copy of c0.
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Another case where Lemma 3.1 applies is the case when M is discrete but not uni-
formly discrete thanks to Lemma 2.2. Consequently, we get the following theorem.

Theorem 3.4. Let M be a metric space containing an infinite discrete not uniformly dis-
crete closed subspace N . Then SNA.M/ contains an isometric copy of c0.

Proof. SinceN is not uniformly discrete, there exists a sequence of pairs of points ¹xn;ynº

in N with ¹d.xn; yn/º being a strictly decreasing sequence converging to zero. The se-
quence ¹xnº either has a convergent subsequence or it has a subsequence which is "-sep-
arated for some " > 0. Notice that if ¹xnk

º is convergent to a point x, then ¹ynk
º is also

convergent to x and ¹xnk
º or ¹ynk

º is not eventually constant, which yields a contradiction
since N is discrete and closed. Thus, passing to a subsequence if necessary, we may
suppose that there exists " > 0 such that d.xn; xk/ > " for every n ¤ k and d.xn; yn/ <

"=14 for every n.
Set R D "=7. Standard computations show that the sequence of balls ¹B.xn; Rn/º

fulfils conditions (1), (2) and (3) in Lemma 3.1, so we are done.

Let us end with the last preliminary lemma in order to prove the main result. To this
end, we need the following definition. Given x 2M , define

R.x/ WD sup¹R > 0 W B.x;R/ D ¹xºº:

Lemma 3.5. Let M be a metric space. Assume that there exists a pair of sequences ¹xnº

and ¹ynº of points of M such that xn ¤ yn for every n 2 N and with the following prop-
erties:
(1) ¹xn; ynº \ ¹xm; ymº D ; if n ¤ m,

(2) d.xn; yn/ < R.xn/CR.yn/ holds for every n 2 N.

Then SNA.M/ contains an isomorphic copy of c0.

Proof. We can assume, up to removing one pair, that 0 … ¹xn; ynº for every n 2 N. Now
define fnWM ! R as follows:

fn.x/ WD

8̂̂̂̂
<̂
ˆ̂̂:

R.xn/

R.xn/CR.yn/
d.xn; yn/ if x D xn;

�
R.yn/

R.xn/CR.yn/
d.xn; yn/ if x D yn;

0 otherwise.

Observe that fn is Lipschitz for every n 2 N because if fn.xn/ ¤ 0 (respectively, fn.yn/

¤ 0) then R.xn/ > 0 (respectively, R.yn/ > 0) and then xn (respectively, yn) is isolated.
Let us prove that ¹fnº is a bounded sequence in Lip0.M/ which is equivalent to the c0

basis and such that, for every .�n/ 2 c0, the function g D
P1

nD1 �nfn attains its Lipschitz
norm. To this end, take .�n/ and g as above, and assume the non-trivial case that .�n/ is
not the zero sequence.

Since .�n/! 0 and the sequence d.xn;yn/
R.xn/CR.yn/

is clearly bounded, we conclude that�
�n

d.xn; yn/

R.xn/CR.yn/

�
! 0:
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Call

K WD max
°
j�nj

d.xn; yn/

R.xn/CR.yn/
W n 2 N

±
;

and observe that K < k.j�nj/k1. By the convergence to 0 condition, there exist a finite
set B � N and "1 > 0 such that

j�nj
d.xn; yn/

R.xn/CR.yn/
D K if n 2 B ,

whereas

j�nj
d.xn; yn/

R.xn/CR.yn/
6 .1 � "1/K if n … B .

On the other hand, for every n 2 N we have that

d.xn; yn/

R.xn/CR.yn/
< 1;

by the assumption. Consequently, since B is finite, there exists "2 > 0 such that

d.xn; yn/

R.xn/CR.yn/
6 .1 � "2/

holds for every n 2 B . Observe that if n 2 B then �n cannot be 0.
Set "0 WDmin¹"1; "2º< 1. Since .�n/! 0, there existsm 2N such that k >m implies

j�kj < "0K 6 "0 k.�n/k1:

Now let A WD ¹x1; y1; : : : ; xm; ymº �M . Let us prove that

sup
u¤v

jg.u/ � g.v/j

d.u; v/
D sup

.u;v/2A2; u¤v

jg.u/ � g.v/j

d.u; v/
�

Since A2 is finite, this will be enough to ensure that the previous supremum is actually a
maximum, which would yield that g 2 SNA.M/.

In order to do so, take u ¤ v and assume that .u; v/ … A2. We can assume, up to
a relabeling, that v … A. Observe that g.u/ � g.v/ D 0 unless either u or v belongs to
¹xn; yn W n 2 Nº. Moreover,

jg.u/ � g.v/j

d.u; v/
6
jg.u/j C jg.v/j

d.u; v/
�

Let us obtain an upper bound for the latter.
Observe that, if for certain n 2 N we get u 2 ¹xn; ynº, then

jg.u/j D j�nj
R.u/

R.xn/CR.yn/
d.xn; yn/:

Similarly, if v 2 ¹xk ; ykº for k > m, we get that

jg.v/j D j�kj
R.v/

R.xk/CR.yk/
d.xk ; yk/:
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Moreover, notice that d.u; v/ > max¹R.u/;R.v/º. Hence, it is clear that

jg.u/j C jg.v/j

d.u; v/
6 sup

n2N
j�nj

d.xn; yn/

R.xn/CR.yn/
C sup

k>mC1

j�kj
d.xk ; yk/

R.xk/CR.yk/
�

Let k > mC 1 and j 2 N. On the one hand, if j 2 B then

j�j j
d.xj ; yj /

R.xj /CR.yj /
C j�kj

d.xk ; yk/

R.xk/CR.yk/
6 j�j j.1 � "0/C j�kj

6 j�j j.1 � "0/C "0K 6 k.j�nj/k1:

On the other hand, if j … B we get that

j�j j
d.xj ; yj /

R.xj /CR.yj /
C j�kj

d.xk ; yk/

R.xk/CR.yk/
6 .1 � "0/K C j�kj 6 K 6 k.j�nj/k1:

Consequently, we get that

sup
.u;v/…A2; u¤v

jg.u/ � g.v/j

d.u; v/
6 k.�n/k1:

Now observe that, given i 2N such that j�i j D k.j�nj/k1 (notice that necessarily i < m),
we have that ˇ̌̌g.xi / � g.yi /

d.xi ; yi /

ˇ̌̌
D j�i j D k.j�nj/k1;

which shows that kgk is Lipschitz and strongly attains its norm at some pair of points
.u; v/ 2 A2.

Furthermore, it is easy to check that kfnk D 1. Consequently, given .�n/ 2 c0, we
have by the above estimates that

k.�n/k1 6
 1X

nD1

�nfn

 6 sup
u¤v

jg.u/j C jg.v/j

d.u; v/

6 2k.�n/k1 sup
n2N

d.xn; yn/

R.xn/CR.yn/
6 2k.�n/k1;

which proves that the operator T W c0 ! Lip0.M/ given by T .en/ D fn is an into isomor-
phism with T .c0/ � SNA.M/ as desired.

Now we are ready to prove the Main Theorem.

Proof of Main Theorem. The proof will be completed by distinguishing cases. First of all,
if M 0 is infinite, then the conclusion follows from Theorem 3.2.

Consequently, we can assume that M 0 D ¹a1; : : : ; apº is finite (with the convention
pD 0 ifM 0D;). It is clear thatM n

Sp
iD1B.ai ; r/ is discrete for every r > 0. If for every

r > 0 the previous set is finite, then M is countable and compact, and then Theorem 3.3
yields that SNA.M/ contains c0 isomorphically.

So we can assume that, for some r > 0, the set N WDM n
Sp

iD1 B.ai ; r/ is infinite.
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Moreover, if there were r > 0 such that M n [p
iD1B.ai ; r/ were discrete but not uni-

formly discrete, then an application of Theorem 3.4 to N and M would yield the desired
result. Hence we can assume thatM n [p

iD1B.ai ; r/ is uniformly discrete for every r > 0.
We will finish the proof of this case by a systematic application of Lemma 3.5 with

an extra discussion of the different possibilities for the structure of M . Observe that, if
x …M 0, then R.x/ > 0 and, in particular, the set of those elements with R > 0 are all but
finitely many. Observe also that R.x/ 6 d.x; y/ for every y ¤ x.

Let us also observe that if R.zn/! 0 then zn has a subsequence converging to ai for
some i . Indeed, if d.zn; ai / > r0 for some r0 and for every i , since M n

Sp
iD1 B.ai ; r0/

is uniformly discrete, then R.zn/ would be bounded from below by a positive constant.
Now we distinguish several cases:
Case 1. There is a sequence ¹xnº � M of distinct points satisfying that there exists

yn 2M such that d.xn; yn/ D R.xn/.
Observe that in this case, up to removing finitely many terms of the sequence, we can

assume xn ¤ 0 and R.xn/ > 0 for every n 2 N.
Consider the following sets:

W WD ¹¹n;mº 2 ŒN�2 W ¹xn; ynº \ ¹xm; ymº D ;º;

G WD ¹¹n;mº 2 ŒN�2 W yn D ymº;

O WD ¹¹n;mº 2 ŒN�2 W xn D ym or xm D ynº;

where for a set S we write ŒS�2 to denote the family of subsets of S of cardinality 2.
By Ramsey’s theorem, there is an infinite subset S of N such that ŒS�2 is contained in
one of the previous sets. Observe that we can discard that this set is O because the only
possibility would be that infinitely many y0ns coincide, and then we reduce ourselves to
the case that G is the set found by Ramsey’s theorem. Now we have two possibilities:

Case 1, subcase 1. The conclusion of Ramsey’s theorem applies to W .
Passing to a subsequence, we can assume that ¹xn; ynº \ ¹xm; ymº D ; if n ¤ m.

Moreover, we can assume, up to removing finitely many yn’s, that R.yn/ > 0 for every
n 2 N and yn ¤ 0. In this case, we can apply Lemma 3.5 to the sequences ¹xnº and ¹ynº

because
d.xn; yn/

R.xn/CR.yn/
D

R.xn/

R.xn/CR.yn/
< 1

for every n 2 N, since both R.xn/ and R.yn/ are positive.
Case 1, subcase 2. The conclusion of Ramsey’s theorem applies to G.
In this case we can assume, up to passing to a subsequence, that yn D ym D y holds

for every n ¤ m.
Now a new application of Ramsey’s theorem is needed. To this end, consider

V WD ¹¹n;mº 2 ŒN�2 W d.xn; xm/ D d.xn; y/C d.xm; y/º

and set
Z WD ¹¹n;mº 2 ŒN�2 W d.xn; xm/ < d.xn; y/C d.xm; y/º:
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Ramsey’s theorem implies that either V or Z contains the set ŒS�2 for certain infinite
set S � N. If ŒS�2 � Z, then we can assume that, up to taking a further subsequence,
d.xn; xk/ < d.xn; y/C d.xk ; y/ D R.xn/CR.xk/ holds for every n; k 2 N; n ¤ k. In
this case, we can apply Lemma 3.5 to the sequences ¹x2nº and ¹x2nC1º.

Thus, to finish the proof of this subcase, we only need to show that if ŒS�2 � V , then
SNA.M/ contains an isomorphic copy of c0. Passing to a subsequence if necessary, we
can assume that d.xn; xm/ D d.xn; y/C d.xm; y/. We will follow a different approach.
In this case, given n 2 N, define fnWM ! R by the equation fn.xn/ D d.xn; y/ and
fn.x/ D 0 if x ¤ xn. Clearly, ¹fnº is 1-equivalent to the c0 basis. Namely, let .�n/ 2 c0

and set g D
P1

nD1 �nfn. Fix i 2 N such that j�i j WD maxn2N j�nj. Then

jg.xi / � g.y/j

d.xi ; y/
D j�i j;

so the Lipschitz norm of g is at least j�i j. Given u 2M , notice that g.u/ ¤ 0 if and only
if u 2 ¹xn W n 2 Nº. Thus, if g.v/ D 0 we have that

jg.xn/ � g.v/j

d.xn; v/
D j�nj

d.xn; y/

d.xn; v/
6 j�nj:

Since
jg.xn/ � g.xm/j

d.xn; xm/
6 j�i j

d.xn; y/C d.xm; y/

d.xn; xm/
D j�i j;

we obtain that kgk D j�i j and that g 2 SNA.M/ as desired, which concludes the proof of
case 1.

Case 2. There is a sequence of distinct points ¹xnº � M such that, for every n 2 N,
R.xn/ < d.xn; y/ for every y ¤ xn.

In this case we claim that for every n 2 N we can find infinitely many y 2 M such
that d.xn; y/ < R.xn/C R.y/. Fix n 2 N and assume, by contradiction, that ¹y 2 M W
d.xn; y/ < R.xn/CR.y/º were finite. Notice that for every k 2 N, we can find yk such
that d.xn;yk/6R.xn/C 1=k. Observe that we can assume that yk ¤ yj if k¤ j since the
value R.xn/ is never attained, so we can suppose, up to removing finitely many elements,
thatR.xn/CR.yk/6 d.xn;yk/ holds for every k 2N. Thus,R.xn/CR.yk/6R.xn/C

1=k for every k, which implies thatR.yk/! 0. Passing to a subsequence, we can assume
that ¹ykº converges to ai for some i , from where R.xn/ D limk d.xn; yk/ D d.xn; ai /,
which yields a contradiction since R.xn/ is not attained.

The above claim allows us to construct by an inductive argument a sequence yn

such that the inequality d.xn; yn/ < R.xn/C R.yn/ holds for every n 2 N and so that
¹xn; ynº \ ¹xm; ymº D ; if n¤m. Moreover, we can assume thatR.yn/ > 0 up to remov-
ing finitely many terms. Now, an application of Lemma 3.5 to the sequences ¹xnº and ¹ynº

finishes the proof of the theorem.

Remark 3.6. Observe that, as a consequence of the Main Theorem, we reprove the known
result that if M is infinite then Lip0.M/ contains an isomorphic copy of c0, proved in
Theorem 3.2 of [7]. This result was later improved in Theorem 5 of [8], where an isometric
version is proved (indeed, it is shown that Lip0.M/ contains isometric copies of `1). In a
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preliminary version of this paper, we wondered whether an isometric version of the Main
Theorem hold, i.e., whether SNA.M/ contain an isometric copy of c0 whenever M is an
infinite metric (complete) space. This has been addressed in [11].
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