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On Ground State Degeneracy of Z,
Symmetric Quantum Spin Models

By

Taku MATsUI*

Abstract

We consider a class of Z, symmetric quantum spin Hamiltonians. Anisotropic spin 1/2
Heisenberg models are typical examples.

Proof of groound state degeneracy (Z, symmetry breaking), construction of pure gournd states
are given in a systematic way.

§ 1. Introduction

In [9], we presented a method for study of ground state structures of cer-
tain quantum spin systems. The quantum spin system of [9] has the unique
ground state on the finite volume, but in the infinite volume limit, phase transi-
tions can occur by the same mechanism of classical spin systems. However,
the Hamiltonians considered in [9] do not have symmetry. Hence, it is inter-
esting to consider a class of quantum spin systems with symmetry which con-
tains several examples of physical interest by the methods developed in [9].
The aim of this paper is to investigate the ground state structure of certain
perturbation of classical Ising Hamiltonian. The typical example we have in our
mind is the spin 1/2 anisotropic Heisenberg model on the regular lattice Z°.

=— 3 {o¥ 65:"')4—609) a_f,j')-l-eog) aﬁ’ll)} a.n

1i-i"1=1
where 0, ¢ are real (small) parameters and the sum is taken over all nearest
neighbor pairs and ¢’ (@=x, y, z) is the Pauli spin matrix on the site j in Z*.
The Hamiltonian has the Z, symmetry. We will give sufficient conditions for
existence of long range order, mass gap and uniqueness of Z, symmetric trans-
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lationally invariant ground state. We also construct pure ground states. Our
conditions can be verified for ¢ and ¢ sufficiently small using expansions of
J. Kirkwood and L. Thomas of [5].

As is the case in [9], the irreducible ground state representation (=GNS
representation of a pure ground state) can be realized on L? space of a Gibbs
measure for dimensional classical spin system, and the regularized Hamiltonian
is the selfadjoint extensions of the generator of certain Markov semigroup.

We again use C* algebra approach and we will assume that readers are
familiar with basic results explained in [4] and [6].

The algebra of observables is the UHF C* algebra A

A= 9 M,(C) 1.2
where by M,(C) we denote the set of all complex 2 by 2 matrices.

The Pauli spin matrix ¢’ (j in Z%, a=x, y, z) is an element of (1.2)
satisfying usual relations

(@7 =1 (e§)* = o (1.32)
o 6§ = ol (1.3b)
[68?, o®] = 6 o —a{P 6{ =0 if j=*k. (1.3¢

Let A,.. be the set of strictly local elements in A4, in another word, the polyno-
mials of ¢ (@=x, y, z). We will also consider the abelian subalgebra B gene-
rated by ¢ (jin Z?), and we set

Bloc = Aloc nB ° (1'4)

For a finite subset C of Z¢, we define

0,(C) = II 0§’ for a=x,92. (1.5)
o35
The Hamiltonian we consider is
H = — 3 V{(0)0,(C)— > Wy(a,) (1.6)
z%>0 z%5j
o0

where V,(0,) and Wy(o,) are in B,,.

Assumption 1.1. (1) H of (1.6) is translationally invariant and of finite

range.
(i) V.o, and W(a,) are selfadjoint and

[VG(O',), U(Cs)] =0 (17)
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for any finite C in Z°.

(iii) V(o) =0 if |C| is odd (1.82)
V(s,)=0 if |C|is even (1.8b)
VA (s)>0 if C={i, j} with |i—j|=1 (1.8¢c)

where | C| is the number of points in C.

Under the above situation, the Hamiltonian H gives rise to a 1 parameter
group of automorphisms of A.

7{Q) =€ Qe ™  forQin A. (1.9)

See [4].
In the Heisenberg Hamiltonian (1.1), (1.8) follows from the identity (1.10)
provided |d] <1

olP a‘(ti’)_‘_aagi) agf’) = (1—80¥ ag:"))agi) o (1.10)

7:(+) of (1.9) is the time evolution of observables. The ground state of 7, is
a state ¢ of the C* algebra A satisfying

P(Q*H, QD=0 for Q in Ay . (1.11)

Let ¢ be a ground state and {z,(-), 2,, H,} be the associated G.N.S.
triple where 7 () is the representation of A in the Hilbert space H, and £, is
the cyclic vector implementing the state ¢. Then there exists a selfadjoint
operator H such that

Hy>0 (1.12a)
H,2, =0 (1.12b)
oz, (Q)e e = my(r(Q))  for any Qin A. (1.12¢)

H, plays the role of the regularized Hamiltonian.
We now consider the Z, symmetry of the Hamiltonian (1.6). Let © be
the automorphism of A determined by

6(c¥’) = —a¥ (1.13a)
O(c") = —a¥?  foranmyjin Z°. (1.13b)

Obviously we have
6% = identity (1.14)

BOor, = 1,00 . (1.15)
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If ¢ is a ground state, so is ¢o®. In other words, the quantum spin
systems we consider have Z, symmetry defined by 6.

Our results of this paper are as follows. Under some conditions described
in § 4, any translationally invariant, @ invariant, ground state ¢ restricted to
B is a Gibbs measure. ¢ has the long range order (as a state of A) even it the
corresponding Gibbs measure is extremal. The decomposition of the state ¢
into pure ground states can be given explicitly. The construction of H, will
also be given. By our construction, we see the regularized Hamiltonian H,
gives rise to the generator of a Markov semigroup on B. We will also give a
sufficient condition of existence of mass gap of H,.

The basic ideas are already given in [9], but we have some complications
due to Z, symmetry. The positivity assumption (1.8) is essential in our ap-
proach. It is a subtle question whether we can obtain similar results without
the assumption (1.8) or not. C. Albanese got some interesting results for certain
Hamiltonians without our positivity. See [2].

Some results related to ours can be found in [1] and [5], however they
didn’t describe pure ground states and in crucial parts they assume certain
high temperature condition for Gibbs measures. Spectral properties of Heisen-
berg models have been investigated in [S] but we believe our approach (use of
Markov semigroup) is interesting in itself.

The rest of this paper is as follows. In § 2 we consider the finite volume
ground state as a preliminary. § 3 is de- voted to representations of 4 on L?
space of a Gibbs measure. §4 establishes the correspondence of the Gibbs
measure and translationally invariant ground states of quantum systems. We
discuss Markov semigroup and existence of mass gap in §5. §6isdevoted
to Heisenberg models as an example within the reach of our results.
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§2. Ground States on Finite Volume

In this section, we consider ground states on finite volumes. Let 4 be a
cube in Z¢. Let H, be the Hamiltonian on 4 with the periodic boundary con-
dition.

Hy=— 3 V{(0)0.(C)— X Wy(o,). @1
CNAED ADj

We will always use the periodic boundary condition for finite systems in
this paper. We regard H, as a matrix acting on the finite dimensional Hilbert
space A ,,

Iy =@ C. 2.2)

The ground state of H, is the eigenvector state for the smallest eigenvalue.
We fix a basis of the Hilbert space .4, which diagonalizes the z component
of Pauli spin matrices in the following manner. Let X, be the classical spin
configuration space (with spin 1/2) on 4,

X, = {1, —1}4. 2.3)
To each point ¢ in X,, we assign the vector |o>in 4, by the formula,
o> = Q e 2.9
A3F

where ¢ is the jth coordinate of ¢ and

a=(3) e=(9)

Thus the vector & of 4, is identified with a function £(¢) on X, via the iden-
tity,

£ = 3 £(0)]o>. 2.6)
XABU'
We consider two subspaces A of 4, defined by
G = {n in Hy; o(M)n = +u} (2.72)
) = {nin Yl ; o ,(A)yg = —7} . (2.7b)

Due to the condition (1.8a), the Hamiltonian H, commutes with o,(A4),
and splits into two sectors.
Consider
HEme — — S\ ¢ gy (2.8)
1i-i1=1

AD§
43§’
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where we again impose the periodic boundary condition.

Observation 1. Let |o>, |o’>be in HG with o, o’ in X,. For positive
B, we have
{o|ePTE ™| a">>0. 2.9)

This is because we obtain [o> by successive applications of o{? ¢/ to |a’>
and we have the formula

e~PHLsing — TT  {cosh f-+sinh Bo¢ 0"} (2.10)

1i=§I=1
(2.9) is true for K.
Observation 2, (2.9) is valid for H, in place of HS'E,
It suffices to remark that
<o|e"ﬂH“ e >><o]| e~ XPHIER | e">+non negative number (2.11)
where x = inf Spectrum V(c,)>0 (2.12)
with e={i, j} |i, j|=1.

(2.11) is a consequence of our Assumption 1.1 (iii). By the above observation,
we can apply the Perron Frobenius theorem to —H), restricted to H§.
Thus we can conclude the following.

Lemma 2.1. (i) H, restricted to HP has the unique positive (normalized)
ground state vectorwhere the positivity refers to the choice of the basis (2.4) and
.5).

(ii) The ground state eigenvalue (=the smallest eigenvalue) of H, is of multi-

plicity at most 2.
If | 4] is odd and

[o.(4), Ve(e)] =0 2.13)
for any C, then the multiplicity of the ground state eigenvalue is 2.
The last statement follows from the commutativity,
[o(4), Hy] =0 (2.14)
and the property that o,{4) is an isomorphism of #$"” and A .
Using the notation (2.6), we fix ground state vectors £2¢*

29 = 5HQW(g)| 0> (2.152)
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2C) = 2(')9(‘)(a)|0> (2.15b)

where the sum =™ (resp. =() is taken over spin configurations for which the
even number (resp. odd) of spin is up. Then Lemma 2.1 means

2®)(0)>0. (2.16)
We now define
hE(0) = —2 log 2)(o) 2.17)
and
b { BPO@) if |o> s in HGP (2.18a)
o) =
4% (o) if |o> is in HE (2.18b)
2@ (o) (or h§(0)) must satisfy eigenvalue equation
H 2% — Eaw (2.192)
H 00 = EQQC) (2.19b)

where E§ are eigenvalues.

For each point ¢ in X, and a subset D of 4, we define o, as a point of
X, via the formula,

—g ifjisin D (2.20a)

0 — .
(@) { o if jis not in D (2.20b)

where (a,)? is the coordinate (o) at the site jin 4. Then (2.19) leads to the
following equation.

~S V@) exp| ~ L AP -HP @} |- S —ER @21

where V(o) =<a| V(o) |o> (2.22a)
Wi(o) =<a| Wi(an)lop . (2.22b)
We can go in the reverse direction. Suppose we find a function f{(o) satisfying
—S Ve exp | — L A0~} |- T W) ~ B
for some real £ and any o> in H™ .

Then the vector £ defined by
G =) o= | 5> (2.23)
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is the ground state vector. This is due to the uniqueness of Perron Frobenius
positive vector. If we consider the expectation for the vector 2,

2 =92H L 0= 2.24)
then
(2, 0,(B)2) = ) e " s(B). 2.25)

So we can interpret (2.25) as the integration by a Gibbs measure. In par-
ticular, if | 4| is odd and (2.13)is valid, E{”?=E{ and £ is a ground state
vector. Moreover we have another ground state vector £ defined by

g — o _g-) (2.26)

We will consider the same situation in the infinite volume case.
As is shown in [1] and [5], in certain examples we have (without assuming (2.13))

lim |[E$P—E§| =0 2.27)
A->oo

hence even though £ or £ is not a ground state vector we can carry out the
analysis of [8] in the infinite volume.

8 3. Representations of Observables and Gibbs Measures

We first recall some known facts about Gibbs measures on X,
X={1, —1}%°. (3.1)

By the product topology, X is a compact metrizable space. The set of conti-
nuous functions C(X) on X can be identified with B via the formula

o) = g 3.2
where 0¥ is the coordinate function of the site j in Z°.

Let f(o) be a polynomial given by

flo) = 2 faold) (3-3)
o(4) =T o G4

where A is a finite subset of Z¢ and f, is zero except a finite number of 4.

We introduce a norm for (o) of (3.3) as follows.
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1 fllss, = 33 ehrda@ebl4l| £, ] (3.5
z954
where 6,, 8, are positive numbers and dia(4) is the diameter of the set 4, | 4]
is the number of points in 4.

Let {#,} be a potential on X. We will often write
h(o) = X3 hyo(4). (3.6)
z954

We assume the following decay condition of /(o)

sup {33 eh M@l 4l | f [} oo 3.7

z%3j 43j

where 8, and 9, are positive. We also assume translational invariance of A(o)
or simplicity.
For a finite 4, we define a linear operator E,( ) on C(X)

[ 1dotretan o)
437

E4(f)o) = 7o (3.8)
where
ha(0) =M§:}m hyo(4) (3.9
and JJ do'” is the product measure with uniform distribution, Z(s,c) is a
nornl:aaljization constant determined by
E,(1)o)=1. (3.10)

By definition, E,(f)(c) depends on the variables outside 4. A measure du(c)
on X is a Gibbs measure if

[ du@)s(@) = | du@EL (). 3.11)

If du(o) is a Gibbs measure, du(o) and du(o,) are equivalent as measures (o, is
defined in (2.20)) and

Au(0) _ exp2 S hy(A)} . (.12)
du(o) 1004 odd
The converse is also true, namely, if du(o) is a measure on X and (3.12) is valid
for any C={j} with jin Z¢, then du(o) is a Gibbs measure. see [10].
We will use the following variant of this characterization of Gibbs measures.
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Lemma 3.1. Let du(c) be a measure on X such that du(e,) and du(o) are
equivalent for any edge C=4{i, j}, |i—j|=1 and (3.12) is valid for the same
case. Assume further the following cluster property. For any G(o) in C(X)
there exists a constant Cg; and a sequence of points {jk=0, 1, 2-=-} in Z* such
that

lim § F(o)r;,(G)(o)du(o) = { S F(o)dp(o)} X Cg (3.13)
where ©;(-) is the (lattice) translation determined by.
Tj(g(k)) — o-(k+j) . (3‘14)

Then du(o) is a Gibbs measure.

Proof. By the remark given above; we have only to show

§ F(o,)du(0) = § exp {2 5 hyo( A} F(o,)d(o). (.15)
We set
dj(o) = exp {2§ h,0(A)} (3.16a)
I;1(0) = exp {2( E hAU(A)+A§j hao(A))}
E¥) E=H
— d(0)d;(0) exp[—2 3 ho(A)] (3.16b)

EY

Our assumption implies (3.12) for any C={i, j}, so
| Pou.duto) = | Ei@F@)duto) @3.17)

for any F(o) in C(X).

We next consider the limit j— oo in (3.17).
By (3.7), we have

lim || Z;() —di(@)d ()| = |ld()l] Lim |1d;(o)| [ {exp( 35 |4 )—1} = 0. (3.18)
EH

Hence we consider the following
tim | 7/@)F@)d(o) = lim | d(0)d()F(0)du(o) (3.19)

By taking subsequence j, in (3.13) with G(o)=d(0),
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(3.19) = { S dy(0)F(0)du(o)} Cg - (3.20)

(Here we use the translational invariance of the potential 4(c).)
If we set F(c)=1 in (3.18) and (3.17)

1
di(o)du(o) = —
[ dito)duco) &
for any i.
So we can set i=j, and take k=o0

Ci=1, Co=1. (3.21)

We also note that if F(o) is continuous

1}5} Foy,5) = F(oy) . (3.22)
By (3.17) (3.19) (3.21) (3.20), we obtain (3.15). g.e.d.

Next we construct representations of observables on L? space of a Gibbs
measure.

Let du(o) be a Gibbs measure and L*(du) be the Hilbert space of square
integrable functions of du(o).

Define
7 (09)F(@) = [d(o)F(;) (3:23)
7, (09)F(o) = o) F(0) for F(o) in L¥(dp) . (3.23b)

In the same manner,

z_(a)F(0) = —[d;(o)]'*F(o;) (3.24a)
z_(a")F(0) = a¥ F(0). (3.24b)

Let £, be the constant function 1 as a vector of L*(dx).

Proposition 3.2. (i) (3.23) gives rise to the representation ©( ) of the C*
algebra A.
(ii) (3.24) gives rise to the representation =_( ) of A and =_(Q) ==_,(0(Q))
for Q in A where O is defined in (1.13).
(iii) The representation w.(-) are irreducible if and only if dp is an extremal
Gibbs measure.

Proof. (1) and (ii) are straight forward. (iii) is equivalent to Corollary
3.8 of [6]. Note that
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L=(dp) = = (B)’ ==—(B). (3:25)
So the center of representations z.(4)” Nz.(4) is in L=(dx). q.e.d.

Let ¢t and @i be vector states of 2, for 7 ;

2E(Q) = (2u, 7,(Q)2u) (3.26a)

267(Q) = (2u, 7_(Q)20). (3.26b)
Obviously

PiH = 906 . (3.27)

Proposition 3.3. Let ¢u be a state defined by

ou =§(¢,&+>+so,<:’). (3.28)

The GNS representation of ¢ is given as follows.
The Hilbert space is two copy of L*(dy)
LXdw)DLYdw) .

The representation is the direct sum =n,.@n_ and the GNS cyclic vector is
2.DPLy. @u has the long range order as a state of A.

The above statement looks like trivial, however it explain the reason why
quantum Ising models discussed in [S] have ground states with long range
order.

The existence of the potential 4(c) will be discussed in § 4 and § 6.

§ 4. Regularized Hamiltonian

In this section, we relate the states constructed in § 3 to ground state
representations. We assume the following conditions.

Assumption 4.1. Let 4,(0) be defined by (2.18).

For an edge b={i, j}; |i—j| =1, we define
has(0) = - (@) —ha(@)} @1

We assume there is an increasing sequence of cubes 4, in Z*¢ satisfying 4,C
Ay C Apsg, =, LkJAk;‘st and
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@ lim | E—E| =0 “2
(i) the limit exists in the norm || ||, 5,
lim Ay, () = hy(o) (4.3)
(i) Al[4, ,(9)lls,,5, is bounded uniformly in & and b.

Remark 4.2. (i) (4.2) is automatic if | 4| is odd and (2.13) is valid.
(ii) For quantum Ising model with Hamiltonian,

H=— 3 oo~ 3] off “4)

1i=§1=1 PLEY
the above zssumption can be verified if € is small.
See § 3 of [5].
The idea of [S] works for more general Hamiltonians if Ising terms are sufficiently
large. See also the examples of § 6 of this paper.

Lemma 4.3. Under the assumption 4.1 there exists a potential h(c)
h(o) = X hy0(4) 4.5)
such that h(o) is translationally invariant and for any edge b
hy(o) =m§l=lh 1 0(4) 4.6)
where the left hand side is defined by (4.3), and
>0 |y | ebrdiam@ el Al L oo @7
isj
Jor 056, <9; (j=1, 2).
Proof. Suppose k(o) of Assumption 4.1 is given by
h,(0) = 3% Iy 4 0(4) “8)
(4.3) implies the existence of the limit
lim iy = s 49)

The translational invariance of /(o) is due to the use of the periodic boundary
condition for finite systems. (4.6) is obvious.
We must check (4.7). We take a sequence {j,} of point in Z? satisfying

Jo=1J» |jo—jk| =k, ljk_jk+ll =1 JeFh if k1.

Then we rewrite the sum (4.7) as
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=S+ 3 e 3+ (4.10)
435, ABJO F-ETN 43j,
B4y 37y 341
$J'2 sjk
Piprr
In the & th part
lhA l eB1/diam(4) 58,14
A3j0sdy Ty
Pipn
S 2 I hA I esl,diam(A)esz;lAl
457,
EYH
Bipn
<e~C1m3ig=inaal || 71,(0)) . 8y << 0 (4.11)

where b,={j,* je;1}. Thus by translational invariance

@4n=X £~ C1 801 |1 (0) ., < . 4.12)
q.e.d.

Following [9] we define the regularized Hamiltonian as follows. Let 4 be a
cube. Then,

Hiypg = , 3 CEVeloa)Ce @)
where
1
Ce = =0,k exp[ 1. = huos()]. (4.14)

It is easy to see
[Ces Ve(oz)] =0 4.15)
—; Cé Ve(02)Ce = —V(02)0,(C)+ V(o) exp [w nAzloddhAGZ(A)] . (4.16)

We can prove the following in the same manner of [9].
Lemma 4.4, For Q in A,
[H, Q] = im [H oy, O] @.17)

Proposition 4.5. Let du(o) be a Gibbs measure for (4.5).
() The states 5" and ¢~ defined in (3.26) are ground states for (1.6). Fur-
thermore, we have
P (H reg) = 0 (4.18)

Jfor any finite A.
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(i) On L¥dp), the following limits exist in the sense of strong resolvent con-
vergence, give rise to a positive selfadjoint operator Hy.

5im 7y (H ) = H (4.19)
We also have the property
efum (Q)e™u = m.(1(Q)) (4.20)
forQin A
H.2,=0. “4.21)

Hy of (4.19) is the selfadjoint extension of the generator of Markov semigroup
studied in [6]. We can apply results (or ideas) of Chapter 1 and 4 of [6].
See also § 5 of this paper. We dont’t give the proof of Proposition 4.5.

We next define J as the set of states satisfying (4.18).

-) state of A such that ¢(H, ..,) =0
g [#()sta u .so( . o) } . “22)
for any finite 4 in Z*¢
We also set
@t u: Gibbs measure
G = the closed convex hull of (4.23)
for k(o)

Theorem 4.6. (i) 7=G.
(ii) For any translationally invariant ground state ¢ of r,, there exists a Gibbs
measure u and a real number 2 such that 0<2<1
¢ = 2P +(1-p . (4.24)
To prove Theorem 4.6 we use the following lemma.

Lemma 4.7. J is convex, closed, compact in the weak* topology. An
extremal point of J is a pure state of A.

Proof. The first claim is obvious. To prove the second claim, we consider
an extremal point of J, say, ¢. If ¢ is not pure, we have states ¢, ¢, and 2 with
0<2L1 satisfying

@ =g +(1—=2)p,. (4.25)
As H, ... is a positive operator, we have
¢1(HA,l'eg) = sz(HA,reg) =0 (4'26)

hence ¢, and ¢, are in J. This is a contradiction. g.e.d.
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Proof of Theorem 4.6 (I). We must show JCG. Let ¢ be a pure state
in J. The restriction of ¢ to B is a Gibbs measure du(s) due to Lemma 3.1.
As ¢ is in J, for any edge b=1{i, j}

P(C¥C) =0. 4.27)

This implies

(05 0 0,(4)) = S exp [ hso(B)] X o(4)du(o) . (4.28)

1BNbl=1

As any o,(A) with | 4] even is a product of ¢,(b) (b edge of Z?), we can show

P ) 5(B) = [ expl 5V h.a(@)}os(B)duo) 429)
if | A| is even.

Then if | 4| is odd, %(¢+9¢)(ax(,4)az(3))=o, 50

—;—{¢+¢°9} =%(¢&+>+¢£r>) (4.30)

where du is given by the restriction of ¢ to B.
We claim that du(o) is an extremal Gibbs measure if ¢ is pure. This is because

purity implies
P_E {2(Q17(22)) —2(Q(z ()} (4.31)

for Q; O, in A and 7, lattice translation.
So if Q, O, are in B, the observables at infinity wich respect to du(o) are
trivial. (See [4]).

Thus states @, o8, i, @i are pure. ¢ and @o® are not equivalent
because if they are equivalent, the left-hand side of (4.30) is a factor state,
however

e %(¢+¢°6)(0£°) o) = lim g (o{)pi (o) > & (4.32)
where we used (4.30), (3.17), (3.18) and
9(e¢) = pO(0¥)

= [ e { D mo@rdu>exp (3 1halt =2 @33)

(Note that ¢ is dependent of j due to translational invariance of /(0).)
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The left-hand side of (4.32) is zero if % {p+¢@o6} is a factor state, so we
have a contradiction.

The pure state ¢ is disjoint from ¢o8. In view of (4.30), we can conclude
p=pi" or o
As a consequence all the extremal points of J are in G.  This completes the proof
of (i). g.e.d.

Proof of Theorem 4.6 (ii). Let ¢ be a translationally invariant ground
state. We have only to show that ¢ is inJ. Note the following identities.

CcV(O' )C
| AI = @(H} req) = ( ICC lz C) 4.34)
lim—II(HA—Eﬁ*’)—HA,mgH =0 (4.35)
4> | A]

(4.35) can be proved in the same way of Lemma 4.3 of [9].
By a result of [2], we have (due to (4.2))

lim — p(H,—E$) = 0. (4.36)
o= 1]

If we combine (4.36) (4.35) (4.34), we can prove

P(CEVe(a7)Ce) = 0. @437
This implies ¢ is in J. q.ed.

§5. Markov Semigroups

In this section, we discuss the relation of quantum Spin Hamiltonian con-
sidered in § 4 and Markov processes of X. For simplicity of exposition, we
consider the Hamiltonian

H=— 31 Vi(o5)0,(b)— 3 Wiloz) (.1)
b: edge z%35
where the sum for b is taken in all the edges b={i, j} |i—j|=1 (nearest
neighbor and we assume (1.7), translational invariance and finite range property
in (5.1).

Recall that the abelian C* algebra B generated by 0%’ (jin Z9) is the set
of continuous functions C(X) on X= {l,—-l}zd.

By our Assumption 4.1, we have the potential 4(c) on X
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ho) = 53 hyo(4). (5.2)
For any edge b, we define 4,(b) for f(s) in C(X) by

46) = -supl f@)~/(@9)] - 53)
Then we introduce D(X)

D(X) = {f(0); 3} ()< oo} (542)

IIFNll =3 4,8)  for Fin D(X). (5.4b)

The Markov (pre) generator L we will consider is
LF(0) = 33 dy(0){f(e5)—f(o)} (5.5)

di(0) = Vile) exp {, 33 hao(a)} 56)
for F(o) in D(X).

In (5.5) the sum is taken in all edges of Z¢ and V(o) is the element V,(o,) of

B, . regarded as an element of C(X).

As we have the decay of potential specified in (3.7) (due to Assumption 4.1), the

closure = of L in C(X) generates a 1 parameter semigroup S(¢).

S(¢) is a Markov semigroup (positivity preserving with S(¢) 1=1). The proof

of this fact can be done precisely in the same line of § 3 of Chapter 1 of [6].
We don’t repeat the argument given in [6], but we point out that the fol-

lowing inequality is crucial in the proof.

Lemma 5.1. Set

e = inf {inf (4(0)+dh(os)} (5.7)
0 if b, = by (5.82)

bls bz = .
(b b) {lfdh(a,,)—dbl(a)n if b, = b, (5.8b)

where b, b, and b, are edges of Z°.
Suppose F is in D(X) and F—2ALF=g for some 2Z0. Then for any edge b in

Z? we have
AF(b)x(l—]—/ls)gAg(b)-{—lz%} 7(x, b)dp(x) . 5.9
z:i:gb
The following theorem corresponds to Theorem 3.9 of Chapter 1 in [6]. See
[6] for the proof.
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Theorem 5.2. Let M be a finite constant determined by
M = sup (3 7(x, b)) < oo (5.10)

(@) The closure © of L is a Markov generator of a Markov semigroup S(t).
(b) D(x) is a core for .
(¢©) IfFisin D(X), so is S(t) F for t >0 and

IIS@F|l| <exp (M—DIIIFII] - (.11)

It is possible to show that any Gibbs measure is a reversible measure for S(t).
The converse statement is also valid.

Theorem 5.3. Suppose M <& in Theorem 5.2. Then S(t) has the unique

invariant measure. In particular, the Gibbs measure for h(c) is unigue. We
have for g(o) in D(X)

e—(E—M)t
5.12
gl (512)

15()30)—{ g@)dut@)l|<sup 114,
where du(o) is the unique Gibbs measure.
If we fix V3(o) in the following way, Theorem 5.3 implies Theorem 5.4.
Vi(o) =lexp( 35 hyo(d)+exp(— >3 hyo(A))]™ (5.13)
14ns]=1 14nd|=1
di(o) =[1-+exp(—2 33 ho(A)]™ (5.14)
Theorem 5.4. (i) If the following inequality is valid

Sl:p {VZ‘ sup | dy(0)—dy(05) |} <1 (5.15)
b/
then the Gibbs measure for h(o) is unique.
(ii) The following condition implies (5.15)

up {, 37 (104 wge— D)l s} <252 (5.16)

14nb|=1
where |0A| g, is the number of edges 1 such that AN 130 and AN 1=EQ.

For the proof of Theorem 5.3 and 5.4, see Theorems 3.9 and 4.1 of Chapter 1
and Theorem 3.1 of Chapter 4 in [6].

We now return to Quantum Spin Hamiltonians H of (5.1).
By our construction of H, ., we have
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lim 7 4 (H} o) F(6) = LF(c) (5.17)
A>oe

for F(o) in D(X)

Proposition 5.5. Let du(c) be a Gibbs measure. The selfadjoint extension
of L is Hy, and

ey (F(0,))0u = SE)F(3;) (5.18)
for F(o)=F(o,) in B=C(X).
We have the sufficient condition of existence of mass gap due to Theorem 5.4.

Theorem 5.6. Suppose assumptions of Theorem 5.3 is valid. Then the
spectrum of Hy has a gap.

Spectrum H.N@O,0) =0 (5.19)
where

8 = e~y inf inf ( 28)> 0 (5.20)

7o) =lexp( 31 hao(d)+exp(— 33 ho(OI*.  (521)

(See Chapter 4, § 4, of [5])

§ 6. Heisenberg Models

In this section, we consider Heisenberg models of 'spin % as examples.

First we consider the Hamiltonian

HOG,f=— 3 {o¥ o,(,i’)—l-aag,j) a;j’)—l—e(a, ﬂ)agj) agi’)}
1i-i1=1
+(1—8)sinh # 3T 0@ 6.1)
z%sj

where 0<|8]| <1 8 real and
&(8, B) = 0(cosh B)*—(sinh gy 6.2)

We now give the explicit form of the regularized Hamiltonian.

HO, Blg = — 3 (1—309 at){oPan PP+ (63,

17-31=1

(6.1) and (6.3) differ in the infinite constant
;} {(cosh B)*—a(sinh §)%} . 6.4
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For the edge b={j, j'} the operator C, of § 4 is

380 +0{")

C, =(1—a{?ae (6.5)

The proof of Theorem 4.6 implies that the translationally invariant ground
state vector £ satisfies

2(09 008 = m(? @ T g 6.6)
where z( ) is the representation of 4 associated to 2.
The (classical) potential /(o) is determined by (6.6)
h(e) = B 2 o\ 6.7

VLEY;

Thus its Gibbs measure is unique.

Theorem 6.1. For the Hamiltonian (6.1) with £ real |0| <1, there exists
two translationally invariant ground states W} such that

W) = W8 (6.8)
W )(0,(A)a4(B)) = S exp[ 33 0lo(B)dV (o) (6.9)

where dVy(o) is the translationally invariant product measure of X={1, —1}p2
such that

S 0dV 4(s) = —tanh 8. (6.10)
Any translationally invariant ground state is a convex combination of W{'s a1d
Wi
Next we consider the following Hamiltonian
H= —3{o’ 6" 42804 0§ +-ea{? 6"} . 6.11)

Theorem 6.2. There exists 2,=2, (0, €) such that for 2 with |2| <2,
Assumption 4.1 and assumptions of Theorem 5.6 are satisfied for (6.11).

Sketch of Proof. The proof can be done by expansion of §3 of [5],
(2.13) is valid for |4|odd. So we have only to solve the equation

SO OB (| sa))+2e0(b)] = EQ) (6.12)

ADb

where E()=—E{"=—E{7, b is the edge.
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Note that periodic boundary condition is used and ¢ is any configuration in
{1, —1}4 in (6.12).
We expand all the quantities in (6.12) by the power of 4.

EQ) = ,,io E, 2 (6.13)
2(0) = - {h(e)—h(a)} = 53 17(0)2" (6.14)

Then by (6.12), we have
2{22”’(0)-{-1"/;(1 §9(0)++)—00(B)(X {1 (0)+ Py_y (2§ (0) - ))}

=E, ifk>2 . (6.15a)
3 2§2(a)—(@ —) D o(b) = E; (6.15b)
=0 (6.15¢)

where P,(x,+++x;-,) is defined by

exp (3] 4hx3) = 1433 (vt Pala--- i) (6.16)
(6.15) yields
”ng)”noSPk(”Xil)l[oo"')+ | 5|Pk_1(]|2(§1)||00---) (6-17)

where || ||¢ is the norm (3.5) with 8, =0,=0.

Let F(2) be defined implicity

(A42[8])(eFM—1)—2F()+|6—e|2 =0 (6.18)
then, F(2) is analytic if || < 2,(¢, 6) and

F) = 315,

= |0—¢|
Ve = Py 7))+ 10| (Pocy(01** Vi) T V1) -

We can show ||%§?||,,< y; by induction.
Thus if |2] <4, (e, 0)

> 11l 21 < FQ@) (6.19)

(6.19) implies the convergence of the above expansion in || ||g.
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If we look carefully (6.15), the range of potential ¥{®¥ grows linearly in k& and

W€ can prove

1289 15,5, < €125 lgo - (6.20)
This implies Assumption 4.1 and Theorem 5.6. g.e.d.
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