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Contractive inequalities between
Dirichlet and Hardy spaces

Adrian Llinares

Abstract. We prove a conjecture of Brevig, Ortega-Cerda, Seip and Zhao about con-
tractive inequalities between Dirichlet and Hardy spaces and discuss its consequent
connection with the Riesz projection.

1. Introduction

As usual, let D and T be the open unit disk in the complex plane C and its boundary,
respectively. Let # (D) denote the set of all holomorphic functions in D. Given f € # (D)
and an exponent p > 0, M, (r, /) will denote its integral p-mean on the circle centered at
the origin with radius r,

2w . /
My(r, f) == (%/0 | F(re't)|? arz)1 P oo<r<l.

We will say that f belongs to the Hardy space H? if its M}, means are uniformly bounded
with respect to the radius. It is well known that the radial limit f(e??) := lim, ;- f(re'’)
exists for almost every ¢ € [0,2x] if f € H?.Moreover, these radial limits are p-integrable
on T, so we can define the H?-norm as follows:

£l = (5 fo N e

Of course, || ||z is a proper norm if p > 1. Furthermore, in this case H? can be iden-
tified with the subspace of L?(T) functions with vanishing negative Fourier coefficients.
That is, R

H? ={feL?(T)| f(k) =0,Vk <0},

where )
~ 1 T . .
fk) = — fee *kdr, kel
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For more information regarding the elementary properties of Hardy spaces, we refer
the reader to [9].

LetdA(re'’) := ~drdt be the normalized area measure of D. For 0 < p and o > —1,
we define the standard weighted Bergman space AL as the set of all analytic functions
whose moduli are p-integrable with respect to the measure (1 — |z|?)* dA(z). f ¢ = 0,
we will simply write A7 instead of A}. It can be checked that, for a fixed £, the quantities

/
1l = (@1 [ A=z 7o dac)

converge to || /| #» when « approaches —1. Thus, we will understand A” | as H?.
For p = 2, A2 is a Hilbert space and || f || 42 can be computed in terms of the Taylor
coefficients of f. Specifically, we have that

o0
lan|? \1/2
e = (X =)
Aa ,;) Ca+2(n)
where (1 —z)# = Yonsocpm)zMand f(z) =3, ganz".
As a companion of Aé, we introduce the weighted Dirichlet space Dg as the set of all
holomorphic functions f such that

e /
(L.1) 115, = (Y s lanl?)”
n=0

is finite. Throughout this paper, the space Dg should not be confused with the weighted
Besov space Bf (which is called a Dirichlet-type space in some references like [1] or [8])
consisting of all analytic functions whose derivatives belong to Af,. It follows from the
classical Euler—Gauss formula for Euler’s Gamma function (see [10], p. 255) that

m cﬂ(n) = L
n—oo pB=1 " T'(B)’

ﬂ217

and hence Dg = 322_ 8 when 1 < 8 < 3, but we maintain the different notation in order

to highlight the choice of an alternative norm for Bf, which will be settled later in this
section.

Contractive inclusions between spaces of analytic functions have attracted the atten-
tion of the experts because of their multiple applications. For this work is especially
relevant the following inequality, which was conjectured by Brevig, Ortega-Cerda, Seip
and Zhao [5] and Lieb and Solovej [15], and was recently proved by Kulikov [14].

Theorem A. Let 0 < p < q and —1 < o < B such that (o« +2)/p = (B + 2)/q. Then
we have that

(1.2) 1 Nag =W llag. VS e A

and equality is possible if and only if there exists { € D and C € C such that

o gy
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It is worth mentioning that, for « = —1 and ¢ = kp being k a positive integer, the
inequality (1.2) was already known because of the works of Carleman [7] and Burbea [6].

Although it was not explicitly stated in [14], from Theorem A we can derive a complete
characterization of contractive inclusions between weighted Bergman spaces.

Corollary 1.1. Assume that AL C Alqg for some p,q € (0,00) and a, B > —1. Then the

inclusion operator 1: AL — AZ is contractive if and only if p < q or p > q and a < B.

Proof. The case ¢ < p was already known (see for example [16] for a complete char-
acterization for mixed norm spaces). If p < ¢, then the condition Ay C A% yields that
(¢ +2)/p < (B +2)/q (see Theorem 69 in [22]), and consequently,

1/ ag =11/ Vg < Sfllaz, VYfe Ay,
7 @+2)—2

proving that the inclusion has norm equal to 1 in this case too. ]

For a suitable choice of p, ¢, & and 8, from (1.2) we can see that

(L 2

ne0 Ca/ p(n)
for all fe H(D) and p € (0, 2]. For 2 < p, Brevig, Ortega-Cerda, Seip and Zhao [5]
conjectured the following contractive inequality:

Conjecture B. If p > 2, then the inequality

I lar < f I,

holds for all f analytic function in D.

The main goal of this paper is to prove Conjecture B and to show its connection with
the Riesz projection. In fact, we will actually prove the following inequality, which implies
the veracity of Conjecture B.

Theorem 1.2. Let p > 2. Then, for all f € #H (D), we have that

0o . 2 /
(14) e = (2 22) " =y i

n—o €2/p (n)

2. Proof of Theorem 1.2

For the sake of clarity, Cp , will denote the norm of the restriction of the inclusion operator
from B2, into H? to the subspace of polynomials of degree n. That is,

2/p
N —axl?
Cppni=su H akzkH —_— = l}.
p.n P{ kX:(:) Hp Zcz/p(k)

k=0
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Clearly, (1.4) holds for any holomorphic function f if and only if Cp,, = 1 for all
n > 1. Observe that C, , > 1 for all p and n, since constant functions are considered in
the supremum above. For a fixed #, it is trivial that there exists a polynomial Q of degree
at most n such that || Q||B§/p = land |Q||g» = Cp,,. We are going to prove that such

polynomials must be unimodular constants.

Theorem 2.1. Let p > 2. Then, for every n > 1, we have that C,, , = 1. Moreover, if Q is

a polynomial, then the identity |Q |gr = || Q|| B2, is possible if and only if Q is constant.
p

Proof. Letn > 1 and take Q a polynomial of degree at most n satisfying that || Q|| B2, = 1

and || Q||gr = Cp,,. Consider r € (0, 1) and let Q,(z) := Q(rz). It is clear that Qr is
also a polynomial of degree at most 7, s0 || Qr||gr < Cp,n||Q,||Bzz/ .
P

On the one hand,

nop2k g, 12 | — p2k 2
loni2, =Sl s A=l
2/p k=0 C2 p(k) k=1 C2/p(k)

and therefore,

(1—r2k) IakI2 -
A2, = 1——§ o((1—r)?), 1~
o ”B22/ P Cz/p(k) + O(( r)%) asr —

On the other hand, it is obvious that [|Q,||%, = M} (r, Q). Thus, we have that

(1 —r?k)|a; |2 _
My (r,Q)-Cp, <-C7, XZ: cz/p(k)k +0((1—-r)?), asr—17,

and then we see that

My (1,0) — M, (r, Q) _ - co, gz — 2 ay|? N 0((1—r)2)

1.
1—r L—r cp/pk) 1—r asr—

Taking r — 17, the Hardy-Stein identity (see Theorem 2.18 in [19])

d p? _
—MJ(r. f) == / ' @Pf()IP72dA(z),  fe H(D),
dr 2r J,p

and the fact that polynomials are entire functions yield that

k|ag|*
" cayp(K)

e L[ 1o@rioerae = ¢

We are going to show that (2.1) is possible if and only if O is constant. To this end,
assume that ag, # 0 for some kg € {1,...,n}. Since 1 = pz—'? + ”2—;2, Holder’s inequality
implies that

[ Q'GP 0P dAG) < 10" Payirsn 101752
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From Theorem A we deduce that

L, 2CPE X kag
/ 2 P2 44 2 P2 _ p;n
L 1e@rI0@r2dae <10, ol =2 Moo

because Q is not one of the reproducing kernels (1.3). Hence, (2.1) implies that Cp , < 1,
but this is obviously not possible. Thus, we deduce that the extremal polynomial Q is
constant and then C,, , = 1. m

Here a couple of relevant remarks are in order. The first is that the space 822 does
not appear in this paper on a mere whim. The key property used during the proof of
Theorem A in [14] is that the operators

Taf(2) == (@) T/ f(u(2)), zeD,

where ¢,(z) := {=, are isometries for all a € D both in AL and A% if (@+2)/p=
(B + 2)/q. Following the terminology proposed by Aleman and Mas [1], this implies that
these spaces have the same kind of weighted conformal invariance. It was proven in [1]
that, if p > 2, the unique Hilbert space (under some reasonable conditions) which has the
same weighted conformal invariance as H? is 322 Ip This is the main reason to consider
such weighted Besov spaces.

The second relevant comment is that the norm || || B2, is not the standard norm for
P

the space 322 Ip that we can find in the literature. However, this is the most natural choice
in this context since reproducing kernels are also extremal for this norm. In fact, the argu-
ment given in the proof above shows that if /"€ # (pD) for some p > 1, then the identity
| fllar = 1I.£1 B2, holds if and only if f is a reproducing kernel. In addition, we will

show that the inclusion of D/, into 322 I is contractive, and therefore it yields that Con-
jecture B is true.

Lemma 2.2. If 8 > 0, then

<cypn), VYn=0.
cp(n) /B
Proof. This inequality is a direct consequence of the monotonicity of the sequence A4, :=
cg(n)cy/p(n), n > 0. Indeed, {A,},>0 is increasing since

Ang1 _ (B +1/B) _n?+(B+1/Pn+1

- 1,
Ay, (n+1)2 n2+2n+1 -

forall n > 0. [

Corollary 2.3. Let p > 2 and 8 > 0. Then 1: Dg — H? is contractive if and only if
B = p/2. In particular, Conjecture B is true.

Proof. The necessity of the condition 8 > p/2 was already noticed in Section 4 of [5].
Its sufficiency follows from Theorem 1.2, Lemma 2.2 and the monotonicity of the weight
{cg(n)}n=0 with respect to . |
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It is not difficult to see that, for p’ = p/(p — 1), Dy, is included in H? and this
inclusion is critical in the sense that Dg ¢ H? for any 0 < B < 2/p’. However, Corol-
lary 2.3 shows that the inclusion operator t: D5, ,» — H? is not contractive. Nevertheless,
a computation similar to the proof of Lemma 2.2 shows the sharp estimates

2
1/ 1D, = 1f g2, = \/n(l - ;)csc( Z) 1S Upyyys P> 20

and hence the set D,/ ,/ is contractively included in H?, but of course when equipped
with a suitable equivalent (and somehow natural) norm.

3. Extension to several variables and Dirichlet series

In this section we are going to show that the inequality

<
s

naturally induces an analogous inequality in the setting of spaces of Dirichlet series, in the
same way that Theorem A extended Helson’s inequality [12],

lag|* \V/
(Zdzlzk))12<rsz ’ka

to further Hardy spaces of Dirichlet series.
For this purpose, we will need the following notation. For d > 1 and p > 2, we con-
sider the spaces

H?(T9) :={f e LP(T?) | f(ky.....kq) = 0if k; < 0 for some j}

and

2
z/p(Dd) = {fe J(’(Dd)| Z s | < oo}

om0 C2/p (K1) o2y p(ka)

Here of course T¢ and D represent the Cartesian product of d copies of T and D,
respectively. Let ||| gp(ray and ||| B3,,(D9) be the obvious choice of norms for these
P

spaces. As a consequence of the contractivity of ¢: B22 P H? we can deploy the ingeni-
ous argument of Helson [12] (also known as Bonami’s lemma because of Lemma 1 in [3])
to show that the inclusion of B22 Ip (D) in HP(T?) is also contractive for all d > 2
and p > 2. Since this technique is considered standard for the experts, we omit the details
of the proof.

Theorem 3.1. Let d > 1 and p > 2. Then we have that
1 lareray <1753, iy

forall fe B2, (D?).

2/p
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The Hardy space of Dirichlet series # 7 can be identified with H ? (T °°) by means of
the Bohr lift [2], so from Theorem 3.1 we deduce the inequality below.

Corollary 3.2. If p > 2 andn > 1, we have that

Vsl 172
(Jim 57 [ \an @)= (L anm)

where {dy(n)}n>1 is the sequence of coefficients of {*(s) as a Dirichlet series.

Before concluding this section, we include a comment about the application of these
inclusions to the better understanding of some properties of ## functions that might result
intractable when trying a more direct approach. Indeed, let 1322 I and D,/ be the spaces
of all Dirichlet series f(s) = Y, -, a»n~* such that the quantities

oo oo

2 |an|2
= and an|*d,n(n
171, =3 7 171, = 3 lonf ).

respectively, are finite. Olsen showed in [18] that £,/, behaves locally like the space
2/1,((:1/2) of analytic functions in the half-plane Cy/, :={s =0 + it |0 > 1/2,t e R}
with limg o0 f(0) = 0 and

12/
17132, o = / FOR (- 2)" a1 < .

Cy/2

Since the generalized divisor function satisfies that
1 n
2/p-1 2/p—2
;I;dzmk) r(z/ j (Qogm)*/?™ + 0((10gm)*/772)

(see for instance (18) in [4]), it follows from [18] that 13’22 /p also has the same local beha-
viour. In a later work, Seip [21] employed Olsen’s results to characterize the bounded zero
sets of &,/, by means of the zero sets of Bzz/p (Ciy2).

It is plain that Lemma 2.2 and Corollary 3.2 imply that

3.1) £ lser < 1./ 2,

for all '€ D,/, and, unlike in the finite dimensional case, there is no 8 < p/2 such that
Dg C HP. It should be pointed out that it was already known that (3.1) holds if p = 2k
(see Lemma 3 in [4]), and interpolation methods showed that, for all p € (2, c0) \ 2N,
there exists a 8 > p/2 such that the inclusion of g in 7 is contractive [21]. Thus we
can use (3.1) to complete one of the concluding remarks of [21] as follows.

Corollary 3.3. Let p > 2. If {sp}u>1 is a bounded zero set of B2
exists a nonzero f € H P which vanishes on {s, }n>1.

>/p (Ci2), then there
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4. Contractive inequalities for the Riesz projection

In this section we are going to expose the connection of Theorem 1.2 with the classical
Riesz’s projection Py. We recall that P is defined as

oo
PLF(e") =) F(k)e'*
k=0
forall F € L'(T).
As a consequence of a celebrated result of Riesz [20], P4 is bounded from L?(T) to
itself for every finite ¢ > 1, a fact that was quantified by Hollenbeck and Verbitsky [13]
when they proved the following sharp inequality:

1P+ G e < csc (g)”G”Lq, VG e LY(T).

4,
Marzo and Seip [17] showed that P, is a contractive operator from L?(T) to H a2 if

2 < g < o0, and using duality arguments the same can be said from L9(T) to H =
if 4/3 < g <2 [5]. However, the norm of P;: L9(T) — X is not known in general if X
is a space of analytic functions containing H9. In the case that X is a Hardy space, we
can find in the literature the conjecture below.

Conjecture C (Brevig, Ortega-Cerda, Seip and Zhao [5]). The Riesz projection Py is a
contraction from L? (T) to H*'? forall 1 < p < oo, where p' = p/(p —1). If p = ox,
we have that

1 2w .
exp (5= [ log|PrF(e")|dr) < | Fp.
ZJT 0
forall F € L'(T).

It was already known that if Conjecture C holds in the interval (1, 2), then Conjecture B
is true (Theorem 10 in [5]). Thus Theorem 1.2 can be understood as new evidence in
favour of Conjecture C. In fact, we finish this paper showing that Theorem 1.2 has an
actual application to the Riesz projection.

Corollary 4.1. Let p > 2 and > 0. Then, we have that P,: L? (T) — Dy is contractive
ifand only if B <2/ p.

Proof. First of all, it has to be pointed out that a classical result of Hardy and Littlewood,
Theorem 13 in [11], yields that H? is included in Dg if B < 2/p, and therefore the
closed graph theorem implies that Riesz projection is bounded from L? (T)to D g for all
such f.

Consider the test functions

- 1 —get

@.1) Fg(e’t) = (1_8e—it)1—2/p” 0<e<l.
It is reasonable to consider this family of functions here because it shows that, if true,
the exponent 4/p in Conjecture C cannot be improved, see Theorem 9 in [5]. It is a
straightforward computation to check that || P+ Fe||py < || Fel|,, forall e € (0,1) implies
that 8 < 2/ p, and hence we have proved the necessity of this condition.
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Take F € L? (T). Since the dual of D, /p With respect to the H 2_pairing is 322 |
and P is self-adjoint, we have that

p

{P+F. g2l = (F. g2y = | F Lo ligllar = 1 F Ml lglsz, -

forall g € B% Ip and hence P is contractive from L? (T) to D, /p- Thus, the monoton-
icity of the weight {cg (1)},>0 with respect to B implies that

1P+ Fllpg < 1P+ Fllp,, < IFllLr. YFeLP(T),
if B < 2/p and then we have completed the proof. L]
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