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§1. Introduction

In this paper we study the initial boundary value problem for a quasilinear
degenerate parabolic equation of the form

(1.1) b(u), = u,, + f(u) in xeQ, t>0,
with one dimensional open interval Q < R under the initial condition
1.2) u(x, 0) = ug(x) in xeQ,

together with one of the following three types of boundary conditions:
(a) the Dirichlet boundary conditions with Q = (0, L)

(1.3a) u©, t)=u(L,t)=0 in t>0;
(b) the Neumann boundary conditions with Q = (0, L)
(1.3b) u0,t) =u (L, t)=0 in t>0;
(c) the Cauchy problem, namely,
{1.3c) Q=R.

We assume the following conditions on b(u), f(u) and uy(x), respectively:
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(A1) bu)eC([0, 0))nC*((0, )), b~ (1)e C*([0, =0)), lim b(u) = oo, b(0)
=0, b(u) >0 for u >0 and b'(u) > 0 b"(u) <0 for u > 0 where u = b~ 1(v) is the
inverse function of v = b(u);

(A2) fweC([0, )N C*((0, ), f(b~ (v))eC[0, ©)) and f(u) >0 for
u>0;

(A3) ug(x)eB(Q) and uy(x)>0 for xeQ

where B(k) is the set of all bounded continuous functions on a closed subset K of
R.

In the case of the Dirichlet problem, we assume in addition the following
compatibility condition:

Furthermore, we assume the following condition so that weak solutions of (1.1)
may blow up in a finite time:

:4(9)
(A4) ) dé < 0.

The equation (1.1) is called a porous media type equation and it represents
the process of thermal diffusion in a nonlinear continuous medium with the
emission of thermal energy. And u(x, t) represents a temperature and f(u)
represents a heat source.

Remark 1.1. Assumptions (A1), (A2) and (A4) are satisfied if, for example,
the equation (1.1) is

(1.4) @™, =u, +u’™  (p>1, m=>1).

Let us put @, = Q2 x (0, 7). We know that if T > 0 is small enough, there
exists a unique non-negative weak solution u(x, t) of (1.1) (1.2) (1.3abc) (see e.q.,
[2], [3], [12] and [13]). The definition of “weak” solutions will be given below
in Section 2.

Now let us put
1.5 T=sup{t|u(x,t) exists in Q, = x (0, 7)}.
If u(x, t) does not exist globally in time, namely,
0<T< o0,

then we call this solution a blow-up weak solution and we call T a blow-up
time. The local existence theorem implies

(1.6) ltlTI'Irl sup {u(x, t) | xe 2} = co.
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For studies on blow-up or non-blow-up of solutions, see references [6], [8], [9]
and [10].

By a blow-up point of a blow-up weak solution u(x, t) we mean a point
xeQU{oo}U{— oo} such that there is a sequence {x,, t,} = Q x (0, T) satisfying

t,1T, x, — x and u(x,, t,) — 00 as n — 0.

Also we call the set of all blow-up points a blow-up set.

From the definition, we see that the blow-up set is a closed subset in Ru
{oo}u{— ©}. We shall study the shape of the blow-up set of each blow-up
solution to (1.1)(1.2)(1.3abc) and furthermore, in the case of the Cauchy problem
(1.1)(1.2)(1.3c) we shall study the asymptotic behavior of an interface of each
blow-up solution of this problem near the blow-up time ¢t = T.

In the case of the Dirichlet or Neumann problem, we shall show that if f(u)
grows more rapidly than u (see (AS5)), then the blow-up set of a blow-up solution
is finite (Theorem 5.1). In the semilinear case b (&) = &, this result has already
been obtained by Chen-Matano [4] and our methods are based on theirs. Note
that we have to add some technical conditions on the initial data uy(x) (see (A6)
and (A7)). On the other hand, we do not use the analyticity condition on uy(x)
and f(u) which is required in .the case of the Dirichlet problem and in case f(0)
> 0.

In the case of the Cauchy problem, we assume that the initial data uy(x) has
a compact support [0, L] (see (A8)). If we add some assumptions on b(u) and
f(u) (see (A9)(A10)(A11)), we can obtain a finite propagation of the interface of
the blow-up solution u(x, t) in t < . We are interested in the behavior of the
interface near the blow-up time t = T as well as the shape of the blow-up set.

We consider the following two cases:

(I) f(u) grows more rapidly than u (see (AS5)).
(II) f(u) grows more slowly than u (see (A12)).

If (I) holds, we obtain that the blow-up set S(u,) is contained in [0, L] and the
interface stays bounded as t 1 T. Furthermore, if the technical condition (A7) is
added on uy(x), then S(u,) becomes a finite set (Theorem 6.2 (i)). On the other
hand, if (IT) holds, we obtain that the blow-up set S(u,) is equal to RU{co}U
{— o0} and consequently the interface propagates to the infinity as ¢1T
(Theorem 6.2 (ii)).

To prove these results, we can use the finite propagation property of the
interface for (I) and (II). We can also use the non-blow-up result for the
Dirichlet problem due to Imai-Mochizuki [8] for (II) only. In order to prove
results for (I) we can also use the methods developed Friedman-McLeod [5] and
Chen-Matano [4] for the semilinear problem. Note here that [8] studied the
initial-boundary value problem (1.1)(1.2)(1.3ab) and asserted that the above two
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conditions (I) and (II) on f(u) bring on the completely different blow-up
situations.

Similar results to Theorem 6.3 were already obtained in [6] and [7] for the
special equation (1.4) with m > 1. However, the proof in [6,7] strongly
depends on the equation and it seems difficult to apply it directly to our general
quasilinear equation.

The paper is structured as follows: In Section 2, we state the definition of
weak solutions of (1.1)(1.2)(1.3abc) and we state some lemmas used throughout
this paper. In Section 3, we also state some lemmas which will be directly used
in our blow-up problems. In Section 4, we shall show that the blow-up set
becomes finite under some special conditions on the blow-up solution
u(x, t). In Section 5 we consider the Dirichlet or Neumann problem using the
results in Section 4 and in Section 6 we consider the Cauchy problem.

Acknowledgment. The author wishes to express his gratitude to Professor
K. Mochizuki for his valuable suggestions and helpful encouragement. The
author is also grateful to Professors M. Matsumura and Y. Shibata for their
kind advice.

§2. Definitions and Preliminaries
In this section, we assume (A1)-(A4).

Definition 2.1. Let 2 be an open interval in R and let T> 0. A function
u(x, t) defined in Qr = Q2 x (0, T) is called a weak solution of (1.1), if:

1) u(x, )e B(2 x [0, T"]) for each T'e(0, T), and u(x, t) > 0 for (x, )€ Qr;

2) For any T'e(0, T) and any bounded open interval Q' = (a, f) in £, the
identity

j b(u(x, TY)e(x, T")dx — J b(u(x, 0))p(x, 0) dx
o

(o4

T T T a(p
— j f b(u(x, t))p,dxdt = f f UQ,.(x, t)dxdt — f u—dt
0 Jo 0 Jo o 0x

+ J : f fw)o(x, t) dxdt
0 Jo

xX=a

x=p

holds for any test function ¢(x, t)e C**(Q' x [0, T)) satisfying o(a, t) = @(B, 1)
=0 for te(0, T) and ¢(x, t) >0 for te(0, 7).
A function u(x, t) defined in Q; = 2 x (0, T) is called a weak super-(sub-)
solution of (1.1), if u(x, t) satisfies 1) and 2) with equality replaced by > (<).
A function u(x, t) defined in (0, L) x (0, T) is called a weak solution of the
Dirichlet problem (1.1)(1.2)(1.3a), if u(x, t) is a weak solution of (1.1) in (0, L)
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x (0, T) and, if u(0, t) = u(L, t) =0 in te(0, T) and u(x, 0) = uy(x) in x€(0, L).

A function u(x, t) defined in (0, L) x (0, T) is called a weak solution of the
Neumann problem (1.1)(1.2)(1.3b), if u(x, t) is a weak solution of (1.1) in (0, L)
x (0, T) and, if u(x, t) satisfies 1) and 2) with ¢(x, t) replaced by o(x, t)e C*!
(2" x [0, T)) satisfying ¢(x, £) = 0 for (x, t)e({o, B}\{0, L}) x [0, T) and ¢,(x, )
=0 for (x, t)e{a, B} n{0, L} x (0, T), and if u(x, 0) = uy(x) for xe Q.

A function u(x, t) defined in (0, L) x (0, T) is called a weak super-(sub-)
solution of the Neumann problem (1.1) (1.3b), if u(x, t) satisfies 1) and 2) with
equality replaced by > (<) and with @(x, t) replaced by ¢(x, f)e C>*(Q
x [0, T)) satisfying ¢(x, t) =0 for (x, t)e({a, f}\{0, L}) x [0, T) and ¢.(x, t)
=0 for (x, t)e{a, B} n{0, L} x (0, T).

A function u(x, t) defined in R x (0, T) is called a weak solution of the
Cauchy problem (1.1)(1.2)(1.3c), if u(x, t) is a weak solution of (1.1) in R x (0, T)
and, if u(x, 0) = uy(x) for xeR.

Lemma 2.2 (the comparison theorem). Assume (A1)-(Ad). Let Q be an open
interval in R. Then, the two following results hold:

(i) Suppose that u(x, t) is a super-solution of (1.1) in Qr = Q2 x (0, T) and
v(x, t) is a sub-solution of (1.1) in Qr = Q2 x (0, T). Then, if u(x, t) > v(x, t) for
(x,t)edQ x (0, T) and if u(x,0)=>v(x,0) for xeQ, u(x,t)>v(x,t) for all
(x,)eQ x (0, T).

(i) Suppose that u(x,t) is a super-solution of the Neumann problem
1.1)(13b) in Qr=R2x (0, T) and v(x,t) is a sub-solution of the Neumann
problem (1.1)(1.3b).  Then, if u(x, 0) > v(x, 0) for xe(0, L), u(x, t) > v(x, t) for all
(x,)e x (0, T).

Proof. See Aronson-Grandall-Peletier [2] and Bertsch-Kersner-Peletier
[3]. O

Finally we show the following lemma:

Lemma 2.3. Assume (A1)-(A4). Let u(x, t) be a weak solution of (1.1) in
Q1. Then, if there exists a point (x, t)€ Q¢ such that u(x,, to) > 0, u(x, t) is a C*-
Sfunction in a neighborhood of (x,, t,) and

2.1) u(xq, t) = n(t) >0 te(ty, T)

where 1(t) is a solution of an ordinary differential equation n' = — An/b’(n) for
some positive constant A.

Proof. We only show (2.1). By the fact that u(x,, t,) > 0, there exist § > 0
and o > 0 such that

(2.2) u(x,t)>a>0 for |x—xo|<d and |t—ty| <.

Set
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(2.3) u(x, t) = g(x)n(t)
where
24) g(x) = sin({x — (xo — 6)}/26)

and 7(t) satisfies a differential equation

n
2.5 "= — 1
2.5) n 0
with 5(t,) = « and A = (n/25)%.
We shall show
(2.6) u(x, t) > v(x, t) for all (x,t)e[xy— 3, xq + 6] X [to, T).

First, n can be represented explicity by
n(t) = W= H(W(@) — At — o))

where

(&
) W(n)=f B, n>0

1
and W' is the inverse function of W. Noting that W(s) is an increasing
function and W(n) - — oo as n | 0, we have that n(¢t) > 0 in te(t,, o0) and 7(t) | 0
as t - 00. Since 1/b'(y) is an increasing function, a simple calculation shows
that

(2.8) b), vy +f(v) for (x,t)e(xqg — J, xo + 0) X (tg, T).

Thus, we see that v(x, t) is a sub-solution of (1.1) in (xq — J, xo + ) X (to, T) and
that

(2.9 v(xgxd, ) =0<u(xo+d,t) for te(ty T)
and
(2.10) v(x, to) = ag(x) < u(x, t,) for xe[xy,— 9, xo + d].

Applying the comparison theorem to wu(x,t) and wv(x,t), we obtain that
u(x, t) > v(x, 1), (x, t)e[xo — 8, xo + 6] x [to, T). This proof is complete. [

§3. Fundamental Lemmas

In this section, we assume (A1)-(A4). We state some fundamental lemmas
used after this section.

Lemma 3.1. Assume (A1)-(A4). Let 2 = (a, d) be a bounded open interval
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and, let u(x, t) be a weak solution of (1.1) in Qp = Q x (0, T). Then, the following
two results hold:

(i) Suppose that wu(a,t)>0 for te[0,T), u(a, 0)>ud, 00=0 and
ou(x, t) > u(x, t) for (x, t)elc, d] x [0, T) where o.u(x, t) = u(2c — x, t) with c
= (a + d)/2. Then, if there exists tye(0, T) such that u(x, t) >0 for xe[a, c],

(3.1 u,(c, ty) <O.

(i) Suppose that u(d,t)>0 for te[0, T), u(d, 0)>u(a, 0 >0 and
ou(x, t) = u(x, t) for (x, t)e[a, c] x [0, T) where o.u(x, t) is as above. Then, if
there exists toe(0, T) such that u(x, ty) > 0 for xe[c, d],

(3.2) u(c, to) > 0.

Proof. We shall only show (3.1).
First, we show that

(3.3) a.u(x, to) > u(x, to) for c<x<d.

Assume that o.u(x,, to) — u(xq, to) = 0 for some xge(c,d). Set w=v—u
where v = o,u. Then we see that w(x,t) satisfies a linear parabolic equation

1

(34) w, = m

{Wxx + {f_— Blut}w}

1
in (x,t) satisfying w(x,t)>0, where ¢ = ¢@(, u) = J o'Ov+ (1 —0)u)
0
df. Note that (xg, to)e(c, d) x (0, T) is a minimum point of w(x, t) in (c, d)
x [0, T). Applying the maximum principle to w(x, t), we obtain that w(x, t)
=0 in x x [¢,d], which implies w(d,t)=0 in te[0, t,]. Namely w(d, 0)
= u(a, 0) — u(d, 0) = 0. However this contradicts the assumption of Lemma 3.1.
Next we show (3.1). Note that u(x, t) > 0 in the neighborhood of ¢ = ¢,
and xe[a, c]. Then, by the same methods by which we demonstrated to show
(3.3) we have that w(x, t) >0 in (x, t)e(c, d] x (to — 9, to + J) for some J > 0.
Applying the maximum principle to w(x, ) and using the fact that w(c, t) = 0, we
have that w,(c, t) >0 for te(t, —d, to + 6). Namely u.c, t) <0 for te(t,
— 0, to+ 9). This is a proof of (3.1). [

Next, we further assume the following condition:

(A5) There exists a C®-function F: [0, o) — [0, o) such that
(i) Fu)>0, Fw=0, F'(u)> 0, for u>0;

(ii) there exist ¢ >0 and M, > 0 such that,

”

(3.5 f’F—fF’2c<F’F—%F2) for u> M,;
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(iii)

® du
(3.6) J —— < 0.
1 F(w)
Remark 3.2. If p/m > 1, equation (1.4) satisfies this condition.

Lemma 3.3 (¢f. Friedman-McLeod [5], Chen-Matano [4]). Assume (Al)-
(A5). Let Q = (a, b) be a bounded open interval and let u(x, t) be a positive weak
solution of (1.1) in Qr = Q2 x (0, T). Furthermore suppose that

B.7)  uyx,t)>0 [or ulx,)<0] in (x,t)elc—96,c+ ] x(z, T),

for some ce(a, b) and 6 > 0 with (c — J, ¢ + 0) = (a, b) and some 1€(0, T). Then
there are no blow-up points in (c — 9, ¢ + 9).

Proof. We shall show this lemma in case
(3.8) u(x, )>0 in (x,t)e(c—0d,c+ ) x (g, T).
We give an indirect proof. Assume that x,€(c — J, ¢ + J) is a blow-up point of
u(x, t). Then we see that

(3.9) ltlgl u(x, t) = o for xe(xq, ¢ + 9).

In fact, let de(xq, c + 6) be fixed. Since x, is a blow-up point, there exist
sequences {x,} < (c—d,d) and {t,} =(t, T) such that x, —>x, t,— T and
u(xy, )7 oo as k— 0. By (3.8), we obtain

(3.10) u(x, ty) > u(xg, t;) for d<x<c+3d.

Hence, by Lemma 2.3 we have
(3.11)  u(x, t) = n,(¢)sin —ﬂ— T for xe[d,c+d], T>t>t,.
c+d—d

Here n,(t) = W™ Y(W(x) — At — t,)) and W(y) = ”Eégdé with o = u(x,, t;) and
1

A= (n/(c + w—d))®. Since W(y) is a monotone increasing function, we have

nt) = W (W(u(x, 1)) — M(T—1t)) in te[y, T).

Noting that klim {Wu(xy, t) — A(T—t)} = liTm w(y), we obtain
- ntoo
I[rtlit}) () = W~ Y (W(u(x,, t,)) — A(T—t,)) = o0 as k— co.
telty,

This and (3.11) show (3.9) since de(xy, ¢ + ) is chosen arbitrarily.
Choose de(xg, ¢ + d) again and set
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(3.12) J=u,—ep(x)F(u(x, t)), (x,t)eQ@=(d,c+ ) x(t;, T)
and
(3.13) Mm=ﬁn§%§g%

where ¢ >0 and t; (7, T). Noting the assumptions (A1), (A4), (AS5) and (3.7),
and assuming that ¢ is sufficiently small and ¢, is sufficiently close t = T, we have

(3.14) ®'J), — T > B(x, )J + C(x, ), (x,)€Q;
(3.15) Jd >0, Jc+6,8>0, t,<t<T;
(3.16) J(x, 1) >0, d<x<c+§.

(cf. Chen-Matano [4] and Imai-Mochizuki [8]). Applying the maximum
principle to (3.14) (3.15) and (3.16), we obtain J(x, t) > 0 for (x, t)eQ, or

u(x, t) .
3.1 — t .
3.17) Flutx, ) ep(x) i (x,1)eQ
Integrating this inequality over d < x < ¢ + ¢ yields
u(c+4,t) u c+0
3.18) J ———~>8f x) dx in t;<t<T
( wayy F) d plx) !

The right-hand side of (3.18) is a positive constant, while the left-hand side tends
to zero as t1T by virtue of condition (A5)(iii) and (3.9). This contradiction
shows that x, is a not blow-up point of u(x, t). Then proof is complete. [

Finally we show

Lemma 3.4. Let u(x, t) be as in Lemma 3.3. Then u(x, t) can be extend to a
C?>-function in (c —d,c+ 6) x (0, T]. Moreover if we represent this C2!-
Sfunction as u(x, t) again, then

(3.19) u(x, T) > 0 [or u(x, T) < 0] in xe(c—9,c+9).

Proof. We shall show this lemma in case u, >0. By Lemma 2.3 and
Lemma 3.3, for any ¢ —d <d; <d, <c+ 9, there exists M' = M'(d, d,) >0
such that

1
I7a <u(x, t) <M’ for (x,t)eld,, d,] x [z, T).

Therefore we can easily extend u(x, t) to C?!-function u(x, t) in (c — , ¢ + 6)
x [t, T] by means of standard I” and Schauder’s estimates (cf. Chen-Matano

[4]).
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Choose de(c — 6, ¢ + ) arbitrarily and choose [ > 0 such that [d — I, d + []
c(¢c—90,c+J). Let us consider the following initial boundary value problem:

b),=v.,.+ f(v) in xed—Ld+1),t>r,
(3.20) v(x, 1) = u(x, 1) in xed-—1Ld+1),
vd+Lt)y=ni(t) in t>r1,

where #.(tf) are continuous functions on [7, o0) and satisfies that 5. (f) =
u(@+ L t)for te[r, T) and n_(¢) < n,(t) for te[t, o0). Then, there exists T' > 0
such that a solution v(x, t) of (3.20) exists in (d — L, d + 1) x (zr, T+ T') by the
existence theorem, and the uniqueness theorem implies

(3.21) o(x, ) =u(x, t) in (x, )e(d—1Ld+ 1) x [z, T].

We compare o,v(x, t) and v(x, t) in [d — L, d] x [z, T+ T'). We can see easily
that o,0(x, 7) > v(x, 7) for xe[d — I, d], o,v(d, t) = v(d, t) for te[tr, T+ T') and
ogvd—1L1t)—vd—Lt)=n,(t)—n_() =0 for te[r, T+ T'). Noting o,v and
v are solutions of (1.1) and applying the comparsion theorem, we obtain

(3.22) ou(x, t) = v(x, t) in (x,)e[d—1Ld] x[t, T+ T).

Then it follows from Lemma 3.1 that
(3.23) ud, t)>0 for te(r, T+ T'),

so u,d, T)>0. Since de(c—,c+ ) is chosen arbitrarily, we obtain
(3.19). O

§4. Key Lemma

In this section, we assume (A1)-(A5) and prove the following key lemma for
the case of a bounded domain:

Lemma 4.1. Assume (A1)-(AS). Let u(x, t) be a positive weak solution of
AD)inQr=2x%x(0, T)=(@0,L)x (0, T) and let 0 < a; < a, < L. Suppose that
for any t,€(0, T) there exists 6 = d(ty) > 0 such that

4.1) ux, t) >0 [or uyx,t) <0], (x,t)ela; —0d,a, +9] x(ty, T)
and
4.2) u(x, t) <0 [or ux,t)>0], (x,t)elay, — 9, a, + 9] x(ty, T)

where [a;—d,a;+6]<=Q (i=1,2) and [a, —d,a, +d]n[a, — 9, a, + d]
= ¢. Then, the blow-up set of u(x, t) is finite in (a, — 0, a, + 9).

Remark 4.2. Consider the Dirichlet problem (1.1)(1.2)(1.3a) with b(u)
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=u. Let u(x, t) be a blow-up solution of the problem. Then, we see that
u(x, t) > 0 for (x, t)e(0, L) x (0, T) and for any 7€ (0, T) there exists 6 = d(z) > 0
such that wu.(x,t)>0, (x,t)e(0,d) x (1, T) and u.(x,t) <0, (x,t)e(L— 9, L)
x (t, T) (see Friedman-McLeod [5]). Using Lemma 4.1 and the fact that the
blow-up set of u(x, t) is contained in (0, L) (Friedman-McLeod [5]), we obtain
that the blow-up set of u(x, t) is a finite set. Then, we do not use the analyticity
condition on a initial data uy(x) and a heat source f(u) which is required in
Chen-Matano [4] in case f(0) > 0.

We need some notations and preliminary lemmas (see Chen-Matano [4]
and Angenent [1]).

Notation 4.3. Let w(x) be a continuous real value function on K where K
is S = R/Z or a bounded closed interval in R. We define the nodal number of
w by

v(w) = the number of points xe K with w(x) = 0.
This defines a functional v: C(K) —» N U {0} U{o0}.

Definition 4.4. We say that we C*(K) poses only simple zeroes if w'(x) # 0
for any xe K such that w(x) =0. The set of all such functions is denoted by
2 (K).

Lemma 4.5 (Angenent). Let p(x,t), q(x, t) and r(x, t) be locally bounded
continuous functions on S x (to, T) With P.y, Pxt> P> Pxs P 4xs 4pr all locally
bounded continuous. Furthermore, let p(x,t) >0 and let w(x, t) be a classical
solution of

(4.3) w, = p(x, DWe + q(x, Wy + 1(x, hw, (x, EST x (to, T).

Assume that w is not identically equal to zero. Then
(1) v(w(-, t)) is finite for any te(ty, T) and is monotone nonincrasing in t;
(ii) there exists a strictly decreasing sequence of points {t,} < (to, T) such
that {t,} |ty and w(-, t)e X (S?) for any te(ty, T)\{t}-

Lemma 4.6 (Angenent). The assertions of Lemma 4.5 hold with S replaced
by a closed interval [a, b] in R, if we assume in addition that w(a, t) # 0 and
w(b, t) # 0 for any te(ty, T).

Remark 4.7. Lemma 4.5 and Lemma 4.6 follow immediately from the next
lemma due to Angenent [1]:

Lemma 4.8 ([1]). Under the assumption of Lemma 4.1 or of Lemma 4.2, we
have

(1) v(w(-, ) is finite for te(ty, T).
(i) If (xo, ty) is multiple zero of w, then v(w(-, t,)) > v(w(-, t3)) for all t,
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<t;<t3<T.
With Lemma 4.6 we can now prove Lemma 4.1.

Proof of Lemma 4.1 (cf. Chen-Matano). We note that the point of
(@, — o(to), a; + 0(to))U(a, — O(ty), a, + d(ty)) is not a blow-up point.

By differentiating equation (1.1) with respect to x, we see that w = u,(x, t)
satisfies a parabolic equation of the form (4.3) in [a,, a,] x (tg, T). Therefore
noting (4.1) and (4.2) and using Lemma 4.6 (ii), we can see the existence of
1€(ty, T) such that

4.4) u(-, )e X ([ay, a,]) for all te[r, T).

Applying the implicit function theorem to u, we obtain C!-curves
615 62,"'3 én: [T, T) "')(al, az) such that

(1) &) <& < < &) for te[r, T),
and
() {xelay, a]lux, 1) =0} = {&,(8), -, &(0)}

for each te[r, T).
Let S(u,) be the blow-up set of u(x, ). We shall show

4.5) liTr¥ E(t) =o; exists for each 1 <i<n
t

and

(4.6) S(uo)N(ay, az) = {oy, oz, -+, O‘n}-

First, set o = 1t111¥ inf &,(t), o = lim sup &,(t) and J; = [a;, o;'] for each
1T

1<i<n. Then, by (4.1) and (4.2) we have

@.7) .QI Ji < (ay, ap).

Moreover we obtain
4.8) (ay, az)\_t_)1 Ji = (a1, a3)\S(uo).

In fact, choose a closed interval [c, d] < (ay, a,)\ U J; (c < d) arbitrarily. Then,
i=1

there exists t; €(t, T) such that u,(x, ) #0 does not change its sign in the
rectangular region [c,d] x [t,, T). It follows from Lemma 3.3 that (c, d)

< (a4, a;)\S(up). Since [c,d] =(ay, a,)\J J; is chosen arbitrarily, (4.8)
i=1

follows.
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Next we define the family {W;} of sets inductively as follows: For closed
intervals A4, = [cy, d;] and A4, = [¢,, d,], set (4;, 4,) = ((c; + ¢,)/2, (d; + d,)/2)
and define W; (j =0, 1,---) inductively as

Wo - {(al - 5, a1 + 5), (az - 5, az + 5)}
Wl = {AIA = (Zlﬁ A—2)5 Al: AZEWO}

I’I/;'+1 = {A’A = (A—u Zz)s A, A€ W]}

Then, we see easily the following properties with V~V] = {J 4:
Aer

4.9) W, c Wy for j>0,
(4.10) W,c(a, —6,a,+3)  for each j,
and there exists m > 1 such that
@.11) @i a) = U W,

j=

Hence, if we show

W) =¢

s

@.12) (‘Q1 Jan

i

0

o noo
where K is the set of all interior points of a subset K in R, then we have (J J;
i=1

= ¢ by (4.7), and therefore we obtain (4.5) and (4.6) by (4.8).
Let us show (4.12). Suppose that (4.12) does not hold. Then, by (4.9) there
exists j, (1 <jo, <m) such that

@.13) Womin(U F)=¢

(4.14) Won(U ) # 6.
i=1

Since A is represented as A = (4,, A4,) for some A,, A,e W, it follows from

(4.8) and (4.13) that o
4.15) {AuA\{a|a = = o} = (g, a5)\S(ug).

On the other hand, by (4.14), there exists i, (1 < i, <n) such that
(4.16) AnJ,, # ¢.
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Noting that A = (4;, 4,), there exist ae 4;\{x|a = o] =&} and a non-empty
open interval D c A,\{a|a =« =a;"} such that

a+
2

4.17) (@, ﬁ):{ x]xeD}cAnJoio.

Hence, by (4.15) we have
(4.18) D < (ay, a3)\S(up)

Noting that D < A,\{a|a =0 =o'}, there exist t,€(t;, T) and a non-empty
closed interval K < D such that u, #0 does not change its sign in K
X [t,, T). Therefore, by Lemma 3.3, we can extend u(x, t) to a C%!-function in
K x [t,, T] uniquely and we may see that u(x, T) > 0 for all xeK. Since the

1t1Tr¥ u(a, t) = u(a, T) also exists by Lemma 3.3, we can see the existence of xeK

such that u(xy, T) # u(a, T). Hence there exists t,e[t,, T) such that

(4.19) u(xy, t) # u(a, t) for all te[t), T).

Set w(x, t) = o,u(x, t) — u(x, t) where o,u(x, t) = u(2b — x, t) with b = (x,
+ a)/2. Assume that x, < a for convenience. Then we can see that w(x, t) is a
solution of a linear parabolic equation of the form (4.3) in [xg, a]
x (t3, T). Moreover, it follows from (4.19) that

W(xo, 1) = oyu(xg, t) — u(xg, t) = u(a, t) — u(xq, t) #0, te(ty, T),
w(a, t) = u(xo, t) — opu(xg, t) # 0, te(ty, T).

(4.20) {

Applying Lemma 4.6 to w(x, t) in [x,, a] x (t,, T), we see that there exists
ty€(ty, T) such that w(-, t)e X2 ([x,, a]) for all te[t;, T). Hence, noting w(b, t)
= u(b, t) — u(b, t) = 0, we have wp(b, t) # 0 for te[t;, T), namely,

@21) ub, ) #0  for all te[ts, T).

On the other hand, since beld i = (a5, a;t), there exists a sequence {t,} < (0, T)
such that ¢t,1T and b= ¢, (t,), that is, u,(b,t,)=0 n>1. This contradicts
4.21). So we have (4.12), namely, (4.5) and (4.6). Thus the proof is
complete. [

§5. The Case of a Bounded Domain

Throughout this section, we assume (A1)-(A5) and consider the Dirichlet or
Neumann problem (1.1)(1.2)(1.3ab). We assume further the following technical
conditions on an initial data uy(x):

(A6) uy(0) = uy(L) =0 and uy(x) >0 for xe 2 =(0, L);

(A7) there exist a;, and a, in Q = (0, L) such that 2a, < a,, a; <2a, — L,
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04, Uo(X) = up(x) on x€[0, a;] and o,,uy(x) > uy(x) on xela,, L] where o,u(x)
= u(2a — x).
The main result in this section is as follows:

Theorem 5.1. Assume (A1)-(A7). Let u(x, t) be a blow-up weak solution of
problem (1.1)(1.2)(1.3a) or (1.1)(1.2) (1.3b) with blow-up time t = T and, let S(u,)
be the blow-up set of u(x,t). Then

(5.1) S(uy) is a finite set,
and furthermore in the case of the Dirichlet problem,
(5.2) S(uo) = (ay, a,).

First, we consider a weak solution u(x,t) of the Dirichlet problem
(1.1)(1.2)(1.3a). We need some lemmas.

Lemma 5.2. Assume (A1)-(A7). Let u(x, t) be a blow-up weak solution of
the Dirichlet problem (1.1)(1.2)(1.3a). Then

(5.3) o u(x, t) =ulx,t)  for all (x,1t)e[0, a;] x [0, T);
(5.4) o ulx, t)y = u(x, t)  for all (x,t)ela,, L] x [0, T).

Proof. We show only (5.3). Set v(x,t) =0, u(x,t). Then we see that
v(x, t) is also a weak solution of (1.1) in (0, a,) x (0, T). By the assumption (A7),
we obtain that v(x, 0) = g, ug(x) = ug(x) = u(x, 0). For boundary values of
u(x, t) in (0, a;) x (0, T), we obtain that v(0, t) = o, u(0, t) > 0 =u(0, t) and
v(ay, t) = u(ay, t) for te[0, T). Applying the comparison theorem to v(x, t) and
u(x, t), we have that v(x, t) > u(x, t) for (x, t)€(0, a;) x (0, T). This is a proof of
(5.3 O

This and Lemma 3.1 imply the following

Lemma 5.3. Let u(x, t) be as in Lemma 5.2. Then
(5.5) ula, t)>0  for all te(0, T);
(5.6) ua,, )y <0  for all te(0, T).

Lemma 54. Let u(x, t) be as in Lemma 5.3. Then for any t,e€(0, T), there
exists 6 = 0(to) > 0 such that for any ac[a, — 6, a; + J]

5.7 ou(x, t)y=>u(x,t)  for all (x,t)e[0, a] x [ty, T)
and for any a€l[a, — 9, a, + 6]
(5.8) ou(x, t) > u(x,t)  for all (x,t)e[a, L] x [ty, T).

Proof. We only show (5.7). Noting the proof of Lemma 5.2, we see that it
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is enough to show the following: For any t,€(0, T), there exists d = (ty) >0
such that for any ae[a; — 6, a; + 6],

(5.9) au(x, ty) — u(x, ty) >0 for all xe[O0, a).

Therefore we show (5.9).
By (5.5), for any t,e(0, T) there exists d = d(to) > O such that

(5.10) ux, t) >0  for |x —a,| <.

Set h(a) = min " {ou(x, to) —u(x, ty)} for each ae[0, L/2]. Then, we see

O<x=<a—J
clearly that h(a) is a continuous function in [0, L/2]. Noting the proof of (3.3),
we obtain

(5.11) h(a,) > 0.

Hence there exists 6’ > 0 (0 < ¢’ < 6/2) such that h(a) > 0 for all |a —a,| <,
namely

(5.12)  o.ulx, to) —u(x,t) >0 for 0<x<a—96/2, la—a;| <.

On the other hand, since a —6/2<x<a and |a—a,;|<d/2 imply —9d <
x —a,; <6/2, by (5.10) we have

(5.13)  o,u(x, to) —u(x,t5) >0 for a—06/2<x<a, |la—a <9
Combining (5.12) and (5.13), we obtain (5.9). The proof is complete. I
This and Lemma 3.1 imply the following
Lemma 5.5. Let u(x, t) be as in Lemma 54. Then,
(5.14) ux, )>0 for all (x,t)ela; — 9, a, + 0] x (ty, T);
(5.15) ux, ) <0 for all (x,t)ela, — 90, a, + 0] x (to, T).

We are now ready to prove Theorem 5.1 in the case of the Dirichlet
problem.

Proof of Theorem 5.1 (the case of the Dirichlet problem). By Lemma 5.5
and Lemma 4.1, we see that S(ug)n(a; — J, a, + J) is a finite set. Hence, if we
show that [0, a, — 6]U[a, + &, L] = [0, L]\ S(u,), the proof is complete. We
show only

(5.16) [0, a; — 6] = [0, LI\ S(uo)

Now we assume that x,€[0, a; — d] is a point of S(u,). Then, by (A7) we
have that 2a, — xe[a,, a,]. It follows from Lemma 5.2 that 2a; — x, € S(uy).
Since S(ug)N(a, — 9, a, + J) is a finite set, there exists ase(a; — d, a; + &) such
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that 2a; — xo¢S(u) and 0 < x, < a;. By the fact that o, u(x, t) > u(x, t) for
(x, ) €[0, as] x [to, T), we obtain that x,¢S(u,). This contradicts the assump-
tion that x,eS(uy), and thus we prove (5.16). O

Next we cosider a blow-up weak solution u(x, t) of the Neumann problem
(1.1)(1.2)(1.3b). We can consider the following three cases:

@M u©, ) =u(L,t)=0 for all te[0, T).

(II) (i) u(0,t)=0 for all te[0, T) and there exists t; €(0, T) such that
u(L, t;) >0,
(i) wu(L,t)=0 for all te[0, T) and there exists ¢, €(0, T) such that
u(0, t,) > 0.

(III) there exist t;, t,€(0, T) such that u(0, t;) > 0 and u(L, t,) > 0.

Proof of Theorem 5.1 (the case of the Neumann problem).

Case (I). Since u(x, t) can be regarded as a solution of the Dirichlet problem,
this case comes to the case of the Dirichlet problem.

Case (II). We only prove in case (ii). Extend a weak solution u(x, t) as

(5.17) ﬁ={“(x, f) 0<x<L

u(— x, t) —L<x<0.

Then, we see that d(x, t) is a weak solution of the Neumann problem and that
i#(+ L, t) =0 for t > t, and #(x, t;) > 0 for xe(— L, L). Hence this case comes
to the case (I).

Case (III). By extending u(x, ) as (5.17) and appropriate rescaling of the
variables, this problem can be converted into the form (1.1)(1.2) with Q = S?
=R/Z. Set t, =max{ty, t,}. Then, it follows from the assumption (III) and
Lemma 2.3 that u(x, t) > 0 for all (x, )eS* x (to, T) and u(x, t) is a classical
solution of (1.1) on S! x (ty, T). Noting Lemma 4.5 and Lemma 3.2 and using
the same methods as Chen-Matano [4], we can prove the assertion in this
case. The proof is complete. [

Remark 5.6. Considering the proof in this section, we can also get the
similar result as Theorem 5.1, even if we extend conditions (A6) and (A7) on
uy(x) to the following condition:

1
(%) there exists a finite family {Q,}{Z} of open intervals such that | @Q; = (0, L),
i=1

1
2:nQ;=¢ (i #j) and uy(x) =0 in (0, L\ U @, and such that (A6) and (A7)
hold with ©Q replaced by Q,. =
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§6. Asymptotic Behavior of an Interface

In this section, we consider the Cauchy problem (1.1)(1.2)(1.3c). We
assume (A1)-(A4) and assume the following conditions on an initial data uy(x):

(A8) uy(x) >0, xe(0, L) and wuy(x) =0, xeR\(0, L).

Furthermore, we assume the following conditions for the finite propagation of
the interface of a weak solution u(x, ) to (1.1)(1.2)(1.3¢c) in te(0, T):

1 d
(A9) f 0 HZ_) <o;
(A10) f0)=0;
(A11) there exists a C!-function G(u) on [0, c0) such that
6.1) G(u) > f(u) and G'b— Gb' >0 for all u>0.
Now we can show a finite propagation of an interface of a weak solution.

Theorem 6.1 (a finite propagation of an interface). Assume (A1)-(A4) and
(A8)-(A11). Let u(x, t) be a blow-up weak solution of (1.1)(1.2)(1.3c) with blow-up
timet = T. Then, there exist continuous functions £(t): [0, T) - R (i = 1, 2) such
that

(6.2) (&1(8), £,(0)) = {xeR|u(x, ©) >0}  for each te[0, T),

¢,(t) is a monotone decreasing function and &,(t) is a monotone increasing function,
and furthermore,

(6.3) — w0 <&t < &)<  for each telO, T).

Next we state behavior of the interface of u(x, t) near the blow-up time
t =T. For this aim, we further assume (AS) or the condition
. H
(A12) lim (2”) —0

u~oo U

where H(u) = fu f(&)deE.
0

Theorem 6.2. Let S(u,) be the blow-up set of u(x, t) where u(x, t) is as in
Theorem 6.1 and let Et) (i = 1, 2) is the interface of u(x, t). Then the following
two results hold.

@) If (AS) hods, then

(6.4) S(uo) < [0, L]

and
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(6.5) — 00 < lim &,(t) < lim &,(t) < oo,
T 11T

and furthermore if (A7) holds, then

(6.6) S(up) = (ay;, a,) and S(uy) is a finite set.
@) 1f (A12) holds,

6.7 S(ug) =RU{o0}U{— 0}

and

(6.8) ltITI;‘I &)= —o0 and ltlTnTl &) = 0.

Remark 6.3. If p>1 and m > 1, equation (1.4) satisfies these conditions
(A9)-(A11) with G(u) = f(u) = u?™. If p/m < 1, equation (1.4) satisfies condition
(A12).

First we prove Theorem 6.1. We need the following lemma:

Lemma 6.4. Assume (A1)-(A4) and (A9)-(A11). Let u(x,t) be a weak
solution of (1.1)(1.2)(1.3c). Suppose that there exist (a,t;)eR x [0, T) and M
> 0 such that

(6.9) u(x,t)=0  for x>a;

(6.10) ul@@t)<M  for te[t,, T).

Then, there exist 1 >0 and h > 0 depending on only M such that
(6.11) u(x,t)=0 for (x,t)ela+ 1, ©) x [ty,t; +k]In[t,, T).

Proof. Consider the function y: [0, o0) — [0, o0) such that

(6.12) Y(u) = J: % (see Knerr [11]).

Then, by (A1) and (A9) we see that (u) is well defined and is an onto and one to
one mapping. Put

(6.13) v(x, t) = Y(ulx, t)).

Since u(x, t) satisfies the equation (1.1) in (x, t)-set where u(x, t) >0, a simple
computation gives

1 . ST
“e ) =T T T w)

where ¥ ~(v) is the inverse function of v = Y (u).

(6.14) v,
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Let us consider the following function v(x, t):

(6.15) v(x, ) =) — C(x —a)* for x>a,t>1t

where #(t) satisfies the problem

nt) =n, =y¢M)>0
(6.16)
G~ '(n)
b~ ()b’ (W~ ()

and C is a positive constant. Then #(t) is represented as the following:

n=C?+

(6.17) n(t) = G"1(Gn,) — (¢t — 1))
where
— © 1
6.18 G(n) = ~ dn.
(6.18) (n) L o G m) n

by~ )b’ (W~ ()

Here we note that

R r b <,=1>
GSL G ) T ) 7@ S0\

and ¢ = G 1(n) is the inverse function of n = G(£). And we have

(6.19) n(t) < ©, te[t;,t; +h) and n(t)tco as t1t, +h,

where h = G(n,). Since uv(x,t)=n(t) — C(x —a) where n(t)> C(x —a), we
obtain

— __1___ 2 Gy~ 1(’1))
"= o = T T by )
Considering that 5 (éG)f’)( 5 is a monotone increasing function by (Al) and (A11),

and that v(x, t) = (7(¢) — C(x — a))* < n(¢) for x > a, namely y ~'(v) < ¢ ~*(y) for
x > a, we have

Gy~ '(v)
by~ DY @)

Hence, if we put w(x, t) = ¥ ~(v(x, t)), we obtain

(6.20) Vex + (02 +

1
"2 o)

(621)  bW), = wy, + f(W),  te[ty, t, + k), n(t) > C(x — a), x > a.

On the other hand, since v(x, tf) = 0 namely w(x, t) = 0 in (x, t)-set where x > q,
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te[ty, t, + h) and 5(t) < C(x — a), and since f(0) = 0, we have

(622)  bW), =we +f(W),  te[ty, t; + h), n(t) < C(x — a), x > a.
Since w =0 on #(tf) = C(x — a) and b(0) = 0, we have

(6.23) Wy = 0,50W) |y ~ce—ay = 0.

Hence, combining (6.21), (6.22) and (6.23), we see that w(x, t) is a super-solution

of (1.1) in [a, o©0) X [ty, t; + h).
On the other hand, by (6.9) and (6.10) we have

624)  wa )=y '@ )2y @) =y WM) =M = ua, 1)
for te[t,, t; + h)n[t,, T) and
(6.25) w(x, t;) >0 = u(x, t,) for x>a.

Applying the comparison theorem to w(x, t) and u(x, f) on [a, ) X [t4, to)
where t, = min{t, + h, T}, we obtain

(6.26) w(x, t) = u(x, t) for (x,t)e[a, ) x [ty, t;).
Namely,
6.27) u(x,t)=0 for x>a, n(t) < C(x — a), te[t,, ty).

If we choose h = h/2 and I = #(t, + h)/C, we can show the assertions of Lemma
63. O

Proof of Theorem 6.1. Set &,(t) = inf{x|u(x, t) > 0} and &,(t) = sup{x|u(x, t)
>0}. Then, by Lemma 22 and Lemma 2.3 it is obvious that &;(f) is a
monotone decreasing function and &,(t) is a monotone increasing and that (6.2)
holds (cf. Knerr [11]).

Next, we show (6.3) and here we only prove

(6.28) E,(t) < o0 for each te(0, T).
Assume that (6.28) does not hold. Then, it follows that

(6.29) &) = for all te(0, T)

or there exists t,€(0, T) such that

(6.30) £ ()< oo for te(0,t;) and &,(ty) = co.

We only drive a contradiction in case of (6.30). In case of (6.29), we can also
drive it similarly.
Set

M = sup{u(x, t)|(x, t)eR x [0, t, + 6]}
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where 0 <6 < T—t,. Then, by Lemma 6.3 there exist [ > 0 and h > 0 such
that (6.11) holds with T replaced by t, + 6. Choose a >0 and t, €(0, ¢t,) such
that t, <t; + h and a = &,(t;). Then, we obtain

u(x,t)=0 for (x,t)ela+ 1, o0) x [ty, t; + AI1N[ty, to + 0),
that is,
(6.31) Et)<a+ L

This contradicts (6.30) and thus (6.28) is shown.
Finally we can show the continuity of £,(t) by similar methods as that show
(6.28), and we omit this proof. [

We need some lemmas to show Theorem 6.2.

Lemma 6.5. Assume (Al1)-(A4) and (A8). Let u(x, t) be a weak solution of
(1.1)(1.2)(1.3¢c) and let aeR\(0, L). Then

for all xe[a, ) ifa>L

(6.32) ou(x, t) > u(x, t), for all xe(—w,a] fa<0’

te(, 7).
Therefore, u(x, t) is a monotone decreasing function on x > L and a monotone
increasing function on x <0 for each te(0, T).

Proof. This proof is similar to it of Lemma 5.2. We omit it. O

Lemma 6.6. Let £(t) (i=1,2) be as in Theorem 6.1. Then
lim &,(t)= — oo if and only if lim &,(f) = co.
"T 1T

Proof. This proof is obvious by Lemma 6.5. O

Proof of Theorem 6.2 (i). First, we show that S(u,) = [0, L].

Assume that x,€S(ug) is not a point in [0, L]. Without loss of generality,
we may assume that x, > L. By Lemma 6.5, we have that [L, x,) = S(u,). It
follows from Lemma 3.1 and Lemma 6.5 that for any 6 > 0 small enough there
exists ty = t(6)€(0, T) such that u(x, t) > 0 for (x, t)e[L, x, — 6] x [to, T) and
uy(x,t)>0 in (x,t)e[L, xo — 0]U[ty, T). Using Lemma 3.3, we have that
(L, xg — 8) = S(up). This contradicts that [L, x,) = S(u,) and thus we show
that S(u,) < [0, L].

Hence, noting that u(x,t) < M() for (x,t)e(— oo, —SJU[L+ 8, ©)
x [0, T) (6 > 0) and using the similar method as in the proof of Theorem 6.1, we
see (6.5).

Next we further assume (A7) and prove (6.6). Consider u(x, t) and o,,u(x, t)
in (a,, ©) x (0, T). By the comparison theroem on a half space, we have that
o,,u(x, t) = u(x, t) in (a,, o) x (0, T) (cf. proof of Lemma 5.2). Using Lemma
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3.1, we obtain that u.(a,, t) <0 for te(0, T). Hence, by the similar method as
in the proof of Lemma 5.4 and by the continuity of &,(¢), we have that, if
t,€(0, T) is sufficiently close to t=0, then o,u(x,t;) > u(x, t;) in [a, o)
x [t;, T) where |a —a,| <6 for some 6 >0. Using Lemma 3.1 again, we
obtain that u(a, t) <0 for |a —a,| <, t; <t <T. Also similarly we obtain
that u.(a, t) > 0 for |a —a,| <&, t; <t < T for some & > 0. Therefore as we
prove Theorem 5.1, we obtain (6.6). The proof is complete. [

Next we prove Theorem 6.2 (ii). We need the following lemma due to
Imai-Mochizki [8].

Lemma 6.7. Assume (A1)-(A4) and (A12). Let u(x, t) be a weak solution of
the Dirichlet problem (1.1)(1.2)(1.3a). Then, u(x, t) exists globally in time and
stays bounded (in L*(0, L)) as t1 co.

Proof of Theorem 6.2 (ii). First, we show
(6.33) (— o0, 0JU(L, 00) = S(uy).

Here, we only show that [L, o0) = S(u,).
Assume that x,e[L, o0) is not a point in S(u,). Then, by Lemma 6.5 we
have that for some M; >0

(6.34) ulx, t) < M, for (x, t)e[xqy, ) x [0, T),
and by (A8) we see
(6.35) u(x, 0) = up(x) =0 for x> x,.

As we prove Theorem 6.1, we obtain
(6.36) ltlgx &,(t) < 0.
Using Lemma 6.6, we have

(6.37) lim () > — co.

Choosing x; < ltl?rg £,(t) and ltlTI¥ &,(8) < x,, we see that u(x,, t) = 0 and u(x,, t)

=0 for te(0, T). Since we can look u(x,t) as a solution of the Dirichlet
problem with Q = (x,, x,), we see that u(x, t) does not blow up at t = T by
Lemma 6.7. This is a contradiction since ¢t = T is assumed to be the blow-up
time of u(x, t) and thus we prove (6.33). Noting Lemma 6.5, we obtain that
(0, L) = S(uo). Hence we see that S(up) = RU{oo}U{— oo} and that ltlanl &,(0)

= oo and 11TnT1 &,(t) = — oo. The proof is complete. [
t
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