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Entropy for Canonical Shifts. II

By

Marie CHODA* and Fumio Hiar**!

Abstract

Let N = M be a pair of factors. Associated with a conditional expectation E from M onto N
with finite index, we introduce the canonical shift I' on the von Neumann algebra A, with the
canonical state ¢, generated by the tower of relative commutants for the basic constructions iterated
from E. Related with the minimum index [M: N],, we investigate the entropy hy(I') of I' and the
entropy H,(A|T'(4)) of A relative to the subalgebra I'(4). The inequalities hy(I') <log[M: N],
and 4 Hy(A|T'(4)) < log[M: N], hold in general. Furthermore when E has the minimum index and
N < M has finite depth, we establish hy(I') = 3 Hy(A|T(4)) = log[M: N],.

Introduction

Based on Connes’ spatial theory [9] and Haagerup’s theory on operator
valued weights [157], Kosaki [24] extended Jones’ index theory [22] for type II,
factors to that for conditional expectations between arbitrary factors. For a
pair of factors N = M, let & (M, N) be the set of all faithful normal conditional
expectations from M onto N. Although Kosaki’s index Index E varies
depending on E€& (M, N), it was shown in [19] (also by Longo [30]) that if
Index E < oo for some E€d& (M, N), then there exists a unique Ey €& (M, N)
which minimizes Index E for E€e (M, N). Then the minimum index [M: N],
for N = M is defined as Index E,.

Pimsner and Popa [33] extensively developed the entropy H(M|N) for type
II, factors N =« M in connection with Jones’ index [M: N]. Among other
things, they showed the inequality H(M|N) < log[M: N] and obtained several
characterizations for the equality. Also it was noted in [19] that H(M|N)
=log[M: N] is equivalent to [M: N]=[M: N],. The entropy H(M|N) was
first used in Connes and Stgrmer [12] to study the entropy of Kolmogorov-Sinai
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type for automorphisms of finite von Neumann algebras. Furthermore the
notion of entropy for automorphisms was extended by Connes [10] and Connes,
Narnhofer and Thirring [11] to the general setup of C*-algebras or von
Neumann algebras.

For von Neumann algebras N < M and a faithful normal state ¢ on M, the
entropy H,(M|N) is defined as in [10], which coincides with the above H(M|N)
when ¢ is a trace. General properties of H,(M|N) were given in [21]. When
there exists E€ §(M, N) with ¢°E = ¢, another entropy K,(M|N) was defined
in [20] (also [23]) by taking account of Pimsner and Popa’s estimate of
H(M|N). Given factors Nc M and Ee€é&(M, N), the relation between the
entropy Kz(M|N) and the minimum index [M: N], was established in [20] in a
way analogous to [33]. Here K (M|N)= K,(M|N) independently of ¢ with
@°E = ¢, and Kz(M|N)= H(M|N) when N =« M are type II, factors and E is
the conditional expectation with respect to the trace.

The entropy H(o) for a *-endomorphism ¢ of a finite von Neumann algebra
A was investigated in [6, 7] in connection with the entropy H(A4|o(A4)) and the
generalized index A(A, o(A4)) introduced in [33]. Here the entropy for #*-
endomorphisms can be defined in the same way as that for automorphims. For
an inclusion N < M of type II, factors with finite index, Ocneanu [31]
introduced a special kind of #*-endormorphism I', called the canonical shift, on
the tower of relative commutants induced by the tower of basic
constructions. The canonical shift I" is extended on the von Neumann algebra
A generated by the tower of relative commutants, which becomes a typical
example of 2-shifts. Under a certain assumption (equivalent to the equality
H(M|N)=1log[M: N1), the following relations were obtained in [7]:

H(A|T(4)) < 2H(T) < log /(4, T(4))"! = 2log[M: N1.

These numbers are all identical particularly when N = M has finite depth. The
aim of this paper is to extend the results in [7] to the canonical shift defined for
a pair of arbitrary factors.

In §1 of this paper, for the reader’s convenience, we list definitions and
preliminaries on the index theory and thé entropy theory. In particular, we
note that the main results for automorphisms in [10, 11] remain valid also for *-
endomorphisms. Now let N « M be factors and Eeé&(M, N) with Index E
< oo. Then we obtain the basic construction for E following [24], which
consists of a factor M, o M, a projection ee M; with M, = (M, e), and
E,e&(My, M). In§2, we obtain an algebraic (up to isomorphisms) characteriz-
ation of the basic construction (M, e, E;) for E. A similar characterization was
given in [17].

Iterating the basic constructions from E, we obtain the tower of factors N
cM=MycM, =M, c - with projections e,_,eM, and E,eé(M,, M, _,)
for n > 1. 1In §3, on the tower of relative commutants M'nM; c M'A M, c ---,
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we define the mirrorings y, and the canonical shift I To do so, we adopt a
powerful idea of Longo’s canonical endomorphism [28-30]. Here it is worth
noting that the canonical shift ' on |J,(M'nM,) is independent (up to
isomorphisms) of the choice of E€c&(M, N). But taking the GNS represent-
ation associated with the state ¢ canonically determined by {E,}, we extend I"
(denoted by the same I') to a *-endomorphism of the von Neumann algebra A
generated by ,(M'nM,). We call (4, ¢, I') the canonical shift associated with
E. In particular, when E = E, (i.e. IndexE =[M:N],), ¢ is a trace and
Popa’s analysis [36] on sequences of commuting squares can be applied to the
tower of relative commutants in our setup. Thus 4 is a type II; factor when E
= E, and N < M has finite depth.

In §§4 and 5, we establish relations among the entropy hy(I') of T', the
entropy H,(4|T'(4)) relative to I'(4), and the minimum index [M: N],. The
following inequalities hold in general:

ho(T) < 3 {Ke(MIN) + Kp, (M, M)} < log[M: N1,

H,(A|T'(4)) < 2log[M: N],.

We show that E=E, if h()=1log[M:N], or if H,(A|T'(4))
=2log[M: N],. The inequality H,(A|I'(4))<2hs(I') holds when E
= E,. Furthermore when E = E, and N < M has finite depth, we obtain

H,(A|T(4)) = 2h,(T) = log A,(4, T(4))"* = 2Kz(M|N) = 2log[M: N1,.

Finally in §6, we give two typical examples to illustrate our main results.

§1. Preliminaries on Index and Entropy

In this paper, all von Neumann algebras are assumed to be o-finite. Let M
be a von Neumann algebra. The set of all faithful normal states on M is
denoted by &(M). Given a von Neumann subalgebra N of M, we denote by
&(M, N) the set of all faithful normal conditional expectations from M onto
N. In this section, we collect definitions and preliminaries on index and entropy
for the reader’s convenience.

(1.1) Index for conditional expectations

Let N c M be von Neumann algebras on a Hilbert space #. For each
Eeé&(M, N), there corresponds uniquely a faithful normal semifinite operator
valued weight E ™' from N’ to M’ by the equation d(p° E)/dy = do/d(fo E~1)
of spatial derivatives where ¢ and  are any faithful normal semifinite weights
on N and M’, respectively (see [15], [37, 12.11]). When N = M is a pair of
factors, Kosaki [24] defined the index of E by IndexE = E~1(1). Kosaki’s
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index extends Jones’ index [22] in the sense that if M is a finite factor and Ey is
the conditional expectation [39] onto a subfactor N with respect to the trace,
then Index Ey coincides with Jones’ index [M: N1].

The following formula (the best constant for Pimsner and Popa’s inequality)
serves as another definition of Index E. This formula for Jones’ index is due to
[33, Theorem 2.2], while for infinite factors it was obtained in several ways in [3,
16, 27, 30]. The proof when Index E < co is not difficult as shown in [27]. A
nice proof of full generality is given in [26].

Theorem 1.1. Let Nc M be factors where M is not (finite
dimensional. Then for every E€&(M, N),
(IndexE) ™! = max {1 >0: E(x) > Ax, xe M, }.
Moreover (Index E)™' is always the best constant for the complete positivity of
E — Aid,, including the case M is finite dimensional.
(1.2) Minimum index

Given a pair of factors N = M, the value of Index E depends on the choice
of Ee&(M, N). But if IndexE < oo for some Eeé&(M, N), then the relative
commutant N'nN M is finite dimensional and Index E < oo for all E€&(M, N) as
noted in [19]. In this case, it was proved in [19] that there exists a unique
E,e&(M, N) such that

Index Ey = min {Index E: E€&(M, N)},
which is characterized by the condition
E;YIN'nM = (Index Eo) Eo|N'n M.

In fact, E;|N'n M becomes a trace on N'nM. We define the minimum index
[M: N], for a pair Nc M by [M: N], = IndexE,. Also let [M: N], = o if
M, N)=0 or IndexE = oo for all E€c&(M, N). Note [24, Theorem 4.4]
that if Index E < 4 for some E€&(M, N), then N'nM = C and hence &(M, N)
={E}. See [18, 20, 30] for properties of the minimum index.

(1.3) Commuting squares

Consider a square
NcM

Uu U
BcA

of von Neumann algebras and let o e £(M). Then the next proposition can be
proved as [14, 4.2.1].

Proposition 1.2. Assume that there exist conditional expectations E: M — N,
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F: M — A and G: M — B with respect to ¢ (i.e. pcE=@cF=¢0°G=¢). Then
the following conditions are equivalent:

(i) E(A4) < B;

(ii) E°F =G,

(il) EoF =Fo°FE and ANN = B;

(iv) E|A =G|A.

We say that

NcM

U u
BcA

is a commuting square with respect to ¢ if there exist the conditional
expectations E, F and G as above and the equivalent conditions (i}~(iv) hold.

(1.4) Entropies H,(M|N) and K,(M|N)

Let N = M be von Neumann algebras with pe&(M). Following Connes
[10], we define the entropy H,(M|N) of M relative to N and ¢ by

H,(M|N) = S(‘W‘E’Z{S(‘P’ ¥) — S(eIN, ¥iIN)},

where the supremum is taken over all finite families (y,,...,V,) of Y;e M with
. Y.¥; = ¢. Here S(p, ¥) denotes the relative entropy of @, y € M}, which was
first introduced by Umegaki [40] in the semifinite case and extended by Araki
[1, 2] to the general case. Particularly if M is finite with a faithful normal trace
7, 7(1) = 1, then H(M|N) = H.,(M|N) is given by

H(M|N) = S(B?Z{T("EN(xi)) —t(nx)},

where 7n(t) = — tlogt on [0, o0), Ey: M — N is the conditional expectation with
respect to 7, and the supremum is taken over all finite families (x,,...,x,) of
x;€ M, with Y ;x;=1. See [21] for general properties of H,(M|N).

When there exists E€ &(M, N) with ¢ ° E = ¢, another entropy K,(M|N) of
M relative to N and ¢ was defined in [20] (also [23]) by

K, (M|N) = — S(&, w)

where w = @|N'NM and & = @°(E " '|N'nM). Here unless & is bounded, the
relative entropy S(, w) is given by the infimum of S(w’, w) for v’ e(N'nM);
with o < @. If N is a factor, then K,(M|N) is independent of the choice of
@ e& (M) with ¢ E = ¢, so that we write K,(M|N) = Kg(M|N). Although the
entropies H,(M|N) and K,(M|N) are not generally identical, we have H(M|N)
= K. (M|N) when M is a type II, factor.
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(1.5) Relation between entropy and index

Pimsner and Popa [33] established the relation between the entropy
H(M|N) and Jones’ index [M: N] for a pair of type II, factors N = M. The
entropy K,(M|N) was investigated in [20] in connection with Kosaki’s index
and the minimum index for a pair of general factors. In the following, we state
the main results in [20] restricting to the case of factors N = M. Here note that
the centralizer (N'nM); of E€&(M, N) is atomic whenever so is N'nM. Also
for each nonzero projection g in N'nM, E(q) is a scalar and E e §(M,, N,) is
defined by E,(x) = E(q)”'E(x)q, xe M,.

Theorem 1.3. Let Ec8(M, N).

(1) If N'nM has a nonatomic part, then Kg(M|N) = co.

(2) If N'nM is atomic and {q;} is a set of atoms in (N'nM)g with ) ;q; =1,
then

Index E,,
E(q)?

Theorem 1.4. (1) Kz(M|N) <log[M: N1, for every Ec6(M, N).

(2) If [M:N]y < o0, then the following conditions for E€&(M, N) are
equivalent :

(i) IndexE=[M:N],, i.e. E=E,;

(ii) Kg(M|N)=1log[M: N]o;

(i) Kgz(M|N)=logIndexE;

(iv) IndexE, = E(q)*Index E for every nonzero projection ge N'nM.

Kg(M|N) = zi:E(qz')IOg

(1.6) Entropy for *-endomorphisms

After Connes and Stgrmer [12] developed the entropy of Kolmogorov-Sinai
type for automorphisms of finite von Neumann algebras, Connes [10] and
Connes, Narnhofer and Thirring [11] extended it to the general setup of C*-
algebras or von Neumann algebras. As in [6], to fix the notations, we briefly
survey its definition extending to the case for *-endomorphisms of general von
Neumann algebras.

Let A be a von Neumann algebra with ¢ € £(4) and o a *-endomorphism of
A with ¢o0 = ¢. Then o is unital, injective and weakly continuous. For each
neN, we denote by &, the set of all families ¥ = (¥;,, )i, .iexn Of
Yi,....€Ay such that ), ., . =¢ and ¢; _; =0 except for a finite
number of indices. For Ye#,, ke{l,...,n} and jeN, let

k
‘PJ' - Z lpil:---yik—-hj)ik+l ----- in®

i1,eeesikc— 150k + 15eee5in

Given finite dimensional subalgebras B,,...,B, of 4, Connes [10] defined
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HuBysrsB) = $up { T (0., (0) + 3. YS(61B,, ¥41B)}.

Prn i1,...si

Then the following is easy to check as in [6, Lemma 2]:
H¢(O-(B1)5---’O-(Bn)) < H¢(B1a---,Bn)'

By this and [10, Théoréme 5], the following limit exists for each finite
dimensional subalgebra B of A:

1
h"ﬁ,a'(B) = }Ln}o;HdI(Bs O-(B)!---7O-n_1(B))'

Now the entropy h,(o) of o relative to ¢ is defined by the supremum of h, ,(B)
for all finite dimensional subalgebras B of A.

The arguments in [11, § VII] remain true also for *-endomorphism, so that
we have:

Theorem 1.5. If {B,} is an increasing sequence of finite dimensional
subalgebras with A = (U, By’ (so A is approximately finite dimensional), then

hy(0) = lerg hs.,o(Bp).-

Proposition 1.6. (1) hy(0) = he.(0~* a8) for every automorphism 0 of A.
(2) hys(6™) < nhy(o) for all neN, and the equality holds if A is approximately
finite dimensional.

§2. Basic Construction and Algebraic Basic Construction

The concept of the basic construction invented by Jones is a core in the
index theory [22, 24]. In this section, we present some preliminary results on
the (algebraic) basic construction, which will be useful in the next section.

First let us recall the procedure of the basic construction [24]. Let Nc M
be factors and E€&(M, N) with Index E < co. Choosing ¢ e&(M) with ¢°E
= ¢, we represent M standardly on # = #, equipped with the natural cone
# " and the associated modular conjugation J. Define the factor M, = JN'J
and the projection e by e(x¢) = E(x)¢, xe M, where ¢ = w,, (e #*. Then

M; =<M, e)(=(MU{e})").
Also E;€8(M,, M) is defined by
Ei(x) =(IndexE)"'*JE }(JxJ)J, xeM,.

The construction of (M, e, E,) is called the basic construction for E. We write
this procedure as follows:
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The next proposition is a restatement of [25, Appendix I], which shows that
the basic construction is canonical up to spatial isomorphisms.

Proposition 2.1. Let Nc M be  Jactors with Eeé"(M N) Let 6: M — M
be an isomorphism such that O(N) = N and 9-FE = E<@ (hence Index E = Index E
< ). Let

be the basic construction for E defined on a Hibert space S with the conjugation
J. Then there exists a unitary w: # — # such that

(i) uxu*=0(x), xeM,

(i) wlu*=J,

(i) wuew* =¢,

(iv) uM u*=M,,

(v) Adum)°E,=E;°Ad(u) on M,.

Now let us introduce the notion of algebraic basic constructions. Let N
c M < M, be factors, ee M, a projection, E€e&(M, N) and E,eé&(M, M).
We call (M, e, E,) an algebraic basic construction for E if

(1) M, =<M,e),

() Ei(=41(1>0),

(3) exe = E(x)e, xe M.
In this case, we have Index E < oo by Theorem 1.1 because for xe M ,

1E(x) = E,(E(x)e) = E,(exe) > E,(x'?e)* E, (x'?e) = 1*x.

Note [24, Lemma 3.2 and (8)] that the basic construction for E is an algebraic
one. The next proposition shows the uniqueness of algebraic basic construc-
tions for E up to isomorphisms. In other words, the above (1)3) algebraically
characterize the basic construction for E (see [34, Proposition 1.2] for more
elegant characterizations in the type II, case). A similar result was obtained by
Hamachi and Kosaki [17, Theorem §].

Proposmon 2.2. Besides (M, e, E,) ) for E€£(M, N) as above, let NcM
c M1 be factors, eeM1 a projection, Eef(M N) and Eleé”(Ml, M) such that
(M 15 6, El) is an algebraic basic construction for E. If 6: M- M is an
isomorphism such that O(N) = N and Q°E = E<0, then there exists a unique
isomorphism 6,: M, — M 1 Such that

(i) 6,(x)=0(x), xeM,

(i) 6,()=2

(i) 6,°E, =E, °0,.
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Proof. Since IndexE < oo as remarked above, we can take the basic
construction for E. So we may assume that (M,,e, E,) is the basic
construction (in the spatial sense) for E. Let E (&) =41 (4> 0), while E (e)
= Al with 1 = (IndexE)~!. Let pe&(M) and define Y € £(M,), y €6(M,) by ¥
=@oE,,y=¢o0 1oE,. According to [33, Proposition 1.3] and [41, 2.5.3],
there exists a basis {m,,...,m,} in M for E which satisfies Y ;memf = 1. The
existence of such a basis shows that M, is the linear span of {aeb: a, be M} (see
the proof of [33, Proposition 1.5]). For any a;, be M, 1 <i <k, we have

V(Y. aieb) = Ao(Y a;b) = w3 6(a)20(b))
where u = iA~1. Therefore a map 6,: M, M 1 i1s well defined by
6, (z a;eb) = Ze(ai)ée(bi)5 a;, bieM.
Then (ii) holds and 6, is a *-homomorphism. Since = ;u/joﬂl, 0, is normal
and hence injective. We get
g:(1)e = 0,(e) = €6,(1),
and since 6,(1) =) ;0(m;)e0(m}),

0:(1)0(x) = 0;(x) = 0(x)0:(1),  xeM,

so that 6,(1) = 1, showing (1. Moreover the linear span of {dél;: a, b 61\71} is
the =-algebra generated by M U{é}, so that 6, is surjective. Since

(6, ° E,)(aeb) = 26(ab) = u(E, ° 0,)(aeb),  a,beM,

we get u = 1 and (iii) holds. It is immediate that (i) and (ii) uniquely determine
01 . .

Proposition 2.2 shows that algebraic properties of the basic construction
automatically become those of an algebraic basic construction (M,, e, E;) for
E. So we have for instance

(4) IndexE = IndexE, = A~! for 4 in (2),

(59 N=Mn{e},

(6) ee(N'NMj)g.g,, the centralizer of E°E,.

Furthermore we have:

Proposition 2.3. In any representation of N M < M,,
(M E"le=1,
(8) exe=AE[ '(x)e, xeM .

Proof. Since (7) and (8) hold for the basic construction, it suffices by
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Proposition 2.2 to show that the vahdlty of (7) and (8) is preserved under
isomorphisms, that is, if a: M, M 1 is an isomorphism and if M = (M), N
= a(N), E= ag° Ecag (g = a| M), E1 =wqoE;ca"! and & = a(e), then (7) and
(8) imply

(7) E7'@=1,

8) exe—/{E1 l(x)e, xeM'.
We may separately consider an amplification, an induction and a spatial
isomorphism. The first two cases are easily shown by [20, Propositions 1.7 and
1.5]. The final case is obvious. &

From now on, let Nc M be always a pair of factors with [M: N],
< oo. By iterating the basic construction from Ee&(M, N), we obtain the
tower

NeM=MycM,cM,c

—
E E, E>

of factors M, together with conditional expectations E,e &(M,, M,_;). Then
we have the commuting square property as follows.

Proposition 2.4. Let @,e&(M) with ¢g° E = @, and define ¢,€&(M,) by
(pn=q’OOE1°"'OEm n>1.
Then for every 0<j<k<n

Mk < Mn
U U
Mi;nM, = M;nM,
is a commuting square with respect to @,.

Proof. Let E, ,= E, . °---°E, which is the conditional expectation M,
— M, with respect to ¢,. Hence by [38], we have

o (MinM,) = MinM,, of"(M;nM,)=M,nM,, teR,

so that there exist the conditional expectations M, - M;n M, and M, —» M;n M,
with respect to ¢,. Now it is easy to check that E, ,(M;nM,)= M;nM,,
implying the conclusion by Proposition 1.2. &

Let E,e&(M, N) be such that Index E, = [M: N],. Then the characteriz-
ation of E, in (1.2) immediately shows the following:

Proposition 2.5. E = E, if and only if E(x) = E,(Jx*J) for all xe N'n M.

The next important result on the minimum index for the tower is proved by
Kosaki and Longo [26].
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Theorem  2.6. Suppose E=E,. Then for every 0<k<n,
Eiii°---°E,e&(M,, M) gives the minimum index for M, = M,; equivalently
[M,: M]o =[M: N13"%. In particular, E, . °---°E,|M,nNM, is a trace.

§3. Definitions of Mirrorings and Canonical Shift

Ocneanu [31] introduced the important concepts of the mirrorings and the
canonical shift on the tower of relative commutants for the inclusion of type II;
factors with finite index. The aim of this section is to present precise definitions
of the mirrorings and the canonical shift which are available to the inclusion N
c M of general factors.

Given Ec€&(M, N) where Index E < co by assumption, let

NcM=Myc®M, c*M, Mz c -
- = = -

E Ey E> Es
be the tower of basic constructions iterated from E. Here for each n > 1, M,, is

standardly represented on a Hilbert space #, with the modular conjugation J,,,
so that

M,y =M, 1 J,=<M,, e,,
Epe1(0) = ALE \(JixJ),,  x€M,, .,
where A = (Index E)~!. Then we obtain the tower
MnMicMnM,cMnNM;c -

of relative commutant algebras, which is an increasing sequence of finite
dimensional algebras.
For each fixed n > 1, let us define

M, = J M}, J., n+1<k<2n
& = Juesn—ins n+l<k<2n—1,
Ey(x) = ALES o (D xT) s, xeEMyn+2<k<2n,

where M5, , and E;',., are defined for M,,_, = M,,_,., represented on
#,. Then

Mn < Mn+1 = Mn+1 < Mn+2 c MZM
ék—IEMb Ekeg(l\}ks Mk—l)’ n+2<k<x<2n,
and we have:

Lemma 3.1. For everyn+1<k<2n—1, (]\7Ik+1, &x, Ekﬂ) is an algebraic
basic construction for E, where E,, = E,, ;.
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Proof. Let wus check three conditions for_ the al~gebraic basic
construction. Since My, = My, N{es-r}, My =< M;, &>. Since
E;ti(esn—p) = 1 by Proposition 2.3 (7),

Ey+1(8) = 20,Ez  (ean-1) Jy = 21.
Since by Proposition 2.3 (8)
an—kX€n— = AEz iy 1(X) €205 xeMjy; 1
we get for xeMk
8x8, = AL Ez 1 s1(JuxT)egn—dy = Ex(x)8,. W

Lemma 3.1 enables us to apply Proposition 2.2 recursively, so that we have
the following:

Proposition 3.2. For every n > 1, there exists a unique isomorphism 6,: M,,
M 2 Such that

(1) b,(x)=x, XEM, .4,

2 6M)=M,n+2<k<2n,

() Oue)=8&,n+1<k<2n—1,

4 6,°E,=E;°0, on M, n+2<k<2n

Using 6§, in Proposition 3.2, we now define antiautomorphisms 7, of
M'nM,,, n>1, by

')),,(x) = 9”_1(.]”9"()6*) Jn)7 xeM' nMZn'

(Also let yo =id on M'nM = C.) We obviously have y,°y, =idynp,,. These
v, are called the mirrorings on the tower of relative commutants, which extend
those in [31]. The next proposition shows that the sequence {y,} of mirrorings
is determined (up to isomorphisms) independently of the choice of the tower.

Proposition 3.3. Besides the tower and {y,} described above, let

N£M=MOEé°MIEé1M2c--.

E £, E,

be another tower of basic constructions from E, and {{,} be the associated
sequence of mirrorings. Then there exists an isomorphism @:\J,M,— ), M,
such that for every n > 1

(1) O@x)=x, xeM,

@ oM, =M,

(3) ®cE,=E,°® on M,

4 ©cy,=7,°0 on M'nM,,.

Proof. Let M,, be standardly represented on a Hilbert space J#, with the



ENTROPY FOR CANONICAL SHIFTS. II 473

conjugation .f,,. Applying Proposition 2.1 recursively, we have a sequence
{u,: n >0} of unitaries u,: #, > J#, such that for every n >0

(i) wu,xuf =wu,_,xuf ,, xe M, (with convention u_, = 1),

(i) w,Juf = J,,

(i) ue,uy =&,

V) uMyquy =M,y

(v) Ad(u,)°E,.; =E,:;°Ad(u,) on M,,,.
Thus an isomorphism ®: J,M,— |J,M, can be defined by O(x) = u,xu},
xeM,, n>0. Then (1H3) are lmmedlate Let us prove (4). Besides 6,: M,,
—»Mz,,(— J,M'J,), let 0 Mz,, —>J M J,,, n > 1, be isomorphisms as in Propo-
sition 3.2 associated with the second tower. For each n > 1, we can define the
isomorphism @,,: M2n—>M2,, by @,, =67 1°Ad(u,)°0, because u,(J,M'J)u}
=J, M’.I . Then by Proposition 3.2 together with (i}{v), we have the
following :

(10) ®2n = Ad(un) on Mn+1=

(2°) O (M) =M, n+2<k<2n,

() Oynle)=é,n+1<k<2n—1,

4°) 0,,°E,=E0®,,, n+2<k<2n
Since the above (1°)}{4°) are the conditions which uniquely determine the
isomorphism ®|M,,, it follows that ®,,= ®|M,,. Therefore we get for
xeM'nM,,

©°7,)(x) = 071 (uy, J,0,(x%) J,uf) = 071 (1,0,(0(x)%) ) = (9,° ©) (%),
as desired. W

In the proof of the next proposition, we adopt a key idea of Longo’s
canonical endomorphism investigated in [28-30].

Proposition 3.4. For every n>1, y, 109, = Vuo¥n_1 08 M'NM,,_,.

Proof. In view of Proposition 3.3, we may show in the particular choice of
the tower. First assume that M is infinite (hence so is N). Since the
assumption of finite index implies that N’ is o-finite on the standard Hilbert
space # for M, we can choose &, € # which is cyclic and separating for both M
and N (see [13]). Let Jy, and Jy be the modular conjugations associated with
(o for M and N, respectively, and let W=J,Jy. We define the basic
construction (M,, ey, E;) for E via the natural cone associated with &, for
M. Since

M, = JyN'Jy = WNW*,

M, is standard on s with the conjugation J, = WJyW* associated with
¢,. Hence the basic construction for E; can be defined via the natural cone
associated with &, for M,, so that we have two steps of the tower
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NcMc®M,c*M,
— — —

E E; E>

on the same . Here
M, =WI\zW*M WIyW* = WMW*.
Now define for n > 1
My, = W'MW*" M, = W INW**l(= WM, W*"),
Jow=W'IW*" Jy o1 = WL WH L (= W, W*n),
ey = WreaW*", ey, = Whe, W¥",
E,,= WE(W*"-W"W*", E,,., = W'E,(W*"- W")W*".
Then it is easy to see that the tower

NcMc®*M,c*M,c*M;c
— —

— —
E Ey E; E3

is a realization of the tower of basic constructions from E. For this tower, the
isomorphisms 6,: M,, — M 2n in Proposition 3.2 are simply 0, = idy,, (M 2n
= M,,). Therefore

Ya(x) = J,x*J,, xeM'nM,,, n>1.
This shows that for n > 1
yn('yn—l(x)) = WXW*, xEMInMZH—Za

and particularly y,41 07, = Vp°¥n-1 O M'NM,,_,.
Next assume that M is finite. Taking the tensor product of the tower from
E with any infinite factor P, we obtain

N®P c M®P < “*'M,®P < “°*'M,®Pc -,

E®idp E;®idp Ex;®idp

which is really the tower of basic constructions from E ®idp. Since the
isomorphisms in Proposition 3.2 for the tensored tower are 6, ® idp: M,, ® P
M, ®P and M'NM,,=(M® P)n(M,,®P), the mirrorings for the
tensored tower coincide with those for the original tower. Thus the desired
equality follows from the infinite case. H

The next proposition is a partial extension of [34, Theorem 2.6] (also [31]).

Proposition 3.5. For every 0<k<n, E, . °°E,,_, is the basic
construction of E,,,°---°E,; more precisely
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(En+1°"'°E2n—k)(x) = ln_kJn(Ek+1°"'°En)_1(Jn0n(x)Jn)Jn
for all xeM,,_, with 6, in Proposition 3.2.

Proof. By the proof of Proposition 3.3, it suffices to show in the particular
choice of the tower. When M is infinite, we take the tower specified in the
proof of Proposition 3.4 where 6, =id,, . The case k=n—1 is just the
definition of the basic construction. Suppose the equality holds for some 0 < k
<n. Then for every xe M,,_,,,, we have

(EpiqomoEgy i) (X) = An_k+1Jn(Ek+1 °"'°En)_1(Ek_1 (Jux ) J,
= A”_k-’-l Jn(Eko"'°En)_1(Jnx']n)‘]m

because
E2n—k+ l(x) = l JnEk_ ! (Jnx Jn) Jn

as easily checked. Hence the conclusion follows by induction. When M is
finite, we can do as in the proof of Proposition 3.4. H

Given the tower from E, Proposition 3.4 enables us to define a *-
endomorphism I' of {J,(M'nM,) by

F(X) = ’Yn+1('yn(x)), XGM’ﬂMz,,,

which is called the canonical shift on the tower of relative commutants. In view
of the proof of Proposition 3.4, we know that the canonical shift I" as well as the
mirrorings 7y, can be constructed apart from the choice of E€ (M, N). In this
sense, I' is canonical for the inclusion N < M rather than for E. Now the
faithful state ¢ on {J,(M'nM,) is defined by

¢IM'NM,=E;c---°E,|M'nM,, n>1.
Then we have:

Proposition 3.6. (1) y,(M;nM,) = M3, ,nM,,_;, 0<j<k<2n
2 TMnM,) =M 2NM,,,, 0<k<n.

(3) Tkey, =9, on M'NM,,, k,n>0.

(4) ¢°T' =¢ on U,(M'nM,).

(5) If E=E,, then ¢°y,=¢ on M'nM,,, n>0.

Proof. The case of M being finite follows from the infinite case by taking
the tensor product with an infinite factor. So let M be infinite. It suffices as
before to show for the tower specified in the proof of Proposition 3.4. Then (1)~
(3) are directly checked for I'(x) = WxW* and vy,(x) = J,x*J,, xe M'nM,,. (In
fact, W¥J, = J W* =7 ,.)

(4) Proposition 3.5 implies that
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(Exsro 0 E)(x) = A" *J(Eps o0 Egu )™ (Jux T)
for all xeM,, n>k >0. Hence for every xe M'nM,, we get
O(x) = (Eyo---0 Epyy)(x)
S SRR Y VL IILY PP Il (VPR AP) I AP

Since Jy41XJpi1 €My N Myyys, we get E (Jur1XJpst) = A7 g 1 X Jps s
Therefore

¢x) = 2" Ty s 1(Epyzoo By ) N (Jnr 1 X Jav 1) Juss
= n+1Jn+2(E3°'”°En+2)(']n+2Jn+1x']n+1']n+2)‘]n+2‘]n+1
= (Ezo---0 Epup) (Wx W) = ¢(I'(x)).

(5) Let E=E, and xe M'nM,,. Combining Proposition 2.5, Theorem 2.6
and Proposition 3.5, we have

¢(x)=(E o---0E;))(x) = (Egpsq0o--0Egn) (I, x*J3,)
= $(720(x)) = B (1, () = b ()
by (3) and (4). H

Let us extend I' to a *-endomorphism of the von Neumann algebra
generated by (J,(M'nM,). So define

A =mn,(U(M'nM,)"

where 7, is the GNS representation of (J,(M’'nM,) associated with ¢. Further
let ¢ be the normal extension of ¢ on A, so that ¢(n,(x)) = ¢(x),
xeU,(M'nM,).

The inclusion N = M is said to have finite depth if

supdimZ(M'nM,) < oo
n

where Z(M'nM,) denotes the center of M’'n M, (this condition does not depend
on the choice of E).

Proposition 3.7. (1) ¢ is a faithful normal state on A. ~
_ () There exists a unique *-endomorphism T of A such that ¢°T = ¢ and
[(7s(x)) = (L' (x)), xeUn(M' N M,).

(3) If E=E,, then ¢ is a faithful normal trace on A.

4) If E=E, and N = M has finite depth, then A is a type 11, factor.

Proof. (1) Let A° be the C*-completion of |J,(M’nM,) with the extension
¢° of ¢. Then 7, is nothing but the GNS representation of A° associated with
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¢°. Letting ¢, = ¢|M’'nM,, since g¢=+:|M' N M, = g¢~ for all n > 1, we obtain
a one-parameter automorphism group o of A° such that ¢°|M’'nM, = o?~,
n> 1. Hence it follows (see [4, 5.3.9] for instance) that the normal extension ¢
of ¢° is faithful.

(2) follows from Proposition 3.6 (4).

(3) follows from Theorem 2.6.

(4) Suppose E = E,. Then Popa’s arguments in [36, §2] work in our setup
as well. In fact, the results [36, Proposition 2.1, Corollaries 2.2 and 2.3] (also
[14, 4.6.3]) hold for A=[M:N]y! and {B,=M'nM,:n>0}, when we
consider the dimension vector and the trace vector of B, with respect to the trace
¢ together with the inclusion matrix of B, = B,,;. Thus the same proof as [36,
Corollary 2.5] implies the desired conclusion under the finite depth
assumption. H

Since 7, faithfully imbeds (J,(M'nM,) in A, we consider {J,(M'nNM,) as a
subalgebra of 4 and denote I', ¢ by I, ¢ again. We call the *-endomorphism
I" extended on A, or more precisely (4, ¢, I'), the canonical shift associated with
E. In particular, let N = M be type II, factors and (4, ¢, I') the canonical shift
associated with the conditional expectation Ey: M — N with respect to the
trace. Then ¢ is a trace whether Ey = E, or not. This I is the canonical shift
for N < M investigated in [7].

On the lines of [29, Theorem 5.1], we have the ergodic property of I’
extending [7, Proposition 21].

Proposition 3.8. N> ,I'*(4)=C.

Proof. Let |-||, be the norm on A induced by ¢, ie. x|,
= ¢(x*x)2. Let xe,['*(4). For any &> 0, there exist k and ye M'nM,,
such that ||x — y|l, <e. For every n > 2k, Proposition 2.4 shows that

M'nM, = MM,
U U
C CM’anMn

is a commuting square with respect to ¢|M'nM,. By Proposition 3.6 (2),
I'*(A) is generated by |J,(M5,nM,). Hence we see that

M0Myc 4
U v
C cTH4)

is a commuting square with respect to ¢. So there exists the conditional
expectation F: A —»T%(4) with respect to ¢, which satisfies F(M'nM,,)
= C. Since F(x) =x and F(y) = ¢(y), we get
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[x =)o < IFx—=Wle + 100 — %) < 2] x — ylls < 2¢,

which implies xeC. B

§4. Entropy h,(I')

Let (4, ¢, I') be the canonical shift associated with Ee & (M, N) defined in
the previous section. Let B, = M'nM,, and ¢, = ¢|B, for n > 0. Then {B,} is
an increasing sequence of finite dimensional subalgebras of A with 4
=(U,B,)”. The aim of this section is to establish the relation between the
entropy h,(I") and the minimum index [M: N],.

Lemma 4.1. (1) For every n,m >0, (U1 '’/(B,))" is included in B, 1.
1
(2) Let k, = [% . Then for every n, m > 0, [ ™*Ven(B ) commutes with
(U TI(B,))" and ¢(xy) = ¢p(x)$(y) for all xe(U7%, T7(B,))" and yel ™* D (B,).
(3) The conditional expectation A — I'J(B,) with respect to ¢ exists for every
n, j >0, and

B c A

n

U U
I'(B,-;) = T'(B,)

is a commuting square with respect to ¢ for every n > 2.
(4) T(Bs,) = Vp+1(Bay) for all n> 0.
Moreover if E = E,, then T is a 2-shift on the tower {B,} in the sense of [7].

Proof. (1) and (2) follow from Proposition 3.6 (2).

(3) By the proof of Proposition 3.7 (1) and [4, 5.3.4], the conditional
expectation 4 — B, with respect to ¢ exists for every n > 0. Then Proposition
2.4 shows the desired conclusions (see the proof of Proposition 3.8).

(4) is obvious from Proposition 3.6 (3).

By Propositions 3.6 (5) and 3.7 (3), the above (1){4) show the last
statement. &

. . 1 . 1
Proposition 4.2. h,(I) = hm,ﬁw;H,,(Bz,,) = hm,,_,wES(qSZ,,) where S(¢,) is
the entropy of ¢,.

Proof. For each n, m>1, let B = (U}"=_ol I*(B,))" where k, = ,:n —;— 1],

and {g;:1<i<I} be a set of atoms in the centralizer of ¢, with Y4
= 1. Furthermore let g/ =TV~ (g) for 1 <i<l and 1 <j<m. Then by
Proposition 3.6 (4) and Lemma 4.1 (2), {g} ---q7: 1 <i,,...,i,, <1} is a set of
atoms in the centralizer of ¢|B such that ), . g} ---q" =1 and ¢(q} - qi)
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= ¢(q}) - ¢(q"). Hence by Lemma 4.1 and [10, Théoréme 5(E)] (also [11,
Corollary VIIL.8]), we get

H,(B,, T*(B,),....T" " V(B,)) = S@$|B) = Y, n(¢(di - q)

= mS(¢,) = mHy(B,).

Now the proof is the same as [7, Theorem 1] in view of Theorem 1.5 and
Proposition 1.6 (2). H

Theorem 4.3. (1) h,(I') < %{KE(MlN) + Kz, (M,|M)} <log[M: N],.

(2) If hy(I') =1og[M: N],, then E = E,.

(3) Suppose N = M has finite depth. Then the following conditions are
equivalent :

(i) E=Eq;

(ii) hy(I') = log[M: No;

(@iii) hy(') = logIndex E.

Proof. (1) For each n > 1, choose a set {g{*”} of atoms in the centralizer of
¢, With Y ;g™ = 1. Since the centralizer of E, o---o E,, is nothing but that of
¢,, and

Index (El SEEEN] E2n)q(2") > 1,
Theorem 1.3 (2) implies that

Furthermore by [20, Theorem 5.1 (1)] and [21, Proposition 8.1], we have

2n
Kg,.....5,, (M, | M) < .Zl Kg (M;|M;_,) = n{Ky(M|N) + Kg (M, |M)}.
I=
Thus Proposition 4.2 implies the first inequality. Also we get the second
inequality by Theorem 1.4 (1).

(2) Suppose h,(I') =log[M: N],. Then Kgz(M|N)=1og[M: N], holds,
which is equivalent to E = E, by Theorem 1.4 (2).

(3) In view of (2), it suffices to show that (i) implies (ii) under the finite depth
condition. So suppose N = M has finite depth and E = E,. Then there exists
no such that dim Z (B,,, +,) = dim Z(B,,). Since [36, Corollary 2.3] holds for
{B,} in our setup as noted in the proof of Proposition 3.7 (4), the trace vector of
B,, with respect to the trace ¢ is given by (1"~ "s,), for any n > n,, where 4
=[M:N]g! and (s,) is the trace vector of B,, with respect to ¢. Let s
= max, s, and n >n,. Since ¢,,(q*") < A"~"s, we have by Theorems 2.6 and
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1.4 (2)
Index (Ey o0 Epp)yom = ¢2,(¢*")* Index (E;o---0E,,)
< (Armog)2 ) 2m = () mog)?
for all i. Therefore by Theorems 2.6, 1.4 (2) and 1.3 (2), we have
2nlog[M: Nl =log[My,: M, = Ky,.....5,,(M,,| M)
(A~mos)?

b2n(q*")?
so that hy(I') > log[M: N], by Proposition 4.2. H

<Y ¢2a(qf™) log = 28(¢2,) + 2log (A ™s),

Specializing Theorem 4.3 to the type II, case, we have:

Corollary 4.4. Let N = M be type 11, factors and H(T') the entropy of the
canonical shift I for N < M. Then:

(1) HI) < %{H(MIN) + HM,|M)} <log[M: N], <log[M: NJ.

@ If HT)=1log[M: N],, then [M:N]=[M:N], and Ep . (eo)
=[M: N1 '1 where E\ .y, is the conditional expectation My — M'N M, with
respect to the trace.

(3) If N = M has finite depth, then

H(I) = HM|N)=1log[M: N],=1log[M: N].

Proof. Let Ey be the conditional expectation M — N with respect to the
trace. We know by [33, Corollary 4.5] and [19] that Ey = E, (i.e. [M: N]
=[M:N]y) if and only if E,..u,(e)=[M:N] 1. According to [36,
Corollary 3.7], if N <M has finite depth, then E,. .y, () =[M:N] 1
automatically holds. Thus the corollary is the specialization of Theorem
43 B

§5. Entropy H,(4|T'(A4))

Let (4, ¢, I') be the canonical shift associated with Ee&(M, N). Let B,
and ¢, be as in §4, and C, = M;nM, (=T(B,_,)), n = 2. In this section, we
investigate the entropy H,(A|I'(4)) in connection with [M: N], and h,().

The entropy H,4(B,|C,) is given in [10] by

H¢(Bnlcn) = s(l‘;?zk:{S(¢'Bm ‘ﬁk'Bn) - S(¢|Cns !/’klcn)}s
where the supremum is taken over all finite families (,) of Y, e AS with >y,

= ¢. But we have H,(B,|C,) = H, (B,|C,) by Lemma 4.1 (3). Proposition 2.4
and [21, Proposition 2.12 (1)] show the following:
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Proposition 5.1. H,(4|T'(4)) = lim,_, , H,(B,|C,) increasingly.
Proposition 5.2. h,(I') < H,(4|T(4)).
Proof. By [21, Proposition 2.2 (1)] and Proposition 3.6, we get for n > 1
Hy(B2y) < Hy(B3a|C2p) + Hy(C2p) = Hy(By,|Cap) + Hy(By,—»).
This implies that

1 12
—Hy(B,,) < - Z Hy(By;|C5)).
n nij=1

Hence the desired inequality follows from Propositions 4.2 and 5.1. H

Theorem 5.3. (1) Hy(A|T'(4)) < 2log[M: N],.

(2) If Hy(A|T'(4)) =21og[M: N],, then E = E,.

(3) Suppose N c M has finite depth. Then E =E, if and only if
H,(A|T'(4)) = 2log[M: N1,.

Proof. (1) Let

NEMc M c“M,c
Eo Eo,1 Eo,2
be the tower of basic constructions iterated from E,. Here we can assume as
remarked before Proposition 3.6 that the factors M, are the same as those in the
tower iterated from E. Forn>1, let 1, = E, ;°---°E, ,| B, which is a trace by
Theorem 2.6, and let h,=d(E,|M,_,nM,)/d(E, ,|M,_,nM,). Since E,
= hy? Eq ,h3*(= Eq ,(hy/*-h;'?)) by [8, Théoréme 5.3], we get

El °"'°En = (hl hn)llz(EO,l °“'°E0,n)(h1 hn)llza

so that d¢,/dt, = h,---h,. For each fixed n > 2, we denote by F and F, the
conditional expectations B, — C, with respect to ¢, and t,, respectively. For
1 <k < n, let us define Eg e &(M;_,, M) by Eg , = AEg; where A=[M: N];!
and Eq & is defined on the standard Hilbert space for M,. Then it follows that

Myc M, € “'My_,c-c®Mj;c*M
= = =

Eo,n Eo,n-1 Eo, 1
is n steps of algebraic basic constructions. Since by Theorem 2.6
Eg no--oEq (|B, = An(Eo,1 o"'OEO,n)—lan = Tns
we have Fy = Ej ,°Ep |B,, so that

d(é.|Cy)

d(Tn|C..) = FO(hl hn) = h3 hn
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Hence the cocycle derivative [DF: DF,], of F and F is computed as follows (see
[8, 15]):

[DF: DF,], = [D(z,°F): D(t,°Fo)],
= [D(¢,°F): D(z,° F)J¥ [D(¢,° F): D(z,° Fo)],
= [D(¢,]C,): D(z,|C)I¥ [D,: D11,
= (hy -+ hy) " (hy -+ )" = (hyhy)"
Now let ¥,,...,¥,,€(B,)s be faithful with Y, ¢, = ¢,. Then
[P F): DYyl = [DWy° F): DYy Fo) 1. [D(Wy° Fo): D],
= [DF: DF],[D({i° Fy): D],
= (hyho)* [DWic° Fo): DYl
Hence by [32, Theorem 4], we get

SWyoF, Y = i Tim Sy ([DG e F): DY, — 1)

15+0 ¢
=SW°Fq, ¥) + ¥ (logh hy).
Since by Theorem 1.1
Fo(x) > (Index (Eg ,°Eg 1)) 'x = A*x,  xe(B,)+,

we have Y, o Fy > 4%y, so that

;S(‘//k"Fo, Y < ;l//k(l)k)g/l—z =2log[M: N],.
Therefore

;S(l//wF, ¥) < 2log[M: NJo + 75(n(hy hy)).

By the lower semicontinuity of the relative entropy ([2, Theorem 3.7]), the
above inequality holds for any y,,..., ¥, €(B,); with . ¥, = ¢,. This implies
by [21, Lemma 2.6] that

H,(B,|C,) < 2log[M: N, + t,(n(hy hy)).

Since ,(1(hyh,)) < n(r,(h hy)) = 0, the desired inequality follows from Propo-
sition 5.1.

(2) Suppose H,(A|T'(4)) =2log[M: N],. Then 1,(n(h,h;)) =0 and hence
hyh, =1 by the strict concavity of #. This implies E; °E, = E; ;° E, ,, so that
E, = E,,,, equivalently E = E,.

(3) Suppose N — M has finite depth and E = E,. Since y,(C,,) = By,—3,
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it follows from Proposition 3.6 (5) that H,(B,,|C,,) = Hs(B,,|B,,-,) for all
n>1. Now let us proceed as in the proof of [36, Corollary 2.4]. Choose n,
such that dim Z (B,,,+,) = dim Z (B,,,). Let d be the dimension vector of B>
A the inclusion matrix of B,, < B,, +;, and (s;) the trace vector of B,, with
respect to the trace ¢. Then according to [36, Corollary 2.3], (AA’)"E) is the
dimension vector of B,,, +,, and (4"s,), is the trace vector of B,, . ,, with respect
to ¢ for any n >0 where 1 =[M: N]y!. Hence by [33, Theorem 6.2] (also
[35]), we have for every n>1

(AAY ), (" 1s)

Hy(Bano+ 201 Bang+ 2n-2) = ), (AN ) (AAY ™1 _‘_i-))k (A"sp)log = .
o (AN d)(2"s)

Since (s,) is the Perron-Frobenius eigenvector of AA' with the eigenvalue 4, we
have

(AN D)ty
i > =4
(AN~ ), (s)

-2

for all k,I. Therefore
Hy(AIT(4)) = lim H,(Byu s 20| Bang 20— 2) = log 472,

as desired. W
Following [33], we define the number 4,(4, I'(4)) by
A4(A4, T(A4)) = max {4 > 0: Ep4(x) > Ax, xe 4. },

where Er 4 is the conditional expectation A — I'(4) with respect to ¢. In view
of Theorem 1.1, we can consider A4(4, I'(4))~" as a generalized index of Er 4
when A is not necessarily a factor.

Proposition 5.4. 1,(4, I'(4))"! < (Index E)?.

Proof. Let A,(B,, C,) be defined for the conditional expectation B, — C,
with respect to ¢,. Then as [33, Proposition 2.6], we have A4(4, I'(4))
= lim,_, , A+(B,, C,) decreasingly by Proposition 2.4. For each fixed n > 1, let
us use the notations in the proof of Theorem 5.3 (1). Since [DF: DF,],
= (hyhy)", F = (hyhy)' 2 Fo(h hy)*/? follows from [8, Proposition 4.11]. Define
E’ = (hyhy)V*(Eg, ,° Ep, 1) (hy hy)t*. Then E'e &(M’, M3) because for xe M,

E'(x) = E6,1(h1)E(’),2(h2)x = Eo,1(h1)Eo,2(h2)x = X.
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Moreover it follows (see [19]) that
Index E' = (Eg 50 Eg 1)~ ' ((hyhy) ™) = A72Eg, 1 (hi ) Eo, 5 (h; *) = (Index E)?.
Since Fy = E; ,°Eq 4|B,, we have by Theorem 1.1
F(x) = E'(x) > (IndexE)"2x, xe(B,),,
so that 1,(B,, C,) > (Index E)~2, implying the desired inequality.
The next theorem is an extended version of [7, Theorem 14].

Theorem 5.5. Suppose E = E,. Then:
(1) Hy(A|T'(A)) < 2hy(T") < log 4,(4, T(4))™! = 2Kz(M|N) = 2log[M: N],.

. 1 1
2 If hm,,_,w;log k, =0 (this is the case if sup,,ﬁk,l < o) where k, is the
number of simple summands of B,, then H,(A|T(A4)) = 2hy(I).

(3) If N = M has finite depth (in particular, if Index E < 4), then the numbers
in (1) are all identical together with log[A: T'(A4)].

Proof. (1) By Lemma 4.1, T" is a 2-shift on the tower {B,}. The results
[36, Proposition 2.1 and Corollary 2.2] hold for {B,} and 1
=[M:N]g!. Furthermore we have by Theorems 1.3, 1.4 and 2.6

1 1
H,y(By,) < EKE, ooooo Ean (M2, M) = 510g[M2m M]o = —nlogi.

Thus we conclude that {B,} is a locally standard tower for A* with period 4 in
the sense of [7, Definition 3]. Hence [7, Theorem 8] implies that

H,(A|T'(4)) < 2h,(T) < 2log[M: N], < logi,(4, T'(4))~ .
Since A4(4, T'(4))"! <[M: N]3 by Proposition 5.4, we obtain the conclusion.
(2) For n>0, let K, be the set of simple summands of B,,. Then by
assumption, lim,,_,wlloglK,,[ = 0 where |-| denotes the cardinal number. We
n

denote by (d{)x, the dimension vector of B,, and by (t{”)ck, the trace vector of
B,, with respect to the trace ¢. Moreover let (a{P)ick,. ik, ., b€ the inclusion
matrix of B,, < B,,., and let L, = {(k, [)eK, x K,,: a{ > d™}. To simplify
the notation, we define as in [6, 7]

(n)

dy;

I¢(B2n) = Z dlgn) tg‘) IOg m
keKn k

and analogously I,(C,,). For each n > 1, since the mirroring y, maps B,,_,
cB,, to C,,cB,, the inclusion matrix of C,,c B,, coincides with
(@ )k, ..1ex, and the dimension vector of C,, coincides with (& g, _,
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under the identification of respective simple summands via y,. Also let (f{")x,
be the trace vector of B,, corresponding to C,, = B,,, which is a permutation of
(&™) via y,. Then according to [33, Theorem 6.2], we have

N d(n—l)
Hy(B,|Cy) = 14(Byy) — 14(Ban-2) + z dé"_l)ag;_l) f”log l(‘,._l) >
(k, )ELn -1 (7]

because I,(C,,) = I(B;.—») by Proposition 3.6. Now let 1 =max{4, 1 — A}.
Then 0 <1 <1 except the trivial case N = M. Since B,, contains mutually
commuting projections ey, e,...,€,,—,, and since

O(f1fs fane1) = O(f)P(f3) - @ (fonoy) <A

for fy_y=e€5_y OF foio1=1—ey_ 4, 1<i<n we get t" <" for all
n, k. Furthermore according to [36, Corollary 2.2], we get al? < [M: N], for
all n, k, I. These imply that

(n—1)
- —1) k

0< — dfr- g 1’t,""log—~(,l_1)
(ky ))ELn - 1 aiq

< ) (@i V’i"logaf™ Y
(k,1)eLn-1

<|Kp-1| [K,|2"[M: N13log[M: N,

which tends to 0 as n— c0. On the other hand, it follows (see [6, Proposition
16], [7, Proposition 4]) that

0 < 2H,(B,,) — I,(B,,) < log|K,|.
Therefore by Propositions 5.1 and 4.2

. 1 o1
H,(A|T'(A) = }H’;H .21 Hd:(BZj'CZj) = }Hg;las(an) = 2h,(T).
i=

(3) As [36, Corollary 6.7] (also [14, 4.6.6]), we see that if Index E < 4, then
N c M has finite depth. Thus the desired assertion is immediate from (1) and
Theorem 5.3 (3) together with Proposition 3.7 (4). W

Finally in the type II, case, we have the next proposition (without the
assumption Ey = E;) in view of the proof of Theorem 5.5 (2).

Proposition 5.6. Let N = M be type 11, factors and H(T') the entropy of the
canonical shift I' for Nc M. Then:
(1) HA|T'(4)) <2H(T).

2 If lim,,_,wélog k, = 0 where k, is the number of simple summands of B,,
then H(A|T'(A4)) = 2H(T).
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§6. Examples

In this section, we present two simple examples to illustrate the results in
§84 and 5. In the following, we use the same notations as before.

Example 6.1. Let M = R be the hyperfinite type II, factor, N = R, Jones’
subfactor [22] of M with [M: N]= 17!, and T the canonical shift for N
= M. It follows from Proposition 3.2 that y,(e,) = e,,_, for every n > 1 and
1<k<2n—1. Hence

r(en) = Vn+1('y'|(en)) = Yn+1(en) =€,42, nz 1

Suppose A>1/4. Then it is known (see [14, 4.7.b]) that M'nM,
={l, ey,...,e,_,». Hence A={e,: n>1}" (~R), so that T coincides with o7
where o, is a special case of the shifts discussed in [5, 6]. We have by [6,
Example 2]

1
SHAIT(A) = HI) = 2H(o) = HMIN) = log 27",
Next suppose 1 <1/4 and t(1—1t)=4, t >0. We get
1
H(T) = Jim  H(B,) > Jim  H(CL €y, 1))

=2H(o;) =2n(t) + 2n(1 — 1) = H(M|N)
by [7, Theorem 1], [6, Example 2] and [33, Corollary 5.3]. On the other hand,

H(T) <3 (H(MIN) + H(M, M)} = HMIN)

by Corollary 4.4 (1) and [21, Proposition 8.4]. Hence H(I') = H(M|N).
Moreover since the Bratteli diagram for the tower B, < B; < B, < --- is Pascal’s
triangle (see [14, p. 231]), we have H(A4|I'(4)) = 2H(I") by Proposition 5.6 (2).

1
Therefore EH(AIF(A)) = H(I') = HM|N) for any A

Example 6.2. Let us consider M = N® B> N =N® C where N is any
factor and B = M,,(C). Let p,e&(B) and h = dp,/dr where 1 is the normalized
trace on B. Define Ec8§(M, N) by E =idy® ¢, and ¢,€&(B) by do,/dt
=h"'/t(h™!). Then it follows (see [21, Example 8.3]) that the basic
constructions E,e§(M,, M,_,), n > 1, iterated from E are given as follows:

M,=M®B"”=M,_,®B,
Epyp—y =idy,, ,®@ ¢y, Ejy=idy,, , ® @,
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where B™ = ®%B. Moreover it is easy to see that the mirrorings y, on
M'NM,, = B?" are given by

@1 ®a; @ ®ay, | ®ay,) =03, @d-1 @ Qd; ®aj,
where a' denotes the transpose of a. Therefore

Ta,®a;,® ®az,-1®a,) =712, ® a1 ®®a;®d®1®1)
=1®1®a; ®a, @ ®a,-; ®ay,

so that I is the unilateral shift on (4, ¢) = ® P (B?, ¢; ® ¢,). This example
clarifies that ¢ is not generally invariant for y, but I' preserves ¢. By [10,
Corollaire 10], we have

1
hy() = S(91 ® @o) = 5(9o) + S(91) = 5 {Ke(MIN) + K, (M| M)}

When ¢, = t and hence ¢, ® ¢, is the trace on B?, we get by [6, Example 1]

%H,,(All"(A)) = h,(I') =2logm = log[M: N],.

Also when ¢, # 7 (hence A4 is a type III factor), we get (see [21, Theorem 6.6],
[20, Proposition 3.6 and Example 4.6])

SHJAIT() < S(po) + (o) = h(T).
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