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An Extension of Deligne-Grothendieck-
MacPherson’s Theory C, of Chern Classes for
Singular Algebraic Varieties

By

Shoji Yokura*

Introduction

Let ¥ be the category of compact complex algebraic varieties and «b be the
category of abelian groups. Let F:V'— b be the correspondence assigning to
any X € Obj(V') the abelian group #(X) of Z-valued constructible functions
on X. If we define the pushforward f,: = % (f) for any morphism f:X— Y by
f.(Aw)(»):=x(f'(y) N W), where W is any subvariety of X and 1, is the
characteristic function of X (1(x) =1 for x € W and 1y(x) =0 for x € W), then
the correspondence ¥ becomes a covariant functor with this “topologically
defined” pushforward [6]. Let H,(;Z):V'— b be the usual Z-homology co-
variant functor. Then Deligne and Grothendieck conjectured and MacPherson
[6] proved that there exists a unique natural transformation C,:%— H,(;Z)
satisfying the extra condition that C(X)(1x)=c(TX)N[X] for any smooth
variety X, where c:K— H*(;Z) is the total Chern class of vector bundles. This C,
shall be called DGM-theory of Chern class.

The total Chern class c: =Z;zqc;:K— H*(;Z) is a special “value” of the
Chern polynomial c;: = Zizgt'c;:K— H*(;Z) @Z[{], i.e., “evaluating” ¢, at
t =1 gives rise to ¢. As a matter of fact we can show that the above DGM-theory
C.%F— H,(;Z) is also a special “value” of a natural transformation C.:%'—
H.(;Z) ® ;Z[{] such that “evaluating” C,. at =1 gives rise to the DGM-theory
C,= Cy,. Here our new functor %’ (which will be called “twisted” functor) is
such that F(X) = F(X) ® 2Z[¢] for any variety X, i.e., as a correspondence F' is
simply a linear extension of the correspondence % with respect to the polynomial
ring Z[t], but as a functor it is not simply a linear extension of the functor %,
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but it involves some kind of “twisting”. Just like the DGM-theory C,, our
natural transformation C,. is a unique natural transformation from the twisted
functor ¥’ to the functor H,(;Z) ®,Z[t] satisfying the extra condition that
C(X)(1x) = c(TX) N [X] for any smooth variety X. This natural transformation
C,~ shall be called a twisted DGM-theory of Chern polynomial. It should be
remarked that if we take our functor %, to be just a linear extension of ¥ with
respect to Z[t], then there is no natural transformation ©:%,— H,(;Z) ® zZ[t]
satisfying the extra condition that ©(X)(1y)=c(TX)N[X] for any smooth
variety X (see [10]).

The organization of the paper is as follows. In §1 we define our twisted
functor %’ and construct our twisted DGM-theory C,+, in analogy with DGM-
theory C,. In §2 we give a certain characterization of the twisted DGM-theory
C.+, and in §3 we give some results related to the twisted DGM-theory. In the
final section (§4) we just pose a more general question, motivated by the
formulation of DGM-theory C,, twisted DGM-theory C,» and Baum-Fulton-
MacPherson’s theory 7d, of Todd class [1].

At the moment we do not have reasonable applications of our twisted
DGM-theory C+, but we just remark that Professor M. Kashiwara pointed out
that the idea of the twisted DGM-theory might be applicable to the g-analogue
of the universal enveloping algebra, which remains to be seen.
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§1. A Twisted Functor ¥ and a Twisted DGM-theory Cs of Chern Polynomial

Let Z(X) be the (free) abelian group of algebraic cycles on X for any object
X € O0bj(V). Then obviously there is a trivial isomorphism: for any object
X € Obj(V),

%(X) F(X)
Wb w
anw[W] — Ewnwﬂw

However, there is another striking non-trivial isomorphism ([6, Lemma 2]):
for any object X € obj(V') the following is an isomorphism (called “Euler
isomorphism”):
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Cu(X):%(X) F (X)
Y v
ZW”W[W] —> 2 anEuw.

where Euy, is MacPherson’s local Euler obstruction function, which is constructible.
The pushforward f,:F (X)— F(Y) for f:X— Y is defined topologically by:

(flw) @) =x(f ') N W).
This pushforward satisfies the following property:

If g W—>> W is any resolution of singularities, then
Euw(x) = (g,Euw)(x) for any non-singular point x of W,
ie., Supp(Euw — g.Euw) C Wiing, the singular part of W.

Let us call this property “resolution property”, abusing words. Then, using this
“resolution property”, by induction of dimension of supports of constructible
functions and by the resolution of singularities (due to Hironaka) we can show
that for any subvariety W there exist finitely many smooth varieties X,’s and
proper maps g;:X;— W and non-zero integers m;,’s such that

Euw = 2mg Euy.

Therefore it is easy to see ([6, Prop. 2] or [3, Prop. 1.3]) that if there exists a
natural transformation ©:%— H(Z) satisfying the extra condition that ©(X)(1x)
= c(TX) N[X] for any smooth variety X, then it is unique. (Namely, “resolution
property” of ¥ and the extra condition satisfied by = imply the uniqueness of
such a 1.)

Define a transformation C.:%— H,(;Z) by

C,(X) <2wnWEuw) =S (W),

where CA‘(W) is the Chern-Mather class of W. Let us call this transformation C,
the “Chern-Mather” transformation, which obviously satisfies the extra condition
that C(X)(1x) = «(TX) N[X] for any smooth variety X, because Fuy =1y if X
is smooth. R. MacPherson [6] proved by his graph construction method that this
“Chern-Mather” transformation C, is actually natural.

Let A be a commutative domain with unit. Let 7e/:T0P — ENY be the
contravariant functor from the category 90% of topological spaces to the category
ENY of sets, such that 7«/(X)=the set of isomorphism classes of complex
vector bundles over X. Then a usual characteristic class ¢/ (with coefficients in
A) of complex vector bundles is nothing but a natural transformation cl: 7er—
H*(3Z) @ zA. If cl satisfies the Whitney product formula, i.e., c/(E® F) =
cl(E)cl(F), then 7./ can be replaced by the Grothendieck contravariant
functor K. In our earlier paper [10], using “linear independence of Chern
numbers” ([8]), we proved the following “characterization” of DGM-theory C,:
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Theorem (1.1). ([10]) Let A be a commutative domain with unit and let
the functor F, be the linear extension of the functor & with respect to A. Let
cl: Yer— H*(Z) @ zA be a characteristic class of vector bundles. Then a necessary
and sufficient condition for the (unique) existence of a natural transformation
Far—> H(;Z) @ zA satisfying the extra that ©(X)(1x)=cl(TX)N[X] for any
smooth variety X is that cl= Ac, a multiple of the total Chern class ¢ by some
element A of A, and in which case 1= A.C,, the multiple of DGM-theory C, by
the element A.

So, if we let A=Z[t], the polynomial ring, and consider the Chern poly-
nomial ¢:= Z=gt'c;:K— H*(;Z) @ ;Z[t], then it follows from Theorem (1.1) that
there is no natural transformation 7. Fz;,— H,(;Z) ® 2Z[t] satisfying the extra
condition that 7(X)(1x) = ¢,(TX) N[X] for any smooth variety X. So, we want
to change the above functor ¥, to another different functor %y, by imposing
another functoriality on the “correspondence” %y, so that we can get a unique
natural transformation ©:%z,;— H,(;Z) ® zZ[t] satisfying the extra condition
that 7(X)(1x) = ¢(TX) N [X] for any smooth variety X. Let us denote simply %,
for the “correspondence” Fy,.

Thanks to the fact (Euler isomorphism) that for any variety X F(X) is freely
generated by local Euler obstructions, i.e., #(X) = {EwnwEuw|W runs through
all subvarieties of X, ny € Z}, we can impose another non-obvious functoriality
on the “correspondence” &F,: 7 — v

Theorem (1.2). Let us define the “twisted” pushforward f':F(X)— F(Y)
for any f:X—Y and for any subvariety W of X as follows:
f;EuW: = Esnstdimw—dimSEuS’

provided that under DGM’s pushforward f, = F(f)

f«Euw = ZSnSEu&

and extend it linearly with respect to Z[t]. Then (i) the “twisted” pushforward
satisfies “resolution property” and (ii) the correspondence %, becomes a covariant
functor with this “twisted” pushforward. (Note: each S is a subvariety of f(W)
and so, dim W=dim S. If t= 1, then the twisted pushforward f', is nothing but
the original pushforward f,.)

Proof. 1t is easy to see (i).

(ii). It suffices to show that for any X 4, Y5 Z and for any subvariety W of X
(8% f¥)Euw=(gof)iEuw.
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Let

f*EuW= zsnSEuS and g*EuS = EQnQEuQ.

Then, since ¥ is a functor, we have

(1.2.1) (gof)Euw = 2 snsgEus
= 25n5<2QnQEuQ>
= ESZQnSnQEuQ.
On the other hand, by the definition of the twisted pushforward f,, we have

ftEuy = X snstdmW-dmSEy e and gl Eug= EQ notdmS—dmOEy

Therefore

(ghofi)Euy = gfk(zsnstdlm W~d|msEuS>
=zsnstdlm W-dlmS(EQthdlmS~d1mQEuQ>

—_ ESEQnSthdlmW—dlmQEuQ
=(gof)sEuw (by definition and (1.2.1))

Thus the “correspondence” %, equipped with the twisted pushforward is a co
variant functor. Q.E.D.

Definition (1.3). Let us denote %’ (using superscript) for the correspondence
%, equipped with the above twisted functorial pushforward and this new functor
shall be called the twisted functor.

With the above twisted functor %', we can show the following theorem
(announced in [9]):

Theorem (1.4). Let ¢ =Z=t'c;; K— H*(;Z) ® ,Z[t] be the Chern poly-
nomial and let F': ) — o<} be the twisted functor defined above. Then there
exists a unique natural transformation C..:F — H,(;Z)  ,Z[t] satisfying the extra
condition that C..(X)(1x) = ¢,(TX) N [X] for any smooth variety X, such that if
t=1, then C is nothing but DGM-theory C,. (This C, shall be called a twisted
DGM-theory of the Chern polynomial c,.)

Proof. First, we observe that as in the proof of the uniqueness of DGM-
theory C,, the uniqueness of such a natural transformation C;. follows from the
“resolution property” of ¥ and the extra condition satisfied by C.. Now, in
analogy with the transformation C,, we define the transformation C.:%'—
H.(;Z)[t] as follows:

For any X € Obj(7) and any X, wpwEuy € F'(X), where py, € Z[1],
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Ct*(X)<Z WPwEuw> 1= ZWpWét(W)-

Here C (W) is defined to be XzqtdimW—: ¢ {(W). In other words, A,(W) is
defined by the Nash blow -up in a similar manner to the definition of the Chern-
Mather C(W), i.e., C,(W) =v,(c(TW)N[W]), where v:W—> W is the Nash
blow—up of W and TW is the tautological Nash tangent bundle over W. (So,
¢ (W) could be named the c-Mather class of W.) Then we want to show that the
transformation C,. is actually natural. For this, it suffices to show that for any
f:X—Y and any subvariety W of X

f+Ci(Euw) = Cuf ((Euw).
By the definition of C,+ and the definition of é,(W),

A
fCr(Euw) = f(CW))
A
= Sam £, C(W).

By DGM-theory, if f,Euw = >, snsEug, we have
A
FLOW) = ZsnsC(S),

whence

f.&i(W) = ESnSé;(S) for each i.

Therefore

Z,td'"‘W*'f*(A?i(W) = Zitd'mw_’<25nséi(s)>
- zsnstdlmW‘d|m5<zitdlms—16’i(§))
= anstd'mw“d‘msé,(S) (by the definition of é,(S))
= ,+<25n5td‘mW*dImSEu5) (by the definition of C,:)
= CifL(Euw).

Thus C,: is natural. And now it is clear that when t=1 C,. is nothing but DGM-
theory C,. Q.E.D.

Remark (1.5). Before closing this section we want to remark a possible
connection with @-module theory. Let Jt be a holonomic @-module on X. Then
the (total) Chern class C(M) of the holonomic @-module M (see [2]) is defined
by C(M): = C(Zumo(—1)0mZaEu; ), where m,, is the multiplicity of 7%, X in
the characteristic variety Ch(/t) of A and C, is DGM-theory. This constructible
function involving “twisting” (—1)c°dmZ, was first considered by M. Kashiwara
[4] in his local index theorem for holonomic %-module:

2u(x) = Zamg (=1)=mZa Euy (x).
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At the moment it is not clear whether or not we can recapture x4 via our twisted
DGM-theory C_;+ of the “dual” total Chern class c_; = Z;z¢(—1)'c;.

§2. A Characterization of the Twisted DGM-theory C,«

Throughout this section we assume that A is a commutative domain with
unit.
Suppose we are given the following three data:

Datum 1: Let cl: Yo — H*(;Z) @ zAbe a characteristic class of vector bundles.

Datum 2: Let F5: 7 — o be the “correspondence” such that F,(X) = F(X)
®zA.

Datum 3. Let Cl,: Fo—H,(;Z)®zA be the “cl-Mather” transformation
defined by:

For any variety X, the homomorphism CL(X):F(X)— H(X;Z) ®zA is
defined by

Cl*<2wnwEuw)5 = 2 wnwCl(W),
where CI(W): = v,(c[(TW) N[W]), the “cl-Mather” homology class of W.

Then, motivated by the construction of the twisted DGM-theory C,:, we
want to solve the problem: Endow the correspondence %, with a reasonable
functorial pushforward satisfying “resolution property” so that the above “cl-
Mather” transformation Cl, is natural. Note that if we can endow the cor-
respondence ¥, with such a pushforward, then by the same reason as in DGM-
theory we can see that the above “c/-Mather” transformation is the unique
natural transformation satisfying the extra condition that Cl(X)(1x) =c/(TX) N
[X] for any smooth variety X. We call such a theory CI, a “DGM-type” theory
of a characteristic class cl. It seems hard (or perhaps impossible) to define a
certain reasonable functorial pushforward f&:F,(X)— FA(Y) for £ X—>Y
without appeal to topology or geometry or “something” of the map f. So,
motivated by the twisted pushforward f. in Theorem (1.2), we define the
following “twisted” pushforward

Definition (2.1). f¢Euy: = ZensasEus, where ag(€ A) depends on dim W
and dim S, provided that under DGM’s “topologically defined” pushforward
fe=F(f),

fiEuw = 2 snsEus.

Here the twisting coefficients ag’s depend also on the given characteristic
class ¢/ and we need to define ag’s so that the above pushforward is functorial
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and satisfies “resolution property”. It turns out that without giving a precise
definition of the coefficients ag’s, we can show the following “characterization”
theorem of the twisted DGM-theory C,.:

Theorem (2.2). With Definition (2.1), cl has a DGM-type theory CI, if and
only if cl=n(Z;=9A'c;) for some 1, LE A.

Proof. “if part”: The proof is basically the same as that of Theorem (1.4).
In this case, in Definition (2.1), we define

os: = /’LdimW—dimS.
Namely, we define the pushforward f<' as follows:

fﬁ!EuW: = zsns)tdimw—dimSEus,
provided that under DGM’s “topologically defined” pushforward f, = %(f),
fiEuw = 2 snsEus.
Then it is easy to see that this pushforward satisfies “resolution property” and by
the same argument as in the proof of Theorem (1.4) we can show that this

pushforward is functorial. The naturality of the “c/-Mather” transformation
Cl,:Fx— H,(;Z) ®zA is also easy to see. Indeed,

(2.2.1) f.Cl.Euy, = f,(Cl(W)) (by the definition of C,)
~ fu( Simpamw=i&w))
= St £, C(W)
= Zin}»dimw_i<2snséi(s)>
= Esns<2iﬂkdimw“iéi(s)>
= X nghdimW-dims ( 3 imhdims—iC,(S ))
= 2 sngAdimW—dims CJ(S)
= Cl*<2 snsldimW—dimsEus)
= Cl f¢Euy,.

“Only if”: First we can prove the following lemma, whose proof is given later.

Lemma (2.3). If cl has a DGM-type theory Cl, with Definition (2.1), then the
characteristic class cl must be a linear form of individual Chern classes, i.e., cl=

Zizphici, L E A
Then the proof of the “only if” part goes as follows. Let V*: =P! x P x ... x P!
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be the product of k copies of the 1-dimensional projective space P'. Let m and n
be two arbitrary integers =1 and let m = n. Let m: V™ — V" be the projection to
the first n factors of V™. Then by the definition of DGM’s topological push-
forward x, and by Definition (2.1), we have

]I:;IEU ym = 2'"_"av,,Eu vn.
Hence we have the following equality:

(2.2.2)  ClLAdEuym = CL(2™ " ay.Euyn).
=)pm—n ‘YV"C\I(K'") . .
= 2m_"a’v,.(l,lC0(V”) + A”_lCl(V") +... +A.0C”(Vn))

On the other hand
(2.2.3) m,ClL.Euym=m (CI(V™))
= n*(ZiAm—iéi(Vm))
= Zikm—i”*éi(vm)
A A A
- 2'"—"(2,-,1,"_,.q(v")) (because 7, (C(V™) =27 E(V™)
=271 Co(V™) + At LV + . + Do nCa(V))

Therefore, since 7,Cl,Euy. = Cl,75'Euy. and our ring A is a domain, by looking
at the 0- and n-dimensional components of (2.2.2) and (2.2.3), respectively we get

@2.4) 27, Co(V™) =20 dnCo(VP), ity D= ayudn,
(2.2.5) 27 nCa(VY =2 a2 Coa(V), 1.6y Don = Gynde.

Thus it follows from (2.2.4) and (2.2.5) that if Ay = 0, then all the other coefficients
A (i=1) are also zero. If A5+ 0, then, from (2.2.4) and (2.2.5) we also get

(226) A(‘)Am = /‘Lm—n/ln-

Since A is a domain, we take the quotient field Q(A) of the domain A and
consider A in Q(A). Then, since m and n are arbitrary integers =1, by induction
we get

(2.2.7) A = Ao( A/ Ag)"™.

So, letting n = A and A = A;/1,, we can get the “if part” of the theorem. Here we
remark that we require that A= 1,/4, is in A, otherwise we have to extend the
coefficient ring A to a larger ring. Q.E.D.

Now it remains to prove Lemma (2.3). Since we apply “linear independence
of Chern numbers” (see [8]) to prove this lemma, before going to the proof of
the lemma we give some preliminary things (A good reference is [8]). Let
Ij(n) ={ry,r2,...,r;} be a partition of n and let I(n) denote the set of all distinct
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partitions of n and let p(n) = |I(n)| be the number of all distinct partitions of n.
Given a partition I;(n) = {r(,r2,. . ..r;}, the I;(n)-Chern class ¢, () is defined to be
CrysCrye - oCr - If X is a compact complex manifold of dimension m (m =n), then
the 2(m—n)-dimensional homology class c¢; (,)(X) N [X]: = (¢, (TX).c,(TX). ..
¢, (TX)) N [X] is simply denoted by c;,)[X]. If m =n, then ¢, (,)[X] is nothing
but the I(n)-th Chern number of the manifold X. A key fact to use for the
proof of Lemma (2.3) is the following fact:

Fact ([8, Theorem 16.7 and a remark right after it]): For any partition
I(n)={ry,ra,....r;}, the Ij(n)-projective space p"" is defined to be P X P” X
... X P". Then the following p(n) X p(n) matrix M,, whose entries are I,(n)-
Chern numbers of I,(n)-projective spaces P"":

Mn: = (Clk(ll) [PII(”)])

is a non-singular matrix.

Now we go on to

Proof of Lemma (2.3). Let cl: Yer— H*(;Z) ®zA be a characteristic class
of complex vector bundles. It is well-known (see [8]) that c/ can be expressed as
AoCo + =1 Pu(ciycas - . . ,Cp), Where Py(cy,ca,. . . ,C,) is @ homogeneous polynomial
of degree n with the weight of c; being i. In other words each polynomial
P,(c1,¢2,. . .,¢,) is a linear combination of /;(n)-Chern class €1y

ie., P,(c1,¢2,. . .,Cn) = El,\(n)el(n) Alh(n) Cr(n)» where /1[,‘(11) EA.

What we want to claim is that each P,,(cy,¢s,. . . ,c,) = A, for some 4, E A, i.e.,
A1,y =0 for I(n) # {n}, where the partition {n} is n itself (hence c(, =c,).
Thus ¢/ is a linear form of individual Chern classes. For this, we consider the
following complex smooth variety: (for any m = n)

P{m—n,l](n)}. = pnnx Plj(n)
and we let Jr,/(,,):P{’"”""f(”))—>P’"_” be the projection to the first factor space.

For the sake of simplicity, we just denote 7; (,) by 7, Then it is not hard to see
the following equality (cf.[11])

2.3.1) ;s (cl]‘(”)[P{m—*n.lj(n)}]) _ (Clk(n)[Plj(")])[ m=n],
for any partition I;(n) € I(n).
Since 71« Ettpim—n 1y = x(PIf(”))Eu,,m_,., if we denote the twisting coefficient
appearing in Definition (2.1) simply by «;, then we have the following
(232) .TL'jClA Eup\'m—u Iy, = X(PI](")) cvjEuan:.

Here we note that this twisting coefficient «; is the same for any partition
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I;(n), since the twisting coefficient in Definition (2.1) depends on dim W and
dim S and in the case which we now deal with W=P{"~"/itD)} apnd §=pm~",
hence dim W= m and dim § = n for any partition I;(n). So we can denote «; just
by « for any partition I;(n). Hence by the definition of the ci-Mather trans-
formation Cl, we have

(2.3.3) CI*JT;:I'L EuP{m—n.l_,(n))
=x(P""Y a Cl(Ettpm-n)
= x(P'1™) a{Ao[P™ "] + homology classes of degree <2(m—n)}

On the other hand, by the above equality (2.3.1) we have

(2.34) ﬂj+Cl*EuP{/n—n.I/(n))
=mp{... + Pyc1,C2,. . .,c,,)[P{’"“‘""f(")}] +...}

_ —n.1j
- ﬂf+{ et 2lk(n)EI(n)A‘lk(n)clk(n)[l){m " ](n)}] t.. }
=> Ieneton 1y (€ ,k(")[P’f(”)]) [P 4+ homology classes of degree <2(m—n)

Now, since CL7f Eupin-nion = KsClyEupin-nion and H,(P™ ";Z) is torsion-
free, if we look at the top-degree components of this equality, from (2.3.3) and
(2.3.4) we have

(2-3.5) X(Plj(")) ko= Zlk(n)el(n)llk(n)(Clk(n) [Plj(")])'

Since x(P'1") = ¢, [P = c(,,[P'/*"], where we emphatically denote {n}
instead of n (since n itself is a partition of n), by considering the projections 7;
for all partitions /;(n) the equality (2.3.5) gives rise to the following system of
the p(n) linear equations:

(23.6) 2 meron— im o0 € o PTON + (g — ado)e y [P0] =0,

Since the p(n) X p(n) matrix M, = (c ,k(")[P’f(")]) is non-singular (see FACT
above), the above linear system (2.3.6) has only trivial solution, i.e., 4.,y =0
for Li(n)€I(n)—{n} and A,,—aky=0, ie., A,,=ak. Therefore each
P, (c1,¢2,. . .,C) = A,c, for some 4, € A. Q.E.D.

Remark (2.4). One might be tempted to conclude that the twisting coefficient
as in Definition (2.1) must be always equal to AYmW=dimS if o] = n(T,20A'c)),
but the only thing we can say about the twisting coefficients «y’s is sort of “ag =
AdimW=dim$ (modulo CL)”, namely

Cl, ( > sns ozSEus) =Cl, ( >, sngAdim W“di"‘SEus> )
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Indeed, cz*( ESnsasEus) = Cl,(f*,Euy) (by the definition of f)
= f*C/IiEuW (by the naturality of CL,)
=f,(CI(W)) (by the definition of Cl,)

= Cl*<zsns/ldimw_di"‘sEus) (by the computation in
(2.2.1)).

§3. The Twisted Functor ¥’ and a Stratified Weighted Euler Characteristic x’

The definition of the twisted pushforward defined in Theorem (1.2) is
indirect, unlike DGM’s “topologically defined” pushforward, which is defined
by taking topological Euler characteristic of each fiber. At the moment we do
not know a more direct definition of the twisted pushforward. In this section we
discuss a little about f,1y, instead of fiEuy.

Let f: X— Y be a morphism and W be a subvariety of X. Let X (Y, resp.)
be a subvariety of X (Y, resp.) such that WC X (f(W) CY, resp.) and f: X—>Y
be f restricted to X, then by the definition of DGM’s pushforward we have

3.1 flw=f1w, and also
B.D# fEuw = f.Euw.

In particular, if f|[W: W —> f(W) is f restricted to both W and the range
f(W), then we have

(3.2) folw=(f|lW),1y, and also
(3.2)# fyEuw = (f|W),Euw.

It is then not hard to see that (3.1) and (3.2) also hold for the twisted push-
forward, i.e.,

(3.3) flw=filw, in particular
(3.4) filw=(fIW)lw.

Therefore, as in DGM’s pushforward, to compute fi1y, it suffices to consider
the surjection f| W:W-—>> f(W). So, let f: X —>> Y be a surjection. By the Euler
isomorphism (see §1) there exists a unique algebraic cycle Zyny[W] (which is
called “MacPherson-Schwarz” cycle) such that 1y =XynyFEuy. Lé and Teissier
[5] gave an inductive method of constructing such a cycle, for the details of
which refer to their paper [5]. It turns out that such varieties W’s are the closure
S’s of the strata of a certain Whitney stratification ¥ x= {S} of X (called a
“canonical” Whitney stratification in [5, Corollaire (6.1.7)]) with the top stratum
being the smooth part X of X and that the coefficient ny =ng is a certain
topologically defined integer ©(S,X) (called Dubson-Kashiwara integer) (see
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[4], [5] or [2,III]), i.e.,

(3.5) (Dubson’s formula) 1y=Eux+ > O(S,X)Eus,
SES x
SCXsing

Remark (3.5.1). By Lé-Teissier’s inductive construction of the stratification

& x and the integers O(S,X), we can also see the following: Let S be any Whitney
stratum of &¥y. Then

15=Eus+ 2 O(W,S)Eup
WEY x
w<s§

where W< S means that dimW < dimS and WCS.

Thus, fi1y can be calculated as follows:

(3.6) fily=flEux+ 2> O(S,X)f.Eus.
SE.‘!’X
SCXsing

In the rest of this section we give some calculations of f;1y for certain cases.
If f:X—pt is a map to the singleton pt, then by definition f,1x= x(X),

which actually means x(X)1,. On the other hand, in the case of the twisted
pushforward, the Euler characteristics of singularities are also involved:

Theorem (3.7). Let Fx be such a Whitney stratification of X whose top
stratum is the smooth part X of X and let f:X— pt be a map. Then we have

(3.7.1) fily=tmYy(X)+ 2 Ps()x(S),
SEVX
SCXsing

where each Pg(t) is an integral polynomial of degree =dimX (see Remark (3.8)
below), divisible by t—1. To be more precise,

PS(t) = 2 (-1)i+l(tdimx - tdimSi)@(S7813527 . e ,S,‘,X),
=Z085=5)<S§)<...<S§;<X

where @(S,Sl,Sz, e ,S,‘,X):= @(5,51)6(51,52) . @(S,'_l,si) @(S,', X) and Sk < Sj
means that diimS, <dimS; and S, C §;.

Proof. Let S be any Whitney stratum. Then by induction (i.e., by going up
step by step from lowest dimensional strata), we can show:

(3.7.2)
fiEus=19"Sf Eus (by the definition of f. and since f:X—pt.)
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= mS{(9) + ) (“1Y 1 O(SiSirs- - x4V
SE<Sk4+1<.-..<Sp4;<S
iZ0.5ES x

Proof of (3.7.2). Let n=dim X. Let ¥;(i=0,1,...,n) be the subset of the
total set ¥ consisting of all strata of dimension i. (Note that some ¥; can be

empty.)
(i) So € %o, then 15, = Eug, (by Remark (3.5.1))

(i) S, €9, then 13—1=Eu5—1+ESO<51(~)(SO,51)EMSO (by Remark (3.5.1)).
Therefore we have

EuSI = 1§1 - 2S()<S1 @(SO:'SI)EuSO = 1§1 - ESO<51 @(S(),S_l)lso

(i) S, €5, then 1g,=Eug + 2 5, O(S1,5)Eus + 25 5, 0(S0,52)Euig,
(by Remark (3.5.1)). Therefore we have
Eug,=1g,— X, -5, 0(51,5) Eug — 2, 5, O(S0,52) Euig

Then, by (i) and (ii) we get the following

2

(iii-1): Eug,=1g,— g s, @(sl,s‘z)@ 51— Dsyes, @(50,51)150) _
3 5025, 9(80.:52)15,
=15, ~ 25,<5,051,8) 1g, — 2 5, O(S0,52) 15, +
S9<51<5, 0(50,51) O(81,52) 15,

Continuing this procedure and by induction we can show the following (its
details are left for the reader):

Eus= 15+ > (=)' O(Sk, Sk 1+ - - S-S L,
Sk<Sk+1=<:--<Sg4;i<$
Z0.5,EF x
Hence f,Eus= x(S)+ > (=D O(Sk:Skr15- - - »Sk+isS) x(Sk)
Sk<Sk+l<‘ . <Sk+I<S
iZ0.5,EF x

Thus by the definition of the twisted pushforward we get (3.7.2).

By (3.6) we have

fily=fiBux+ 3 O(SmX)fiEus,
SmESL x
SmC Xsing

Thus, by (3.7.2) we get
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(3.7.3)
o=+ S ()OS S X)xS)]

$;<Sj41<-..<X
iZ0.5je¥x

+ S 0 Xmn{(s,)

SmESPX
SmC Xsing
+ Z (_1)i+1 @(Skask+11 ... 9Sk+i’Sm)X(Sk)}
i=Z0,5,ES x

Hence, if S(<)? ) is a Whitney stratum, say S = §; for some j, and we look at the
coefficient Pg (t) of x(S;) in the messy equality (3.7.3), then we get the following:
S )T ess; .. S X)

S]'<Sj+1<. <X
=0

(DSOS, X) O(Ss- . Syri-1.50)
which is equal to

2 . (_1)i+1(tdimX _ tdim5j+i) @(Sj7Sj+1, . 7Sj+i’X)
S'<Sj+1<. <X

] .
=0 Q.E.D.

Remark (3.8). The leading coefficient, denoted eg, of the polynomial Pg(z)
is equal to

> (=D)O(S,S1,. - . ,85X).
S=50<Sl< - <Si<X
iZ0

We have been unable to find an example such that eg=0 for some S. So we
conjecture that deg Pg(¢) = dimX. Does this integer eg have some interesting
properties as an invariant of singularities?

Definition (3.9). The stratified weighted Euler characteristic of X, denoted
by x(X), is defined to be the right hand side of (3.7.1). (Hence Theorem (3.7)
reads that if f:X— pt is a map, then fL1yx = x’(X), which is the “twisted version”
of DGM’s f,1x = x(X). Note that y!(X) = x(X).)

Remark (3.10). It is not hard to see, by a similar argument as above and
using the multiplicativity of local Euler obstruction (i.e., Eugyyw = Eug X Euy),
that if 7: X X Y—> Y is the projection, then

(l) n;(l,\’x Y) = XI(X)ly, and
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therefore (i) (multiplicativity of x") x'(X X Y) = x'(X) x'(Y).

In general, however, unlike DGM’s pushforward f,, we cannot expect
(filx)(») to be determined only by the fiber f~'(y); in particular, we cannot
expect that (fi1x)(y) =x'(f~'(y)), as we see in some examples below.

Example (3.11) (suggested by K. Miyajima). Let f:S —> C be Kodaira’s
elliptic surface with each singular fiber lying over x; € C. Then, since S is smooth
and a generic fiber is smooth and elliptic (so, its Euler characteristic is zero),

fls(=f.Eus) = ZiX(f—l(xi))Eux,,
therefore, by definition, fL1g= > 2x(f _l(xi))Euxl.

Thus, if x#x, (fils)®)=0(=x(f"'®))=1x(f'(x), but (fLl(x)=
Pr(f ) # 1 (F 1))

Examples (3.12). (i) Let C be a smooth plane curve of degree d(>1) and
X(CP?) be the projective cone over C, with v denoting the cone point of X. Let
f:X— X be the blow-up of X at the cone point v. Note that X is nonsingular and
the fiber f~!(v) of the cone point v is isomorphic to the curve C. Then f,1;=
Euyx+ dEu,, because Eux(v)=2d—d* (e.g., see [6]) and x(C)=3d—d>
Hence, by definition fi14(=f.Eug)=Eux+t*dEu,. Thus (filg)(x)=
Y (F X)) =1if x# v, but (fily)(v)=2d —d®+2d + y'(f '(v)) =t(3d — d&°).
(ii) Let X be the union of distinct # lines in P?, intersecting at one point x and
f:X —> P! be a non-generic projection such that f(x) =v and f~'(v) = one of
the n lines. Then fily=(n—1)Eup+ {t(4—n)—1}Eu,. So (fily)(v)=
tB—n)+n—-2#+x(f'v)=xP")=2t. (Note: if f:X — P! is a generic
projection, then f,1y=fi1y=nEup —(n—1)Eu,.)

Remark (3.13). At the moment we do not have a characterization of sur-
jections f:X — Y such that (filx)(y) = x'(f"'(»)).

§4. A Naive Question

Before finishing this paper, we cite Baum-Fulton-MacPherson’s theory 7d,
of Todd class for singular varieties and we pose a more general and naive
question, which is motivated by MacPherson’s survey article [7].

Let %(X) be the Grothendieck group of coherent sheaves on X. Then
%: 7 — o4 becomes a covariant functor. Baum, Fulton and MacPherson [1] con-
structed a Riemann-Roch theorem for singular varieties, in which the total Todd
class theory of singular varieties is formulated as a unique natural transformation
Td,:6— H,(;0) = H,(;Z) ®2Q satisfying the extra condition that Td, (X)(Ix) =
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td(TX) N [X] for any smooth variety X, where I is the trivial line bundle over X
and td:K— H*(;Q) = H*(;Z) ®2Q is the classical Todd class of vector bundles.
This Td, shall be called BFM-theory of Todd class. Thus DGM-theory C, (and
now our twisted DGM-theory C,. also) and BFM-theory Td, are certain natural
transformations from certain covariant functors to the homology functor, and
respectively classical Chern and Todd (cohomology) classes are involved in these
extra conditions. It is safe to say that this is the content of R. MacPherson’s
survey article “Characteristic classes for singular varieties” [7]. Since the above
extra conditions are about the Poincaré dual of corresponding characteristic
classes of the tangent bundles of smooth varieties, let us call this extra condition
“smooth condition”, abusing words. So, motivated by the formulations of these
three theories C,, C,» and Td,, or in line with [7], we pose the following general
question:

Question. Let cl:K— H*(;Z)®zA be a characteristic class of vector
bundles, where A is a commutative ring with unit. The question is whether or
not one could construct
(i) a certain covariant functor §: 7 — o4 (e.g., ¥ in DGM-theory and 4 in
BFM-theory) and
(ii) a unique natural transformation Cl.:€— H,(;Z) ®zA satisfying “smooth
condition” that CL(X)(ex) = cl(TX) N[X] for any smooth variety X, where ey
is some distinguished element of ¢(X) (e.g., 1x in DGM-theory and [y in BFM-
theory).

In Grothendieck’s formulation of Riemann-Roch theorem, the covariant
functor % is the “universal” source and the quest is on the existence of a natural
transformation T from 4 into a certain covariant functor. In the above question,

the homology functor H,(;Z) ®zA is the “universal” target and the quest is on
the existence of a natural transformation v from a certain covariant functor to the
homology functor H.(;Z) ® z A, satisfying a certain extra condition, i.e., “smooth
condition.” In this sense, the above question is also the quest for a Riemann-
Roch type theorem.

References

[1] Baum, P., Fulton, W. and MacPherson, R., Riemann-Roch for singular varieties, Publ. Math.
L.H.E.S., 45 (1975), 101-145.

{2] Brylinski, J.L., Dubson, A.S. and Kashiwara, M., Formule de I'indice pour les modules
holonomes et obstruction d’Euler locale, C.R.A.S. Paris, 293 (1981), 573—576.

[3] Gonzalez-Sprinberg, G., L’obstruction locale d’Euler et le théorém de MacPherson, Astérisque,
82—83 (1978—1979), 7-32.

[4] Kashiwara, M., Index theorem for maximally overdetermined system, Proc. Japan Acad.,
49 (1973), 803—804.

[5] Lé, Diing Trang and Teissier, B., Variétés polaires locales et classes de Chern des variétés



762

6]
(7]

SHOJL YOKURA

singulieres, Ann. of Math., 114 (1981), 457—491.
MacPherson, R., Chern classes for singular algebraic varieties, Ann. of Math., 100 (1974),
423—-432.

, Characteristic classes for singular varieties, Proc. of the Ninth Brazilian Mathe-
matical Colloquium, vol. I, Instituto de Mathematica Pura e Aplicada, Sdo Paulo, 1977,
321-327.
Milnor, J.W. and Stasheff, J.D., CHARACTERISTIC CLASSES, Ann of Math. Studies, No.
76, Prince University Press (1974).
Yokura, S., On a generalization of MacPherson’s Chern homology class, Proc. Japan Acad.,
65, Ser. A (1989), 242—244.

, Some variants of Deligne-Grothendieck-MacPherson’s natural transformation C,
of Chern class, Journal fiir die Reine und Angewandte Mathematik (Crelles Journal), Band 419
(1991), 199-221.
—  , A note on linear independence of Chern numbers and Pontryagin numbers,
Preprint.



