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Concentration close to the cone for linear waves

Raphaél Cote and Camille Laurent

Abstract. We are concerned with solutions to the linear wave equation. Our main
result concerns the computation of the asymptotic exterior energy outside of the cone
|x| = |t| + R for R > 0 and odd dimension. This proves, in the general case, the
results of Kenig—Lawrie-Liu—Schlag (2015) (which were restricted to radial data).
Also, along the proof, we derive further expressions of the exterior energy (outside
a shifted light cone), valid in all dimension and for non-radial data. In particular, we
generalize the formulas of Cote—Kenig—Schlag (2014) obtained in the radial setting.
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1. Introduction and statement of the results

1.1. General results about asymptotic profile

In this paper, we consider solutions to the linear wave equation in any dimension d > 1

(1.1) Ouett = A =0, (t,x) € R x RY.
(u, 0;u))r=0 = (uo.u1),

We are particularly interested in understanding how the energy of w concentrates
around the light cone for large times, that is, in providing some formulas for quantities
which are typically

t—leoo INETLL ||H1><L2(|x|>t+R)’
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where R € R is fixed, in terms of the initial data (u¢, 7). This kind of quantities are
very natural when thinking of finite speed of propagation for solutions to the linear wave
equation, but are also useful in nonlinear contexts, for example for the channels of the
energy method. We refer for example to [8] for one of the first times it was used in the
context of the energy critical nonlinear wave equation. Such formulas were given in the
radial setting, notably in [6] and [15], and we aim at generalizing the result therein to
non-radial linear waves.

Our main result in this article is Theorem 1.7 below concerning the exterior energy
outside of the cone for R > 0 and odd dimension. Before stating it, we will first present
several other results that are sometimes not completely new, but in a unified presentation
which we find interesting.

We can formulate our first results on solution of the half-wave equation, that is, con-
sider e?!P! £ where | D| is the operator defined as a multiplier in Fourier space:

DI/ (&) =[£I F (&),

where f is the d-dimensional Fourier transform of f,
f@ = [ e reax
R4
For any s € R, we define the space H* as the completion of §(R?) for the norm

11 = [, 6717 @F a.

For functions of several variables (say s and other ones), we will consider in an analogous
way | D;|, where the Fourier transform is restricted to the s variable.

Our results on the half-wave equation will transfer to the wave equation as its solutions
can be written as

(1.2)

. . 1 1 1 1
u =e”|D|f+e_”|D‘g, where [ = E[uo—i—mul] and g := E[uo—mul].
i i

We now introduce some notation. Given a function f on R? and w € S, we let
fwi: R — C be such that its 1-dimensional Fourier transform (as a function of v € R) is

(1.3) Fr(fE) V) = Liyso 9702 f (vo).
‘We also use the notation
d—1 1

(1.4) T:=——nm and ¢p= ———-
4 2(2m)d-1

Finally, we define the operator 7 as follows: for a function v defined on R?, Tv is a
function of two variables (s, ®), defined on R x S?~! by its (partial) Fourier transform in
the first variable s:

(15) Feon(TV)W, ) = co 0]V (" 1y<o + e F 1120) D (ve).

that is,
(Tv)(s,w) = co (e"r v, (s) +e Tt (5)) .
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Our first result is the description of the asymptotics for large times of solutions of the
half-wave equation, and then of the wave equation.

Proposition 1.1 (Radiation field and concentration of energy on the light cone).
(1) (Half-wave equation). Let f € L2(R?). Then, as t — +oo, the following conver-
gence holds:

Furthermore, one has

1.7 limsup ||€it|D|f||L2(||x|_|t“>R) —0 as R — +oo0.
t—%oo

(2) (Wave equation). Let (ug,u1) € H' x L2(R?), and let u be the solution to (1.1).
Then, ast — +00, the following convergence holds in L>(R%)'*4:

1 Irad Irad -1
(1.8) Vt,xu(t,x) — W(BSJ Ug—J M])(|X| — t,x/|x|) X (x/|x|) — 0.
Furthermore, one has
(19) lim sup ||Vt,xu(t)||Lz(||x|_|t“>R) —>0 as R — +oc.

t—>+o0

Of course, for g € L2(R?), one obtains the corresponding expression for e 7|Plg by
considering the complex conjugate in (1.6):

—it

—it|D| & .+ _ 1 2(RE
(1.10) (e g)(x) (2n|x|)(d71)/2gx/‘x|(|x| z)H—+>000 in L=(R%).

This also gives an expansion for t — —o0. Also, (2) is a rather direct consequence of (1),
as we will prove the following equality, which has its own interest:

(1.11) (05T uo — Tur)(s, ) = 2¢ods(e’* £, + e Tgh)(s).

This result is therefore a computation of the radiation field of Friedlander [9]. We
refer to [3]; in odd dimension, it can be classically written thanks to the Radon transform
(see [18,21]), to which the operator T is related (see the definition (1.23), Section 4 and
Lemma 4.8).

However, as far as we can tell, the correct computation of the convergence in L? seems
to be not classic, specially in even dimension, although an analogous formula to (1.8) can
be found in [14] by Katayama (relying on the Radon transform). Our proof follows from
a rather elementary and short stationary phase analysis.

Our formula is amenable to further computations. For example, as an easy conse-
quence, we can also compute the energy outside a (shifted) light cone, or the asymptotic
energy at 400 and —oo in the following sense.
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Definition 1.2. Given R € R and a space time function v, we denote

1 . 2 2
Eex,r(V) := 5(2‘—1)11-11-100 (IVVllz2(xisia ) + 100172504 8) )
+ lim_(IVol + [10,v]2 ))
,Am L2(1x|>[t|+R) L2(x|>1+R) ) )

assuming that the limits exist.
Then there holds the following.
Corollary 1.3 (Mass outside the light cone). Let R € R. We have the formula

. 2
(im0

1 4 2
_ - —i%@d-1) ,+
12 T @em)d! /a,esd—l [ 1576) + €208 ) 1R ooy 4
Sfor any (ug,uq) € lf x H™1 (R%), with u a solution to (1.1). Also, in the case of an initial
datum (ug,u1) € H' x L2(R?) in the energy space, we have the formula

. 2 : 2
A13) - tim VullLaqezeery = M 19725504 R)

_l it — —i
- (27‘[)d_1 [aeSd—l ||€ 8wa (S)+e lrasgw(s)HLZ([R +oo))d

1 lrad T 2
(1.14) = §||8sj ug—J ul”Lz([R,—i-oo)XSd*l)‘
(The first equality in (1.13) is equipartition). As a consequence, there is asymptotic ortho-
gonality in the sense that

(1.15) Eexi,r (1) = ”as?uoniz([R,-i-oo)de*l) + ”Tul”iz([Rﬁoo)de*l)'

(Here and below, R x S~ is equipped with the standard product measure). The last
two formulas (1.14) and (1.15) involving J reveal the important role of this operator in our
analysis. We can reformulate (1.15) in the following way: denoting u®¢ (respectively, u°)
the solution to (1.1) with initial data (u¢, 0) (respectively, (0, u1)), then

Eext,R(u) = Eext,R(ue) + Eexl,R(uo)-

Another consequence of Theorem 1.1 is related to profile decomposition in the sense
of Bahouri—Gérard [2], for which we can prove a Pythagorean expansion of the linear
energy with sharp cut-off: this in turn is useful for the channel of the energy method in a
nonlinear setting (see [4-0, 8]). Let us recall the notion of profile decomposition for the
wave equation.

Definition 1.4. Let (1,0, un,1) be a bounded sequence in H'x L2 We say that it admits
a linear profile decomposmon (U (Ajn)n, @jn)n, (Xjn)n);, with remainder (W .7,

where the U L’ and the wn are solutions to the linear wave equation, and the parameters
(Ajns (tin)n, (xj,,) are sequences in [0, +-00), R and R4, respectively, if it satisfies
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(1) Decomposition: for all J > 1, there holds
(un,Os Mn,l)(x)

J
1 ; tin X—Xj 1 i tin X—Xj
_ U](_ jn . 9, U/ (= 2 j,n) 37 (0).
;(”/2_1 BN A Ay ) aan L< Ain” Ajm )+w"( )

where the remainder converges in the Strichartz space S = L?’i/ @-2) (R1+4):

limsup @) |s = 0 asJ — 4o0.
n——+o00

(2) Pseudo-orthogonality: for j # k,

either Zin TR 4o,
Ak,n Aj,n
|tj,n _tkn| |xj,n _xknl
or Vn, Aj, = Ak, and — + — — +00.
’\j,n Aj,n

Proposition 1.5 (Orthogonaljty with cut-offs in a profile decomposition). Let (4,0, Un,1)
be a bounded sequence of H' x L?, and assume that it admits a profile decomposition

with waves and parameters ((j]f, Ajns Gn)n, (Xjn)n)j, and remainder (17),{),,,].
Let (rn)n and (xp,) be two sequences of [0, +00) and R?, respectively. Then

J
. ti 2
2 _ J Jsn
”(un,Ovun,1)||H]XL2(|x_xn|>rn) - Z Hvt,xUL ( - A]n)‘
=1 :

Lz(l)tj,nx‘f'xj,n —Xn|>rn)

(1.16) 1300 W D112y 5y T+ On(D):

Note that an interesting byproduct of the proof is an explicit formula for reconstructing
the initial datum of a solution of the wave equation from its radiation field described
in (1.8), see (3.7) and (3.9).

1.2. Odd dimension

In odd dimension, we are able to refine the previous results and the asymptotic energy
outside truncated cones |x| > ¢ + R with R > 0.

We first consider the easier case R = 0. From our computations, we can easily recover
the following result, which goes back at least to Duyckaerts, Kenig and Merle [8].

Proposition 1.6. Assume d odd and let u be a solution to (1.1) with initial data (uo, u1)
€ H' x L2(R?). Then, we have

1
(1.17) Eexo(t) = 5 11040401 12 ay -

Then, we consider the case R > 0 where the previous result cannot hold. We are
nonetheless able to determine the solutions u that have vanishing asymptotic energy on
the exterior light cone |x| >t + R with R > 0, that is,

Eext,R(u) =0.
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By finite speed of propagation, initial data which are compactly supported in |x| < R
obviously satisfy this condition. We will call this space

KRcomp = {(uo.u1) € H' x L2RY) : (uo, u1)lfx=r) = 0},

where the equality is in the distributional sense.
It turns out that these are not the only examples. We will now need some further
notation. We denote

(1.18) (Yo)eem

a countable orthonormal basis of spherical harmonics of S¢~!. Each Yy is the restriction
to S~ of a harmonic (homogeneous) polynomial. For short, we will denote [ = (£) the
degree of this polynomial.

The non-radiative functions will be the following. Denote, for k € N,

ar =—1l—d + 2k +2.

The . also depend on £, but here and below, we silence this dependence to keep notations
light. Then let

X

(1.19) 8 () = Lgep-ry 11 Vo).

Note that g € L? <= aj < —d /2. We introduce
eA/Ig,( = Span (gx; for k € N such that oy < —d/2).

Similarly, let

(%)ak Yg(li—|) for |x| > R,

(%)ln(%) for |x| < R.

Note that f; € H' <= ax < —d/2 + 1. Also, the value of fi in |x| < R is not very
important; our choice allows to keep continuity and that the restriction fx |{x|<r} is a har-

monic polynomial, so that f; is orthogonal to (in H") to functions with compact support
in B(0, R). Let

(1.20) Jre(x) =

‘NI%,K = Span (fx; fork € N suchthat oy < —d/2+1).

For any £ € M, we consider the spaces

n 1
PyR) = Ng x Ng, and P(R) = Kgcomp® P Pe(R)
{eM

(the orthogonality is related to the natural scalar product of H' x L?). Then we will prove
that if u is a linear wave solution which is non-radiative, that is, such that E. g(u#) = 0,
then (u, d;u)|;=0 € P(R) (and the converse is true as well). We actually have a quantitat-
ive version of this fact: this is our second main result.
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Theorem 1.7. Assume d is odd, d > 3, and let R > 0. Let u be the solution to the linear
wave equation with initial data (u, d;u) ;=0 = (o, u1) € H' x L% Then, we have

(120 o u) Gy g2 ay = 2 Eex @) + 7R G0, ) 11501 2y

where 1 is the orthogonal projection (in H' x L?) onto the space P(R) .
Moreover, if (ug,u1) € P(R), then the equality

u(t,x) = Z ve(t, 1) Ye(w)

{eM

holds for all (t, x) in the (outer) truncated cone €g = {(t,x) € R?;|x| — |t| > R}, where

B B
(1.22) ve(t.r) =Y gy D digt'
j=1 i=0

for some d; j € C, and where B := (d + 1)/2 + 1.

The theorem above is the generalization to non-radial data of the main result in [15]
(see also [16], where the projection onto P(R) first appeared in the case of dimension
d = 5). Upon completion of this work, Liu, Shen and Wei [19] gave a description of non-
radiative solutions u to the wave equation (that is, such that Ec g(#) = 0), in odd and
even dimensions, but still in the radial case.

1.3. Even dimension
In even dimension, we are able to give a more tractable formula for Eex,o(u).

Proposition‘l.S. Assume that d is even and let u be a solution to (1.1) with initial data
(uo,u1) € H' x L2(R?). Then, we have

. (-2
Eexo) = 5 1o u)lgi, o ay + n)d
‘R/ / [ (rs)@-D/2 stio(sw) riig(—rw) — iy (sw) ity (—rw) drdsde.
eSd—1 r+s
More precisely, there holds
2 t_l:m ”Vu”L2(|x|>t) = Eexi,0(u)

. / / / Fd+1)/2 Mo(rw)s(d—l)/zm i dsde.
(271)“’Jrl weSd—1 r—s

This is therefore an equivalent of Proposition 1.6. It extends the results of [6], where
this formula first appeared for radial data (to recover this formula, notice that #ig(—r) =
io(r) when uy is radial). Very recently, Delort also derives a similar formula in [7].
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1.4. Outline and organisation of the paper

The proof of Theorem 1.1 relies on an adequate stationary phase analysis, which is remin-
iscent of second microlocalisation. Our main input is a careful bound on the remainder
term, to derive L? type convergence. Corollary 1.3 and Propositions 1.6 and 1.8 are easy
consequences; Proposition 1.5 requires an extra ingredient, depending on the various cases
that the cut-offs can take.

Our main goal is obviously Theorem 1.7. The operator 7 is related to the Radon
transform (R, which is defined as follows for a function f € §(R%):

(1.23) V(s,0) e Rx S, (Rf)(s,0):= / f(y)dy.

wy=s

We will prove in Section 4 that some variant of the operator &R can be extended to a map
L2(R?) + HY(R4) — 8'(R x S?~1) and that, when d is odd, one has the equality
(1.24) T = co(=1)@-D/2yd=-D/2 g

seen as operators on § (R?). We emphasize that agd‘”/ % is a differential operator, and so,
in odd dimensions, I enjoys similar locality properties featured by (R: this is a key aspect
of the analysis. In order to retain these locality properties for data in L2 (or H' for 9,7),
we cannot use Fourier analysis and instead proceed by duality. This is the purpose of
Section 4. Special attention is required by the fact that the Radon transform has bad decay
properties, even for Schwartz class functions.

Once this is done, we can formulate and prove Theorem 1.7. An abstract lemma shows
that it is enough to describe the kernel of 1j5>g7: L2(R?) — L2(R x S¢~1), and sim-
ilarly for ;7. The computation of both kernels is really similar, but has to be carried out
separately: we concentrate on ker 15> g 7. The computation of this kernel follows from a
combination of several observations.

First, we can restrict to compute harmonics by harmonics, that is, for functions of
the form w(|x|) Y (x/|x]|). Second, denoting Neo this kernel, we can prove that its image
by T is actually a polynomial restricted to |s| < R, with a bound on the degree. As T is
an isometry on L?, we infer that N is finite dimensional. Third, an important property is
that N, (0 is stable by a semi-group of dilations, from which we infer that it must be made
of very specific function w, of type w(r) = r® In? (|r|). We prove that = 0 and that «
has to be an integer as a consequence of a further stability property, namely by applying
an operator related to the Laplacian A (correctly localized). Finally, we have to prove that
all the remaining functions do actually belong to .V, eo_ This does not follow in an obvious
way by direct computations, because of integrability issues due to low decay; instead we
use an induction and stability by derivation again.

The next sections are organized as follows. In Section 2, we prove Theorem 1.1 and
Corollary 1.3. As an application, we quickly deduce Propositions 1.6. In Section 3, we
detail the proof of Proposition 1.5. In Section 4, we develop a suitable functional frame-
work for the Radon transform in Sobolev space and in Section 5, we study the operator 7~
outside balls and prove Theorem 1.7.
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2. Proof of Theorem 1.1 and consequences

Before we proceed with the main proofs, first observe that 7: L2(R?) — L2(R x S9~1)
and 9,7 : H'! (R?) — L2(R x S¢~') are isometries.

Lemma 2.1. The operator T: L2(R%) — L?(R x S?~1) is a (well defined and)) continu-
ous map, and
Vo e L2RY), [Tl 2@xsi-1y = V]2 @ay-

Similarly, 3,7 : H'(R?) — L%(R x S?71) is a (well defined and) continuous map, and
Vo e H'(RY), (|07 v 2@xsi-1y = 0] g1-

Also, if d is odd, then one has the following symmetry: for s € R and w € S,

2.1) To(=s,0) = (=)@ D27y, —w),

while if d is even,

(2.2) To(=s,w) = (=12 3 (Tv)(s, —).

Above, H denotes the Hilbert transform with respect to the s variable.

Proof. The point is that the Fourier multiplier defining 7 is of modulus 1 for all v, w. It
suffices to show the equalities of norms for v € §(R%).
Let us first prove the first statement: we compute, via Plancherel on R and R¢,

T 1 lrodiisad
”J U”iZ(]RXSd—l) = _/Sd 1/ |f’RJ U(U,a))|2d\)da)

- / [ 100er i v

T om 2(271)d 1 /;d / D) ? v dvde
1 A

Gy L FOP 5 = 1y

For the second statement, we observe that

FrOsTV)(v, w) = ivFR(Tv)(v, w),
so that the same computations give
95T vl|? L ” [5(v, w)Pv¥ ! dvdow
ST UL ®XSTD T g 227)d1 T Jgar Jy ’

A 1 .
| igo@rde = o [ 15 (TR dé = 1901 g

T @)
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When d is odd, observe that ¢’T = (—1)@~1/2¢=7 Therefore, for v # 0,
Fssv(Tv(=s,w)(v,0) = Fr(Tv)(—v, w)
= co V| @2 (T 1, <o + eI y20) H(—v0)
= (=D @D | @2 (T 1o + €T 1yn0) D(0(—w)))
= (=D 7R (Tv)(v, —w).
When d is even, we have instead ¢'" = —i(—l)d/2 e~'T . Therefore, for v #0,
Fsov(Tv(=s,m))(v,0) = Fr(Tv)(—v, w)
= co [TV 2 (1,0 + e T 1,50) D(—v0)
= —i(=1)"? co [v|“"V2 (e lyco + €T 1u0) D(V(—)))
= (D FR(HTv)(v, —0).
We conclude in both cases by taking the inverse Fourier transform in the v variable. ]

Proof of Theorem 1.1. We first prove (1), that is, the computations for the half-wave equa-
tion.

We will first assume that £ € 8 (R?) is smooth and decaying, and that f € D (R4 \{0})
is smooth and has compact support away from O.

We denote v the solution of the first (outcoming) half wave equation, so that

0(t,£) = E £(&).

The inversion formula gives

o) = o [ e fe)ae
1 e ] itr 7 d—1
= — e fro)r¢ T drdw
(27‘[)‘1 ,/0 /gd—l
L N
_ - 1224 Irx-w
= —(Zn)d /0 r‘ e /;dil e fw)drdw.
We will use the polar coordinates notations ry, wy, thatis: ry := |x| and wy := x/|x|.

We study the second integral using the method of the stationary phase, with r fixed
as a parameter that vary on a bounded set (relative to the support of f) and r, as a large
parameter. For r € R* and o € S?-1, we denote Oro: S?-1 — R the function defined by

Yro(@) =ro-w.

The second integral can then be written as
/ e frw)dw = [ e rex (@) £(r0) do.
sd-1 sd-1

Observe that for all 0 € S9!, ¢r.c has two critical points:
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* w; = o, with signature(g; ; (@1)) = (0, —(d — 1)) and det(g,’, (1)) = (—r)¢-1,
¢ and w; = —o, with signature(g; ; (02)) = (d — 1,0) and det(¢; , (w2)) = ré—1,
Note that the computations of the properties of <p;/ - can be obtained for instance by
reducing to 0 = (0,...,0, 1) by rotation invariance and working in local coordinates
o= (xX1,...,xg-1, (1 = (x7 + -+ + xé_l))l/z) close to +o.
So, using the oscillatory integral formula, we have

. a 2 d-1)/2
/ e’ fro)dw = (—n) e
§d-1 rr

—iteirrx f(rwx)
x

(2.3) 2rNd-D/2
n (_) e'Te™ f(—rwy) + Rem(r, ry, wy),
PPy
C
where |Rem(7, ry, wx)| < —r(dﬂ)/z’
X

and Rem has compact support in R as a function of . We refer for instance to Grigis—
Sjostrand [11], Proposition 2.3, p. 22, or to [13], Theorem 7.7.5. In these references, the
estimates for the oscillatory integral are given for regular compactly supported functions
on R?~1; it is easy to obtain the associated result on the compact manifold S?~! by
working in coordinate charts. The constant C then depends on ¢, , and some (L°°) bounds
on the derivatives of @ f (rw). One can check that once f such that f e DR\ {0Y)
is fixed, the constant C in (2.3) can be made uniform in r and w,. We also notice that
in the above references, the estimate is sometimes written for r, > 1, but it is easy to
check that it remains true for small ry, for which it is actually trivial. We also refer to
Theorem 7.7.14 in [13] for a more geometric result on such integral on a hypersurface.
Therefore, we have the pointwise estimate of the error term

C

oo
d d—1 ,itr .
2.4 vVt e R, x € R%, ‘/(; Rem(r,ry,wx) r® "e''dr| < |x|(d+1)/2

We now compute the contribution of the other two terms:

i 1\@-n2 ]
o) = (Z) (2m)[@+D/2
+o0
X/ r(dfl)/2eitr[efiteirrxf(rwx) + eirefirrxf(_rwx)] dr
0

The first term writes

. 1\d-D/2 =it
Ul(t, X) = (r—) —(27[)(d+1)/2

X

+o0o ) R
/ PA=D/2i 18 £
0

We want an asymptotic as t — 400 so that ¢ + ry is a large positive parameter. Therefore
the phase in r is never critical, and we get that for any N € N, there exists Cy > 0 such
that

~ 1
(2.5) Vi >0, Vx e R [01(00)] < Cn gy (0 + 0™
I'x
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Thus we are left with the second term:
1\(d-1)/2 it +oo _ .
I~)2([,_x) = (—) e—/ r(d—l)/zetr(t—rx)f(_rwx) dr
r

) 2m)@d+n/2
= (i)(d_l)/z ¢ / |r|(d 1)/2 =ir(— rX)f(ra) Ydr

T (Zn)(d+1)/2

it

it

= S, (rx —1).

1\(@-1/2 e
(Z) (27)[d-D/2

(Recall that £ : R — C has Fourier transform g (f,)(v) = L,<o|v|@~V/2 f (vw);
note that it is a Schwartz function because the support of its Fourier transform is away
from zero).

Gathering these computations yields the following pointwise estimate: for # > 0 and
x € R9,

it

iIDl £y ) — —— =) <« — &
This will make it quite clear that the solution is concentrated close to the annulus
Aigi={xeR?: |t|—R<|x| <|t|+ R}

for large R > 0 as ¢ — +oo (with || > R). Due to the conservation of L2 norm, we will
infer that ei’D ! f has vanishing L? norm outside large annuli centered around the sphere
of radius |t].

Indeed, we have, more precisely,

t+R
||e”'D'f||22(A,,R)= [ [ P oy rdo

(zﬂ)d 1 /Sd 1/;t+R | fo (r =0 + |fa,_(r—t)|0<%> + 0(%)) drdw

R gy

= G Lo | [ el + 1 ewmo( [ 5)"
ol [ e

= 2n)d- 1/;‘1 1/ | fo (”)|2d7‘da)+0( ——R)

where the implicit constant is uniform in r > R > 0; we used the Cauchy—Schwarz inequal-
ity, and the fact that, due to the Plancherel identity,

1 o 1 .
—(r|? _ 2 d-1 — 2
/Sd_llefw (NP drdo H/S /_Oolf(vw)l Vi dy = o~ /R NGIRE
@O 11Z-.
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Let ¢ > 0. The above computation shows that for R large enough,

R
}#/_@, /,R|fw‘(r)lzdrdw— 1112,

Therefore, for such R,

< e

timsup 121 £ 1220, o — 1 13:] < e.

t—>+o00

As [|e1P fllga = || f 1|2, we get

.7 Jim_lim sup 1e"!P! fllr2e 4, ) = 0.

—>+00 {5400

which is (1.7) for t — +o0.
We can now finish up and prove (1.6). Due to the pointwise bound (2.6), we have

"y eirt 2 +oo gp
e’ x——‘x—t‘dxéC/ — —> 0.
/lw P10 = s ol =)
Now, from (2.7), one easily has that
(2.8) le“'P! £llz2x1<e/2) e 0.

On the other hand,

2 1 _
/B i (] =0 dx

L2(x<t/2  Jpousa) |x

t/2 —t/2
(2.9) = / / |fo(r—t)|*drdo = / / | £ (> drdo.
r=0 JwesSd-1 weSd—1 Jr=—t

We already saw that

1 -
H|x|(d——1)/2f‘”x(|x| —l)‘

/ / )R drde = | f]12, < +oo.
weSi—1 JR

so that the above is an exhausting integral, which thus tends to 0 as ¢ — +o00. We infer
from this and (2.8) that

el‘[

it| D e NG
[xgt/z ’(6 ! f)(-x) (27T|X|)(d_l)/2 fa)x(|x| [)) dx t—>—+)oo 0.

Hence (1.6) is proved and (1) is complete for the case f e D(RY \ {0}).
For the general case, by density, it is sufficient to notice that for fixed ¢, the maps

el‘L’

it|D|
fre f and f (x — —(2ﬂ|x|)(d—1)/2

S xl =)
are linear continuous from L2(R¢) to L2(R?) with bound uniform in ¢. The first one is

obvious due to Plancherel, while the second one can be obtained by a computation similar
to (2.9).
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Before we prove (2), let us first derive the formula (1.10) for w(r) = e~**/Plg. One
can proceed as before, by noticing that up to an error term with size as in (2.4), the main
contribution is

i | \@-v/2 1
U)(t,.x) = (—) —(27[)((1—{-1)/2

I'x

+oo
X/ r(d—l)/2e—1tr [e—tretrr)c g,(rwx) 4 oelTeirrx gr(_ra)x)] dr,
0

and that this time, the only relevant term is

B 1\Wd-1D/2 it
Wt x) = (_) (2 @2

Ix
1\@d-1/2 it
_ +
B <E) (27)[@-D72 8ox (rx = 1),

+o0 .
/ r(d—l)/Ze—l(t—rx)r g(rwx) dr
0

as Fr(¢H)(r) = Lrxor @™ V2g(rw).
Or as mentioned in the introduction, one can also simply take complex conjugate in
the expansion of ¢?*/P!g and observe that

(@)a(s) = g4 (5)-

Indeed, taking Fourier transform, there hold

(@) = /R I Bob)ds = /R s (7)5(s) ds = Fyon (@) (=)
= T_y<o|v|“¥ D2 g(—vw) = 1,50|“ V2 §(vw) = Fr(gF) (V).

We now turn to (2). We recall that with

1 1 1 1
f= E(u(O) + ma,u(O)) and g = E(u(O) - matu(o))’

we have f,g € H'(R%) and

(210) Vz,xu(l) — eil‘|D\ (Z|VD|ff) + e—il‘\D| (_QD|g) c Lz(Rd,Cl+d).
X

X

So thatfori = 1,...,d, and using (1.6) and (1.10),

1 : .
211 du(r) = W(e”(ille);/|x| + e (=i |Dlg) ) x] = 1)

+ SO(I»x)a
1

(2.12) du(t) = Qrlx]) @2

(€@ )y + € @i8) ) (] = 1) + (2.,
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where ||&; ()|l 2ga) — 0 ast — +o00. Now we have
Fr(@i f)o() = Lo ™28, (00) = Lico[“"2 (v) f (v)
= wj }VR(apfa;)(U)7
so that
(3; /) (5) = @ 35(f,))(s), and similarly, (3;g) (s) = @;ds(g4)(s).
Regarding the time derivatives,
FR(ID1f) () = Loco | “"V21[DI f (0w) = Loco 0@ (i) f (o)
= _‘{FR(ana)_)(v)’

so that
(i|D|f), = —0sf, . andsimilarly, (—i|D|g)} = —0sg..

This can be summarized by considering the function defined for € S?~! and s € R by
h(s,0) := 05(e'" £ + e " "gh)(s),

so that

1 X —1
(213) Vt’xu(t,x) = Wh(pd —1, m) (X/|X|) + E(I,X),

where ¢(t) — 0 in L2(R?, C1*9). It suffices to relate # and 7, which we do now by
computing the 1D Fourier transform of / in the s variable:

Fsvh(v,0) = iv(eir\?wa_ + e_ityR(gI)(v)

= iv |92 T o f 4 e T 1508) (Vo)

. 1 1 : 1 1
=jv|p|@-D/2 [e”]lv@ = (ﬁo + ,—ﬁl) +e " lyxo —(ﬁo - .—ﬁl)](va))
2 ilv] 2 ilv]

1 . . ~ 1. By ~
=3 iV|V|(d_1)/2[(€”]1v<o + e T1y0)io + Tl (e'"lyco—e ”111;20)"1](”60)

1 . . R . By R
=3 v|@-D/2 [iv(e™ Tvco + e T 1yx0)io — (¢ " Tuco + ¢ ' T 1201 | (Vo)

1 LN ol lrad lrod lrad
= E (v Fsy(Tug)(v,®) — Fs—p (Tup) (v, w))
1
- fmv(ﬁ(as?uo ~Tup(v,)),

Via inverse Fourier transform, we get h(s, w) = ;TO(BSTuO — Juy), whichis (1.11), and
from (2.13), we derive (1.8) and (1.9) follows similarly as for the half-wave case. ]
Remark 2.2. Performing similar computations in the case uo € L2(R?) and u; = 0,

whichis f = g = uo/2, we can write (1.12) in a simplified form, namely,

1
. 2 _ lrad 2
2.14) t—lgr-{zloo ”uHLz(lth-'—R) N E /weSd—1 ”J u0||L2([R’+°°)) do-
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Remark 2.3. It could seem surprising at first that, from estimates like (2.3), where the
constant C is strongly dependent on the smooth function f and some of its derivatives,
we can deduce some uniform estimates like (1.6) for any L2 functions. It should be noticed
then that the stationary phase estimates that we use are then combined with L? estimates.
They actually prove that the main term that we get contains all the L? norm.

Proof of Corollary 1.3. Now, we turn to the proof of (1.12), that is, the computation of
the L2 norm outside the ball B,z = {x € R%;ry <t + R}.From (1.6) and (1.10),

u(t.x) = ("PLf + 7Pl ()
_ 1
© Qalx-n/2
The same computations as before give

1 -
H (27 |x[)@-D/2 fX/\xl

(eirfx_/‘x‘ + e_irg:/|x‘)(|x| - t) + OLZ(I)'

L=l

(and the same for g), so that, for ¢ > 0,

+oo
@r)?! ||U(l)||iz(|x‘>,+R) :/ / lu(t, ro)>ri ' drdo
weS4-1 Jt+R
+oo )
-] SM/ =D e gl r =D drdo + opa(1)
WESY— t+

+oo )
= / / |e”fw_(r)+e_”g2)'(r)|2drda)+0Lz(1),
weS4-1 JR

as desired for the L2 case.
In order to complete the energy space case, we invoke (1.8). As 05T ug — Tu; €
L?(R x S?71), we get, as before,

+o00
2000 ()2 s s.0) = / o /, | T = T =) drdo -+ 0,201
w
= ”8STMO —Tuy ||i2([R,+oo)XSd_l)’

and an analogous computation for ”Vu(t)”zz(|x\>t+R): as |x/|x|| = | — 1|, both limits
are equal. Hence, (1.13) and (1.14) are proved.

Finally, for (1.15), it suffices to notice that ¢ — u(—t) is the solution to the wave
equation with initial data (u¢, —u1), so by the linearity of T,

. 2 _ . 2
(im0 Ol L2z pe105) =, M N9 (DL (x5 1014-8)

1 et Irad Ioad lrad
=3 05T uo — T (—u) 2R, +o0)xst-1) = 3 05T uo + 7 M1||iz([R,+oo)XSd_1),

and the same holds for V,u. Therefore, expanding the squares,

1 lrad e e lrad
Eexi,r(u) = E(”asj up—J ul”iz([R,+oo)><Sd*1)+”85J uo+J ul”iz([R,—i-oo)de*l))

It 2 et 2
(057 u0||L2([R,+oo)de—1) + 1|7 ul”Lz([R,+oo)><Sd—1)' u
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Proof of Proposition 1.6. The goal is to compute Ecx o(#) when the dimension d is odd.
In that case, the symmetry (2.1) is available, so that

+o0
20T o sopesin =2 [, [ TG00 dsdo

+o0 +oo
= / / [T ui(s, w)|? dsdw—i—/ / |Tuy(—=s, —w)|?) dsdw
sd-1 Jo sd-1 Jo

_ T 2 _na 2 _ 2

= [ Lm0 dsdo = 17 gy, = il
due to the first part of Lemma 2.1. As one also has the symmetry

35T uo(—s, ) = (=D@V2 9. Tuy(s, —w)

(by differentiating (2.1)), similar computations show that

2||8STM0||§,2([0,+oo)de—l) = ”aSTuO”iz(Rxgd—l) = ”uO”ip’

where we used also the second part of Lemma 2.1. Summing up and using (1.15), we
conclude

~ _ 1
Eex0(u) = [|05Tuo ||22([0’+00)X§d—1) + [T uy ”iz([O,-i-oo)XSd—l) = E (”uO”iI] + [Juy ”22)
|

To conclude this section, our goal is now to give an expression of the energy outside
the light cone in even dimension, so as to prove Proposition 1.8. We adopt the following
convention for the Hilbert transform J¢ on the real line: for f € §(R), we denote

fr)

S—=r

Hf(s) = p.v.%/}R dr, sothat iJf (&) =sgn(§)f(§),
where sgn denotes the signum function. Also, for functions defined for (s, w) € R x sa-1
J denotes the Hilbert transform with respect to the s variable.
We start with a lemma, for which it is convenient to recall the Hankel transform,
defined for f € D(R;) by
* f(r)

o S+r

dr.

Hf(s) =

Note that H extends to a bounded operator on L?(R ) with norm 7.

Lemma 2.4. Let f € L*(R). Then

00 poo £ Fo
1+ [ [T L0 g
T 0 0 r—+s

Uoan 1 [ [ f6)f(=r)
— — 3 — — Zdrd
2 ||f”L2+n2 s/0 0 r+s ras

1 2 1 _[® = -
= Il [ he e

1 Bages + 19F ooy
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Moreover, for f.g € L?>(R), we have
(f.&)ry —(Hf HE)R
_ 1 f(r)g(s) f( r) &(=s) S) 4
N 2in2(/0 o s—r / / s—r )
Proof. Denote f* = 1g, (D) f and f~ = 1g_(D)f. Then
f=f"+ft and iHf=—f"+fT.

Therefore,
1 gy = 1 " agey + 1/ F 122, + 290 /R N
19 £ 2oy = 1 2oy + 17 12a ey — 290 /ﬂ; Ratad

1 oy + 1€ F ey = I £ 122 + 29 sen - £, £ ).

We denote ( f, g) = [ f & the standard (complex) scalar product.
Using Parseval’s formula, we get

(san- /7 f%) = 5-bsgn- 7. 7).

Moreover, recall that

_ 1 - 11 1
Sgn-g = —sgn*xg=——3x%xg=—-Hg,
27 i i
where # is the R-Hilbert transform. Now
~ 1 [° 7 1 [® f(- 1~
HT(s) = — AU Mdrz_Hf(_.),
T JeooS—T TJo SH+r T

so that

Rsgn- f~, fF) =
Concerning the crossed term,

(for —(HfHe)w =(fT+ [T e +eg" R, —(/T—fT.g"—¢ )
=(fTgNr, + (g (ST g TR, — (T g TR
+ (e re U R+ (g R — (T8 R
=(f".g")+ (Sgn'f+, Y+ (g +(sen- fTLg7)

= (sgn - fJr g5) + (sen- f7.g7).

In the computations above, we used the support properties of the functions f* and g% in
Fourier space. As before, using Parseval’s theorem, we get

(sen- £, 1) = 5 san- S+ ),

1 f@fEn
\5/(; A drd

2 r4s
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and using again
— 1 —
sen- %= HfE,
i
we get

(f.8)r, — (¥ 1. Hg)m_
1 © f(r) &) o o f(r)gm
drds
(") . drds)

2im? s—r oo ST

1 © f(r)g () f(=r)&(=s) )
:21'712(/0 o sr—gs / / sr—gr : ) .

Proof of Proposition 1.8. We start with (1.14), and use the change of variable ® < —w
and (2.2), to compute

. 2
(2.15) 4 lim [[Vulza(xz

= ”aSTMO - r]/ul ||]2d2(]R+><Sd_1) + ”3685‘7”0 + %Tul ”zZ(R,XSd_])
= ||8s7”0||iz(R+X§d—1) + ||J€as7u0”1242(R7X§d71)
lrdd 2 lred 2
+ |7 ul”LZ(]R xSd—1) + || #T ul”Lz(R x§d—1)
— 2N (05T up, 7 M])LZ(RJrXSd ny+ 2R(H s T ug, HT ul)Lz(R xSd—1)-

Let us give an expression for each of the three lines of the last equality above. Recall (1.5)
and observe that ¢2i* = —j (—l)d/ 2; then, for fixed w, we use the first part of Lemma 2.4
with f such that £(v) = co [v|@=D72(eiT 1, o + 7T 1,50)il; (Vo). This yields, for
the u; terms (second line),

et 2 lrad 2
”J u1||L2(]R+de—1) + ”*%J uIHLz(R_Xsd—l)

2
= [Tu, ”LZ(Rde—l)

= : - / / / (r )(d b ul(sw)ul( ro) drdsdw
weSd-1

2(2m)d-172 r+s
_ 5 2(— 1)"1/2 / / / d-1)/2 1 (sw) 1 (—rw)
= [lullz- end ) (rs) s drdsdw.

For the ug terms (first line), we use now f such that F W) = coiv|v]@=D/2(ei71, o +
e "1, 50)to(vw), and this gives

2 2
||8STM0 ||L2(R+x§d—1) + ||J€8sf1'u0 ||L2(]R_><Sd—1)

2
= [05T uo “LZ(Rde—l)

1 ) 00
—ST&”/ / / (,S)(dﬂ)/zwd dsdw
2Q2m)¢1x eSd-1 r+s

_ 2, 2= 1)d/2 / / / (d+1)/2 uo(Sw)uo( ro)
= lluolz: + T N e (rs) e drdsdw.
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We now work on crossed terms (the last line of (2.15)): for this, we use the second part of
Lemma 2.4 with f and g such that

F ) =coiv|v]@ D21, oo + e 1,50) o (V)
and  g(v) = co[v|@V/2 (T 1,20 + 7T 1,50) 111 (V).
‘We obtain

—N(0sT ug, T ul)Lz(R+X§d 1y + %(%8 Tuog, KT ul)Lz(R xSd—1)

B r(d+1)/2u0(rw)s(d 1)/2m J
T 2(271)d 1 21712 weSd-1 s—r drds

/ / (d+1)/2u0( ra))s(d 1)/2141( sa))

S—=r

o poo .(d+1)/2 5 d-D/275 7o
_ —Eﬁ—/ /‘ / r Upg(rw)s Ui(sw) drdsdo.
Qm)d+1 Jypesi-1 o Jo s—r

Summing up the three above expressions yields the desired identity. ]

drds) do

3. Proof of Proposition 1.5

In this section, we focus on the proof of Proposition 1.5. When expanding the decompos-
ition of u in order to get (1.16), we are left with the cross terms: the main point is to show
that these cross terms tend to 0. This is the purpose of the following lemma.

Lemma 3.1. Let u = (u, 0;u) and, for n € N, let Wy = (Wy, 0, wy) be solutions to the
linear wave equation (1.1), bounded in €(R, H' x Lz(Rfl)). Let t, € R, x, € R? and
rn > 0 be three sequences. Assume that W, (—t,) — 0in H' x L>(R?). Then

(3.1 / VixWn(0,x) - Ve xu(ty,, x)dx -0 asn — +oo.
|x—xn|>rn

Proof. We denote x,, = p, w,, where p, > 0 and w, € e ST Itis enough to prove that
for any subsequence, at least one sub-subsequence of (3.1) converges to 0. Therefore we
can assume that the following sequences converge in R or S~

2
Pn Tn Tn Fn—pn T; 1 /r; Tn — Iy
wn» T T s T s T - —in, - __IOI’L ‘

In In  Dn In In In

Also observe the following claim

(32)  ta. pn.

Claim 3.2. We can assume without loss of generality that one of the following four pos-
sibilities occur:

(1) (whole space) 1p(x,,r,) — 1 a.e.,
(2) (void) 1g(x,,r,) — O ace.,
(3) (ball) there exists xoo € R¥ and ros > 0 such that 1BGenrn) = 1B(xeo,re0) 364

(4) (half-space) there exist ws, € S9=1 and ¢ € R such that 1By, rn) = Lxweo>c a€.
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For the claim: first assume that p, has as a finite limit. If r,, — 400, we are in the case
(whole space); if r, — 0, it is the (void) case; and if r, — roc > 0 has a finite positive
limit, it is the case (ball). Now assume that p, — +00, and let w, be the limit of w,. If
pn — I'y tends to —oo, we are in the (whole space) case; if p, — r,, — +00, it is the (void)
case. Now if p, —r, — ¢ € R has a finite limit, we see that we are in the (half-space)
scenario.

We can now proceed with the proof of Lemma 3.1 itself. If #, has a finite limit 7o, € R,
then 1(t,) has a strong limit 1 (fso) in H' x L2. Therefore, by Lebesgue’s dominated
convergence theorem, we see that 1p(x, r,) Vs, xU(fz) has a strong limit V' € (L2)'+4,
by inspecting each scenario of the claim. Moreover, the hypothesis of the lemma is that
VixWp — 0in (L2)'*9, therefore

/ VixWn(X) - Vi xu(ty)(x) dx — fO- V =0.
[x—xn|=rn

‘We now consider the case when ¢, has an infinite limit; we can assume without loss of
generality that t, — 4o0. In this case, our goal is to construct a solution ¥ € €(R, H! x
L?(R?)) to the linear wave equation (1.1) such that

(3.3) Vexv(tn) = Lx—x, zr, Vexu(tn)ll(g2y14¢ — 0 asn — +oo.

Assuming that such a ¥ is constructed, the assumption on the weak convergence of Wy,
means that

/Vt,an(o,x) -Vixv(tp)dx — 0 asn — o0,

from where we deduce (3.1) immediately. We therefore focus on the construction of such
av.
We recall from (2.13) that

1 _
Vo) = s Wl = /) () + e,

where £(¢, x) — 0in L2(R¢, C4*1) and

hip.0) = 0,(e"" f7 + ¢85 (p).
The key point of the argument is the following:
Claim 3.3. 1|(y4+,)w—x,|<r, has alimit for a.e (o, w) € R x S9=1, which we call a(p, »).
Of course, a(p, ) is measurable and 0 < a(p, ) < 1 a.e.-(p,w) € R x S?~1. Let us
postpone the proof of Claim 3.3 to the end, and assume it for now. Let us then define
h(p.0) = a(p.w)h(p. o).
The relevance of the definition comes from the following claim.
Claim 3.4. The following convergence holds in L?(R%):

1

CY G

(L h (X ] = tn, x/1x]) = B(|X| = tw, x/|x])) = O.
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Proof. As h (p,w) = a(p,w)h(p,w), (3.4) is equivalent to showing the convergence to 0,
as n — +o0, of the quantity

/I‘R\/Sd—l |]lpa)_xn|>rn _a(P_tn,a))llh(p—[mw)F dpd(,l)

or equivalently that

(35) L tinnsisn —ato.0)lih(p.0)? dpdes — o
Now, R '

Fpovh(v,0) = iv(lygo €7 f (Vo) + 1,07 g(vw)),
so that by Parseval,

/ / h(p. )P dpde
R Sd—l

= (Q2n)7! /Sd_l ([_0 |f(ra))|2|r|d+1 dr + /O+°o |g(rw)? rd+t dr) dw

oo

3.0 =D (1 1 ey + 18151 gay) = @O 27 G0, w11, 2 gay-

Also, |1 (p+t)w—xn]>r. —a(p, @)| < 2. Using Claim 3.3, we see that Lebesgue’s dominated
convergence theorem applies and gives the convergence (3.5). Hence (3.4) holds. ]

It now suffices to define v from h(p, ), which we do by followmg the steps, back-
wards, of getting /1(p, w) from . More precisely, define f g € H'(R?) by their Fourier
transforms

(3.7)
S =—

1 —iT 1 it

¢ A 2 e ~
7€| [E]@-D72 Frh(—E].—§/15)). &) = el [E[@2 FrI(E]. E/|E]).
Then it follows that for (v, ) € R x S471,

FrD)(v,0) = iv|v|9V2(1,<0 '™ f(vo) + 1,50 7" g(v)),

so that for all w € Sd_l, p € R, and with the notation (1.3),

(3.8) h(p,w)w = ap(e”fw_ +e7 T g3) (o).
Finally, let
(3.9) vo=f+g and v, =i|D|(f —8).

and denote ¥ the solution to the linear wave equation (1.1) with data (vg, v1). Arguing as
for (2.13), we get

1

(3.10) Vexv(t, x) = Qrlx)@ D72

() A1 =0/ + &0,

where &(¢, x) — 0 in L2(R?, C?*+1) as t — +o00. Now, gathering together (3.10), (3.4)
and (2.13), we see that (3.3) holds: we are done, up to the proof of Claim 3.3. ]
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Proof of Claim 3.3. We write

[(0 + tn) @ — Xn| <1y = (p+ta)> + p2 —2pn 0y - 0(p + 1n) < 12
= p € [p, (). p; (W],

where

PE@) = ~tn + pueon - © £\ p2((@n - )> — 1) + 2.

with the convention that [, (@), p;} (w)] = @ if p2((wy - @)* — 1) + r2 < 0. Hence,

{(p.0) (o + o —xal <r} = | {(p.0)|p € o, @).p] ()]}

weSd—1

In terms of the rescaled variables r;, = r,/t, and p), = pn /1y, this writes

p}:’Lt(a)) = tn(_ 1+ p,0n -0 * \/p;zz((wn cw)?—1) + rfllz)'

We claim that there exists a finite set ¥ (depending only on the limits of the sequences
listed on (3.2)) such that if @ - wso ¢ F, then ,o,f (w) both have a limit in R as n — +o0.

Consider a € [1, 1] such that at least one of £, (—1 + pj,a £ (0,>(a® — 1) 4 r,*)1/?)
does not have a limit in R. As #, — 400, and using the fact that all terms have a limit
in R, this implies that

St gt p2@ =D 250 o — 1+ pha— g2 =)+ 72 -0,

We argue by disjunction of cases: denote @ = lim p),, 8 = limr},, and y = limr,,/p),.
e Assume first that « is finite and nonzero, and § also is finite. Then

—1+4 ppa =+ \/p;ﬂ(aZ - +7?—>—-14+aa+ ya@-1)+ 8.

Now by studying the variations of the functions a — aa + /a(a? — 1) + B, one con-
cludes that there exists at most 2 points (for each function) where they take the value 1;
so ¥ is a subset of these (at most 4) points.

o If o is finite and B = 400, then —1 + pla & (p,2(a® — 1) 4+ r,*)/? - 400, s0
that ¥ is empty.

elfa =0andf # 1, then

—1+pha+ \/p;ﬂ(az —D+r?——1++B#0,

and therefore & is empty.
e In the case « = 0 and B = 1, clearly

—1+ ppa— \//o;zz(a2 —)+r?— -2,

so that p;, (w) always has a limit. For p; () we expand

—1+4 pha+ \/p;,z(a2 —)+r?2=—1+p,a+r, (1+0(p})
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/
Fp—

o ! and assume that a # —§. Then

Denote § = lim ’"p;’” = lim

!/

/ rn /
o @) = tupy (2= +a+ 0G})) ~ G +a)pn,

n

which has a limit in R, even if § = +o00. Hence ¥ C {—$}.

elfa = +ooand y # 1, thena # ++/a%? — 1 + y so that
pna \/Pzz(az—l)+r,’,2~pi,(ai vaz—1+y).

If a # 0, the limits exist (and are infinite), so that ¥ C {0}.

e In the case « = 400 and y = 1, (which implies § = +00). Again we see that
oha + (p.2(@* —1) + rl*)V2 — 4oo, so that it suffices to consider p; (). Then for
a # 0, we are allowed to expand

1 r? 1 r2
ro 20,2 2 4 _'n ~ _n
Pnpa \/p;l (Cl 1) + r}{L Pn 24 (1 p;l2) 2aln (pn on )

This sequence has always a limit in R, which is 1 for at most one value of a. In that
case, ¥ is made of this point and 0.

We have exhausted all possibilities for the limits, and in all cases, ¥ is made of a finite
number of points. If ® - wee ¢ F, we denote pT (w) the limits of p;—L (w) (whose existence
were just shown above).

Define

N =(0.400) x{w €S 0w € FIU | {07 (@).0). (0" (@), 0)}.

weSd-1

Clearly,  is a negligible subset of (0, +00) x S~1. Also if (p, w) € (0, +00) x ST1\ N,
by definition of a limit we see that either |(p + t,) w — x| < r,, for all n large enough, or
[(p + th)w — x,| > 1y, for all n large enough; equivalently, 1j(,+4,)w—x,|>r, has a limit as
n — +oo. u

We can easily modify the proof of Lemma 3.1 to obtain a result in the setting of solu-
tions to the half-wave equation (in the L? setting). More precisely, we have the following
lemma, whose proof is left to the reader.

Lemma 3.5. Let f € Lz(Rd), and lett, € R, x, € R? and rn >0 be three sequences.
Assume that wy, is a bounded sequence of L*(R?) such that e=*"!Ply,, —~0 and ¢'™'Pw,,
— 0in L2(R?). Then

/ Wy (x) (eit"‘le)(x) dx -0 asn— 4oo0.
|x—xXn|>rn

We finally prove Proposition 1.5: it is similar to the proof of Corollary 8 in [6], to
which we refer for further details. Expanding the norms, we see that it suffices to prove
that, fori # j,

. tin X —X; ; tin X—Xj
/ v,,in( _ b ”") VU ( _ L J’") dx = 0,
|x—xn|>rn Ain Ain Ajn Ajn

>
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and

- ; tin X—Xj
/ Vx,,w,{(O,x)-V,,xUIf(—ﬂ,—j’n> dx — 0.
[x—xp|>rp A]sn A’]an
Unscaling the integrals by A; , and then translating by x; ,, we see that these expressions
are of the form of (3.1): the condition of weak convergence hold for the term in U; due to
almost orthogonality of the profile, and for the term in (wy 0, wp,1) due to the construction

of the profiles U, I{ in terms of weak limit of rescaled and translated of S(#; ;) (Un,0, Un,1).

4. The operators 7 and 9,7 on Sobolev spaces

4.1. The Radon transform on the Schwartz class

In this paragraph, we state the definitions and basic properties of the Radon transform
on §(R?), for the convenience of the reader. They are mostly classical: we refer to the
paper [20] or the reference book [12] for proofs and further details.

We recall the definition of the Radon transform &R f of a function f € S(R%):

V(s,w) € R x Sd_l, (R, 0) = / f(y)dy,

w-y=s

where dy refers here to the surface measure on the hyperplane {y € R%:w-y = s}. It can
be checked that R f € S(R x S~1), and that R f is even in the sense that

.1 (R)(=w,—s) = (Rf)(@,9).
An important related operator is its adjoint R*, defined for ¢ € S(R x S¢~1) by
“2) @ = [ oo.0)do.

weS4-1

so that R*¢ € S(R?), and for f € S(R?) and ¢ € S(R x S¢~1), the following duality
relation holds:

43) /R R0 dsdo = /R @ D@ dx.

We have the following important unitarity property in L? of the Radon transform (and in
fact, in any H*), up to a constant related to ¢o (which appeared in (1.4)).

Proposition 4.1 (Unitarity). For every f € S(R?), we have

4.4) / )P dy =c} / 09" D2R f(w. 5)]* dsdo,
y RyxS41

(45) / IVFO)Pdy = ¢§ / L NTTVERf(0.5) ds do,
y RyxS31

(4.6) l‘R(ax]- f)= wj dsR £,

(4.7) RAf)=RRS.
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Proof. We refer to Theorem 3.13 on page 31 of [17], where the proof is done in odd
dimension, but holds for even dimension as well. The identity (4.5) is obtained by com-
bining (4.4) and (4.6). Note also that Lemma 2.1 can actually provide a proof of this
Proposition 4.1 once the link between R and 7T is precised, as will be done in Lemma 4.8
below. We also refer to Lemma 2.1 of [12]. [

Proposition 4.2 (Inverse). For every f € §(R?), we have
[ =R olDs| " Y RS,

Note that, in odd dimension, (co|D;|¢ 1) is a differential operator.

The extension of the Radon transform to distributions presents some difficulties mainly
coming from the fact that R* does not obviously preserve decay: for example, it does not
map §(R?) or D(R?) into itself.

One can however easily extend R to compactly supported distributions &'(R?).

Proposition 4.3 (Radon transform on &’). The operator R* maps (continuously) € (R x
S?=1) = €®(R x S?71) into &(R?Y) = €®(R?). As a consequence, for u € &'(R%),
one defines its Radon transform Ru € &' (R x S4~1) by the formula

(4.8) (RU, ) grmxsd-1),eRxsd-1) = (U R*Q)g1(Rd) & RA)-
Furthermore,
(4.9) Vo e SRx ST, AR*ep = R*(8%9),

so that (4.7) also holds in &' (R?):
(4.10) Vu € §'(R?Y), R(Au) = > Ru.
Proof. See Section 4 in [20], and in particular Theorem 4.9. [

An important result for our purpose is the description of the range of the Radon trans-
form. We will make extensive use of the following result, which describes the images of
Schwartz class functions.

Theorem 4.4 (Theorem 2.1 in [20]). The function g € S(S~' x R) can be written as
g = Rf forsome f € S(R?Y) if and only if the following two conditions are fulfilled:
(1) g iseven, that is, g(w,s) = g(—w, —s) for any (v,s) € ST~ xR,
(2) if Y¢(w) is a spherical harmonic of degree | and if 0 < k < [ integers, then

4.11) / / g(s,a))sk Yi(w)dsdw = 0.
weSa-1 JseR

In proving Theorem 1.7, it will be important for us to know the Radon transform of
product of radial functions and spherical harmonics. This makes use of the Gegenbauer
polynomials, whose definition and properties are recalled below.
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Definition 4.5. Let A € R*. For any / € N, we define the Gegenbauer polynomials C IA
by iteration: C(;\(t) =1, Cf(t) = 2At, and for [ > 2,

CHt) = - (2t + A=) C (1) — (1 + 21— 2) C,(1)).

~] —

For A = 0, the Gegenbauer polynomials are the Chebychev polynomials, for which
a similar formula holds, but this will not be used here since it corresponds to the even
dimension d = 2.

Proposition 4.6 ([1], Section 22, p. 773). Each C IA is a polynomial of degree | which is
an even (respectively, odd) function if 1 is even (respectively, odd).
The polynomials t +— CIA (t) are orthogonal on the interval [—1, 1] for the weight

function (1 — t2)*~12_ More precisely, for|,m € N and A > —1/2, we have

T 21722 (1 4 2))
1N+ 1) T(1)2

1
/ CH) CAOY (1 =Y di = 81,
—1

We will be using mostly in the specific case A = d/2 — 1, because those polynomial
appear when computing the Radon transform of functions involving spherical harmonics.

Proposition 4.7. (1) If h(s,w) = g(s) Yy(w), where g € €°(R) and g(—s) = (—1)" g(s),
then (R*h)(x) = W(|x]|) Ye(x/|x|), where

d—1 1
@.12) W) = (Rrw)(s) = |[IS/2—_I|[ A2 ) g 1) (1 — 1282 gy,
G (1) J—1

We have W(r) = rlv(r?), where v € € (R).
(2) Similarly, if f(x) = w(|x|)Ye(x/|x]), where w(r) = rtv(r?) and v € S (R), then
(Rf)(s,w) = k(s)Y¢(w), where

— ST s d—2 §2\(d=3)/2
@13) k=R gy /m ¢ (DY w2 (1-5)

The function k is in S (R) and satisfies k(—s) = (—1) k(s).
(3) Furthermore, under the notations of (2), w = R (co|Ds |9=1Y Ryw, and moreover,

+oo +o0
/ lw(r)?ré¢td = cO/ [|Ds| D2 R,w)? ds.
0 —00

Proof. These results are the content of Lemmata 5.1 and 5.2, and Theorem 5.1 of [20]. =

4.2. Extension for the operators 7 and 9,7

Let us first relate the operator 7 and the Radon transform; this, in particular, proves rela-
tion (1.24). We start with expressing the Radon transform via a partial Fourier transform.
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Lemma 4.8. The map defined on S(R?) by FL f (vw)] is the Radon transform in the
direction w. That is,

4.14) R f(s.0) = f Fo)dy = F24 [ vo)s).

wy=s
As a consequence, one has the following equality as operators S(R?) — §'(R x S471):
T =ma(Ds)R, where mg(v) = colv|@™D/2 (%1, o + e 1,5) .
In particular, if the space dimension d is odd, then (1.24) holds:
T =co(—1)d"D/23d=D2 g

Proof. For fixed w, we compute for f €S (R?) the 1D Fourier transform of s — R f (s, w).
Then

(FrRf (. 0)) () = / Rf (s, ) eV ds = / / £ e dyds
s Jo-y=s

=// F(y)e Y dyds
s Jyeso+ol

A

= / f(x)e V% dx = f(vw).
xeR4

(We have used Fubini’s theorem with RY = | J, g (s® + =) for the last line). This
proves (4.14). The second equality is then direct via 1D Fourier transform, using the defin-
ition (1.5).

If furthermore d is odd, recalling that T = %n, we distinguish the odd cases mod-
ulo 4:

s ifd =4k +1,mq(v) = (—1)kCo|V|2k, sothat T = cOB?"{R,
e ifd =4k +3,my(v) = iCo|v|2k+1(—1)k+1(—sgn(v)) _ i(—l)kﬂcovzk“, so that
T = —cod?*T1R.

This yield the last equality, that is, (1.24). ]

In order to apply homogeneity arguments, we would like to extend the previous applic-
ations to other spaces, in particular, those containing homogeneous function of the form
|x|* Yy (x/|x]) with —d < & < 1 —d/2 that are not in H' because of the behaviour close
to zero. The purpose of this section is then to properly define d;7 and 7 in some larger
distributional sense.

We will present the statement in a context adapted to H' and L2, as it is our interest
here. One could proceed via partial Fourier transform, specially in view of Lemma 2.1.
However, we crucially rely on locality properties in our argument, which follow from that
of the Radon transform. In order to achieve this, it is natural to proceed by duality, and for
this, the restriction to odd dimension appears naturally. We begin with definition for the
adjoint of 7.

Definition 4.9. We define a map 7*: S(R x S¢~1) — &(R?), by letting
T*p := coR*3 V2 forp e S(R x S47Y),



Concentration close to the cone for linear waves 229

We also need L? type spaces with symmetry.
Definition 4.10. We denote:

L3R xS = {g e PR xS7Y); g(s,0,5) = —g(—s,—w),a.e.},
L2, (RxS™) = {ge L2 R x S971); g(5,0) = g(—s,~w),a.c.}.

Proposition 4.11. Assume d > 3 is odd. Then, the operator T can be extended

7:|JHRY) - SR xS
pER
so that it satisfies
(1) if f e SMRY), then T f = co(—1)@=1/25Wd=D/2q ¢
() If u € HP(R?) for some p € R and ¢ € S(R x S471Y),

(TU, 0) s @xsi-1),s@®xsi-1)) = €0 (U, R*™20) yogay y-nway-
(3) If u € HP(R?), then
(4.15) T (Au) = 3T u.

@) Ifu,ve UPGR HP(R?) satisfy U|{|x|>R} = V|{|x|>R} in the distributional sense, then
(Tw)igs1>ry = (TV)|is|>R}-
(Here and below, {|s| > R} = {(s,w) € R x S¢~1:|s| > R} takes into account both
variables (s, w)).
Furthermore, 35T extends to a linear map H' — §'(R x S2=1) as follows: if u €
H'(R9) and ¢ € S(R x S471)),

(4.16) (05T u, Q)S/(Rxsd—l)’S(RXSd—l) = ¢o (Vu, Veﬂ*8gd_3)/2§0)L2(Rd)d,Lz(Rd)d .

Therefore, 0;T is defined on UPGR HP(R?) + HY(R?), and enjoy the locality property:
ifu, veUyer HP(R?) + HY(R?) satisfy
U{|x|>R} = Vl{|x|>R}

in the distributional sense, then

(s Tu)gs/>ry = (0sT V) |{5]>R}-

As mentioned above, the proof of Proposition 4.11 is essentially done by duality. The
starting point for extending 7 is the next property.

Lemma 4.12. Assume d is odd.

For any p € R, T* maps continuously S(R x S?~) into H?(R?).

Moreover, Vﬁ*a§d‘3)/2 maps (continuously) L2(R x S4~1) into L*(R%)%, and maps
(continuously) S(R x S~V into HP(R?)? for all p € R.
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Proof. 1t is enough to prove the results for all p € N.

Regarding 7%, the case p = 0 is given by duality from (4.3) and (4.4). Let k € N.
For ¢ € (R x S?71), in view of (4.9), we see that AKT*p € L2(R%) for any k € N so
that 7* maps S (R x S?~!) into H2¥(R?). This gives the result.

For VR*Bgd_3)/ 2, we also work by duality, first for p = 0. The identity (4.3) gives for
j €{1,...,d}, after several integration by parts,

/R §d-1 Bﬁd_”/z(j{axl_ s, o) e(s, ) dsdw

= (-p@-vr2 / J(0) 3 (R*3 ™2 0) (x) dx.
R4

Using (4.6) for the left-hand side, we get

[, 10 a0 )
=R [ a0V R f)(s,0) 60 dsdo.

Due to (4.4) and the Cauchy—Schwarz inequality, we conclude

/R @) (RAP20) () dx < co ¢l 2@nsin 1S |2y -

This implies ||dy; R*Ds(d_3)/2g0||Lz(Rd) < co [l¢ | L2(mxsd-1) by duality, which is the case
p = 0. As for the other term, we treat the other regularities by applying A which gives the
same result by changing ¢ to 9%¢. ]

Proof of Proposition 4.11. The identity (4.3) gives directly that for every f € §(R?) and
¢ e SR xS4,

(4.17) /R Sd_l(’f'f)(s,a)) o(s,w)dsdw = /]Rd F(x) (T*p)(x)dx.

Therefore, as a by-product of Lemma 4.12, we can extend J as an operator on H?
and 9,7 on H'. Indeed, for any u € HP(R?), with p € R, we can define a distribution
Tu eS8 (R xS 1) by

(4.18) (Tu, @) s1mxsi-1).s®xsd-1)) = (U T*O) gowd). H-r®) -

The bracket defines a distribution due to Lemma 4.12. The identity (4.17) gives that (4.18)
coincides with (1.24) for u € §(R%).
With this new definition, by duality, we still have the formula

Vu e H°(R?Y), T (Au) = 3T u,

where A has to be understood as an operator H”(R¢) — H?~2(R¢) (both being sub-
spaces of §'(R9)), while 92 is understood acting on §’(R x S¢~!). That means the
equality makes sense in §’(R x S¢~1).
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Similarly, for u € H 1 formula (4.16) and Lemma 4.12 allow to define 9,7 € §’.

We have extended d;7 in two ways, on UpeRH"(Rd) and on H'(R%). In order to
see that it indeed defines an extension U er HP(R?) + H'(RY) — §'(R x S971), it only
remains to check that for u € Uyer H” (R?) N H'(R?) the two definitions coincide. That
relies on verifying that for u € U er HP(RY) N H'(R?) and ¢ € §(R x S~ 1)), we have

—co (u, R* IV 9) pomay oy = €o (Ve VR* DI D20) 12 gaya 12 gaye

which is easily done using again (4.9).

We now prove the support properties (4). A similar result is contained in Theorem 4.9
of [20] for R, and follows from duality; we give a proof in the case of T~ for complete-
ness. Note that for this point, we use very strongly that the dimension is odd and that the
operators are local.

We first notice that u — v € &' (RY) C Uper HP(RY) is supported in B(0, R). Let
@ € CS°(R x S?71) so that ¢ is supported in {|s| > R} x S~ that is, ¢(s, ®) = 0 for
|s| < R, and in particular, 3§d_1)/290 = 0 for |s| < R. By the definition (4.2) of R*, it is
clear that we have (!R*agd_l)/zgo)(x) = 0 for |x| < R. Now, we can compute

(Tu—Tv,0) g mxsi-1),s@®xsi-1y) = U= V. T 0) goray,m-»®d)

= co (u — v, R*0V20) goway, - (ra)-
This is zero thanks to the respective support properties of ¥ — v and (:‘R*agd_l)/ 2go).
A very similar computation yields the result for d;7. |

We define the scaling operator on R¢ (respectively, R x S4~1) for A > 0 by
M) (x) = Ax, x eR¢,
M (s,0) = (As, ), (s,0) € R xS%!
(with a slight abuse of notation), so that foru € §'(R%), f € S(R%)andv € §'(R x S¢~1),
¢ € S(R x S971), we have
(o My. fsmaysmay =A% (u, f o Mi/3) g1 ray.sma):
(vo My, 9)simxsi-1) s@®xsi-1)) = A" (U, @ 0 M1/3) g1 @xsi-1), 8 RxSd-1))-

We say that a distribution u € §’(R?) is homogeneous of order « if u o M) = A%u.

Lemma 4.13. Assume d is odd.
Ifu € H?(R?), then (3,7 )(u o My) = A1 =@=D/2(3.Tu) o M;.
In particular, if u is homogeneous of order «, then T u is homogeneous of order o +

(d —1)/2, and 35T u is homogeneous of order « — 1 + (d — 1)/2 (the latter is also true
if u e H'(R?)).
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Proof. We easily get that for ¢ € S(R x S=1), R*(¢ o M) (x) = (R*@)(x/A), so that
T*(@ oMy = COR*8§d_1)/2((p oMy) = A~@=D/12(T*p) o M. So, we compute

(s Tu)o My, 9) g1 Rxsd-1) s @xsi-1)) = — A (1, (T8s5) (9o My s ey, s )
= —A727UD2 00 (T*9,0) 0 Myj3) s vy, - )
= —AT2W@EN2A o My (T *050)) s ey, -5 R

= A7ITETDR(0,T) (0 M2). 9)) s1rxsi-1) s (Rxsd-1y)- @

We saw in Lemma 2.1 that 7 was, in some sense, isometric on L? (and 957 on Hl).
Below, we precise the range.

Lemma 4.14. We consider here the restriction of T to L2(R?) (which we still denote T").
We saw that T is an isometry from L2(R?) — L%(R x S?~1). Then

- L2, (R xS9 1Y) ifd =1 (mod4),
Range(7) = 12 ( d—1 ) f B
24 R xS ifd =3 (mod 4).

Similarly, the restriction 3,7 : H'(RY) — L2(S4~! x R) is isometric and

L2,Rx SN ifd =1 (mod4),

R 0,T7) =
ange(0s7) {Lgven(R x S4=1y  if d =3 (mod 4).

Proof. The extension and the unitarity come from (4.4). Concerning the range of 7, we
assume that d = 4k + 1 (that is, d = 1 (mod 4)) to fix ideas, and it is enough to prove
that Lg\,en(Sd_1 x R) C Range(7): indeed, Range(7) is closed since T is an isometry,

and is clearly contained in L2, (S~ x R).

In view of Theorem 4.4, it suffices to prove that any functionin 4 € L2, (S?~' x R)
can be approximated by a function of the form 8§kg, where g € S(S?~! x R) is even and
satisfies (4.11). Decompose h(w, s) = Y yepg 1e(s)Ye(w) (recall that (Yy)gen form an
orthonormal basis of spherical harmonics of L?(S?~!) of degree I = I(£)). The condition
that / is even can be written /ip(—s) = (—1)! hy(s). Given & > 0, we are looking for

g¢ € S(R) so that
_ 2

¢ Zk,l ||hk,l - |DS|(d 1)/2gk,l ||L2(R) <6,

© gii(=s) = (=1 gri(s),

. / gk,lsjds:O forj =0,...,]—1.

seR

Translating this conditions in the Fourier side yields

° Zk,l ”hk,l - |§S|(d_1)/2§k,l||22(Ré) < e,

* gk,l(_%-s) = (_l)l gk,l(és),

dl )

. d_éfgk’l(o) =0 forj=0,...,]—1.

These conditions can clearly be met: this gives the result for Range (7).
One can argue in a similar way in dimension d = 3 (mod 4), and for d,7". |
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5. The Radon transform outside a ball

Our goal in this section is to prove Theorem 1.7. We will mostly study properties of the
Radon transform on L? or H'. Throughout all this section,

we assume that the dimension d is odd.

We define the operator
Lz PR xS —> L2 R xS7Y), (Is2r /) (5. @) = Lz f (5, ).
This is obviously an orthogonal projection. We will be interested in the operators
=T : L2(RY) — L2R x S?71) and  1j5r8sT : H'(RY) — L2(R x S971).
Definition 5.1. Denote the kernels
K% =ker(ljs>r7T) C L2 (R?) and Kk = ker(ls>z3s7) ¢ H'(R?)

respectively, and write wg and & Ilz for the orthogonal projections on Kg and Kllz respect-
ively.

Lemma 5.2. Let H and H' be two Hilbert spaces, let ¢: H — H' be a unitary operator
(that is, isometric and bijective), and let p be an orthogonal projection on H'. Then,
denoting by w: H — H' the orthogonal projection on ker(p¢), there holds

VieH. |fli=1e)NHIE + 1N

Proof. Consider ¢! p¢ : H — H . One computes that it is an orthogonal projection with
kernel N = ker(p¢), thatis, ¢ ~! p¢p = 1 — . Therefore, the Pythagorean theorem yields
that

VieH |flh=16""p)NIE + 10 —¢"" pe)(NF-

As¢~': H' — H isisometric, we have [ (97" pd)(f)|lg = | (p)(f) |z and 1 — ™' pop
= 7, so that the above equality writes

VieH. |fli=1e)NHIE + 1) .

As a direct consequence of the above lemma and of Lemma 4.14, we get that

(5.1) Vu; € LZ(Rd)v ”ul”iZ = ”ﬂISI}RTul”iZ(Rngﬂ) + ||7T?€ul||22(Rd)v
(52 Vuge H'RY)., uoll}y = ILs>r0:T 072 goega-1) + 17RY0IF1 (gay-
Our main goal in this paragraph will be to give explicit expressions of the kernels K %

and K}e, and to relate them to the space P(R) defined in the introduction. We emphasize
that for this, we will make an essential use that d is odd.

The main object of this section is to obtain the following theorem. We denote

H*(Ix| < R) = {f € H*(R?) : Supp f C B(0, R)},
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and recall (1.18) that (Y;)¢en is an orthonormal basis of spherical harmonics, [ = [(£) is
the degree of Yy, and

o =—1—d + 2k
(it also depends on £), and we defined in the introduction the functions fj (adapted to
the H! context) and gx (adapted to the L2 context), see (1.19)—(1.20).

Theorem 5.3. Assume d is odd. Then
1 1
(5.3) Kf = L*(lx| < R) @ N, where Ng =P MY,
LeM

(here 1 means L?-orthogonality) and
ng,e = Span(gy : k € N*, ap < —d/2).
Similarly, there holds

. J‘ L
(5.4) Kp=H'(x| <R) D Ng. where Ng=D N,
{eM

(here L means H Lorthogonality) and
Ngo=Span(fi 1k e N*, op <1-d/2).

Remark 5.4. The kernel of the partial Radon transform has already been computed by
Quinto (see (3.14) in [22]) in different (weighted) spaces, namely Lf, (E), defined by their
norms
”f”E,p = “/§|||X|(d_1)/2(1 - |x|_2)p/2f“L2({|x|>1})~
He proves there (see Corollary 3.4 in [22]) that the null space of 15> R: LIZ,(E) —
L;(E’) is the closure of the span |x|~? %Y, (x/|x|) where 0 < k < [ and k — [ is even.
We however do not rely on this result, and actually use a different approach of proof.
Theorem 5.3 is actually similar to the main result in [15] (that was restricted to radial
data). Their method was based on expansions involving Bessel functions, while ours, tak-
ing advantage of scaling and action of A, should provide a simplified (or at least shorter)
proof.

We will first consider the L2 case, that is prove (5.3), and then treat the H! case for
which the proof is analogous, and we will only highlight the differences.

Proof of (5.3). As the dilation f #f(-/R) is an isometry on L2(R%), without loss
of generality, we can assume that R = 1.

Step 1. Reduction to spherical harmonics.
We define N to be the L2-orthogonal complement of L2(]x| < 1) in KY:
L
K) = L*(x] < 1) & N,
so that we have the explicit description

N = {f € L2(R%); f =0on{|x| <1}and T f =0 on {|s| > 1}}.
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It is convenient to introduce the following notation: if w: R — R and Y:S4~! — R
are two functions, then we define

w®Y R SR, xn—)w(|x|)Y(|i).
X

As all the functions we consider have symmetry in the s variable, we keep track of it
in the following definitions. For this, we denote

Lfad,l = {w € L>R, |r|*'dr);Vr e Rae., w(-r) = (—l)lw(r)},
which we endow with the natural Hilbert norm:
. d—
lwilzz == 1S w220, +00),ra-1ar)-

The symmetry we impose on functions w € era 4 1s essentially technical (the informa-
tion required is given for r > 0); it is given for coherence with the definition of R; (in
Proposition 4.7), mostly in Step 2 below. Then, for £ € M, let

Li={fel?®RY):well,, f=weY]
so that
1
LZ(Rd) — @ LZ,

LeM

2
rad

and the map L7, — L%, w — w ® Yy, is a bijective isometry up to a constant:

lw® YellL2 = [Yellp2ge—1ylwllzz, -

rad

The main point of this step is that 7~ preserves the structure in L7. More precisely, denote
‘:17 = Cp (_1)(d_1)/2 agd—l)/Z‘Rl

Then, due to Proposition 4.7, 77 can be extended to an isometry from era 4 to L?(R) (and
arguing as in Lemma 4.14, it is actually bijective):

(5.5) Yw e L?

2 1Twlee = w2
and we have the formula
Vwe Lk, Twe®Y)=7Tw Y.
We will now fix £ € M and study the kernel
Ny i=ker(lig<1T) = {w € L2, 1w ® Yy € M},

so that
1

N = PN & (Yeh).
LeM
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Step 2. The kernel N? 1.0 is finite dimensional.
Let us first give an insight of the range of 7; when restricted to JV 0 .

LemmaS5.5. Letw € ‘Nlol Then there exists a polynomial P, withdeg P <1+ (d —5)/2
(with the convention that deg 0 = —o0), and such that

Vs eR, (Trw)(s) = Ljg<1 P(s).
Also, P has the parity of | + (d — 1)/2.

Proof. By definition, ¢(s) = Jjw is an L?(R) function supported on [—1, 1]. We would
like to use formula (4.13), but we have to be careful about integrability issues, so we work
by duality instead. We prove that ¢®*) = 0 on ] — 1, 1] in the sense of distributions, for
k >1+ (d —3)/2, and proceed via smooth approximations.
Letop e D(]—1,1]). Fore > 0,let y e D{|r| > 1}) N Lmdl

< e. Since y € Lra al is smooth and compactly supported far from zero, it can be written

be such that [|w — x||2_

%(s) = rlv(r?) for some v € D(R) C S(R). In particular, we can apply Lemma 4.7 to
compute 77 y and its derivatives. Using that y is supported in {|r| > 1}, formula (4.13)
gives for |s]| < 1,

ST e s da(, S$2\@-3/2
RO® = [, € (5)xor2(1-%)

_|sdTty e s dea (. S$2\@-3/2
= m 1 C; (;) x(ryr (1 — r_z) dr.

r

We now differentiate k + (d — 1)/2 times (using that R; y is a smooth functionin] — 1, 1])
to obtain

(7))
= ¢o(=1)@D/2 |CS*(1)| 1+°° 1(r)rd=2 » kagd 1)/2[C,\(r>( i_z>(d—3)/2] dr.

Since C}* is a polynomial of order / and (1 — s2/r2)=3)/2 is a polynomial of order d — 3
(d is odd!), the right-hand side is zero if k + (d — 1)/2 > [ + d — 3. In particular, for

k>1+(d-3)/2,
k

Vs € [-1.1], (;km)(s) =0.

As 77 is isometric (see (5.5)), we have
lg = Tixllza,, = o= xlz, <e.
Since ¢ = 0 for |s| > 1, there holds ||'J7X||L§ym(IS\>1) < eand
[ eoawas|<| [ oOolae -Tmadas+| [ o©oTicds
R |s|<1 |s]<1

< 2e 0@ 2.
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Therefore, we obtain that [ ¢® (s)g(s)ds = 0 for any ¢ € D(] — 1, 1[). Hence, ¢ is a
polynomial of degree less or equal to / + (d — 5)/2 on] — 1, 1[. Since ¢ is a L? function
that is zero on {|s| > 1}, this gives the result. |

Remark 5.6. It is likely that the previous method applies well to other spaces like H~*
(as the Radon transform was extended to these spaces), as long as its elements can be
approximated by functions with compact support in {|s| > 1}.

Corollary 5.7. The kernel N 10 ¢ 18 finite dimensional, of dimension Ky <[l /2+(d—1)/4].

Proof. The space of symmetric polynomials of degree at most m has dimension m /2 + 1
or (m + 1)/2, depending on the parity of m and even/odd polynomial; in any case, it is at
most |m/2 4+ 1]|. Lemma 5.5 thus implies that ’J}Nl(” ¢ 1s contained in a finite dimensional
subspace of dimension less than [//2 + (d — 1)/4]. Since 77 is an isometry on its range,
as seen in Step 1, N ﬁ ‘ is therefore finite dimensional with the same dimension. [

Step 3. The kernel :Nlo,e is spanned by functions of the type In(|r|)Pr*, o € C, p € N.

We now have some precise information about the image of N 10 ¢ by 77, so that it only

remains to invert it. Since J; is invertible in the appropriate L2-related spaces, it might be
possible to directly use Lemma 4.7 to recover N, 10 . by applying the inverse of 7 to func-
tions which are the product of a polynomial by an indicatrix function. Yet, we prefer to

apply homogeneity arguments that yield directly the result that N, 10 ¢» being finite dimen-

sional, can only contain the restriction of homogeneous distributions.

Lemma 5.8. For any A > 1, define the dilation/restriction operator Sy, acting on functions
w:R — R by

(5.6) VreR, (Saw)(r):=1p>1w(Ar).
Then for any £ € M, S maps Nlog into itself.

Proof. Letw € NIOZ’ and consider v = (S)w) ® Yy, so that 77(Shw) ® Yy = T (v).
Observe that

V= lpz1(w®Ye) o My) = (Ijxjza(w ® Yy)) o Mj.
Therefore, using Lemma 4.13, adapted to 7 instead of 57, we infer
T @) =22 (T (Laz2(w ® Y0)) © M.
Now, let ¢ € D(R x S?1) be so that ¢ is supported in {|s| > 1}. We get

(T (), @) s/ (Rxsd-1), 8 RxS4-1)
= 2@ T s (w @ Yy) g o Mi3) s/ (Rxsd-1),5 RxSd-1)-

The assumption on Supp(¢) implies that ¢ o M/, is supported in {|s| > A}. Applying
Proposition 4.11 to 1|y (w ® Yy), we get that

(T(]llx|>/1(w ® YZ))|{|S\>,1}X§4—1 =T (we® YZ))|{\s|>A}de—l =0,
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since w € Nlo’ ¢ and A > 1. So, we have proved that for any test function ¢ supported in
{Is| > 1},
(T(v), 0) s/ musd-1),s®xsd-1) = 0.

In other words, 7 (v) = O on {|s| > 1}; hence, 1|5>17;(Spw) = 0 and Spw € 'N1oe' [ ]

We now state a general fact, which describes finite dimensional spaces of 1D functions
invariant by scaling.

Lemma 5.9. Let N C Llloc([l, 400)) be a finite dimensional vector space such that for

any A > 1, S, (N) C N. Then, there exist a finite set I, (¢;)ie;y C C, (pi)ier C N so that
N = Span(r — log(r)/r%;i e 1,0 < j < pi —1).
Proof. Notice that all the (S)),>1 are commuting applications:
S1Sg = Sip.

Also, in the logarithmic variable s = log(r), s > 0, S} is the translation with generator
the derivation. That is, if w € N and v:s — w(e®), we have with this representation that

Sv(s) = Lgzov(s + B).

and this defines a semigroup. Denote A the infinitesimal generator of 8 — S,5. Choose a
basis of N so that A has a Jordan form: it is block diagonal, and each diagonal block (of
size say p + 1) takes the form

o 1 T R AT
a 1 () 1 A
a 1 1 A
J = . . . sothat e* =
© o (0)
. ’ 5
L o L I
In particular, in this basis (go, . .., g§p) We can write for any s, A > 0,

go(s + A1) = e* go(s),
g1(s +A) = 1e*® go(s) + ™ g1 (s).

AP
gp(s + 1) = ?e’\"‘go(s) + -+ e’\“gp(s).

Taking s = 0 in this equalities gives

A
81 (1) = e g0(0) o -+ €M g 0)
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that is, denoting fj:s — s/ %S there holds

0 1 0 2 0 0 B T B N
ol gog(); glg()% 0 ﬁ ?1)
g0(0)  £1(0) £ 2>
(0) R S
£1(0) | | o1 8p-1
L go(0) | L ] | &p

Observe that go(0) # 0 (otherwise go = 0, which would contradict (g;); being a basis),
so that the above matrix is invertible, and the (fj)o< < form a basis of each block of the
Jordan base of 4 in N. We get the result getting back to the original variable r = ¢*. =

Gathering together the above two results, we infer that JVIO ¢ admits a basis made of
functions w € era 0l such that, for r > 0,

(5.7) w(r) = L>1 In(r)? r*

for some p € N and o € C. Denote B the set of couples (p,«) € N x C which appear in
this basis: due to Lemma 5.9, 8 is a finite union of {(0, «;), (1, ¢;), ..., (pi, o)}
Finally, we state a second stability result, to be used in the following step.

Lemma 5.10. Consider the operator A: f = Lx>1Af. Then A (is well defined and)
maps NIO N L% to itself : that is, forall f =w ® Yy € NIO N L%, we also have ﬂ|x|>1ﬁf IS
NP NLE

This is of course strongly connected to the explicit special form of w € N, 10 .

Proof. For w as in (5.7), a direct computation yields that 1|~ (A(w ® Y;)) € L2 (it is
a smooth function on {|x| > 1}), and recalling the form of the Laplacian in spherical
coordinates, this function belongs to L%. Now, from (4.15), we also have that

TAw®Yy) = 02T (w ® Yy),

so that 15> 7 A(w ® Y;) = 0. By Proposition 4.11, T (1 x>1 A(w ® Y¢) and TA(w ®
Y¢) coincide on {|s| > 1}, and are both 0 there. Hence 1|1 A(w ® Y¢) € N). |

Step 5. Nlo N L% is spanned by the gj.
We recall the following formula, valid for p € N and @ € C: for x # 0,

X

(5.8) A[log(|x|)p x| Yg( )] = [[e(e +d —2) — (I + d — 2)]log(|x])”

x|

+ pQar+d =2 log(lxl)? ™+ p(p — Dloa(lel) ] el ¥e( )

(with the convention that |x|® = 1; for the convenience of the reader, a derivation of this
formula is presented in Appendix A). We now claim:
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Lemma 5.11. Let (p,a) € B.Then p =0, ¢ < —d/2and o = — —d + 2(k + 1) for
some k € N.

Proof. Letw € N, be such that
Vr>1, w(r)=In()?r"

(HAsw e Lradl,a <—d/2.

(2) We next prove that« = —] —d + 2(k + 1) for some k € N.

As N, 10 N L% is isometric to V. 10’ o it is finite dimensional. On the other hand, it is stable
by A, due to Lemma 5.10. Therefore, for all k € N, Ak(w R Yy eN'N L%. Now, as A

has the same action as A for {|x| > 1}, direct computations which follow from (5.8) give
that for |x| > 1,

p—1
Ak a—2k =2k X
Rk (w ® Y,)(x) = Cilog(x ) |x| n(|0—gzoqkmgunux| n()

for some coefficients c; x € C, and where Cyp = 1 and, by induction, for keN,
Crr1= (@ —=2k)(a—2k+d—-2)—I( +d —2))Ck.

However, the functions (r — log(r)’|x|* 2#)xen are linearly independent (recall that
o < —d/2), so that the (AF(w ® Y;)) are too: as N2 N L% is finite dimensional, this
implies that for some k € N, Cx41 = 0. In other Words

(¢ —2k)(a—2k+d—-2)—-I1(l+d—-2)=0.
Asa —2k < 0, we infer that o« — 2k = -] —d + 2.

(3) Let us finally prove that p = 0. We argue by contradiction and assume that p € N*,
Then, thanks to the structure of B already precised, we have (1, «) € B. Without loss
of generality, we can furthermore assume that « is minimal for this property. Now, we
compute that for |x| > 1,

A togbxly et Ve )
= [le(@+d—2)—1( + d —2)]log(|x]) + Qo + d — 2)]|x|“n(| |)

If « # —I — d + 2, by linear independence, we would have (1, « —2) € 8, which would
contradict the minimality of «. Hence« = —/ —d +2andaso < —d /2,200 +d —2 <0
is not null, so that (0, —2) = (0,—] — d) € B. Applying A and using (5.8) repetitively,
we would get (0, — — d — 2k) € B for all k € N, which contradicts that B is finite.
Therefore p = 0. ]

Let Ny € N be the maximum of the k& such that (0, —] — d + 2k) € B. Then by
applying repetitively A (and using (5.8)) to w ® Yy, where w € erad,l and w(r) = rV¢ for
r > 1, we getthat forall k € [1, N¢], (0,—] — d + 2k) € B. Recalling the definition (1.19)
of the g, we can reformulate this by saying that

(5.9) NP N L? = Span(gk; k € [1, Ne).
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Step 6. Conclusion.
We now complete the description of .V, 10 n L%, that is, we prove that

JVIO N L% = Span(gy; k € N, < —d/2).

For this, it suffices to prove that if ax < —d /2, then g € N N L3.

It is certainly possible to prove this by direct computation using the formulae of
Lemma 4.7 and 4.12. Similar computations are made for instance in Quinto [22], For-
mula (3.14) (see also Sections 7.3-7.4 on p. 795 of [10] for related computations). Yet, it
is not easy (but certainly doable) to justify the computations when the functions do not
have enough decay.

Instead, we will use some ideas related to Lemma 5.10.

Lemma 5.12. Let k € N such that ay < —d /2. Then g € N2 N L%.
Proof. Observe that, as ax < —d /2, gk € L.

Since A is a differential operator, we have (Agr){xj>1} = A(gk){x|>1} in the sense
of distributions (the A being an operator on distributions either in R or in {|x| > 1}).

As (gk){|x|>1} is a smooth function, formula (5.8) (with p = 0) applies for k > 1, in the
classical sense, to give

A(gr){x1>1y = ¢k (8k—1){lx|>1}
for some ¢ € R, either in the classical sense or in the distributional sense in O’ (|x| > 1).
Thanks to the previous remark, we obtain

(AgK)(ixl>13 = Ck(k—1){|x|>1}-
Using now part (4) of Proposition 4.11, this gives
(T (Agi)lis>1y = k(T gr—1)(s>1}-
Using this time part (3) of Proposition 4.11 and after restricting to {s > 1}, there holds
(T (Agi)ls>1y = (03T gh)is>13-

As gk € L2, denote hy € L*({|s| > 1}) such that (7 gx)l{s|>1; = hx ® Y¢: we obtained
fork > 1,

(5.10) Zhy = cx hy—y.
Similarly, and by the definition of &g and spherical harmonics, we get
A(go){jx>13 = 0.

Let us prove by induction on k (such that o < —d/2) that hy = 0.

For k = 0, the function u(¢, x) = go(x) is solution of Ou = 0 on {|x| > |¢| + 1}
(outside of the light cone). In particular, by finite speed of propagation, the solution w to
the wave equation with initial data (g, 0), satisfies w(z, x) = go(x) on {|x| > |¢t| + 1}.
In particular, (2.14) gives

= i 2 T o 12
0=2 lim [wlzsgsiry = 1780l (s 1yxsa -

This proves that 1y = 0.
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Let £ > 1 and assume that h;_; = 0. In view of (5.10), we infer that there exist
a, B € R such that hy (s) = as + B fors > 1. As hy € L>({|s| > 1},ds),a = B = 0 and
hi = 0. This completes the induction.

Now, hj = 0 precisely means that 15>, 7 g¢ = 0, and so gi € N, |

This completes (5.3), that is, the proof of Theorem 5.3 in the L? case. ]

Proof of (5.4). As g = z55=r&(-/R) is an isometry on H'(R?)), we can assume as
before that R = 1. In this proof, all orthogonalities are meant with respect to the H!
scalar product.

Step 1. Reduction to spherical harmonics.

We now define V! to be the H '-orthogonal complement of H'(Jx| < 1) in K}

1 _ 71 L 1
K'=H'(x|<1)® N

The explicit description of Nll is now different from the L? case, as it involves the har-
monic extension of in B(0, 1):

N ={f e H'R?);Af =0on{|x| < 1}and 9,7 f = O0on{|s| > 1}}.
Analogously to the L? case, we define
Jaa

rad,

p={we H'R, 7|97 dr); Vr € Rae., w(-r) = (=) TTw(r)}.
This time, we equip Hr; 4+ With a family of norms which are all equivalent, but adapted to
the Yy:

d—1,—-1 2 o 2 w |2
U s 2= 19002 o oy rpa-rary + 10+ d = 2) |

L2([0,4-00),|r|[4=1dr) |

Then, we can define
H} :={f e H'RY):; 3w e Hyy,. f =w® Yy},

so that

L

3 d

H'RY) = P H,.
{eM

and the map I-'Ir!ld ;> I-'Izl, w > w ® Yy, is a bijective isometry up to a constant, for the
appropriate norm:

lw® Yell g = lwlig -
Again, 35T preserves this structure: 95T = co(—1)@d=D/23d+D/2
a (bijective) isometry from H!  to H'(R):

R can be extended to

(5.11) Vwe Hyyyoo 1957wl i gy = lwilgy,
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and the commutative diagram still holds:

Vwe Hyy o 05T (w® Ye) = (0, T1w) ® Y.

As mentioned above, we will use the harmonic extension on B(0, 1), that is, the oper-
ator & such that, for f € H', Pf satisfies £f(x) = f(x) for |x| > 1 and APf = 0on
B(0, 1), so that

N ={feI(P); ;T f =0o0n{ls| > 1}}.

The operator J is actually the H 1—orthogo.nal projector on H'(|x| < 1)%. Observe that
the action of & on H/ is simple: forw € H! ,,

(w® Yo)(x) = w(lr) Ye(x/|x])  if [x] > 1,

Pw® Yy)(x) = {w(1)|x|lYe(X/|x|) if [x| < 1.

In other words, we can define an operator $;: H!

71
rad,/ - H

rad,l’
141t
w > Ljxj<1 sgn(x) x| 4+ x> w,

sothat forall £ € M andw € H!_,,

Pw Yy = (Pw) @Y.
We will now fix £ € M and study the kernel
My i=ker(ligi<1 T7) ={w € HLyiw ® Y € M)
={we I-'Ir,ldd’l;w(r) =cr! for0 <r <1landd;7;w = 0on {|s| > 1}}.

Observe that there holds
1

M = PN & (Yeh).

{eM

Step 2. The kernel N 11 ¢ IS finite dimensional.

Lemma 5.13. Letw € Nloé. Then there exists a polynomial P withdeg P <[+ (d —3)/2
(with the convention that deg0 = —o0), and such that

Vs eR, (Tiw)(s) = ]1\3|<1P(S).
Also P has the parity of | + (d + 1)/2.

Proof. The L? proof adapts mutatis mutandis, working on g (s) = 3577w which is in era e
[

Corollary 5.14. The kernel N. 10 ; I8 finite dimensional, and its dimension is at most |1 /2 +
(d+1)/4].

Proof. As in the L? case, this is consequence of 87; being an isometry and 977 (N, ,)
"

being finite dimensional, in view of the previous lemma.
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Step 3. The kernel N?? \¢ Is spanned by functions of the type In(jr])?r% a € C, p € N.

Lemma 5.15. For any A > 1, define the dilation/restriction operator Si acting on func-
tions w € Hradl by

(5.12) Si(w) := (Pr(r = w(Ar)).
Then for any £ € M, S; maps e/\/le into itself.

Proof. The proof follows the path of its L? counterpart with a little variation due to the
harmonic extension. We also need the operator $*, which is defined as # on H!(R?),
but performs the harmonic extension on B(0, 1) instead (£ is a rescale of &, not to be
confused with &%, which is a quotient map of ).
Letw € Nl o and consider v = (S,w) ® Yy, so that 3,7 (v) = (3,77 (S, w)) @ Y;.
The key point is that
v = (PHw® Yy)) o Mj.

Now, using Lemma 4.13, we infer
05T (v) = A"V, T (PH(w ® Yy))) 0 My
Let o € D(R x S71) so that ¢ is supported in {|s| > 1}. We get

(05T (v), @) s/ (Rxsd-1), 5 (RxS~1)
= A7@EV2 (T (PHw @ Yy)), ¢ o Mi/3) s (Rxsd-1),5(RxSd-1)-

The assumption on Supp(p) implies that ¢ o M, is supported in {|s| > A}. Also,
P*w = w on {|x| > A so that, applying Proposition 4.11, we get that

@sT (P ® Yo (> apxsa-t = BsT (0 ® YD) g5 2yxs0-1 = 0.

since w € Nﬁ ¢ and A > 1. So, we have proved that for any test function ¢ supported in
{Is| > 1},
(0T (v), @) g/mxsd-1),5RxSI-1) = 0.

In other words, d;7 (v) = 0 on {|s| > 1}; hence, ﬂ|s|<18S'J}(§Aw) =0and Sjw e Nlle. |

Now observe that S has the same action as S for |r| > 1: forw € H! ,,and r > 1,

rad,
(Saw)(r) = w(Ar) = (Spw)(r), so that we can still use Lemma 5.9 as is. We conclude
that ! "’ admits a basis made of functions w € H ! rad ] such that, for some p € Nanda € C
and r > 0,

(5.13) w(r) = {ln(r)pr if

21’
<r<l.

Denote again B the set of couples (p,«®) € N x C which appear in this basis: due to
Lemma 5.9, 8B is a finite union of {(0, «;;), (1, ), ..., (pi,a;)}.
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The other stability result, suitably modified, also holds in the H' context. The only
subtlety is the definition of extension operator. We already defined the harmonic exten-
sion J#, but it can easily be extended in the following way: if f € €({|x| > 1}) is continu-
ous up to the boundary, one can consider the harmonic extension g of f |‘Si_1 in B(0, 1):

Ag =0o0n B(0,1), glgi-1 = f|gi-1.

Then we still denote

prix |80 i<
A FOR

If w € €([1, +00)) then this is simply

1)
1.

(sgn(r)“@FV2|r|Eif x|

<
w(r) if |r| >

PwRY)=w®Y, where w(r)= {

Observe thatif w € H! _({|r| > 1}) in the sense that

sym

2

2 — 2 N
”w”H,Ld,,({\rDl}) = 10rw iz ez 1y priarary + 10 +d 2)H r ‘LZ({\r\>1},\r\d_ld")

< 400,

then )
BRY, =PweY)eH},

and the map w +— W is a continuous linear map.

Lemma 5.16. Consider the operator A: f P AN gx|=1y)- Then A (is well defined
and) maps N N H(1 to itself: forall f =w® Y, € N N I-.Iel, we also have A f €
NN H]

Proof. 1f suffices to prove it for f = w ® Yy, where w is of the form (5.13). A direct
computation (like (5.8)) yields that (A f)|j{x|>1} = v ® Y, where v € €({|r| > 1}), and
recalling the form of the Laplacian in spherical coordinates, v € Hrz n ;{lr] = 1}). Now,
from (4.15), we also have that

TAw®Yy) = 02T (w ® Yy),

so that ;T A(w ® Y¢) = 0 on {|s| > 1}. Proposition 4.11 yields that 3,7 (£ (v ® Yy))
and d;7 A(w ® Yy) coincide on {|s| > 1}, and that are both O there. Therefore, A f =
P Yy e N. [

Step 5. N N L% is spanned by the fy.

Lemma 5.17. Let (p,a) € B.Then p =0, < —d/2 + lando = — —d + 2(k + 1)
for some k € N.

Proof. If w € N?, is such that
Vr =1, w)=Inr)"rre

the condition that w € H! , writesa < —d /2 + 1.
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Then as A acts as A on |r| > 1 (like A does), the proof of Lemma 5.11 works word
for word. u

Let N; € N be the maximum of the k such that (0, =/ — d + 2k) € B. Then by
applying repetitively A (and using (5.8)) to w ® Y, where w € H! yand w(r) = rVe for

rad,
r > 1, we get that for all k € [1, Ngﬂ, (0,—1 —d +2k) e B. Recalling the definition (1.20)
of the fy, we can reformulate this by saying that

(5.14) N!0 H} = Span(fi: k € [1, N¢]).
Step 6. Conclusion.

Lemma 5.18. Let k € N be such that oy < —d /2 + 1. Then fi € N N H}.

Proof. Observe that, as o < —d/2+ 1, fx € I-'IKI. Moreover, due to (5.8) (with p = 0),
fork > 1,
lixj>1Afk = dglixj>1 fk—1 for some di € R,

and by the definition of ¢ and spherical harmonic,
Lixi>1Afo = 0.
Therefore, due to Proposition 4.11, there hold
05T (Ljx>1A80))|is=13 = s T (Agi) (=13 = (05 (05T €1))(s>1-
As gk € H}, let hy € L2({|s| > 1}) be such that
OsT fi)lysi>1y = hie @ Yo

we obtained for k > 1 that
(5.15) Zhy = dihi_,.

Let us prove by induction on k (such that oy < —d /2 4 1) that hy = 0.

For k = 0, the function u(¢, x) = fo(x) is solution of Ou = 0 on {|x| > |¢| + 1}
(outside of the light cone). In particular, by finite speed of propagation, the solution w to
the wave equation with initial data ( fy, 0), satisfies w(z, x) = fo(x) on {|x| > |¢t| + 1}.
In particular, (1.13) gives

. 2 foad 2
0= 2[_1)”_{100 ||Vw||L2(\x\>z+1) = [|057 fo”Lz({s)l}de*l) s

This proves that kg = 0.

Let k > 1 and assume that i;_; = 0. In view of (5.15), we infer that there exists
a, B € R such that hy(s) = as + B fors > 1. As hy € L?({|s| > 1},ds),a = B =0 and
hi = 0. This completes the induction.

Again, hy = 0 precisely means that 15>19,7 fx = 0, and thus f € Nll. [ ]

This concludes the proof of Theorem 5.3. |
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We can now complete the:

Proof of Theorem 1.7. The relations (5.1) and (5.2) write

2 2 2
loun) Py = ol + a2

= ”ﬂ\SDR 8sTu0||]%2(RX§d—1) + ”7[11{“0”21 + ||]1|S\2R Tul”]zdz(]Rng*l) + ||ﬂ?eu1||i2-
First, due to (1.15) and symmetry, there holds
Eexi,r(1) = ”aSTMOHiZ([R,_,_OO)ng—l) + ”71"1”1242([&4_00))(3(171)
1 -~ -
= §(||]1|S\>R 057 uO”iZ(RXSd—l) + ||]l|s\>R J MIHiZ(RXSd—l))

Second,

kermg = P(R) = K}e X K% = kerrr}e X kern%,
so that

IrrGuo uDl2y, o = IkuolZy, + I7Qur]2s.

Therefore, we conclude that
2 2
ltoeun) %y, o = 2 Eenir) + 7R, un) 2, o

This is (1.21). It remains to describe u when ug € Kl1 and u; € K?, on the outer cone
€1 :={|x| =2t + 1} fort > 0 (the case t < 0 being treated with data (1o, —u;) and by
scaling, we get the description for any R > 0). For this, it suffices to compute the solu-
tion vy to (1.1) with initial data ( f,0) on €; for any k € N (notice that for large &, these
solutions to the wave equation do not belong to H'! x L?). Indeed, for k > 0, then 9, V41
is the solution to (1.1) with initial data (0, A fx+1). As (A fx+Dl{ix|>1} = Ck8kl{|x|>1}
with ¢ # 0 for k > 1, so that by finite speed of propagation, aa, Vg +1 coincides on €;
with the solution to (1.1) with initial data (0, gx).
We prove by induction on k € N that there exist ax_; € R, for j € [0, k], such that

k
(5.16) V. x) €€ ve(t.x) =Y e 12 7 f(x).
j=0

For k = 0, simply recall that (A fp)||x|>1 = 0 so that for (¢, x) € €1, vo(t,x) = fo(x).

Assume that (5.16) holds for some k > 0, and let us prove it for k + 1. Observe
that Avgy; is a solution to (1.1), with initial data (A fry1,0). As (AfetD)lx>13 =
¢k Jk|{jx|>1} for some cx € R. By uniqueness in the Cauchy problem for (1.1) and finite
speed of propagation, we infer that

V(t,x) € €1, 041t xX) = Avgyq (2, x) = cpvog(t, x).
By the induction hypothesis, we infer that, for all (¢, x) € €y,

k
Vi1 (t.x) = Y ; 12477 fi(x).
j=0
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Integrating in time twice for each fixed x, (with 0;vx4+1(0, x) = 0 and vg41(0, x) =
Jre+1(x), we get that, for all (¢, x) € €y,

Ok, j

k
_ § 2(k—j)+2 £
) = “ Lok Hrnek-H+D' PELE et

This ends the induction step. Notice that cx x = 1 (by induction or by evaluation at ¢ = 0).
The proof of Theorem 1.7 is complete. ]

A. Computations of the Laplacian of some functions

Using the Laplacian in polar coordinates,

82f d—109f 1
W+T_+r_2ASd_1f

1 0 a 1
A Af = g (e Yy Sager = i

rd=1 9r ar

We first compute

1 o 10 o
rd_1$<rd lgr )=a(a+d—2)r 2,

In particular, since | x|’ Y, is a harmonic polynomial, we have

1
0= A[FY] =10 +d —2)r' Y, + = Agani Ve,

r
which gives Aga—1 ¥y = —A; Yy, with A; = [(I + d —2). It gives also
(A.2) AlrY =[al@+d—2)—1(+d —2)]r*2Y,.

We also compute

1 J d—1 d Do
e (r P log(r)?r )

= o2 [a(a +d —2)1og(r)? + pQRa +d —2)log(r)?~' + p(p — 1) log(r)p_z] ,
which gives (5.8), namely,
Allog(r)? r®Y,] = r*2 Yg[[a(ot +d—2)—I(l +d —2)]log(r)?
+ pQa +d —2)log(r)?~" + p(p — 1) log(r)?~2].
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