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Supplement to “Hodge Spectral Sequence
on Compact Kahler Spaces”

By

Takeo OHsAwA*

1. The purpose of this short note is to supplement the author’s previous article
[1] by exhibiting a rigorous proof of the dual L? Poincaré lemma as well as its
d-analogue (cf. Proposition 4.1 (7), p. 272 in [1]). We have stated there that up
to a slight change its proof is similar to that of the ordinary one, for which we
had given a detailed proof. However it turned out that the proof requires a
different technique which does not seem to be in the literature. Therefore the
author would like to present it here.

2. Let V< C¥ be an irreducible complex analytic set of dimension n containing
the origin as an isolated singular point, let z = (z4,...,zy) be the coordinate of

N
C", and let ||z||>= Y |z]>. We fix ce(0, 1) so that the spheres S, = CV of

i=

radius ¢ centered at 0 intersect with V transversally for all ¢'€(0, ¢c]. We set U
={zeV;|z|| <c} and U’ = U\{0}. Let us denote by C4(U’) (resp. C§4(U"))
the set of (C-valued) compactly supported C® r-forms (resp. (p, q)-forms) on U’

2n
and set Co(U") = @ C,(U’). Let ds? be the restriction of the euclidean metric
r=0

to U’ and let dv be the volume element with respect to ds?>. For all ue Cy(U’),
|u| will denote the length of u with respect to ds?, and the L? norm |u| of u will
be defined as the square root of the integral of |u|?dv over U’. Let d: Co(U’)
«> be the exterior derivative and let  (resp. d) be its (0, 1)-component (resp.
(1, O)-component). The maximal closed extensions of these operators to the
completion C,(U’) with respect to | | will be denoted by the same symbols.

We put ®={KcU;KcU}, §={ueCo(U); suppue®} and §*

= {ue CBI(U’) ; supp ue®}. Then our goal is to prove the following.
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Lemma Under the above situation, Kerdn S° =KerdnS>° = {0} for all p,

(1) KerdnS" = {du; ue DomdnS'}
and

) KerdnS" = {0u; ue DomdnsS 1}
if0<r<n

Proof. That KerdnS°=ZKeronS”»%={0} is trivial. Let 0<r<mn,
feKer dnS’, and let f, , be the (p, g)-component of f. First of all we note that
0f0, =0, 8fp-1,y-p+1+0fp,—p=0for 1<p<rand df,,=0. Let us fix
be(0, c¢) so that suppf < U,:={zeU’; |z|| < b}. Then we put

F, = —log(b*> — [z|?) + (n — r)log||z||* — kloglog [ z[~*

for k> 0. Then F, is a strictly plurisubharmonic function on U;. Let ds?, be
the restriction of the complex Hessian of F, , to U;, and let | ||, , be the L?
norm with respect to ds?, and the weight function ¢*. Namely we put

Hu”rzk = f eF"k|u|3,k dv,
-

where | |, (resp. dv, ;) denotes the length (resp. the volume form) with respect
to ds?,. Since feS", || f|, < oo if k>2. Note that (U;, ds?,) is a complete
Kihler manifold for any k > 0. Therfore by Andreotti-Vesentini’s theorem (cf.
[2] p. 31 Theorem 1.3), one can find a measurable (0, r — 1)-form say g, ,-; on
U, satisfying fo, = 09o.,~1> I go,r—1llnx < 0 and that g, ,_, is orthogonal to

Kerd with respect to the inner product associated to | |[,,. Then, by
Bochner-Nakano formula for the complex Laplacian with respect to || ||, , we
obtain

10+ 0F, 00,1k < | fo,rllyx < 0.

Hence we obtain [ gg,_qll,.x+2 < 0. Next we solve the d-equation g, ,-,
= f1.,-1 — 09y, similarly as above with respect to the L? norm | |, 4+2-
Repeating this process and noting that f,  — dg,_ .o = 0 since d(f, o — 09,-1.0)
=0 and [ f, 0 — 09r-1.0llrk+2 < ©, we finally obtain an (r — 1)-form, say g
such that |g||, ;+, < o0 and dg = f. Since g is an (r — 1) form, finiteness of
gl +2 implies that of ||gll, 0. Thus the trivial extension § of g to U’ satisfies
that jeS™* and dj = f (cf. Lemma 2.4 of [1]). This completes the proof of
(1). Clearly the above proof contains that of (2).
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