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On the Reconstruction Theorem of
Holonomic Modules in the Gevrey Classes

By

Naofumi HoNDA*

§ 0. Introduction

The notion of holonomic systems entails a natural generalization of or-
dinary differential equations to higher dimension. A holonomic system is,
by definition, a left coherent € (or &) module whose characteristic variety is
Lagrangian. It enjoys many good properties (see Kashiwara [K1], [K2] and
Kashiwara-Kawai [K-K]): for example, all cohomology groups associated with
its solution sheaf are constructible. As special functions satisfy systems of
ordinary differential equations with regular singularities, a holonomic system
with regular singularities introduced by Kashiwara-Oshima [K-O] and [K-K]
is particularly important. It is well known that the category of holonomic
modules with regular singularities is equivalent to that of perverse sheaves
through Riemann-Hilbert correspondence (Kashiwara [K3] and Mebkout
[Me]). Moreover the regularity of holonomic modules are stable under many
operations (integration, restriction, etc.). For holonomic modules with irre-
gular singularities, Kashiwara-Kawai obtained the following remarkable theo-
rem.

Theorem ([K-K; Theorem 5.2.1]). Let X be a complex manifold and M
a holonomic Ex module. Then there exists a holonomic Ex module M,,, with
regular singularities such that

(0.1) EER ey M=EZR ey Myeg -

This implies that all holonomic modules are transformed into holonomic
modules with regular singularities by use of micro-differential operators of in-
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finite order. In this paper, we show that this transformation can be achieved
by a smaller class of operators (micro-differential operators of Gevrey growth
order) corresponding to irregularity of modules.

Main Theorem. Let M be a holonomic £y module with irregularity at
most o. Then there exists a holonomic Ex module M,,, with regular singulari-

ties such that for all se[l, d ]

o—1

0.2) ELRey M=EPL R ey Myeyg -

Refer to Section 1 and Section 2 for the definitions of irregularity and
the sheaf £%’. Remark that restricting this result to the zero section, we
obtain the same result for holonomic 9y modules.

The plan of our paper is as follows. In Section 1, we prepare some nota-
tion and give a review of operators of Gevrey class and also of regular singulari-
ties of modules. In Section 2, we define irregularity of modules. In Section
3, we first review holonomic modules of D type, and study multi-valued holo-
morphic functions of Gevrey growth order. Section 4 and 5 will be devoted
to the proof of the main theorem.

The author would like to express his gratitude to Prof. N. Tose for val-
uable advice. He is also grateful to Prof. H. Komatsu for encouragement.

§ 1. Preliminary

1.1. Micro-differential operators and holomorphic microfunctions of Gevrey
growth order.

We recall the definition of micro-differential operators of Gevrey growth
order (refer to Aoki [A 1] for details).

Let X be a complex manifold of dimension # and z: T*X—X its cotan-
gent bundle. Set T*X=T*X \T%X and denote by # the restriction of = to
T*X. We choose a local coordinate system of X as (x, -+, x,) and that of
T*X as (x;, ***, X3 €1, =+, E4). T*X is endowed with the sheaf £% of micro-
differential operators of infinite order constructed by Sato-Kashiwara-Kawai
[S-K-K].

Definition 1.1. For an open subset U of T*X, a formal sum >};czP(x, &)
belongs to E3(U) if and only if the following conditions (1) and (2) are satisfied.
(1) Pdx, &) is holomorphic on U and homogeneous of order i with respect
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to €.

(2) For any compact set K of U and any positive real number ¢, there
exists a positive constant Cq g, and for any compact set K, there exists
a positive constant Cy such that

(1.1) supKlPi(x,f)lsce,K;f;— (i=0),
(1.2) sup | P_i(x, &)| < Cil  (i>0).

We denote by Ex (resp. Ex(m)) the subsheaf of €% consisting of micro-
differential operators of finite order (resp. micro-differential operators of order
at most m). For the theory of &y, refer to [S-K-K] and Schapira [S]. Now
we define the subsheaf &% of micro-differential operators of Gevrey growth
order (s) for any s (1, o).

Definition 1.2. For an open subset U of T*X, a sum >z P;(x, £)eE3(U)
belongs to E)(U) if and only if {P;},cw satisfies the following estimate (1.3) in-
stead of (1.1); for any compact set K of U, there exists a positive constant Cyg
such that

(1.3) supx | PG )| < S (0.

For convenience, we set £ :=E% and £¢’:=E4. Moreover restrict-
ing the sheaf £§’ to T%X, we obtain the sheaf D’ on X. D is nothing but the
sheaf of differential operators of Gevrey growth order (s).

Next we review briefly the definition of the sheaf of holomorphic micro-
functions. Let Y be a complex submanifold of X and T$X its conormal bundle.
We choose a local coordinate system (x’, x”/) of X so that Y= {x”=0}, and then
(x'; &”") is the corresponding local coordinate system of T$X. A section of the
sheaf C{x(s €(1, o0)) of holomorphic microfunctions of Gevrey growth order
(s) on T$¥X is a formal sum >3, P;(x', &) which satisfies conditions (1.2) and
(1.3). If s=1, we replace the estimate (1.3) to (1.1) and denote it by Cyx.
The sheaf C§7% is the subsheaf of C3 x consisting of sums >}czP; with P;=0
for i>>0 and denoted by Cyjx. Remark that C{)x is an £%” mudule for any
s'EJs, oo].

It is known that (cf. [S-K-K])

(1.4) €Y =Cxxx®2x,

and
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(1.5 C¥lx = EPRexCrix -

Here we denote by 25 the sheaf of holomorphic # forms. In Section 4, the
sheaf C¥ x on T$X plays an important role. It is defined by

(1.6) C%x := uy(Ox) [codim Y]

where #y(-) is Sato’s microlocalization functor (for its definition and properties,
see Kashiwara-Schapira [K-S 1] and [K-S 2]).

1.2. Definition of regular singularities for coherent modules.

The notion of regular singularities for modules has been introduced and
studied in [K-O] and [K-K]. We recall its definition and make several im-
portant remarks. Let ¥ be an involutive analytic subset of T*X and pE]o'*X .
Kashiwara-Oshima introduced the Noetherian subring &y of £ to define
regular singularities. For the definition of &y, refer to [K-O] and see Section
2 in the case that ¥ is smooth.

Definition 1.3. ([K-O]). A coherent €5 module M has regular singulari-
ties at p along V if and only if the following equivalent conditions are satisfied.
(1) There are a neighborhood U of p and an £y, module M, of M defined
on U which is coherent over £x(0) and generates M as an Ex module.
(2) Any coherent &y submodule of M defined in a neighborhood of p is
coherent over & (0).
We say a holonomic €y module M on U(C T*X ) has regular singularities if it
has regular singularities along supp M at all points p& U.

On the other hand, Kashiwara-Kawai introduced the notion of R.S.,
seemingly different from regular singularities given in the above definition.

Definition 1.4 (K-K]). A holonomic Ex module H on U(CT*X) has
R.S. if it has regular singularities at all points in an open dense subset of U.

One of the deepest results of [K-K] is the fact that two regular singularity
conditions in Definition 1.3 and 1.4 are actually equivalent for holonomic mo-
dules. The notion of irregularity at most (1), to be introduced in the next
section, also coincides with them under the condition of holonomicity.

§2. The Sheaf &§ and Irregularity of Medules

The aim of this section is to define irregularity of coherent £, modules
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and investigate its properties. Although there exist several definitions of ir-
regularity (cf. [A2], [Kol], [L] and [M1]), we give, in this paper, its definition
using the sheaf &{).

Let X be a complex manifold, z: T*X—X its cotangent bundle, and V a
regular or maximally degenerate involutive submanifold of codimension d >1
in T*X. To define the sheaf & %, we introduce the following notion.

Definition 2.1. We say micro-differential operators (Py, -+, P;) are involu-
tive coordinate operators of V at pEV if and only if
(1) all P;’s are strictly of order one (i.e. P,=Ex(1), €E(0)),
(2) [P;, P;]=0 for all 1<i,j<d,
(3) the principal symbols (o(Py), -+, 6(P;)) form a base of the defining
ideal I; of V in a neighborhood of p.

Remark that involutive coordinate operators of V always exist.

Now we define the sheaf of rings &) on THY for a rational number
0 E€[1, o). In case o=1, this sheaf coincides with the sheaf &, defined in [K-O]
and [K-K].

Definition 2.2. A sheaf &) is defined in the following way.

(1) On the outside of V, EA| 2ex\y :=C x| #ex\v-

(2) On V, a micro-differential operator P belongs to £}, at pEV if and
only if there exist involutive coordinate operators (P, -+, P;) at p
satisfying

@2.1) Pe ) Ex((@)P-P24 at p.
o<e;
Here l(@) is the largest integer satisfying 1 sﬂ]a .
[

Remark that this definition does not depend on the choice of involutive
coordinate operators. In fact, if (P, ---, P,) be other involutive coordinate
operators of V at p, then there exist micro-differential operators of order zero
0;.;» R(1<i, j<d) such that

d ~
.P" :EQ,'JP]“i‘.R’ .

Then it is easy to see for (2, -, B,), (2.1) holds.
From this observation, we find that £, is stable under quantized contact
transformations. We list up the main properties of the sheaf &{7).
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(1) &8 is a subring of Ey.

Q) &;0)cEH), and £ is a left and right £4(0) module.

(3) &%) is a sheaf of Noetherian ring, and any coherent £y module is

pseudo-coherent over E{.

4) If P&, then its formal ajoint operator P* belongs to &)
Since the proof of (1)-(4) is the same as [K-K; Chapter 1], we omit it. For a
holomorphic function f € Oy«x,,, We denote the vanishing order of f along V at
p by mey,, (f) (ie. meyy,,(f)=k if and only if f €I} and f & IH).

Example 2.3. Let X=C" with a coordinate system (x, -, x,), V=
1y o0y Xu3 &y o0, E)ETHX; xy =&, = -+ =£,=0, £,==0} and p=(0; dx,). In
this case, we may choose (x,0;, 9,, -+-, 8,) as involutive coordinate operators,
and Definition 2.2 is equivalent to the following condition with the above co-
ordinates; P €&y (m) belongs to £ at p if and only if the symbol expansion
P(x, &)=P,(x, E)+ Pp_i(x, £)+ - of P(x, D) satisfies the condition

22) Mo, o(Pix, E) =01 (i<m).
Moreover if o= with g = p positive integers and prime to each other,
p

we have

1<k<paeceZ
ﬂ120, "0%y ﬁrZO’

-+ fyteeo B, =k,
BitByt+o+B,=5(k)

E) = Ex(O)[(x10305 -+ 85)]

Here s(k) is the smallest integer satisfying s >ok.

Let ¥ be a regular or maximally degenerate involutive subvariety in T*X
and peT*X. We first define irregularity of a coherent &y module in case V
is smooth. Form now on, we always assume o(&[1, o)) is a rational number.

Definition 2.4. A coherent €5 module M has irregularity at most o along
V at p if and only if M satisfies one of the following equivalent conditions.
(1) There exist an open neighborhood U of p and a coherent &4(0) module
My on U which is an &, module and generates M over Ex.
(2) Any coherent ) submodule of T in a neighborhood of p is a coherent
E4(0) module.

Next we define irregularity in the general case. Donote by V,,, the smooth
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part of V.

Definition 2.5. (i) A coherent £y module M has irregularity at most o
along V at p if and only if for some open neighborhood U of p, M has irregularity
at most o along V,,, ut any point pEV,,, N U.

(ii) A holonomic €y module U has irregularity at most o if and only if
it has irregularity at most o along supp (M) on the outside of T%X.

(iii) A holonomic Dy module Tl has irregularity at most o if and only if

Ex® g4 Tl has irregularity at most o.
We give several lemmas about properties of irregularity.

Lemma 2.6. Let V be a regular or maximally degenerate involutive sub-

manifold of T*X. Assume a coherent &y module W has irregularity at most
o along V. Then supp (H)CV.

Lemma 2.7. Let O0— ,— M—HM,—0 be an exact sequence of coherent
Ex modules. Then M has irregularity at most o along V if and only if M, and
M, have irregularity at most o along V.

The above two lemmas can be proved in the same way as [K-K; Lemma
1.1.13 and Lemma 1.1.14].

Lemma 2.8. Let VCV, be regular or maximally degenerate involutive
submanifolds of T*X. If a coherent &5 module H has irregularity at most o
along V, then it has irregularity at most o along V,.

Proof. Since EY, CEW, it is clear. H
We give two examples.

Example 2.9.

() Let X=C" with a coordinate system (x, -**, X,), V={0x1, ***, X4}
&, E)E Jt’"*X; £,=0, £,%+0} and p=(0; dx,). Let P(x,D)=Dy+P,_,(x,D")
D?-'+ ...+ Pyx, D") be a micro-differential operator of Weierstrass type with
respect to D, satisfying ord(Py(x, £"))<m—k 0<k<m—1). We define a ra-
tional number Irry , (P) by

— m-k
(23) Irrv,p(P) = max {1’ m——k—OI’d(Pk(X, ‘E’))}
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Ex

Then it is easy to see an &y coherent module has irregularity at most

X
Irry , (P) along V. Conversely we obtain the following lemma.

Lemma 2.10. Let M be a coherent £y module which has irregularity at
most o along V at p. Then for any us M, there exists a micro-differential
operator P of Weierstrass type with respect to D, such that Pu=0 and Irry ,
P)<o.

Proof. We may assume H=Dyu and 0= with g>> p positive integers
p

and prime to each other. Then H,:=E{ u is a coherent £4(0) module, and
6:=D{D2™* belongs to £7,. Thus the increasing sequence TH=>31%_0Ex(0)60'u
is locally stationary, and we can find an operator Q=60"-+Q,,_,(x, D)6" '+ -+ 4
Qu(x, D) with Q;(x, D)EE4(0) such that Qu=0. Finally we apply the Weier-
strass division theorem to the operator Q. [¥

(2) Let X=C, V=T%}X={(x; &); x=0, £+0}, g=0 and p=(0; dx). Let
P(x, D)=x*D"+a,,_,(x)D™ '+ -+ +ayx) be a differential operator of order m.
In the same way as the above example, we define a rational number
Irry ,(P) by

24) Irry ,(P) = max{l, w@@)}.
m—k

Then an € coherent module _6?—);’ has irregularity at most Irry ,(P) along V.
X
Lemma 2.11. Let M be a coherent &y module which has irregularity at
most o along V at p. Then for any us M, there exists a differential operator
P such that Pu=0 and Irry (P)<o. (Remark that although M is an Ex mod-
ule, we can find such an operator in the category of differential operators.)

Proof. Since 9 is holonomic, a coherent €4(0) module &{Pyu is a finitely
generated O, module by the result of Malgrange [M2] and Bjork [B]. Thus
employing the same argument as Lemma 2.10, we can find a desired differential
operator P.

At the end of this section, we investigate the functoriality of irregularity
by the inverse image and the dual. Let f: Y<X be an inclusion of two com-
plex manifolds. We associate the morphisms @ and o as usual;

0 @
2.5) T*Y « T*Xx,Y — T*X .
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Lemma 1.12. Let V be a regular or maximally degenerate involutive sub-
manifold of ]°' *X and M a coherent € x module which has irregularity at most o
along V. If V and Y are symplectically orthogonal, then My =04+(Cy>xRs-1Ex
@ ' M) has irregularity at most o along pw~ (V).

Lemma 1.13. Let V be a regular or maximally degenerate involutive sub-
manifold of T*X and H a coherent & « module with irregularity at most ¢ along
V. Then all cohomology groups of RHemey (M, Ex)RQL% are coherent Ex
modules with irregularity at most ¢ along V.

Since the proofs of above two lemmas are easy, we leave them to the rea-
ders.

§3. Muiti-valued Holomorphic Functions of Gevrey Growth Order

In this section, we investigate the properties of multi-valued holomorphic
functions of Gevrey growth order which we need in' the next section. First we
briefly recall the definition of Nilsson class functions and that of Holonomic
D type modules. For details, refer to [K-K; Chapter 2].

Let X be a complex manifold of dimension 7, S a complex hypersurface of
X, L alocal system over C on X\ S with rank m and j: X\ S<X an open inclu-
sion.

A holonomic 9Dy module of D type L(C ju(Oxs®¢L)) is characterized
by the following three conditions (1), (2) and (3).

(1) char (LYCTEX Un~X(S).

(2) -Lis a holonomic 9, module with R.S.

(3) Hisy(-L)=0 for any i.

We give, however, more explicit expressions for holonomic systems of
D type. Fix a nonsingular point ¢g& S and choose a local coordinate system
(%3, x")=(xy, ***, x,,) in a neighborhood U of g so that g=0 and that UN S
is defined by x;=0. Set U*={x=U; +Rx,>—|x,|}. Then L is a con-
stant sheaf on U* and we have the isomorphism f.: L|y,—C7.. Then the
morphism £, ; (1<i<m) denotes the composition of f. and the i-th projection:
C"—C.

Definition 3.1. (i) A4 section u€ j(OxsQ¢cL) at q belongs to the Nilsson
class at q if and only if there exist positive constants I, C and ¢ with the estimate

@D | fes@ ) <Clx |
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for xeU* and | x| <e.
(ii) The subsheaf -L,;, is defined in such a way that for an open subset U,
Ly(U)={u< jx(OxsQcL)(U); u belongs to the Nilsson class at all
points g€ 8,,, N U}.

The fact that L=_[,;; was proved in [K-K; Chapter 2]. Moreover the
following theorem was also obtained.

Theorem 3.2. ([K-K; Theorem 2.2.4]). There exists a Dx isomorphism
3.2) ?: D3R 9-L=js(Ox\s®cL) .

Since the ring 95 is faithfully flat over the ring DY (sE€[1, ool), L=
DR g, -L is considered as a submodule of L=:=9D37R g,-L. Then we have
the following lemma.

Lemma 3.3. We have a D isomorphism
(3.3) 0: PP R gx-L=DPL (CjsOxs®cL)) .
By (3.3), we identify DL Q ¢, -L with DL in jx(OxsRcL).

From now on, we assume S is a smooth complex hypersurface. Let 7 be
a generator of the fundamental group =, (X\S) and Exp (—2#iL)EGL(m, C)
a monodoromy matrix of the local system L with respect to 7. We may as-
sume the matrix L is upper diagonal and its eigenvalues €N. Now we define
the subsheaf of j.(Oxs®cL) consisting of multi-valued holomorphic func-
tions of Gevrey growth order. Assume sE(1, o).

Definition 3.4. (i) A section u€ jo(Ox\sQcL), belongs to the Gevrey
Nilsson class of order (s) at g S if and only if there exist positive constants I, C
and ¢ satisfying the estimate

3.4) | fe i@ ()] < C exp( | ! | e

for x€U* and | x| <e.
(il) We define the subsheaf L3, by assigning
L) ={u< j(OxsQcL)(U); u belongs to the Gevrey Nilsson class
of order (s) at all points q= SN U}.

It is easy to see that L&), is a 9¥ module. We need the following pro-
position in the next section which clarifies the relations between L5 and L,;.
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Proposition 3.5. In the above situation, we have
(3.5) L = DL R 9y Loir -

To prove this proposition, we prepare some notation. We take a local
coordinate system (X, x)=(x;, X,, ***, X,,) of X so that S={x;=0} and ¢=0.
Set

0¥):={f<(j«Ox\s),; there exist a neighborhood U of g and con-
stants /, C so that the function f satisfies the estimate

[ 1/s—-1
lf()I<C EXP(——)
[ x|
for x& U\S}.
Remark that £ 0% if and only if there exist an open disk U centered at

0, positive constants C and /, the Laurent expansion of f with respect to x; on U
(3.6) f(x) =ﬁ;(X)+§)fu(X’)xl’”

with fy(x)€O(U) satisfying the estimate

s—1

(3.7) 1< (L)

To reduce the local system L to be trivial, we consider a C linear morphism

7:(0¥)” — jx(Oxs®cL),

f — Exp(log(x,)L) f .

This is apparently an injective C linear morphism (but not 9y linear). More-
over for £ €(0%)", we have

qf((a,,l+§)f) —9,7(f).

Proof of Proposition 3.5. By Lemma 3.3, it is enough to show L=
DY L,y Let f(x)€0® and 2; be a (j,j) component of the matrix L. The
function f has the Laurent expansion (3.6) to which we associate differential
operators (of infinite order) f¥(D) and f“)(D) as

F(’_'i,_f‘l) . L

fm(D) = E)fw+1(xl)(_1)w I“(_—m(axﬁ—x—)w s
j _ N1\ F(—AJ—}_I) @
fD) = Eofm(X)( 1) F(_ﬂj+a+l)(axl) .
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By direct calculations, we deduce the following facts.
Q) fOD)eDY, and for any g& (0)"

(3:8) w(ODR) =fADWR).
@

0) (A

0 hj-1(x)
(3.9) FODB) | | = fe—fix)

0 0

0 0

where y(x), ==, h;_,(x)E 0.
Since f:=%"(g) belongs to (O®)" for any gL, we can find y, €
L,1,, and differential operators P,&(9%), (1</<m) so that

g = [‘E_ P,u, mod Im‘l,q .

This completes the proof.

§ 4. Embedding of Holonomic Modules

Let X be a complex manifold of dimension n-+1 and Y a smooth complex
hypersurface of X. Set A=T¥X\T}X, V=YX T*X and pEA, and fix a
generator 7 of the fundamental group =, (X\Y). We prove the following
embedding theorem which is analogous to [K-K; Theorem 4.1.1] in case of
smooth Y.

Theorem 4.1. Let M be a holonomic £y module at p with supp(H) C
A. Assume M has irregularity at most o along V at p. Then there exists a
holonomic Dy module _L with R.S. at g=n(p) which enjoys the properties;

1) for any s<(l, —01—], there exists an injective D’ linear morphism
a J—
E®: EQQpy M,—-LY, and
(2) E® can be extended to an injective £ morphism

FO: EQL Qe My—EL R 9L
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by u—=1QE® (u).

Remarks. (1) L is isomorphic to the quotient of a holonomic D type
over a de Rham type module.

(2) The irregularity condition along ¥ is weaker than that along its sup-
port A.

To prove this theorem, we make full use of the technique of [K-K]. Since
the problem is local, we may assume X=C"*'=(t, x,, **-, X,,), Y={t=0}, p=
(0; dt) and g=0. Let B, , (resp. B, ;) be open balls with radius ¢ and center at
0in C7 (resp. C;), B,=B, ;X B, , and T, an open sector {tEC; |t| <e, ¢|Jt|>
Re}. Set C:=(C¥x),-

The (€%), module C plays an important role and has expression as the
boundary values of holomorphic functions

@1 C — 1im O X Be,,)
> O(B)

£>0

Let <M be a holonomic & module at p. Since H*RAome (M, CH x) is a
constructible sheaf for any k, we obtain

@2) dimg(Homg (M, C) = Home=(H=, C))<oo .

Here we quote the following theorems of [K-K].

Theorem 4.2 ([K-K; Theorem 4.5.2 and Theorem 4.5.3]). Let M be a
holonomic Ex module with supp(M)CA. Let ¢ E Home (M, C), uE M, and
P&&%. Then a holomorphic representation $(Pu) of ¢(Pu) can be extended as

a multi-valued holomorphic function over B\ Y with finite determination for some
e>0,

From now on, we denote by ¢(u) a holomorphic representation of ¢(u).
If Y has singular points, the proof of this theorem is very difficult. In case
Y is smooth, however, we have an easier proof, which we give after the next
proposition.

Before stating the next proposition, we make several preparations.

Let £: m —X\Y be a universal covering space. We define a class of
multi-valued functions of growth order (s). Set
5(5):li_r)n {fE0O0(F7(B\Y)); there exists />0 such that for any branch of

€>0

fon V:=B\(R*XB,,,), we can find C>0 satisfying the estimate | f(z, z)| <
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] \YG6-D
C Exp(m) for (¢, z)EV,}.

Next we consider a restricted class of £§’ which acts on the space 07"/@ X,
Set E¢y={PEEY; [P, x;]=0 for 1< j<n} and EQ)y: =D, ES)y. Then in-
tegro differential operators associated with )y act on the space 0®)/Oy.,, and
the actions are realized as follows (see also Bony-Schapira [B-S] and [K-K;
Chapter 3]). For any PEE%)y and f€ 09,

Pf = P, f+$: K(x, t, ()£, x)dt’

where P,e 9%’ and K is the holomorphic kernel function associated with P.
Moreover it is easy to see that for any rEx,(X\Y), PEES)y and us 09Oy ,,
we have

(4.3) (Pu) = Pt(u) .

Now we show if . has irregularity at most o along ¥V and supp(.H)C A, the
multi-valued holomorphic function ¢(#) defined in Theorem 4.2 belongs to
6.

Propesition 4.3. Let ¢ € Homg (MW, C) and us M. If M has irregu-
larity at most o along V with supp( M) C A, then any holomorphic representation

$(u) of ¢(u) belongs to O° for all se[l, d J.
U.—

Proof. We first consider the case u& M, Set Jl=Exu. Then Jl has
irregularity at most ¢ along ¥ and supp(Jl) is contained in A, We need the

following lemma.

Lemma 4.4. There exist a differential operator Q(t, x, 8,) and micro-dif-
JSerential operators Py(x, t,9,,0,) (1<i<n) which satisfy the conditions (1), (2)
and (3).

(1) All Q and P;’s annihilate u (i.e. Qu=P,u=0).

(2) The differential operator Q has the form

mg—1

(4.4) 0 = 1930+ Z‘ a(x, 1)t%+0}

where d, & N satisfies

4.5) max, {d“_ d"} <o
my—k
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(3) The micro-differential operators P; have the forms
mi=1
(46) Pi = a;n,_}_ 2 Pi,k(x9 ts at) a};,
k=0

where P;, are micro-differential operators satisfying ord(P; ,)<m;—k
and [P, x;1=0 for all 1<i, j<n, 0<k<m;—1.

Proof. Set J,=E{Pu. Then T, is a coherent £€,(0) module by definition.
Moreover on account of [B; Lemma of p. 53], JI, is a finitely generated Oy ,
module. By the same argument as Lemma 2.11, we can find a differential oper-
ators Q. Since supp(.H) is contained in A, we find, for any i, an integer m;
such that 870y ™*'u& Jl,. Then employing the same argument as Lemma 2.10,
we find the operators P; satisfying (4.6).

Continue to the proof of Proposition 4.3. Since Qu=P;u=0, there exists
>0 so that

@7 0= O(B,) .

By (4.4) and (4.7), it is easy to see @(u) is extended over B,\Y. Moreover
on account of the condition (4.5) and Gronwall’s inequality, #(x) belongs

to O® for sE[l, g 1]. In general case, let PEEE’. Then dividing P by

o—

Py, -, P,, we can find the operator REEY)y such that Pu=Ru. Thus we ob-
tain

$(Pu) = ¢(Ru) = Rp(u) mod Oy,
and R(u)€ O by the previous remarks. B
Now we enter into the proof of Theorem 4.1.

Proof of Theorem 4.1. Let ¢ be the subset of C[r] consisting of r&C[r]
with the property that z(¢) is holomorphic in a neighborhood of g==(p) for
any ¢ & Home (M, C) and any representative ¢ of any element of ¢(_H,).
Then by (4.2), c#=(. Moreover for any ¢ € Home (I, C), any representa-
tive ¢ of any element of ¢(. ") and v Ec, 7(4) is holomorphic at ¢ on account
of (4.3). Let L be a holonomic system of D type with monodoromy type
a:=(r—1ec, P=Im(O0,Q¢ Hom e, (0, -L);—>-L,) and ¢ € Homez( M=, C). Set

=§. We define the morphism E(¢) by
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E(¢): My — T3
u— ¢(u) mod L.

Since we have E(¢) (M) T by Proposition 3.5 and Proposition 4.3, we
obtain the 9§, morphism E®(g): M —T1). Using E(¢) (resp. E€)(8)), we
can construct the 93 (resp. D) morphism F(¢) (resp. F©(¢)) as follows.

u = 1QE(@)w)
F(2): (M), — (8;®_@;3zw)p

J J
FO@): (), ~ EPR@aPI),

u - 1QE“(¢)(w).

Since Hemg (M, C) is finite dimensional over C, we can choose a base
(61, ==, ¢,) of Home (M, C) and obtain the commutative diagram

F = F(¢)@ - DF(¢,): (M), — BEZR 92T,
J J
F&) = FO(g)P -+ BFNg,): (M), > DEPLRTN®),.

F is an injective &% linear morphism by [K-K; Proposition 4.6.2 and Proposi-
tion 4.7.1]. The morphisms of the first and second columns are injective on
account of faithful flatness. Thus F® is an injective £% morphism. This
completes the proof of Theorem 4.1. [

Using Theorem 4.1 and applying the same argument as [K-K; Theorem
5.2.1], we obtain the following corollary.

Corollary 4.5. Let M be a holonomic &y module at p with supp( M) CA.
We assume U has irregularity o along V. Then there exists a holonomic Ex

module J1 at p with R.S. such that E¥ @ ¢, M=EP R, Il for SE|:1, g :i

o—1

Moreover by employing quantized contact transformation, we obtain the
following general result.

Corollary 4.6. Let W be a maximally degenerate involutive submanifold of
T*X, A its singular locus and M a holonomic Ex module with supp(H)CA.
Assume N has irregularity at most o along W. Then there exists a holonomic & y

module J1 at p with R.S. such that EP Qe M=EP R e, Tl for SEI:I, id J.

o —




ON THE RECONSTRUCTION OF HOLONOMIC MODULES 939

§5. Proof of the Main Theorem

The aim of this section is to prove the main theorem. To obtain the
same result as Corollary 4.6 on the singular points of supp(.%), we need the
following vanishing theorem.

Theorem 5.1 (cf. [K-K; Theorem 1.2.1]). Let M be a coherent €y module
and Z a closed analytic subset of T*X (not necessarily homogeneous). Then we
have

j(é’&?’@exﬂ) —0
e, M)

for j<codimy+y Z—projdim M and 1<s<s'<<oo.

Proof. We use the idea of [K-K; Theorem 1.2.1].

(I) The case where ZC T*X and Z is homogeneous. By the induction
on projdim ¥, we may assume H is a free &4 module. Thus it is sufficient
to show

./8‘(;)

.1) Hi 8—&)) —0 (j<codimpey Z).

Moreover since £§’ =C$xyx, we will show

HJZ<C,(;])X><X> — 0,

C(S’)
XIXxX

for a closed subset ZC T ¥(XxX) and j<codimg:y Z=codimzs* xxx) Z. Em-
ploying a quantized contact transformation, we may replace C$xxx to C$)xxx
for a nonsingular hypersurface Y of XX X. From now on, we denote X xX
by the same letter X. Moreover since Z is homogeneous, (if we regard
C$lx and C$7% as sheaves on Y), it suffices to show

. (s)
52) H%(C(YS'/;‘ ) =0,
YIX

for a closed analytic subset Z of Y and j<<codimy(Z).

Next we shall show that we have only to consider the case that Z is non-
singular. But since the proof of this part goes in the same way as [K-K; The-
orem 1.2.1, p. 839], we omit it.

Now we assume Z is nonsingular, and we are in the following situation.
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X=CXxC'xC* =(t,y,2),
Y = {t=0}, Z = {t=y=0}.

By the edge of the wedge for the sheaves C¥)x (See [L; Theorem 1.1.4
and p. 47]), we have

(5.3) HL(C¥k) = HECHY) =0 (j+).

Considering the long exact sequence

(s)
- = HECH R o ~a (S0X)
YIX

—>le(C§fst)“>le(C§’sl)X)"> s

. (s (s
we have Hé(cf'jf >=0 for j<I—2. To obtain H’[‘(Cfs%‘ >=O, it is enough
CYIX CYlX

to show H(C$%)— H%(C$)x) is injective. Set B.={weC;|w|<e} and
T, = B,—{0}cC, U,=B!*CY, W,=B!CZ,
V,=T!xBiCY,
Vi=T, X XTyXBXTe xT,xB! (1Lj<D).
jth
For an open set U of Y and V of Z, we define two spaces by
SU) = {{Py(y, 2)};ezE0(U); YKEU, IC
Ct s .
Pl < 1P 9] <CiL (200,

AOWV) = {{P; 0y, .0/ D} icz,0,50,,0,50EO0(V); VKEV, ¥e>0,3C
elw Ci

|
ir -’

|P,u(@)] < |P_, .| SeICH! (200}
Since V, and ¥V are holomorphic domains, we have H(V,, C$)x)=H'(Vi, C$)x)
=0 for i>0 by [L; Theorem 1.1.3 and p. 47]. Thus we have Cech representa-
tion

c&sl)X(Vs) — S(s)(Vs)
DiaCEx(V]) R

H7(Ue, C¥lx) =

Moreover we have the morphism

R ‘ﬂ(s)(WE) — IS(S)(VE) i
(5.4) Di SV

{Pi.u}' - {ZwPi,wy—w}'
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The morphism (5.4) is isomorphic by the property of Laurent expansions. In
the same way for s’, we have the commutative diagram

HIZ(Vss c%’sl,)X) - HIZ(VE! c§’sl)X)
| Il
R VAN LI AN

The morphism of the second row is a natural inclusion. Thus we have proved
the injectivity of H;(C$%)—H%(C$)x).

() For a general case, using the technique of dummy variable, we can
easily reduce it to the case (I) (see the final part of the proof of [K-K; Theorem
1.2.1). ®

Remark that we have H%(H®)=0 for j<codimgy Z—projdim 5 by
the same proof.
As a corollary of this theorem, we have

Corollary 5.2. Let 2 be an open subset of T*X and Z an analytic subset of
2 with codimpy Z>dim X+1. Let M be a coherent Ex module on 2 and
ueI (2, M). Assume u belongs to M outside of Z. Then usI'(2, ).
Moreover if codimpsy Z>dim X+2, any section of M defined on 2 —Z is
uniquely extended to a section of U defined on 2.

Now we give the proof of the main theorem.

Proof of the Main Theorem. By [K-K; Theorem 5.2.1], there exist a
holonomic module ,,, with R.S. and an £% isomorphism @: JH*—> H;",-
Then it is sufficient to show

O(HO)C HE), and O~ T, C S .

Thereby we will show for holonomic £, modules JI, and Jl, with irregularity
at most ¢ and any £% linear morphism f: JIy—Jl5,

(5.5) ST (el -,

o—

Let A,=supp(JL), A;=supp(Jl,) and A=A,UA, Set A;,=(Ap);,U
(A,);,,. First we work at peA\A,,,. If peT%X, Jl, and Jl, are both de
Rham systems. Thus there is nothing to prove. Next we assume pesTEX.
Then by Corollary 4.6, there exist holonomic € modules J1, ,,.,, Jl3,., With
R.S. and £€§ isomorphisms

(5.6) ®,: T, — T and Oy: TIO — T, .
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We extend morphisms (5.6) to £% isomorphisms by id ® @; (i=1, 2) and obtain
an £% morphism f=(>dQ® @,) f(id @ P,): T3 eg—>T5 reg. By [K-K; Theorem
6.1.3], we obtain an €y morphism f*: T0, ,,;—> Ty, such that f=id® f’. Thus
we have the following commutative diagram:

)(‘

Nery = T5 > T 5 T
J J
1o, T T,
P A Q
T, o LY TIE o
J . J
ml,reg f—) mz,reg

Then easy diagram chasing shows f(J1{)C Il at p. Now we show the
claim at pE4,,,. Let uJl{®. By the above argument, we know f(u) be-
longs to JI§ outside of A,,,. Since codimgx(A;,,)>dim X+1, we obtain f(x)
€915 on account of Corollary 5.2. This completes the proof.

At the end of this section, we give an application of the main theorem.
We say a holonomic €, module % is in a generic position at p if and only if
supp(H) Nz~ z(p) CC*p.

Theorem 5.3. Let M be a holonomic &y module with irregularity at most o
at p. Assume M is in a generic position at p. Then there exists a holonomic

Dy module F with R.S. at g==(p) such that for SEI:I, g 1},
o'_

Proof. Given a R.S. holonomic &4 module J1 with supp(J7) in a generic
position. Then by [K-K; Theorem 5.1.4], there exists a holonomic 9, module
F with R.S. such that J1,=Ex® 9,F,. Thus combing this with the result of
the main theorem, we obtain the desired result.
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