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Canonical Forms of 3 x 3 Strongly and
Nonstrictly Hyperbolic Systems with Complex
Constant Coefficients

By

Yorimasa OSHIME*

§1. Introduction

Consider an m x m system of differential equations
(1.1) — =Y A

where u is an m-vector and A; are complex constant m x m matrix coefficients.
Here the independent variables x; (i =1,...,n) and t are real.

It was Yamaguti and Kasahara [4], [9] who gave the definition and a
criterion for the system (1.1) to be strongly hyperbolic (see Theorem 2.4 below
for their criterion). Later, Strang [8] proved that (1.1) is strongly hyperbolic
if and only if its initial value problem is L2-wellposed. However, few attempts
have been made to find out all the canonical forms of strongly hyperbolic
systems (1.1). It is perhaps because the criterion of Yamaguti and Kasahara
is stated in terms of the linear combinations of A, A4,, ..., 4, and seems
difficult to verify directly. The only exception is the case of m=2 (2 x 2
systems). In fact, Strang [8] proved that every strongly 2 x 2 system can be
reduced to a symmetric system (see Definition 2.5). However, the case m >3
is much more delicate.

In a previous paper [6], the present author classified the strongly hyper-
bolic 3 x 3 systems with real constant coefficients, using the above mentioned
criterion of Yamaguti and Kasahara (see also [7]). The purpose of this paper
is to study the same problem for the 3 x 3 systems with complex constant
coefficients, limiting ourselves to nonstrictly hyperbolic systems (see Definition
2.6 below).
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All the results of this paper shall be summarized in the last section in
terms of matrix families.

§2. Definitions

Throughout this paper, we consider only complex square (actually 3 x 3)
matrices and their linear combinations with real coefficients. We usually de-
note real constants by lower case greek letters, complex constants by lower
case roman letters, matrices by upper case roman letters unless otherwise
indicated.

Definition 2.1. Let 4; (j=1,2,...,n) be m x m complex matrices. The
set of all their linear combinations

AE) = A1, &y &) =Y EA;  with EeR (j=1,2,...,n)

is said to be the matrix family spanned by A4,, 4,, ..., A, and is denoted by
CAy, Agyeeny A

Definition 2.2. A matrix family <A4,, 4,, ..., 4, is called real-diagonaliza-
ble if for every A(¢)e {4, A4,,...,A,», there exists a matrix S(£) (called a
diagonalizer) such that

5@ A)SE©)

is a real diagonal matrix.

Definition 2.3. A matrix family (A,, 4,, ..., 4,) is called uniformly real-
diagonalizable if it is real-diagonalizable and there is a diagonalizer S(¢) such
that there exists a constant M > 0 independent of ¢ for which

IS, 1S~ <M

when & runs over R”. Similarly, a matrix family is called non-uniformly real-
diagonalizable if any diagonalizer is unbounded when ¢ runs over R”.

We quote here the most fundamental theorem concerning the equation
(1.1).

Theorem 2.4 (Yamaguti-Kasahara [9]). Equation (1.1) is strongly hyper-
bolic if and only if the matrix family {A,, A,,..., A,y is uniformly real-
diagonalizable.

Remark. As mentioned in Introduction, strong hyperbolicity is equivalent
to L2-wellposedness in the case of constant coefficients. For the proof of
Theorem 2.4, see Yamaguti-Kasahara [9], Kasahara-Yamaguti [4] (B®-theory),
or Strang [8] (L2-theory).

We now introduce the most important subclass of the real-diagonalizable
matrix families.
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Definition 2.5. A matrix family {(A4,, 4,,..., A, is called hermitian if all
of A;, A,, ..., A, are hermitian. In addition, equation (1.1) with those A4/s is
called a symmetric hyperbolic system.

Remark. 1In this case, as a diagonalizer S(£), we can take a unitary
matrix depending on £, Consequently, any hermitian family is uniformly real-
diagonalizable.

The following is the very class of the 3 x 3 matrix families we shall classify.

Definition 2.6. A matrix family {(A4,, 4,,..., 4,) is said to have multiple
eigenvalues if some A(&) e Ay, A,,..., 4, with & #(0,...,0) does. In addi-
tion, a strongly hyperbolic system (1.1) is said to be strongly and nonstrictly
hyperbolic if <4, A,,..., A,y has multiple eigenvalues.

Let us now consider what kind of equivalence relation should be intro-
duced for matrix families. It is easy to see the following three operations
{Ayy ..., 4,) = By, ..., B,) do not affect the real-diagonalizability (uniform or
not) of matrix families.

a) Change of basis.

By =my Ay + m Ay + 0 + my, A,

By, =my 1Ay + my A, + 00+ my, A,

Bn = mnlAl + mn2A2 +o mnnAn

where M = (m;) is a real nonsingular n x n matrix.
b) Addition of scalar multiples of identity.

B1=A1+,u11
B, = Ay + p,1
Bn=An+.un1

where I is the identity matrix and y; (1 <i < n) are reals.
c) Similarity transformation.

Bl = T_lAlT
B, =T 'A,T
B,= T'A,T

where T is some complex nonsingular m x m matrix arbitrarily fixed.
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Let us consider how the above three operations transform the original
differential equation (1.1). First, a) corresponds to a change of the space
variables:

(il, iz, ceey X~H)T = M(xl, x2, caey x")T .
Second, b) corresponds to a change of the time-space variables of the type:
£i=xi_‘uit (lsisn).

Note that if some space variables disappear from (1.1) by these operations,
they can be regarded as parameters of the initial data for the reduced equation.
Finally, c) corresponds to a change of the unknowns:

(@, gy ..., 8,)" = T Huy, tigy ..., u,)" .

Combining the above operations a), b) and c), we can define the equivalence
relation among matrix families as follows.

Definition 2.7. Matrix families {(A,, 4,,..., 4,) and {By, B,, ..., B, are
called equivalent if there exist a nonsingular matrix T and y;eR (j=1,2,...,n)
such that

KTA T — p I, T*A, T — pol,..., T*A, T — 1> =<{B,,B,,..., B, .
And we denote this equivalence relation by
<A1, Az,..., An> ~ <B1, Bz, ceey Bn/> .

By using the above operations a) and b), it is easy to see that any matrix
family is equivalent to some <Bi,..., B,> where B,, B,, ..., B, are linearly
independent and none of their nonzero linear combinations is equal to a scalar
multiple of identity. Let us define a word indicating this property for later
convenience.

Definition 2.8. A matrix family {(4,, 4,,..., 4,) is called nondegenerate
if I, A, A,, ..., A, are linearly independent over the field of real numbers.

Note that the definitions in this section are valid for the square matrices
of an arbitrary size, although we limit ourselves to study 3 x 3 matrix families
which are uniformly or non-uniformly real-diagonalizable. And we shall treat
the problem purely as that in the matrix theory and shall not refer to the
differential equation (1.1) any more.

§3. Preliminaries

In this paper, we study exclusively real-diagonalizable 3 x 3 matrix families
such that at least one of their nonzero members has a multiple eigenvalue. For
such a family {44, 4,,..., 4, ), changing the basis if necessary, we may assume
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A; has a multiple (real) eigenvalue. If this multiple eigenvalue is triple, the
3 x 3 matrix 4, must be a real multiple of identity and we may ignore this
case (see Definition 2.7). So we may assume A, has a double eigenvalue.
Multiplying A4, by a suitable real and adding to it a suitable real scalar
multiple of identity, we may assume the eigenvalues of A, are 1, 0, 0. Hence,
by use of the similarity transformation diagonalizing 4,, we may further assume

1 00
A1= 0 0 0
000

To investigate the property of an arbitrary B e (A4, 4,,..., 4,), let us quote
the following lemma from [7].

Lemma 3.1. Let f(4, &) be a cubic polynomial of the form
[, 8) = 2% + a; 2% + a,0 + a3 + E(boA® + by A + by)

where ay, a,, as, by #0, by, b, are real constants and & is a real parameter.
Then the cubic equation

[, 8) =0
has only real roots for any £e€R if and only if
B +a it +a,A+a;=0
and
boA*> + b + b, =0

have only real roots, say, o, < a, < oy for the first equation and B, < f, for
the second, and the inequality

holds.
The following lemma will be also useful in the sequel

Lemma 3.2. Let a;(n), 6(n), o(n), Gi(n) be polynomials in n = (11, M35 .-, My)
with real coefficients. Suppose that either

{aj(”l) + i&j("l)} {ow(n) + id(n)} (i=+-1
is real and positive or
a;(n) + i6;(n) = ox(n) + i) = 0

holds for any choice of neR". Then there exist polynomials u(n), i), o),
W(n) with real coefficients which satisfy
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i) = pmem), 6;(n) = ime),
o) = pmy @),  Gln) = — Ay

and

1) u(n) and [i(n) have no common factors other than nonzero constants,
2) sgn @(n) =sgn Y(n) for all n e R" unless u(n) = fi(n) = 0. Especially,

sgn a;(17) = sgn 0, (") ,
sgn G;(n) = —sgn Gi(n)
hold for all n e R"
Proof. Because the imaginary part of
{oj(n) + i6(n)} {ou(n) + i6(n)}
always vanishes for any 5 € R", we have
(3-6) o;(Méi(n) = — o (n)G;(n) -

We may assume that neither g;(7) nor G;(y) is identically zero because otherwise
we have a;(n) = 6;(n) =0, o;(n) = 0,(n) =0 or G,(n) = G(y) =0 and the conclu-
sion is immediate. Put

3.7 ai(n) = pme), &) = inem),

where u(n) and fi(n) have no common factors. So (3.6) implies
1 &(n) = — in)oi(n) .

Because u(n) and fi(y) have no common factors, we further obtain

(3.8) o) = umy (M), Giln) = — Ay (1)

where Y(n) is a certain polynomial with real coefficients. By (3.7) and (3.8),
the assumption of the lemma becomes as follows: Either

{ojtm) + i6;(n)} {ou(n) + i)} = @)Y () {(u())* + (A(n))*}
is positive or
aj() + i6(n) = @(n) {u(n) + ifn)} =0
and
ai(n) + iG(n) = Y () {u(n) + ifn)} = 0
hold simultaneously, for any choice of # € R". This fact implies

sgn @(n) = sgn Y(n)
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unless
pu(m) = i(n) =0.
Thus the proof is complete. [

Applying Lemma 3.1 to the characteristic equation of ¢4, + B, we have
the following lemma.

Lemma 3.3. Suppose that {A,, A,,..., A,> is a real-diagonalizable family
with

1 00
A; =10 0 O
0 0O
Suppose also that
byy by by,
B=|by; by by
by; bs; bas

is an arbitrary member of (A, A,,..., A,>. Then the right-lower submatrix of

B:
I:b22 b23}
bs; bss
has only real eigenvalues and by, is real.

Proof. Because (4, + Be{A,, 4,,..., A,) is real-diagonalizable and has
only real eigenvalues, its characteristic equation turns out to be

—A+ &+ by, by, by,
det(-}.] + éAI + B) = det b21 _A« + b22 b23
by, bs, — 4+ by

= — t = .
det(—AI + B) + £ de [ by, i+ by, 0

Therefore, from Lemma 3.1, we know that
|:b22 b23:|
b32 b33
has only real eigenvalues. Consequently, its trace

b22 + b33

is real. On the other hand, the real-diagonalizability of B assures that its trace
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by + by + bs3
is also real. Thus by, is real as the difference of these two real numbers. [J

It is clear that the right-lower 2 x 2 submatrices of the members of
(A, Ay,..., A,y form a 2 x 2 matrix family. Thus the above Lemma 3.3
asserts that this 2 x 2 matrix family has only real eigenvalues. Now we can
proceed just in the same way as in Strang [8] and conclude that the 2 x 2
matrix family is equivalent to a hermitian family or an upper-triangular
family. Using another similarity transformation with a diagonal matrix, if
necessary, this 2 x 2 matrix family is reduced to one of the following 1), 2),
.))

o o9
2) <_(1) _(1)_>.

K (F )

o o S0 )
7 (o of)

o o o[o o)

7 {lo 2o o)

o (o Lo oo o)

Let us denote by T the transformation (in the form of 2 x 2 matrix ) for this
reduction. Now let us turn to the 3 x 3 matrix family. Note that the similarity

transformation with
10
r= [0 T]’

and some change of basis and a certain addition of real multiples of identities
reduce the right-lower submatrix family to the above 1), 2),...,8). Note also
that the similarity transformation with T does not affect the real (1, 1)-entry
of each A(¢) e (A,, 4,,..., A,>. Thus the 3 x 3 matrix family can be reduced
to one of the following 1), 2),..., 8).
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1 0 0] [0 b, b,
1)<000,b300,>,

(0 0 0] [by, O O

1 0 0710 b, b, ][0 ¢ c]
2)<000,b310,c300,>,

|0 0 0] [by O —1||c, O O]

1 0 0710 b, b, ][O ¢ ¢, ][0 dy 4,
3)<000,b310,c301,d300,>,
[0 0 0] [by O —1||c, 1 O] |de O O
1 0 0[O0 b, b, ][0 ¢ ¢, ][O0 d, d,
4)<000,b310,c3 1|,|ds 0 —il,
|0 0 0] [by O —1||cg 1 Of|dy i O

[0 e, e,

e300,...>

lea 0 O

[1 0 0] [0 b, b,| [0 ¢, c,]
5)<000,b301,c3 0,>,

|0 0 Of [b4 O O |ce O O]

[1.0 0] [0 b b [0 ¢ ¢]|[0 d 4,
6)<000,b301,c301,d300,>,
00 0[[b 0 0f][cc 0 0]|d 0 0
(1 0 0] [0 b, b, 1[0 ¢ ;| [0 4, d,]
7)<000,b310,c301,d300,>,
|00 0| |by O —1||c,e O 0] |dy O O]
1 0 0] O b, b, ][O0 ¢ ][0 d d,]
8)<000,b310,c301,d301,
[0 0 0] |y O —1||c, O O] [dy O O]

[0 e, e,
e300,...>
lea 0 O

where by, b,, ..., e;, e, are certain complex constants. We shall consider
each case separately in the sequel
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§4. Families Spanned by Two Matrices

The discussions in this section is almost the same as that in Section 3 of
[6]. So we shall omit most of the proofs.

Proposition 4.1. Put

100 0 b, b,
A=|0 0 0|, B=|b, 0 0|0
000 b, 0 0

where b; (j=1,...,4) are complex constants. Then the matrix family (A, B)
spanned by the above A, B is real-diagonalizable if and only if b,b; + byb, is
real and positive:

bybs + byb, > 0.

Proof. The same argument as in Proposition 3.2 of [6] is valid if we
take some care about the complexity of b. So we omit the detail. []

Proposition 4.2. Let the matrix family (A, B) spanned by

100 0 b, b,
0 0O b, 0 0

be real-diagonalizable. Then there exists a certain nonsingular T such that
T AT and T BT are simultaneously hermitian. Moreover

1 00 010
T'AT={0 0 O, T'BT=«|1 0 O
0 00 0 0O

Here o> 0 is some real constant.
Proof. From Proposition 4.1, we have
b,by + bb, > 0.
By putting

o = \/b1b3 + b2b4,

1 0 0
T= O b3/a _‘bz/a s
0 by/a by /a

we obtain the conclusion. []
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Proposition 4.3. Put

100 0 b, b,
A=|0 0 0|, B=|b, 1 0
000 b, 0 -1

where b; (j=1,...,4) are complex constants. Then the matrix family {A, B)
spanned by the above A, B is real-diagonalizable if and only if both of the
following 1) and 2) are satisfied.

1) b;by >0 or by =b; =0.

2) byby>0 or b=b,=0.

Proof. The same argument as in Proposition 3.4 of [6] is valid if we
take some care about the complexity of b, So we omit the detail again. [

Proposition 4.4. Let the matrix family {A, B) spanned by

100 0 b, b,
A=|0 0 0|, B=|b, 1 0
000 b, 0 —1

be real-diagonalizable. Then it is simultaneously symmetrized by some T as
follows.

1 00 0 «o B
T'AT=|0 0 0], T'BT=|a 1 0
000 g 0 —1

where o, B are some real constants.

Proof. From Proposition 4.3, we have
bib; >0 or by=b;=0
and
byby >0 or b,=b,=0.
By putting

o= b1b3, ﬁ=\/b2b4,

f=ab (i biby>0)
=1 Gf b, = by = 0)"

U{= B/b,  (if bybs > 0)
=1 Gf by = b, = 0)’



234 YORIMASA OSHIME

T=

S O =
o 8 O

we have the desired result. [

Let us now consider the case where the 2 x 2 submatrix family contains
a non-diagonalizable member.

Proposition 4.5. Put

100 0 b, b,
A=|0 0 0|, B=|by 0 b, (bs # 0)
000 b, 0 0

where b; (j=1,...,5) are complex constants. Then the matrix family {A, B)
is real-diagonalizable if and only if one of the following holds.

1) byby>0 and b, =0.

2) b,by,>0 and b; =0.

Proof. The same argument as in Proposition 3.6 of [6] is valid if we
take some care about the complexity of b, So we omit the proof. []

Proposition 4.6. The following holds.
1) Let byby; >0 and bs #0. Then

10 0][0 b b
<000,b30b5>~<
000[]0 0 O

2) Let byb,>0 and bs #0. Then

10 0][0 0 b,
<000,b30b5>~<
000||b 00

And both matrix families are non-uniformly real-diagonalizable.

O =
[= RN )
o o
—_ O
O =
— O
\/

(=]
o
o
[=]
o
o

O =
o o
[= I}
- o
S =
o o
~——

o
o
o
o
P
(=}

Proof. We begin with 1). By putting

o= b1b3 5
b, 0 0
T = 0 1/“ —bz/blbs 9
0 0  1/bs

we obtain



COMPLEX STRONGLY HYPERBOLIC SYSTEMS

235

1 00 1 00
T0 0 0|T=|0 0 0],
000 0 00
0 b, b,] 010
T 'by 0 bs|T=af1 0 1
0 0 0| 000
On the other hand, the case 2) can be reduced to the transpose of 1) because
1 0 0]*[1 0 Oo][1 0 O 1 00
001 0 0 0j{|0 0 1|=]0 00
010 0 0 0|0 1 0 0 0O
t o o]0 O B, |[1 O O 0 b O
0 0 1 by 0 bs||O0O O 1j=}b, 0O O
010 by 0 0]]0 1 O by bs O

To complete the proof, we have only to show the real-diagonalizability of

1 00 010
10 0 Of+#x|1 0 1 (& neR)
000 00O

is not uniform. For this purpose, it suffices to calculate its three eigenvectors
and construct a diagonalizer. See Kasahara-Yamaguti [4] for the detail. [J

The results obtained in this section are summerized as follows.

Theorem 4.7. Let (A, A,) be a nondegenerate 3 x 3 matrix family. Then
the following holds.

1) Suppose {A,, A,) has multiple eigenvalues and is uniformly real-diago-
nalizable. Then {A,, A,) is equivalent to a hermitian family.

2) The family (A, A,) is non-uniformly real-diagonalizable (consequently,
(Ay, A,)> must have multiple eigenvalues) if and only if (A,, A,) is equivalent
to either

1 00 10
< 00,101>
0 00[]|J]O0 OO

or its transpose,

T
[
o O O
o O O
—_ O
=
o O O
~——



236 YoRriMAsA OSHIME

§5. [Families Spanned by Three Matrices

In this section, we study nondegenerate real-diagonalizable families, say,
{4, B, C), spanned by three matrices. From the arguments of Section 4, we
may assume that {4, B, C) is one of the following three types.

[1 0 0] [0 1 0
< 0 0 0,1 OO ,C>.
|0 0 0] {000
100][0 8 &
< 0 0 Of,{B, 1 O ,C> with f§,, B, reals.
0 0 0] |B O -1
1 0 0] [0 1 O
< 0 0 0J,|[1 O 1 ,C>
|00 0] [0 00O

We begin with the first two cases, i.e., the families each of whose members
has a right-lower 2 x 2 submatrix similar to a real diagonal one. Changing
the basis if necessary, such a matrix family must be equivalent to one of the
following types.

1 00 010 0 ¢ ¢
(5.1 < 0 0 0f,[1 0 Of,]lc; O O >,
|00 0] {0 00O ¢, 0 O
1 0 0][O0 B B 0 ¢ ¢
(5.2) < 0 0 Of,[B, 1 O |,|cs O O >,
(00 0] [B O -1 c, 0 O
[1 0 071 [0 « B 0 a b
(5.3) < 0 0 O0,|a 1 0l],]c 0 e > (ef >0).
(00 0] |8 0O —1 d f 0

The property ef > 0 of (5.3) is derived as follows. Since every member of (5.3)
must have a right-lower 2 x 2 matrix similar to a real diagonal one, we have
e=f=0or e¢f >0. In the first case, however, (5.3) reduces to (5.2). So we
may assume ef > 0. Furthermore, we can reduce (5.3) by the similarity trans-
formation with

to
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1 0010 b b [0 ¢ c
(5.3) <000,b31 0 |,|e; 0 1 >
00O0||b, 0 —1]||c, 1 ©

We shall treat (5.1), (5.2), (5.3') separately.

Proposition 5.1. The nondegenerate matrix family {A, B, C) spanned by

1 00 010 0 ¢ ¢,
A=]0 0 0O, B=|1 0 0], C=|¢c; 0 O
000 000 ¢, 0 O
is real-diagonalizable if and only if (A, B, C) is equivalent either to
0 —c+l c+1
1 00][010 1 ¢ c
0 0 0f,|[1 0 O0,|c—- 0 0
0 00|[000O i
c+ - 0 0
L ¢ -

where ¢ # 0 is an arbitrary complex constant, or to

1 00 010 0 —i —i
<000,100,i 0 0>
0 0O 0 0O

or to the transpose of the last,
1 00 010 0 —i O
< 00 O0J,|1 0 O0|,|]i OO >
0 0O 0 0O i 00

In every of these cases. (A, B, C) is uniformly real-diagonalizable.

Proof. Let us first prove the necessity. Clearly, the subfamily

1 00 0 n+cy ¢,
(A,nB+C>=< 0 0 0],|n+cs 0 0 >
000 Cq 0 0

is real-diagonalizable for an arbitrarily fixed #. By applying Proposition 4.1,
we have

(54) (1 +c)n+c3) + caca =1 + (e + ca)n + cre3 + ¢3¢0 > 0.
Because this inequality holds for an arbitrary n e R,

¢y +c3
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is real. So, replacing C by
1
C—-(c; +¢3)B,
2
we may further assume
(5.5) c3=—c;.
From (5.4) and (5.5), we have
(5.6) —c2 + ¢y, >0.

Let us first assume
cycs #0.

Then, replacing C by its appropriate real scalar multiple, we may also assume
(5.7) —Clz + CZC4 = 4 .

Now considering a suitable similarity transformation with

1 00
010 (d # 0: complex) ,
0 0 d

we may further assume

(5.8) €y =04

and we have, from (5.7),

(5.9 —c?tct=4.

Now putting

(5.10) ¢ = —<c - 1)
[4

with some complex ¢ # 0, we can solve (5.9) with respect to ¢, and get

(5.11) c2=i<c+l>.
c
From (5.5), (5.8), (5.10), (5.11), we have

(0 —c+1 c+1
1001010 | ¢
512) <4,B,C>~{ |0 0 ol,|1 0 0f,|]c== O 0
000||0o0 o0 i
c+ - 0 0
- ¢ -
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or
0 —c+1 —c—lj
1 00 010 !
(A,B,C) ~ 0 0 0,|]1 0 0], c—- 0 0
0 00 0 00 1
—Cc—— 0 0
. ¢ -

However, the second case reduces to the first if we use the similarity transforma-
tion with

1 0 0
0 1 0
0 0 -1

Thus we have the first family of the requirement.
Let us now consider the case

s =0.

From (5.6), we know that ¢, is purely imaginary. So replacing C by its
appropriate real multiple, we have

Cl=—i.

We may further assume c¢, #0 or ¢, #0 because if ¢, =c, =0 the matrix
family is equivalent to (5.12) with ¢ =i. Now, using an appropriate similarity
transformation with

1
T=1|0 (d # 0: complex),
0

S = O
QU o o

{4, B, C) can be reduced to one of the last two families of the requirement.
Let us now prove the uniform real-diagonalizability of the matrix families
just obtained. It suffices to consider

100010 0 ¢ o
<000,100,——c100>
000|[0o00O ca 0 0

where

Put
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@ =0, ) =[n*+(—c,® + cz¢)*]?,

1 0 0
SmO=|0 —c:le —cl/o for (n,{) #(0,0),
0 calle  m+cle

1
S0,00=I=]0
0

S = O
_= O O

Thus we obtain the uniformity of S(n,{) and S(n, ()™ as well as

¢ e 0
S, )74+ B +({CISm, ) =| o, 1) O 0
0 0 0

Thus ¢4 + nB + {C is uniformly real-symmetrized. Therefore {4, B, C) is
uniformly real-diagonalizable. []

Lemma 5.2. The following matrix families are not equivalent to any hermitian
SJamily:

0—c+1c+1

1001010 1 ¢ ¢

H{ oo of,|t 0 of,]c== 0 0
00o0||loo0o i

C+E 0 0

L .

where the constant c¢ # 0 satisfies |c| # 1;
[1 0 0] [0 t O] [0 —i —i
2) < 0 , 0 , 1 0 0 >;
1 [0 —i 0
2') < 0 i 00 >
0 | i 00

Proof. In order to prove the lemma by contradiction, we assume that
there exists T such that

S OO o o
o O OJ IO (=]
S = O O =
—_
(=i o O

T'AT, T7'BT, T7'CT

are simultaneously hermitian. So we can diagonalize T AT by a unitary U
as following.
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1 0
UT'T'ATU=|0 0 =A.
00

o o O

This means that 4 and TU commute. Hence replacing TU by its appropriate
complex scalar multiple if necessary, it has the following form:

1 00
TU=|0 a b (ad — bc #0).
0 c d

we define another unitary matrix U, by

1 0 0
0 a —b
Ui = Jlal? + 162 Jlal® + |b]?
b a
() -
L Vel + b2 JlalP + b ]

Then T; = TUU, has the following form:
0 0
a 0

’

C

’

1
T1 = 0
0

U

where o > 0 is a real, ¢’ and d' are complex constants. Since
T,”'BT, = (UU,)'T'BT(UU,)

is hermitian, its (2, 1)- and (1, 2)- entries are complex conjugate and so are its
(3, 1)- and (1, 3)- entries, namely,

lJ/a=a>0,
—c'fad’ =0.

From this we have a =1 and ¢’ =0, that is, 7; has the following form;

100
T,=10 1 0 (d' # 0: complex) .
0 0 &

On the other hand,
T,”!CT, = (UU)'T"ICTUU,)

must also be hermitian. However, its (2, 1)- and (1, 2)- entries (or its (3, 1)- and
(1, 3)- entries) are not complex conjugate in each of the cases 1), 2), 2'). This
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fact can be verified by a straightforward calculation. We are thus led to a
contradiction. [

Now we investigate the families of the form:

<000,*10,*00>
0 0O = 0 —1 * 0 0

where each = stands for a certain complex constant. Let us prove that they
are equivalent to a hermitian family, in a generalized form.

Proposition 5.3. Let a nondegenerate matrix family (A4, B, C,,...,C,> n = 1)
be spanned by

1 00
A=|10 0 0],
000
0 ) B, +iB, B, +iB,
B= B3+lﬁ3 1 0 )
_ﬂ4+iﬁ4 0 -1
[ 0 V,1+l')711 Y]2+l'712
G=lmrin 0 0| G,
| Via + 4 0 0

where B,, B, Yio T (J=1,...,mk=1,...,4) are arbitrary real constants. The
matrix family (A, B, Cy, ..., C,> is real-diagonalizable if and only if it is equiva-
lent to a hermitian family.

Proof. 1t suffices to prove the only-if part. For any fixed #n = (n,,...,7,) €
R", we have

=
1 00 0 o1(n) + iG1(m) az(n) + iG,(n)
< 0 0], >
0

0 a5(n) + i65(n) 1 0
00 04(n) + iG,(n) 0 -1

is real-diagonalizable where
o(n) = (z;;l ?jkﬂj) + By k=1,...,4),
(Z’;=17jk’1j)+ﬁk k=1,...,4).

6(n)

So, from Proposition 4.3,
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{o1(n) + i6,()} {o3(n) + i3(n)} > O
or

0y(n) + i64(n) = o3(n) + i63(n) = 0
holds for any arbitrarily fixed n € R". Similarly,

{o2(n) + i6,()} {04 (n) + i64(n)} > O

or
0,(1) + i6,5(n) = 04(n) + i64(n) =0

holds for any neR" Therefore Lemma 3.2 is applicable. Let us begin with
a,(n) + i6,(y) and o5(n) + id5(n). From the last assertion of Lemma 3.2, we
have

sgn o, () = sgnos(n),  sgn Gy(n) = —sgn G5(n) .
Since the polynomials are all linear, these equalities mean that
o3(n) = ay04(n), G3(n) = —&,6,(n)

where «; >0 and & > 0 are positive constants. Let us show & =a,. We
may assume that neither o,(#) nor 6,(n) is identically zero, because otherwise
we can clearly equate o, >0 and &, > 0. Recall now that

{o1(n) + i6,()} {o3(n) + i63(n)}
{0'1(’7) + iﬁl(”)} {oy01(n) — i, 65(n) }
oy {0'1(’7)}2 + 5‘1{&1(")}2 + iy — &y)o1 ()61 (n)

must be real for all # €R" Therefore we must have & = a;. This means

(5.13) o3(n) = ay0.(n), G3(n) = —o,6:(n) (2, >0).

We can proceed in the same way for the pair o,(n) + i6,(n) and a6,(1) + i64(n),
and we find a positive constant o, > 0 such that

(5.14) oa() = 0,0,(0),  Galn) = —,65(1) .
From (5.13) and (5.14), we obtain
Bz =By, I§3=—“1B1,
Ba= 03B, ﬁ4 = _azﬁz )
Y=, = b,

Yia = %2%2 5 Yia = —%2%)2
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with
o, >0, a, >0.

Therefore (A4, B, Cy, ..., C,> is equivalent to a certain hermitian family through
the similarity transformation with

i 0 0
T = 0 OCl 0
0 0 Ja,
Thus the proof is completed. O

Let us now investigate the families of the form:

100 0* * 0*:}:
<000,*1 0,*01>
0 0O * 0 —1 * 1 0

where each * stands for a certain complex constant.

Proposition 5.4. Let a nondegenerate matrix family (A, By, B,) be spanned
by

1 00
A=|0 0 0],
0 0 0
[ 0 ; Bii +iByy Bz +iby |
B, =| B3+ ilzn 1 0 )
| Bra + P14 0 -1 |
i 0 3 By + B2 Boz + ifs ]
B, =| B3 + iézs 0 1 ,
| Bag + ifa 1 0 |

where By, ﬁjk (j=1,2 k=1,2,3,4) are arbitrary real constants. Then
{A, By, B,) is real-diagonalizable if and only if it is either equivalent to

1 00 0 o —ile—2y)d 0 f—iyd y—ifo
< 00 0], o 1 0 | B+ iyo 0 1 >
000 i(lx—2y)6 0O -1 Y +if'o 1 0

where the real constants a, B, f, y, ¥ and O satisfy

1 ﬁz ) 1 ﬁlz
a>0, y>§<a+;>, y>§<oc+oc
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or equivalent to a hermitian family. And in both of these cases, {A, By, B,)
is uniformly real-diagonalizable.

The proof of Proposition 5.4 is somewhat lengthy. So we split it into
several lemmas.

Lemma 5.5. Let A, B, B, be the same as in Proposition 54. Let also
the polynomial with real coefficients, a,(n), 6,(n), o3(n), 65(n) be defined as

a1(n) = (1> — 122)Brany + Biana) + 20.m5(Baaty + Baafla) s
G101 = (1.2 — n22) Buany + Biznz) + 2015 (Baany + Baana) s
a3() = (1,> — 1,>)(Busny + Brantz) + 20112(B23ty + Paana)
&3(1) = (1.2 — 12°) (Busny + Branz) + 20:1m3(Baany + Baama) -

Suppose further that {A, B,, B,) is real-diagonalizable and is not equivalent to
any hermitian family. Then o,(n), 6,(n), o3(n), 65(n) are factorized as follows:

o1(m) = umem; 6= Gmoem);
o3(m) = umy@);  6m) = —amy).

Here ¢(n) and y(n) are positive definite quadratic forms without common factors.
Further, u(n) and [i(n) are homogeneous linear polynomials at least one of which
does not vanish identically.

Proof. Consider

0 p1(n) + ip1(m)  pa(n) + ip,(n)
(n12 — n,%)By + 2n11,B, = | ps(n) + ip3(n) n1% —ny? 2111, ,
pa(n) + ipy(n) 21,1, —ny% + 15’

with any fixed 7 = (1., 7,) e R*\{(0, 0)}. Here
pin) = Byj(ny? — n5%) + 2By mi1,
pin) = Byjn,* — n2) + 2Bymum,
for j=1, 2, 3, 4. Note that
(A, (11> — n3*)By + 20,1, B,) < {4, By, By)
is clearly real-diagonalizable. Define a real-orthogonal matrix V(y) by

1 0 0
Vi)=1|0 n/linll —na/lnl
0 ny/lnl 11/lnll

where
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Inll = (ny? + ny%)"%.

By the similarity transformation with this V(y),

<A, (n,*> —n*)By + 2011, B,)

is equivalent to

1 00 0 o1(n) +i61(n) a2(n) + iG,(n)
< 0 0 Of,linl~t| as(n) + ids(n) lInl? 0 >
000 a4(n) + i6,(n) 0 — Il

where
a1(n) = (1.2 — 122) (Buanty + Biata) + 20.1m2(Bay7y + Baa?a) s
&1(1) = (1, — n22)(Buany + Branz) + 213m5(Basny + Boama)
a2(1) = (11> — 12>)(Br2ny — Buamz) + 211m2(Bazty — Baafia)
&) = (1% — n22)(Brany — Buana) + 21.m2(Basny — Baama)
a3(n) = (1:* — 122) (Busny + Branz) + 20um5(Basny + Baatla) s
&3(n) = (n:* — n22) (Buany + Branz) + 21.m5(Baany + Brama)
o) = (1> — 122)(Brany — Bia?2) + 20112(Boarty — Basta) »
84(1) = (1,2 — 122) (Brany — Branz) + 21.n5(Brany — Baana) -
Note that
02(n1,M2) = 01(n2, —11),  Ga(n1, M2) = G1(n2, — 1),
041, M2) = 032, —11),  Galnny, M2) = G3(n2, —1y)

From Proposition 4.3, either

{o1(1) + i6,()} {o3(n) + i63(n)} > 0
or
o,(n) + i61(n) = a3(n) + iG3(n) =0
holds for any ne R%. So Lemma 3.2 is applicable and we have
(5.15) a1(n) = ume),  6:() = dnel),
(5.16) a3(n) = pmy @), 630 = —amy )

where u(n), &), o(n), ¥(n) are homogeneous polynomials with real coefficients
such that

(5.17) sgn @(n) = sgn (1)
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for all neR% The last fact is a consequence of the following. The poly-
nomials u(n) and fi(y) have no common (nontrivial) real zero points because
they are homogeneous polynomials with two variables that have no common
factors. Note also that ¢() and Y(n) are of the same degree equal to or less
than three (see (5.15) and (5.16) and observe that g,(y) and o5() are both
cubic).

Before proceeding further, let us prove if ¢() is a positive constant multiple
of Y(n) then <A, B, B,) is equivalent to a certain hermitian family. Putting

Y(n) = ap(n)

with a real constant o« > 0, we obtain

o3(11, 12) = a0y (11, 12) -

From the definition of o,() and o;(), this means
Bis = oB1 Bia = Bz,
Bj3=—a~j15 Bj4=_a5j23

for j =1, 2. Then through the similarity transformation with

Jr 00

T=( 0 1 0],
0 01

{4, By, B,) is equivalent to a hermitian family.

In order to make our problem easier, let us divide the case according to
the degree of ¢(#) and Y(n). Assume first that they are constants or linear
polynomials. Then clearly (5.17) means that each of them is a positive constant
multiple of the other. Therefore (4, B;, B,) is equivalent to a hermitian family
and we may exclude this case. Assume now that they are (homogeneous)
quadratic polynomials. If one of them is an indefinite form, the zero points
of ¢(n) and Y(n) on the unit circle of R? would coincide by virtue of (5.17)
and so we would have ¢(n) = ay(n) for some positive constant «, and hence
{4, B,, B,> would be a hermitian family. Therefore, ¢(n) and ¥(y) must be
definite forms, which can be assumed to be positive, because otherwise we
may take —o(n), —y(n), —ulr) and —j(y) instead of ¢(n), Y(n), u(n) and
fi(n). Also, we can exclude the case where ¢(n)/Y(n) is a constant, as above.
Thus the lemma is proved when ¢ and y are quadratic. Assume finally that
o, n,) and Y(n,,n,) are (homogeneous) cubic polynomials. In this case, ¢
and Y have three complex linear factors of which just one or three are
real. And their real linear factors must be common by virtue of (5.17). There-
fore, by the same argument as in the quadratic case, two cases are possible,
namely either ¢() and Y(n) have the form:
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o) =0mndm),

Y(n) = 6 (n)

where 0(y) is linear and both of ¢(4) and ¥(n) are (distinct) positive definite
quadratics, or each of them is a positive constant multiple of the other (see
(5.17) again). The second case is impossible because it implies that (4, B,, B,)
is equivalent to a hermitian family. So, only the firsi case can occur. Then,

regarding u(m)0(n) as p(n), Z(n)0n) as i), (n) as o), Y(n) as (1) in (5.15)
and (5.16), the proof of the lemma is completed also in the present case. []

Lemma 5.6. Let the assumptions be the same as in Lemma 5.5. Then
{4, By, B,) is equivalent to a matrix family of the same form but with additional
restrictions as follows:

B11=B13=0, Bi2=P1a=0.

Proof. Let g,(n) and o,(n) be the same as in the proof of Lemma 5.5.
Now we prove that a value of

0311, M3) + i6,(n4, 12) = 013, — 1) + i61(M2, —11)
= o2, —m1) {u(zs —11) + iz, —n1)}
becomes the product of

oy (M1, 12) + 61 (11, 12) = @1, 12) {1, 12) + ifi(n1, 12)}

and a purely imaginary number for some (1, 11,) € R%\{(0, 0)} . Let us express
the two linear forms u and fi as

(11, 1M2) = 1aMy + pafla s
dmy, na) = fany + fan,

with some real constants y,, j,, fi;, fi,. Thus we have only to find (1, 1,) € R?
such that

My, —nq) + i, —n1) = waty — pany + i@z — Ban1)
and
i{ﬂ(”ll: 12) + ifi(ny, '72)} = —(fyny + fanz) + i(pany + pan,)

are linearly dependent over the field of real numbers. For this purpose, let
us consider the real zero points of

(k1M — pan)(ahy + pan2) + (fyny — Bon)(Bany + fanz)
= — (o + By i)y ® + (% — pua? + Jy? — B2 s + (Rt + By fin)ns”
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This polynomial in #,, 1, has nontrivial real zero points because its coefficients
of n,% and n,? are of opposite signs. Fixing now (1, 77,) as such a nontrivial
zero point, we find that

03(M1, 1M2) + i62(11, 12)
is the product of
o1(n1,12) + i6,(n1, M2)

and a purely imaginary number for the above fixed (n, #,) € R*\{(0, 0)}.
Through the similarity transformation with

0 0

1
V=10 ndlnl —n/lnl |,
0 ny/lnl n1/lnll

we can reduce the matrix family
(A, (ny* — n,%)By + 21,1, By, =211, By + (1,” — 1,%)B,)

to the one where the ratio of the (1, 2)- and the (1, 3)- entry of B, is purely
imaginary. Hence we can assume the (1, 2)- entry of B, is real and its (1, 3)-
entry is purely imaginary by use of the similarity transformation with

c 0 0
T=|0 1 0 (¢ # 0: complex) .

0 0 1
Finally, we can conclude that (2, 1)- entry as well as (1,2)- is real and that
(3, 1)- entry as well as (1, 3)- is purely imaginary. This is obtained by applying
Proposition 4.3 to (4, B;>. Thus the proof is complete. []

We can thus specify B, in {4, B,, B,) by Lemma 5.6. Now let us further
specify B; by the following Lemma 5.7.

Lemma 5.7. Let a nondegenerate matrix family (A, B, B, be spanned by

1 0 0
A=10 0 0},
000
[0 B B
B, = ﬁ~13 1 01,
\_iﬁl“' 0 —1
[ 0 3 ﬁ21+i/§z1 ﬁzz"‘iﬁzz
B, = ﬁzs"‘iéza 0 1 )
| B2a + iBra 1 0
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where By, ﬁjk (j=1,2,k=1,2,3,4) are arbitrary real constants. Suppose that
{A, B,, B,) is real-diagonalizable and is not equivalent to any hermitian family.
Then {A, B, B,> is equivalent to a matrix family of the same form but with
an additional condition:

Bii=PB13>0.

Proof. Note first that either f,; #0 or /?12 # 0 holds, because otherwise
(i€, By =By = Pia = P1, =0) Lemma 5.5 yields a contradiction to the fac-
torization of o,(4) and &(y). Note next that the case f,; =0 and B,, #0,
can be reduced to the case f;; # 0, by the successive use of the two similarity
transformations with

010 i 00
1 0 0], 010
0 01 0 01

respectively. Let us now apply Proposition 4.3 to {4, B;) with B;; # 0. Thus
we have

B11B13>0.
Hence, by use of the similarity transformation with some matrix
p 0 0
010 (p #0:real),
0 01
{4, By, B,) turns out to satisfy
B11=B13>0.

Thus the proof is complete. []
Lemma 5.8. Let the assumptions be the same as in Lemma 5.7. Let also
Bi1=P3>0

be fulfilled. Then there exists a real & such that
Bra > (Bus + Bo?lBis)
Bir=—0(Bi1—2B), Bou=—0Bn, Bra=—0B,
Bas >3 (Bus + BaslBi),
Bra=0(Bis~2b),  Brs=0Bras  Pra=0pss.

Proof. In the present situation, o,(n), 6,(1), o5(n) and &5(n) in Lemma
5.5 take the form
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o:(1) = 0, {Br1(n> — 12%) + 21 mim2 + 2822157},
&,(n) = n2{Bi2(n® — n2?) + 2Bauni® + 2Baamins}
a3(m) = n1{B13(1* — 12%) + 2Basminy + 2Baans’}
85(n) = n2{Bra(ns® — n%) + 2Baans® + 2B,amins} -

And the same lemma assures that o,(n)/n, and o3(n)/n, are positive definite
quadratic forms (cf. f,; = B3 > 0). It also assures that there exists a real
(possibly zero) such that

G1(m/ny = —das(/ny,  G3(n)/na = do3(m)/n; .
The conclusion follows immediately from these facts. [

Let us consider the converse.

Lemma 5.9. Let
Bir=Bi3>0,
Bz > Bur + BB,
Bio=—0Bi1 —2B22)>  Boi=—0Bs2s  PBaa=—0Bas>
Bro > (Bus + Bas?/hi).
Bia=0(Bi3—2B2a)s  Baz=10Bra,  PBra=0P;s

be fulfilled for some real 6. Then the matrix family <A, B,, B,) spanned by

1 00
A=10 0 O},
_0 0 0
0 B iﬁu
Bl = ﬁ’}s 1 0 N
iBe O -1
i 0 3 Boy + iBas Py + iBay
B, = ﬁzs + i€23 0 1
| Baa + B2 1 0

is uniformly real-diagonalizable.
Proof. Let us diagonalize

M(&, 0y, n5) = EA + (1, — 15°)By + 21,1, B, .
Note that
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(115 12) = (11* — 1%, 2n415)
is a map from R? onto R? because
(1, + in2)* = (1,> — 12%) + 2iny 7, .
Let V(n) = V(n,,n,) be a real orthogonal matrix defined by

1 0 0
Vim=10 ny/lnl —na/lnl (n #(0,0)
0 ny/lnl n1/ln]
and
1 00
V(0,00=I=|0 1 0
0 0 1
Thus, for 5 # (0, 0), we have
V() M(E 1, 12)V(n)
¢ (ny —i0n)p(1,n2) (M2 + i6n1) @Mz, —n4)
=“_” (’11+i5’12)‘//(711,’72) “’1“3 0
™, — isn )W, —n1) 0 g

Here

@M1, 12) = Bra(:® — 12%) + 2Ba11m112 + 2B2215°
Y, n2) = ﬂ13(’712 - ’122) + 2B,3m11m2 + 2B24’122

are positive definite quadratic forms as a consequence of the assumption. (See
also the comments in the first part of the proof of Lemma 5.5). Let us now
introduce a diagonal matrix D(#) by

1 0 0
<lﬁ(’71, ,’2)>1/2 0
D(ny,n,) = (1, 12)
0 0 (‘ﬂ’?zﬁ _’11)>1/2
@(n2, —n1)

for n # (0,0) and

S = O
-0 O

1
DO,0)=1=]0
0
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Thus we know that
(VD) M (&, ny, n2) V(1) D)
is hermitian and that
VD,  I(VmDm) ™| < const.
Hence M(&, 4, 1,) is uniformly real-diagonalizable. []

Proof of Proposition 54. To prove the necessity, we specify B; by succes-
sive use of Lemma 5.6 and 5.7. Then Lemma 5.8 proves the necessity. To
prove the sufficiency, we have only to apply Lemma 59. [

The matrix family indicated in Proposition 5.4 is generically not equivalent
to any hermitian family as will be proved in the following proposition.

Proposition 5.10. Let the matrix family {A, B,, B,> be spanned by

—

1 00

A=10 0 0],

(0 0 0

0 o —ile—2y)d

B, = o 1 0 ,

| i@ —2y)6 0 -1

0 B—iyd y—ipd
B,=}|p +1iyd 0 1 ,

| ¥ + B 1 0

where the real constants o, f, B, v, ¥, 6 satisfy
«a>0, [f-Fl+Ily—VI>0.
Then {A, B, B,) is not equivalent to any hermitian family.
Proof. Assume, to the contrary, that there exists a nonsingular T such that
T™AT, T7'B,T, T7'B, T

are simultaneously hermitian. Now we can proceed just in the same way as
in the proof of Lemma 5.2 and we may assume that
1 00
T=|0 p O (p > O0:real, b, d:complex).
0 b d

Further the (2, 3)- and (3, 2)- entries of T7'B; T must be complex conjugate,
and so must its (1,2) and (2, 1)- entries. From this, we have p=1, b =0,
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namely,

T =

S O =
S = O

0
0 (d : complex) .
d

Let us now consider T™'B,T. Its (2,3)- and (3, 2)- entries must be complex
conjugate, namely, d = d™!. This means that |d| = 1 and T is unitary. There-
fore A, B,, B, themselves must be simultaneously hermitian. This contradicts
the assumptions. []

Let us work on the third matrix families mentioned at the beginning of
this section, namely,

1 00 010
(5.18) < 0 0 0,1 O 1 ,C>
0 00O 000

with some matrix C, or its transposed family. Note that they are non-
uniformly real-diagonalizable by virtue of Proposition 4.6. We shall consider
(5.18) without loss of generality.

Proposition 5.11. Let a nondegenerate matrix family {A, B, C) be spanned

by
1 0 0 010
A=|(0 0 0], B=|1 0 1],
[0 00 000
[0 nt i vt i,
C=|ys+if, 0 s + s | #0
| V4t i 0 0

where v (j=1,...,5), ¥ (j=1,...,5) are certain real constants. Then
{A, B, C) is (non-uniformly) real-diagonalizable if and only if it is equivalent to

1 00 010 0 —i a+id
<000,101,i 0 ﬁ+i/§>
0 0O 0 0O 0 O 0
where o, &, P, B are arbitrary real constants.
Proof. First notice that, replacing C by C — y; B, we may assume
'))1 = 0 .

Then the succeeding Lemma 5.12 is applicable. Thus we have also



CoMPLEX STRONGLY HYPERBOLIC SYSTEMS 255

B3=—%#0, Y3=Ya=79=0.
So replacing C by —§,7*C, we have the conclusion. []
Lemma 5.12. Let a nondegenerate matrix family <A, B, C) be spanned by
1 00 010 0 i, v, + i,
A=10 0 0], B=|1 0 1{, C=\|y3+i3 0 yps+ifs|#0
000 000 Ya+ifs O 0

where vy (j=2,...,5), %, (j=1,...,5) are certain real constants. Then
{A, B, C) is (non-uniformly) real-diagonalizable if and only if

3=—71#0, 3=7=79.=0.
Proof. Taking an arbitrary # € R, the subfamily

1 00 0 7N+ iy, Yo + ¥,
<AJIB+C>=< 0 0 Of,|n+ys+ifs 0 N+ 7s +ifs >
0 00 Yo + i, 0 0

is also real-diagonalizable. From Proposition 4.5,

(va + ia)(n + i7,) =0
and

4+ )M+ 3+ iF3) + (2 + 5,) (s + i74) > 0
unless # + 95 = Js = 0. The first equality implies one of the requirements,
Ya=74=0.
Thus the second inequality reduces to
(n+ i)+ v3 +if3) >0

unless n + ys = 5 = 0. This means also some of the other requirements,

73=0, Fa=—"0.

Now it remains to show §; #0. We assume that

71=0.
Because of §; = —%; and y; =0 as well as the above y, =7, =0, we would
obtain
0 0 =
C=]0 0 =|#0
000
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where each % is a complex constant. However, this C can not be real-
diagonalizable. Thus we are led to a contradiction. []

Proposition 5.13. Let a nondegenerate matrix family (A, B, C) be spanned
by
1 00 010 0 y: + i v, i,
A=(0 0 0], B=|1 0 1/, C=|y;+if; 1 Ys + i¥s
0 00 0 0O Yo + iPa 0 —1

where y; (j=1,...,95), §; (j=1,...,5) are all real constants. Then {4, B, C)
is (non-uniformly) real-diagonalizable if and only if it is equivalent to

1007010 0 B —id ~y+%[35
00o0f[1 01

’ Bl —wy+is 1 i
000||000O . . “

where the real constants satisfy
1
O<a<l, y>§([32—452).

Proof. First note that, replacing C by C — ysB, we may assume

75 =0.
Then the following Lemma 5.14 is applicable and we have also
- [ 1 g -
=—onuf,  nEnba+2.  B=-7

7a=0, ¥s=—"7
~2<1 <0, 7 <%{4?12 -n’}.
So introducing new parameters «, f, y, 6 by
n=_4. i =—29, V2= =7, Yo = —20,

we have the conclusion. []

Lemma 5.14. Let a nondegenerate matrix family (A, B, C) be spanned by

1 00 010 0 Y1+ 5 v+ if,
A=10 0 0], B=|1 0 1], C=|ys+if; 1 iJs
0 00 00O Vo + iy 0 -1

where y; (j=1,...,4), 3 (j=1,...,5) are all real constants. Then {A, B, C)
is (non-uniformly) real-diagonalizable if and only if
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. I 1 . .
V2=—EV1V1: Y3 =§?1(V4+2), Y3=—""1>

7a=0, ¥s = =715
1,
—2<7,<0, Y2 <§{4712 ‘712}-

Proof. Let n e R be arbitrarily fixed. Consider the similarity transforma-
tion for the subfamily {4, #B + C) with

10 | 0
T=|0 1 —5(11 + i7s)
00 1
This leaves
1 00
000
0 00
intact and we also get
0 o,(n) +i6,(n) o2(n) + i, (n)
T B + O)T = | 05(n) + i65(n) 1 0
4(n) + i64(n) 0 -1
where
o (M =n+7,
G1(n) =791,

1 -
a5 () 5—5{'12 +71m = 0175 — 212
1
Gy(n) = _5{(371 + Ps)n + 1175 — 27},
1
a3(n) EE{(% + 21 — FaFs + 273} »

3 1 N N
3(m) =3 {Tam + 7475 + 275},

AV ELAR
G4(M) =7,

By virtue of Proposition 4.3, we can apply Lemma 3.2 to o,(n) + iG,(n) and
o4(n) + i64(n). Then u(n), fi(n), Y(n) must be constants while ¢() must be a
quadratic. Thus we have 6,(n) =0 and 6,(n) =0, that is,

L A SR 5 0
Ys = =715 Y2 -57’13’5 —"5717’1 ) Ya=V.
So aj(n), 6;(n) (j=1,...,4) are reduced to
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oM =1+,

6,(n) =%,

o,(n) E_% {n? +yn+ 7.2 =21},
G,m =0,

1
a3(n) EE {(a + 2 + 275},
- 1 -
G3(n) EE{‘%% + 273},
o,(n) =74,
Ga(m)=0.
Now, applying Lemma 3.2 to o, + i6, and o3 + id;, we have

1 1 .
o3(n) EE(’M + 2)a1(n), A E”'E(% + 2)61(m),
or equivalently

~

V3=%h@4+2L Fa=—T71.
So aj(n), 6;(n) (j=1,...,4) are reduced to

oy (M =1+,

6:(m =7,
oﬂmz—%wz+hn+73—2hh
&, =0,

1
%WEﬂh+ﬁW+hL

3,00 == 70 +2),
a4(1n) = 74,
G4(n)=0.
So applying Lemma 3.2 again, we know that o,(z) is negative definite and that

74 <0, Vo> —2.
The first condition is equivalent to
47,2 = 21,) —n*>0,
namely, |
1) <§{43712 -n’}.

The converse is clear from the above calculations. [
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Let us write down the summary of this section as a theorem.

Theorem 5.15. Let (A;, A,, A3) be a nondegenerate 3 x 3 matrix family
with multiple eigenvalues. Then the following 1) and 2) hold.

1) Suppose {Ay, A,, A3) is uniformly real-diagonalizable and is not equiva-
lent to any hermitian family. Then (A, A,, A3) is equivalent either to

0—c+%c+g
10010 1 0 1
000[{100[|lcee © 0
000[]|0 0O i

c+ - 0 0

L« |

where ¢ # 0 is an arbitrary complex constant, or to

1 00 010 0 —-i O
< 00O,/ O0O0|,|]i OO >
0 00 0 00O i 00
or
100 o —i(e— 2y)0 0 B—iyd y—ipd
< 0 0 0f, o 1 0 | B +iyo 0 1 >
0 00O i(lx—2y)8 0 -1 Y +if’d 1 0

where the real constants a, B, B, v, ¥ and 6 satisfy

1 ﬁl , 1 ﬁlz
a>0, y>§<a+?>, y>§<a+~a— ,

IB—B1+1y—71>0.

2) Suppose now that {A, B, C) is non-uniformly real-diagonalizable. Then
{A, B, C) is equivalent to either

1 000 1 0][0 —i ¢
<000,101,i062>
0 00[l0OO0OO|]|O0O 0 O

where ¢y, c, are arbitrary complex constants, or
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10010 1 0 0 B—is —y+%ﬂ5
00 o0f[]1 01

’ Bl —w)+i6 1 i5
000|000 . . “

where the real constants a, f, y and & satisfy
1
O<a<l, y>§(ﬂ2—452),

or their transposes.

§6. Families Spanned by Four Matrices

Let us begin with matrix families of the form:

1 00 0 * =
<000,*00,...>
0 0O *= 0 0

where each = stands for a complex constant.

Proposition 6.1. Let a nondegenerate matrix family (A, B, B,, B;) be
spanned by

A=10 0 0 N Bk = bk3 0 0 5
00 0 by O O

where by; (k =1,2,3;j=1,2,3,4) are complex constants. Then {A, B, B,, B;)
is real-diagonalizable if and only if it is equivalent to either

) 1.< 1>,
0 —c+- —ilc+-
C C
10001 0][0 01 1
00o0[|100[]000][]| ¢c-2 0 0
00o0fl|looo||l1 00 ¢

1
i<c+—> 0 0
c

with ¢ # 0 an arbitrary complex constant, or

. o) |
100][010] [0 —al 0 _’(1”)([”’5)
0o0o0l,|to0],|« 0 0, i 0 0
000
000|100 (1—y)<ﬁ—i%>0 .

where 0 <o <1, B#0, y #0 are real constants satisfying p?y*> <1 — a?, or
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1 0 o] [0 1 0][0 —a 1] [ O —i i+ 7)]
< 0 0 0,{/1 0 O, O Of, i 0 0 >
([0 0 0] {00 O0O]|1 O Of|ilx—y) O 0 |
where 0 <a <1 and y are real constant, or
1 0 0]J[0 1 0|0 —a 1] O —i (a+7)]
< 0 0 O0f,[1 O Of,[e O Of, i 0 0 >
0 0 0f|O0O OO 1 0 Of |(@x—y O 0

- - -

where o and y are real constants satisfying 0 <a <1 and o® + 92 < 1.
Moreover, in all of these cases, {A, By, B,, B3> is uniformly real-diago-
nalizable.

Proof. By Propositions 4.1 and 4.2, we may specify

6.1) B, =

O = O
SO =
o O O

Hence, by the same argument as in the proof of Proposition 5.1, we may also
assume

(6.2) by +b3=0 k=273).

By a suitable change of basis, we may further assume either
(6.3) b, (=by3)=0

or

(6.4) by, = —1 (byz=1), by, = —i (b33 =1).

Let us begin with the first case. Applying Proposition 4.1 to <{4, B,),
we have

byybyy > 0.
So, after using the similarity transformation with

1 00
T=10 1 0 (d: complex),
0 0 d

we may assume b,, = b,, =1 (recall also b,; = b,; = 0), that is,
0 01

(6.5) B,=|0 0 0
100
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Because {4, B, + B,) (n: arbitrarily fixed) is real-diagonalizable, b, + b;, must
be real. Replacing B; by

1
B, — E(bsz + b34)B, ,

we may further assume
(6.6) by, = —bss

as well as b;; = —b;;. On the other hand, a necessary and sufficient condition
for <4, B,, B,, B;) to be real-diagonalizable is that

(A, 1By +n,B, + n3B3)

is real-diagonalizable for any (n,,7,,73;) € R3. By virtue of Proposition 4.1,
the last condition is equivalent to

bs1bys + bysbss = —b3s® — by, > 0.
Replacing B; by its suitable real scalar multiple, we may assume
(6.7) —b332 - b342 = 4 .

So putting
1

by; =c—-
33
C’

1
b34 = ii(c +—>.
c

Here the minus sign can be excluded by the similarity transformation with

1 0 0
T=]0 1 0
00 -1

we have

Thus we have obtained the first family of the requirement.
Let us now consider the second case. Applying Proposition 4.1 to {4, B,),
we know

by1bys + byybyy = —1 + byybyy > 0.

So using a similarity transformation with

T= (d # 0: complex),

SO =
S = O
QU o o
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we can assume that b,, = b,, > 0. Thus we may assume

0 —a 1
(6.8) B,=[a 0 O O<a<l,
1 0 O

replacing B, by its suitable real scalar multiple. Let us apply Proposition 4.1
to (A, ¢B, + nB;) with (& 7)€ R*\{(0, 0)} arbitrarily fixed. Thus it suffices to
find the condition that

(6.9) (1 = a?)& + (bsy + bas — 2ia)Cn + (1 + byzbsa)n’

is real and positive for all (¢, n)eR?\{(0,0)}. Since bz, + by, — 2it is real,
we may put

(6.10) by, =c+ix+f, by, = —c+in+ f
where ¢ is complex and f§ is real. Thus (6.9) becomes
(6.11) (1 — a®)E% + 2Bén + {1 — ¢ + (i + B)*}n*.

We split the case according to $#0 or f=0. Let us begin with the case
B #0. Since (ix + B)*> —c? is real, we may put

(6.12) c=i%+ﬂy
for some real y #0. The quadratic form (6.11) then becomes
2
(1 — a?)&% + 2Bén + {:—2 —a? + B*— pH + 1}112 )

Now, one quarter of the discriminant of this quadratic form is

2

B - —oﬁ){;‘—fal + B - B + 1} - (5;‘—2—+ ! —oﬂ){W ~ (-}
So our condition is, (recall 0 < a < 1),
(6.13) B*y? <1 —oa?.
Let us turn to the case f =0 in (6.11). This now becomes
1 —a?)E + (1 —c*—a?)n?.

This quadratic form is positive definite if and only if ¢ is a pure imaginary
or is a real satisfying

(6.14) 2t+at<l.

Putting ¢ =iy or ¢ =y, we obtain the last two families of the requirement.
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Finally, to prove the uniform real-diagonalizability, we need only repeat
the same procedure as in the proof of Proposition 5.1. [J

Most of the matrix families indicated in Proposition 6.1 are not equivalent
to any hermitian family as will be shown next.

Proposition 6.2. Neither of the following 1), 2), 3), 4) is equivalent to any
hermitian family.

100 010 001
1) 000,{[100},{000]|,] c—- 0 0

000 000 100 |

with an arbitrary complex constant c # 0 satisfying |c| # 1.

2)
0 iQ+p(p+it
10010107 [0 —at ’ y
000f(,/]100{,]a O O}, i 0 0
000 000 i 00
(1—y)<ﬁ—if> 0 0
Y
where 0 <a <1, B #0, y #0 are real constants satisfying f?y*> <1 — a?
1 00 010 0 —a 1 0 —i i(e+7y)
3) < 0 0 O0f,]1 O0 Of,{a O O, i 0 0 >
0o0o0[loool|lt o ofli=y 0 0

where 0 <a <1 and y are real constants.
1 00 010 0 —a 1 0 —i (o +7y)

4) < 0 0 0f,[1 O Of,|]e O O], i 0 0 >
0 0O 000 1 0 O (x—y) O 0

where o« and y are real constants satisfying 0 <o <1 and «* + 9% < 1.

Proof. Let us begin with the first family. Denote the matrices by A, B,
B,, B;. Assume, to the contrary, that there exists a nonsingular matrix T
such that

(6.15) TT'AT, T'B,T, T'B,T, T'B,T

are simultaneously hermitian. By the same argument as in the proof of Lemma
5.2, we may assume
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T= (d # 0: complex).

S O =
S = O
QO O

Since the (1, 3)- and (3, 1)- entries of T"'B, T are complex conjugate, we have
d = 1/d, that is, |[d| = 1. Thus T is unitary and (6.15) means that

A P Bl 5 B2 5 B3
are hermitian. However, B; is not hermitian because |c| # 1. We are thus
led to a contradiction.

The same argument is valid for the families 2), 3), 4). So we omit the
proof for these cases. []

Let us turn to the other types of matrix families. In Proposition 5.3, we
have already proved that any real-diagonalizable matrix family of the form:

1 00 0 = % 0 * =«
< 0 0 Of,|= 1 Of,|* 0 O ,...>,
0 00 *= 0 —1 *= 0 0

is equivalent to a hermitian family. We will prove that the real-diagonalizable
family of the form:

1 00 0 = * 0 = = 0 = =

< 0 0 0f,[= 1 Of,|« 0 L[, |« O Of,... >,
0 0O * 0 —1 * 1 0 * 0 0

is also equivalent to a hermitian family.

Proposition 6.3. Let a nondegenerate matrix family {A, B,, B,,C,, ..., C,>
(n > 1) be spanned by

1 00
A=10 0 0},
00 0
[ 0 3 By +iBiy Bip+ By |
B, =| B3 + i/’il3 1 0 )
Batife O 1|
[ 0 3 By + By Baz+ iy, |
B, =| B3 + i/fzs 0 1 ,
| Baa + iBaa 1 (U
0 Yin Wi Vit i
| Via T+ iPja 0 0
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where By, ﬁjk, Vjts Tjx are arbitrary real constants. If (A, By, B,,Cy,..., G is
real-diagonalizable, then it is equivalent to a hermitian family.

Proof. Consider

(1> — 122)By + 2mym,B, + {Cy + - + (,C,

0 pl(ﬂ’ C) + lﬁl(na C) p2(119 C) + 152(71: C)
= | ps(n, {) + ips(n, {) % —ny? 2141,
pa(, {) + ipa(n, {) 2111, -2 4157

with any fixed (7, () e R**"\{(0,0)}. Here
i, §) = Buns® — 12°) + 2Buniny + Yot vl
Auln, O) = Buidns® = m2?) + 2Bunsmy + Liot us
for k=1, 2, 3, 4. Note that
CA, (ny2 —n2)By + 2nymyBy, + Y, (G = {4, By, B,, Cy, ..., C)

is clearly real-diagonalizable. Define a real orthogonal matrix V(y) by

1 0 0

V=10 ny/lmll —n/lnl
0 #na/lml ny/lmll

where
Il = (12 + n,2)"2.
By the similarity transformation with this V(y),
<A, (1, — n,%)By + 2n,m, B, + Z G

is equivalent to

100 0 o1(n, 0) + i61(n, {) a,(n, {) + i6,(n, {)

< 000 |, lInl™| a3(n, ) + id5(n, 0) Il 0 >
000 04, {) + iG4(n, {) 0 — Il

where

6.16)  0y(1.0) = (1% — 12)(Busny + Buatta) + 20:m2(Bosny + Bratla)
+ Y0 G+ 72126

617) 6,01, ) = (1.2 — 1,2 (Buany + Buana) + 20112 (Bayny + Baana)
+ 2=t Gty + F2M2)G; 5
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6.18) 031, 0) = (1,% — 122) (Baay + Buatta) + 20:m2(Baaty — Bayta)
+ Y0 Gy — 724

6.19) 8201 0) = (1:* — 22)(Buamy + Buanz) + 201m2(Baany — Baan2)
+ 2 T2ty — Fun2)G; s

(6.20)  a3(m, 0) = (1:* — n2?)(Brany + Branz) + 20112(Bashy + Baantz)
+ 201 i3my + va2)l

621) 6300 0) = (11* — n2°)(Brany + Brana) + 20m2(Basny + Baany)
+ Yt Gty + Frah2)l; s

(622)  aun, {) = (11 — 12*)(Brany — Branz) + 201m2(Braty — B2ana)
+ 3y Ogalts — 7j302)05

623) 6401, 0) = (1, — 1:.2)(Branty — Busnz) + 203m5(Baanty — Basnz)
+ Yy Gty — Fan2)ls -

Note that all of a,(n, {) and 6,(y,{) (k=1,...,4) are linear polynomials with
respect to { =({y,...,(,) and each of the coefficients of {, (k=1,...,n) is a

linear polynomials in # = (n,,7n,). Let us apply Proposition 4.3 and Lemma
32 to

o1(n, {) +i6,(n, {)
and
a3, {) + i65(n, {) .
Thus we have
sgn o, (1, {) = sgn a5(7, {) ,
sgn 6, (n, {) = —sgn 65(1, {) .

Recall that a;(n, {) and 6;(n, {) are linear with respect to { and their coefficients
of { are linear polynomials in #. Consequently there exist positive constants
o >0 and & > 0 such that

0-3(115 C) = 0‘0'1(71» C) B 53(*]» C) = _&&1(’7: C) .
Meanwhile

{o1(n, 0) + i6,(n, )} {o3(n, ) + i63(n, {)}
{o:(n, O) + i61(n, O)} {aa,(n, {) — 46, (n, {)}
af{oy(n, O} + &{6,(n, )}* + i(a — &)a,(n, )6, (n, {)
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must be real for all (,{) e R2*". Thus we obtain & = « > 0, that is,
(6.24) o3, ) =a0,(n,0), 63, )= —adi(n, ) (x>0).
Hence, these identities imply

Bz = oB;s Bia = Bjz l;’,-3= —“3'1, /?j4= ““~j2’
for j=1, 2 and

Vi3 = %P1 » Via = %P2 » Tz = — 0P Tha = — iz

fork=1,...,n. Therefore 4, B;, B,, C{, ..., C, can be transformed simultane-
ously to hermitian matrices through the similarity transformation with

Je 00

T=10 10
0 01

The proof is completed. [
Let us now prove that the real-diagonalizable family of the form:
1 00 0 = * 0 * = 0 = %
< 0 0 O0),]= 1 Of,]= O 1]|,[= O —i >
0 00O *» 0 —1 * 1 0 i 0

is also equivalent to a hermitian family.

Proposition 6.4. Let a nondegenerate matrix family {4, B, B,, B;)> be
spanned by

1 00
A={0 0 01,
000
0 N By +iByy  Biz + By |
By =| 15+ iém 1 0 )
| Bia + i1 0 -1 ]
[ 0 ; Bai +iByy  Baz +iBay |
B, =| B3 + iljza 0 1 )
| Baa + iBaa 1 0 ]
I 0 3 Bsy +iBsi  Bsy + iBss |
By=| B33 + ilfsa 0 —i ,
| Bza + iB3a i (U
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where B, ﬁj,, (j=1,23k=1,2,3,4) are arbitrary real constants. Suppose
that <A, B,, B,, By) is real-diagonalizable. Then {A, B,, B,, B;) is equivalent
to a hermitian family.

Proof. Consider
(1% + 12° — 13%)By + 21113 B; + 20,13 B,

0 p1(n) + ipy(n)
psm) + ips(n) 1> + n? —ny?

pa(n) +ipa(n)  2n3(ny + iny)

p2(m) + i, (1)
2n3(ny — in)
-1 =12 + 05’
with any fixed n = (1, 15, 13) € R*\{(0, 0, 0)}. Here

5

pi(n) = Byj(ny® + n% — n3%) + 2Baimins + 2Pajnans

ﬁj(’?) = Bu(’hz + ’122 - 7732) + 2[?2,"71’13 + 2B3j’72’73 .
for j=1, 2, 3, 4 Note that

CA, (1% + 1% — 13%)By + 21,13B; + 21,13 B3) < <4, By, By, B3
is clearly real-diagonalizable.

We define a unitary matrix U(y) by

1 0 0
Um=|0 (n,—iny)/lnl —n3/lnll
0 n3/lnl (my + in)/lInll
where

Il = @2 + 1% + n3%) "2

By the similarity transformation with this U(y),

<A, (1% + 13> — n3%)By + 24,13B, + 24,13 B5)
is equivalent to

lImll® 0
000

1 00 0 o,(n) +i61(n) o,(n) + i6,(n)
< 0 0 O, lnll™" | os(n) + id5(n) >
o,(n) + i64(n) 0

—Inl?

where

(6.25) oy(n) = (1,% + 1% — 133 (Byyny + Buflz + By213)

+20,13(Basny + Baamy + B2213)

+ 21,m3(B31my + E31’72 + Bs2m3)
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(6.26)

6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)
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G1(n) = (’712 + ’122 - ’132)(E11’11 — Binz + B127'I3)
+ 2’71’73(/'?21’71 — Bainy + 522’73)
+ 20,13(Bssny — Baatty + Baana)

o,(n) = (’712 + ’722 - ﬂsz)(ﬂum - Blzﬂz — Bi113)
+ 2n115(Br211 — Ezz"lz — B21m3)
+ 211,13(B3211 — ﬁaz’lz = B3113)

G,(n) = (’112 + ’722 - ’732)(512’11 + Bianz — ﬁuﬂs)
+ 2']1’73(ﬁ22’11 + Baan; — ﬁzﬂ'ls)
+ 2’12’73(ﬁ32’71 + B3an, — B31’73) s

o3(n) = (’112 + ’722 - ’732)(B13’11 - ﬁ13’72 + Biant3)
+ 20113(Ba3ty — Baatta + Baatls)
+ 21,13(Bsaty — Basttz + Baalts)

&3 = (1,2 + 122 — 132 (Brany + Buamy + Brans)
+ 20, 13(Bastty + Basty + Baafts)
+ 20313(B3sny + Bastz + Baafts)

04(1) = (112 + 1,2 — 132)(Braty + Branz — Bians)
+ 21113(Baany + ﬁ24’72 — Ba2313)
+ 21,13(Baaly + Baatta — Baata)

G4(n) = (7112 + ’122 - ﬂaz)(ﬁ14’11 — Branz — ﬁ13’73)
+ 2’71’13(524’11 — Branz — 523’13)
+ 2’12’73(/}34’71 — Bsafts — Bsans) .

From Proposition 4.3, either

or

{o2(n) + i6,(n)} {o4(m) + iG4(m)} > O

0,(n) + i6,(n) = 04(n) + iG4(n) =0

holds for any ne R3. By applying Lemma 3.2, we have

(6.33)
(6.34)

o,(n) = pmem), 6,0 = dmem),
o, =pmym), 64 = — My (n)
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where u(n), f(n), o), Y(n) are polynomials with real coefficients such that
(6.35) sgn (1) = sgn Y(n)

for all n € R® unless u(n) = fi(y) = 0. Note that ¢(y) and () are polynomials
of the same degree, equal to or less than three (see (6.33) and (6.34) and
remark that o,(n) and o,(n) are both cubic). Similarly, we have also

(6.36) a1(1) = uo(Meo(n) 61(n) = fo(meo(n) »
(6.37) a3(n) = po(M¥o(n), 63 = — fGo(MYo(n)

where po(n), fio(n), ©o(n), Yo(n) are polynomials with real coefficients such that

(6.38) sgn @o(n) = sgn Yo(n)

for all 7 € R? unless uy(n) = fip(n) = 0.

Before proceeding further, let us prove if each of ¢(#) and ¥ () is a positive
constant multiple of the other, then <{A, B,, B,, B;) is equivalent to a hermitian
family. Putting

Y(n) = ap(n)

with a real constant a > 0, we obtain

04115 N2> N3) = 005(11, N2, 13) -

From the definition of ¢,(y) and a,(n), this means
Bis = aB;1 Bia = Bz
ﬁj3= —a~j1’ ﬁj4= _a~j2’
for j=1, 2, 3. Through the similarity transformation with

Ja 00

T=| 0 1 0},
0 01

{4, By, B,, B;) is equivalent to a hermitian family. Similarly, we can prove
if each of ¢,(n) and Y, (n) is a positive multiple of the other then {4, B,, B,, B;)
is equivalent to a hermitian family.

Let us now prove that (A4, B, B,, B;) is equivalent to a hermitian family
by contradiction. Assume the contrary. By the above-mentioned remark, we
may further assume that ¢(y) is not a positive constant multiple of Y (y), nor
is @o(n) a positive constant multiple of Y,(n).

First let us prove

0,(n) +i65(n) = 04(n) +i6,4(n) =0
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for some 1 € R*\{(0, 0, 0)}, by contradiction. Assume the contrary. We may
also assume that u(n) and fi(y) do not simultaneously vanish because

uln) = fi(m) =0

would mean

0,(n) + i65(n) = a4(n) + i64(n) =0
from their definition. Thus the equality

(6.39) sgn (1) = sgn Y(n)

mentioned in Lemma 3.2 is valid also for n with u(n) = fi(n) = 0, hence for
all 7 e R3. Moreover, u(y) and fi(n) must have even degree because otherwise
they would have a common nontrivial real zero point. Because ¢(y) and ¥()
are linear or cubic (recall u(n) and fi(n) are of even degree), they have nontrivial
zero points which must be common from (6.35). In order to prove this fact
rigorously, we need only regard ¢(y) =0 and Y/(y) = 0 as two algebraic curves
in RP? and apply the Bézout theorem (see, for example, Brieskorn-Knorrer [1]).
Note that the curves ¢(n) =0 and ¥(n) = 0 have an odd number of common
(complex) points in CP2. Note also that common complex zero points of ¢(y)
and Y(n) appear with their conjugates. Therefore, there must be at least one
real nontrivial common zero point. Thus we have proved

0,3(1) + i65(n) = a,(n) + i64(1) = 0

for some 7 e R3\{(0, 0, 0)}.
The fact just proved means that through the similarity transformation
with unitary matrix

1 0 0
Um =10 (1, —in)/lnl —n3/lInl
0 s/l (1 + iny)/Inl

with n = (4, 15, 113) found above,

(1:% + 1> — 13%)By + 20313 B, + 20,13 B,

becomes
0 ai(n) +i6,(n) o,(n) +id,(n)
Il =" | o3(n) + id3(n) Il 0
a4 (1) + id4(n) 0 —Inl?
where

0,(n) + i6,(n) = a4(n) + i64(m) = 0.
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By using this similarity transformation, we may further assume that
Biz + iﬁn =Pia + iﬁm =0
holds for B, of {4, B;, B,, B;>. And by another similarity transformation with

c 00
T=|0 1 0 (c # 0: complex),
0 01

the (1, 2)- and (2, 1)- entries of B,, namely, f,, + if,, and B, + if,s become
real (see Proposition 4.3). In other words, we have f,; = ;3 =0. Summing
up, we may even assume

(6.40) Bis=PBis=Pi2=Bi2=Pra=Pa =0,
without loss of generality. Therefore, a,(1), 6,(1), 04(n), 64(n) are reduced to
(6.41) o3(n) = n3{—Pr1(1* + 12" = 15%) + 211 (Baats — Baatla — Bars)
+ 215(Bsafy — Baanz — Bsans)}
(642)  &,(n) = 203{n1(Baaty + a2 — Baans) + Ma(Baatly + Bsatia — Baama)}
(6.43) ou(n) = n3{—B13(1,* + 12> — 135%) + 2101 (Baahs + Baattz — Basns)
+ 215 (Bsatty + Baaniz — Bsans)}
(6:44)  G4(n) = 203{n1 (Boany — Baanz — Bass) + Ma(Bsatiy — Baatia — Basns)} -
By applying Lemma 3.2 again, we have
o,(n) = pmeMm),  6:(n) = ame),
oun) = pmy@), 6. = —anym).

Here ¢(n), Y(y) must have a common factor 55. Let us divide the case accord-
ing to the degree of ¢() and Y (y). Assume first that they are linear. In this
case, they are both constant multiples of #5. And the equality

sgn @(n) =sgny(n)  unless u(n) = ji(n) =0

means that each of ¢(y) and yY(n) is a positive multiple of the other, which
contradicts our assumption. Similarly, we reach a contradiction also in the
case where ¢(n) and () are quadratic polynomials which have #5 as a factor.
Finally we assume that ¢(x) and Y () are cubic polynomials which have 75 as
a factor. Then u(n) and fi(n) become nonzero constants. Therefore, &,(1)/a,(n)
and 6,(n)/o4(n) are nonzero constants. Hence (6.41) and (6.42) mean f,; =0,
considering the coefficients of 5;3. Similarly (6.43) and (6.44) mean f,; = 0.
Thus we have
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(6.45) Biy =PB13=0.

Now if a,(n)/n3, 6,(0)/M3, 6.(n)/M3, 64(n)/n; were linear polynomials with respect
to 75 then each of ¢(n) and Y(y) would be a positive constant multiple of
the other, because of sgn ¢(n) = sgn ¥(y). This means that o,(n)/n3, &,(1)/13,
04(n)/ns, 64(n)/n; are constants with respect to 75, that is,

(6.46) Bai = Ba1 = Bsy = Bs1 = Bos = Bos = P33 = B33 = 0.
Now let us consider a,(n) + i6,(n), o5(n) + ié(n):
01(1) = 213°(Ba2M1 + Bsata)
&,(1) = 2032(Ba2ny + Bsana)
a3(n) = 203%(Bratty + Baanta) »
&3(1) = 215> (Byamy + Bsama) -

Here we have used (6.40), (6.45), (6.46). Again from Lemma 3.2, there must
be a positive constant a > 0 such that

(6.47) a3(n) = a0, (1),
(6.48) G3(n) = —ad,(n) .

This would mean that {4, B, B,, B;) is equivalent fo a hermitian family as
pointed out before. We are thus led to a contradiction. []

Before ending this section, we shall consider non-uniformly real-
diagonalizable families. In other words, we shall consider

1 00 010 0 =
< 0 0 0f,|]1 O 1{,]= O
0 0O 0 0O 0

100701 0][0 « ][0 = =
<000,101,*1*,*0*>
00o0|looofl[«o0 —1]|«00

where each * stands for a complex constant.

or

Proposition 6.5. Let a matrix family (A, B, C,, ..., C,> (n > 2) be spanned
by

S O O
o O O
o~
]

O = O
SO =
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0 Vit i V2t i
Vot ife O 0

where vy, Ju (j=1,...,n;k=1,...,5) are real constants. If {A,B,Cy,...,C)
is real-diagonalizable, then it is degenerate.

Proof. Assume, to the contrary, that {4, B, C,, ..., C,> is nondegenerate.
Then by a suitable change of basis, we may further assume

711 =%11=0.
Hence we are led to a contradiction, by applying Lemma 5.12 to {4, B, C,>. [

Proposition 6.6. Let a nondegenerate matrix family (A, B, C) be spanned
by

1 00 010
A={0 0 0], B=|1 0 1],
[0 00 000
0 i vt il 0 8, +idy 8, + i,
C=|r+ih 1 vs+ifs |, D=|0;+id, 0 85 + ids
| va+ifs O ~1 Ss+i6, O 0

where v;, 9;, 0;, 51 (j=1,...,5) are real constants. Then (A, B, C, D) is (non-
uniformly) real-diagonalizable if and only if it is equivalent to

1 00][0 10 0 B —y 0—i5+%/3
00 0f|t 0 t|gi-0 1 0L
0 0 _ _

ol o 0 o 20 —1] | o 4

where the real constants satisfy
0 1 > ! B>+ ! 82
<a<l, = =0°.
o Y 3 7

Remark. By using a further change of basis and similarity transformation,
we can assume

0=0
in the above matrix family.

Proof. Let us prove the only-if part. First note that, replacing C by
C — ysB, D by D — 5B, we may assume

(6.49) 7s=0, 8,=0.
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Let us apply Lemma 5.14 to {(4,B,C) and {4, B,C + D). Thus we have
especially

and
fatby=—9—b,, Fs+ds=—-F1—0.
Combining these, we have also
§y=—8,, d5=-9,.
Then we apply Lemma 5.12 to (4, B, D — §;B), we have
6, #0, 8,=05, 0,=6,=0.
Therefore, replacing C by C — (5,/8,)D, D by —(1/8,)D, we may assume
(6.50) Y
651 b6, =-1, &=

w
~

1=73=7.=79=0,
3

5 61=5 64=54=65=0.

Qe
[,

5 —
Now applying Lemma 5.14 to {4, B, C), we obtain

- - 1 1
(6.52) 7, =19 =0, = nlat+2,  —2<p<0, p<—g 72

Next let us apply the same Lemma 5.14 to <{A4, B, C + nD) with arbitrarily
fixed neR. So we must have

L o
(F2 + 02m) E—E(Vl + 61m)(Fy + 01m) ,

namely

52’1 = g(’h + d11)

holds for all e R. Thus we obtain
|
0,(=03)=0, 52-_—5 Y1
Now, it suffices to consider {4, B, C + nD) with arbitrarily fixed ne R
because {4, B, D) is real-diagonalizable as easily seen. So let us apply Lemma
5.14. Thus the required condition is that the following hold as well as (6.49),

(6.50), (6.51), (6.52).
Y2 + 52'I<% (4n*> —y,2) for all neR.

As easily seen, the last inequality holds if and only if

1 1
<=8, —— %
Y2 5% 871
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Finally, introducing new real parameters «, 8, y, § by
n=_,, V2= —7> V4= —2a, 0,=9,

we complete the proof of the only-if part. The if part is clear by the last
argument. []

Let us summarize the results obtained in this section as a theorem.

Theorem 6.7. Let {A,, A,, A5, A4) be a nondegenerate 3 x 3 matrix family.
Then the following 1) and 2) hold.

1) Suppose that the family (A,, A,, As, A,y has multiple eigenvalues and
is not equivalent to any hermitian family. Then it is uniformly real-diagonalizable
if and only if it is equivalent to either

1
i(c+—> 0 0
i c

with ¢ a complex constant satisfying |c| #0, 1, or

o
0 —i @ i
100701010 —a 1 ’(”)(’”’y)
000(,]1 00],]e O O}, i 0 0
000 000 1 0 0 (l—y)<ﬁ——iz> 0 0
Y
where 0 <a <1, B#0, y # 0 are real constants satisfying p?y> <1 — o2, or
1 00 010 0 —a 1 0 —i i(a+7y)
< 0 0 0,1 O Of,fa O Of, i 0 0 >
0 0O 0 00 1 0 0 ila—y) O 0

where 0 <o <1 and y are real constants, or
1 00 010 0 —a 1 0 —i (e +7y)
< 0 0 O0f,[1 O Of,|]ae O Of, i 0 0 >
000 0 00O 1 0 O (fx—9y) O 0

where o and y are real constants satisfying 0 <a <1 and o® + 9% < 1.
2) The family {(A,, A,, A3, Ay) is non-uniformly real-diagonalizable (neces-
sarily with multiple eigenvalues) if and only if it is equivalent to
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1001010 0 B —y 0—:6+%ﬂ
00 0Lt ot |pu-a 1 0L o
00o0||ooo —2 0 —1] | o

where the real constants a, f, y and 6 satisfy
O<ax<l >1 ﬁ2+1 6%
ol s o ~ 3
1787 T

or their transposes.

§7. Families Spanned by Five or More Matrices

*
0

Proposition 7.1. Let a nondegenerate matrix family {A, B,,..., B,) be
spanned by

Let us begin with the families of the form:

1 0 O 0 = = 0
< 0 0 O/, O O,]=
00

000 *

O O %

*

100 0 by b
A——- 0 0 0 s Bk= bk3 0 0 5
00 0 bye O O

where by; (k, j = 1,2, 3,4) are complex constants. Then {A, By, ..., By) is real-
diagonalizable if and only if it is equivalent to

1 00 010 0 01 0 —a —i 0 —i «
< 0 0 0f,[1T 0 0},]|O0 Of,la O O |,| i 0 0 >
000 0 0O 1 0 i 0 O —a 0 O

with a real constant o satisfying 0 < a < 1. Moreover, in this case, (A, By, ..., By)
is uniformly real-diagonalizable.

Proof. Repeating the same argument as in the proof of Proposition 6.1,
we may assume

010 0 0 1
B,=|1 0 0], B,=10 0 O
0 0 O 1 00
and
by = _bk3 s b, = —bia (k=3,4).

By a suitable change of basis, we may also assume that b,; is real and b,,
is purely imaginary. Applying Proposition 4.1 to {4, B;) and to {4, B,), we
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have

by1bss + byybys = —by3? — b3,2 >0,
and

by1bys + byybss = —by3? — by > 0.

So we know that every entry of B; and B, is either real or purely imaginary.
Let us apply Proposition 4.1 to {4, (B, + nB,) with &, # arbitrarily fixed
reals. Thus the necessary and sufficient condition is that the inequality

—(b33& + by3n)® — (b34& + baan)* >0

holds for all (£ ) e R*\{(0, 0)}. From this, the conclusion immediately follows.
As for uniform real-diagonalizability, we need only proceed in a similar way
to that for the proof of Proposition 5.1. []

Proposition 7.2. Let a matrix family {A, B,, ..., B,) (n = 5) be spanned by

100 0 by b
4=|0 0 0|, B=|b; 0 O G=1,...,n)
000 by O 0O

where by (j=1,...,5 k=1,...,4) are complex constants. If {A,B,..., B,
is real-diagonalizable, then it is degenerate.

Proof. Assume, to the contrary, that {4, B,,...,B,) is nondegenerate.
Hence we can proceed just in the same way as in the proof of the preceding
Proposition 7.1. So we may also assume

010 0 0 1
B,=|1 0 0, B,=|0 0 0
0 0O 1 00
and

by = —bis bea = —bia (k=3,4,5).

By a suitable change of basis, we may also assume that b, is real, b,; is
purely imaginary and

bs3;=0.
Applying Proposition 4.1 to {4, B;>, {4, B,), and {4, Bs> we have
by by + byybyy = —by3? — b2 >0,
by1bas + byybss = —bg3® —by? >0,

bsibsy + bsybs, = —bs,*> > 0.
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Thus, multiplying B; and Bs by suitable real scalars, we may assume

0 —a —i 0 0 —i
By=|a O 0], Bs=|0 0 O (o : real) .
i 0 0 i 0 0

Since {4, By, ..., B,> is nondegenerate, we have B; — Bs # 0, that is a # 0.
Now, B; — B; must have imaginary eigenvalues +ix. We are thus led to a
contradiction. []

As already proved in Proposition 5.3, the family of the form:

1 00 0 0 * = 0 =

< 0 0 0],]= 0|, 0 Of,]= O s >
00O * 1 00 *= 0 0

£

*
*

(=]

%
1
0 —

is equivalent to a hermitian family. Similarly, by virtue of Proposition 6.3,
the family of the form:

1 00 0 = % 0 = =« 0 = =
< 0 0 Of,]* 1 Of,|= 0 1,/ 0 O ,>
0 0 * 1 0 :

0 0 —1

*

is also equivalent to a hermitian family. Let us now prove the family of the

form:
1 0 0 0 = % 0 = = 0 = * 0 * =
< 0 0 Of,]= 1 O|,|« 0 1{,[« O —il|,[* 0 O ,>
0 0 O * 0 —1 = 1 0 ® 0 * 0 0

is also equivalent to a hermitian family.

Proposition 7.3. Let a nondegenerate matrix family {A, B, B,, B;, Cy, ...,
C,> (n=1) be spanned by

1 0 0
A=|0 0 0O},
000
0 N Biy +iBiy Bip+ By |
B, =| B3+ ilfls 1 0 ,
| Bia + iBra 0 -1 ]
[ 0 3 Bay + iBay By + iBas |
B, =| B3 + i/fzs 0 t )
| Bra + P2y 1 0 |
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0 Bsy +iBsy  Baz + ifsz
By = | B33 + i/?aa 0 —i )
| Bas + iP3a i 0
0 Yt ¥ Ve + P
Ci=|7+ifs 0 0 ,
| Via + i%ja 0 0

where B, Bjk, Vik» T are arbitrary real constants. If {A, B,, B,, B;,Cy,...,C,)
is real-diagonalizable, then it is equivalent to a hermitian family.

Remark. The proof is similar essentially to that of Proposition 6.3 rather
than to that of Proposition 6.4.

Proof. Consider

(1% + 122 — 13%)By + 20yn3B, + 2n,m3B5 + Y iy LGy

=| ps(n, ) +ips(m, 0)  my% + 1,7 — 13’ 2n3(ny — in,)
pa(n, £) +ip4(n, {) 2n5(n, + iny) _’712 - ’722 + "Isz

with any fixed (1, {) = (115 N125 M35 (15 ---» () € RZTN{(0, 0, ..., 0)}. Here
pi(n) = ﬁu(’hz + 122 —n3%) + 2By mims + 2B55m2m3 + i1 Vil >
ﬁj(”l) = ﬁu(”llz + ’722 - ’732) + 2E2j’71’73 + 2E3j’72’73 + Z'I:=1 ﬂg‘Ck .
for j=1, 2, 3, 4 Note that
CA, (3% + 2% — 13®)By + 20,13 By + 21313 B3 + Y ey §Ciod
< <A, B, B,, B3, Cy, ..., C,)>

is clearly real-diagonalizable. We define a unitary matrix U(y) by

1 0 0
Um=1|0 (n,—in)/Inl —n3/lnll
0 13/lInll (ny + inz)/lInll

where
Il = @122 + 152 + n3?)"2..
By the similarity transformation with this U(y),
(A, (1, + 12> — n3%)By + 20:113B, + 20213 Bs + Yies LG

is equivalent to
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100 0 o1(n, {) + iG1(n, {) o5(n, {) + i62(n, {)
< 000, [nl™ | a3, ) + i3, ) flnll® 0

000 041, {) + i64(n, O) 0 —lnl?
where

oy(n) = (1% + 12> — 133 (Byyny + 311'12 + Bi273)

+ 20313(Basty + Basta + Baatis) + 202m3(Basny + Basty + Baants)
+ Dh=1 Gty + Feallz + Meata)e s

&1(m) = (1,2 + 122 — 032 (Brany — Buatty + Brans)

+ 20,13(Bastty — Bastta + Baatis) + 20ama(Basny — Bayny + Bsans)
+ D k=1 Gty — Va2 + Fea3)li s

oy(n) = (7112 + ’122 - ﬂaz)(ﬁ12ﬂ1 - .gu'lz — Bi113)

+ 20:13(Baatty — Baatla — Bainis) + 20215(Bsans — Baaty — Basns)
+ Z'Ilc=1 (21 — Tezf2 — Veat3)C >

21 = (1,2 + 12> — 132)(Buany + Biana — Buans)

+ 20313(Baaty + Baatta — Bayms) + 2’72']3(332’71 + Bsatty — Bains)

+ V%=1 Gty + Va2 — Fea3)lsc»

a3(1) = (1,2 + 122 — 13%)(Byany — Brsna + Brants)

+ 21413(Ba3tty — Bastz + Baatts) + 21513(Bssnty — Basntz + Baants)
+ D=1 haly — Faa?lz + Vealta) i

&3(n) = (> + n?— ’732)([313’11 + Bisn, + B14’13)

+ 2’71’13(323’71 + Basny + ﬁz4’73) + 2’12’73(1?33’11 + Bssn, + E34’73)

+ D=1 Fafy + Wtz + Fuatta)

04() = (1,2 + 122 — 132 (Braty + Brantz — Bians)

+ 21113(Brany + ﬁ24’12 — Bastts) + 2n213(Bsany + 334’72 — Bs3n3)

+ Z'fc=1 (Veatts + Tealz — Veat1s)lk >

Ealn) = (% + 122 — ’132)(314’11 — Branz — 313’13)

+ 2’71’13(&24']1 — Bran, — ﬁza']s) + 2’72’13(334”/1 — B3anz — 3331’13)
+ k=1 Geals — Veatz — Fuatta)ls -

)
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Note that all of o,(n, {) and 6&(y,{) (k=1,...,4) are linear polynomials with
respect to { = ({,...,(,) and each of their coefficients of {, (k=1,...,n) is a

linear polynomial in # = (3,, #,, n3). Let us apply Proposition 4.3 and Lemma
32 to

0'1(115 C) + 161(”, C)
and

o3(n, {) +id5(n, {) .
Thus we have

sgn g, (1, {) = sgn a3(n, {)
sgn 6,(n, {) = —sgn G3(n, {) .

Recall that a(n, {) and &(n, {) are linear with respect to { and their coefficients
of { are linear polynomials in #. Therefore the same reasoning is valid as
for Proposition 6.3. And we obtain

031, ) = ao:(n,0),  &3(n, {) = —ad;(n, )
for some o > 0. As a consequence, we have
ﬁj3 = aﬁjl s Bj4 = “.sz > Bjs = _“~j1 > ﬁj4 = —“Ejz s
for j=1, 2, 3 and
Ye3 = %kq 5 Yea = Oz » Pz = — 0Pt » Tea = —Fi2

for k=1, ..., n. Therefore 4, B,, B,, B;, C,, ..., C, can be transformed to
hermitian matrices by the similarity transformation with

Jo 00

T=| 0 10
0 01

The proof is completed. [

Finally, let us turn our attention to non-uniformly real-diagonalizable
families. We need only consider

or
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Here, we can ignore the first one because we have discussed it in Proposition
6.5. So let us consider the second one.

Propesition 7.4. Let a matrix family {A,B,C,D,,...,D,> (n>2) be
spanned by

1 00 010 0 7y 4+, y+if
A=|0 0 0|, B=|10 1|, C=|y+if 1 Vs + i7s |,
000 000 Ya+ifs O -1

[0 Ses + 00y Oy + 10,2
D= 83 + id,5 0 Ois + iy
| Sia + 104 0 0

where y;, 7, 9, 51 (k=1,...,n;j=1,...,5) are real constants. If the family
{A, B,C,Dy,...,D,> is real-diagonalizable, then it is degenerate.

Proof. Apply Proposition 6.5 to {4, B, D,,...,D,>. O

The results obtained in this section are summarized as follows.

Theorem 7.5. Let (A,,..., A,y be a nondegenerate 3 x 3 matrix family
with multiple eigenvalues. Then the following 1) and 2) hold.

1) Suppose n > 6 and that (A, ..., A,y is real-diagonalizable. Then it is
equivalent to a hermitian family.

2) Suppose n=15 and that (A, ..., A,) is real-diagonalizable. Then it is
uniformly real-diagonalizable. In this case, it is equivalent either to

1 00 01060 0 01 0 —a —i 0 —i «o
< 0 0 O0|,{1 0 0],]0 0 Of,]« 0 O0f, i 00 >
0 0O 0 0O 1 00 i 0 O —a 0 0

with a real constant o satisfying 0 <a < 1, or to a hermitian family.

§8. Summary

As a summary of this paper, we reprint here Theorem 7.5, 6.8, 5.15, 4.7,
in this order. However, we rename them for the present section to look
natural as a classification table.

Theorem 8.1. Let {(Ay,..., A,) be a nondegenerate 3 x 3 matrix family
with multiple eigenvalues. Then the following 1) and 2) hold.

1) Suppose n > 6 and that {A,,..., A,) is real-diagonalizable. Then it is
equivalent to a hermitian family.

2) Suppose n =15 and that {A,,..., A,) is real-diagonalizable. Then it is
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uniformly real-diagonalizable. In this case, it is equivalent either to
1 00 010 0 0 1 0 —a —i 0 —i «
< 0 0 0j,[1t O 0},[0 O 0], 0 O0f, i 00 >
0 00 0 00 1 00 i 0 0 —a 00

with a real constant o satisfying 0 <a <1, or to a hermitian family.

Theorem 8.2. Let {(A,, A,, A5, A,) be a nondegenerate 3 x 3 matrix family.
Then the following 1) and 2) hold.

1) Suppose that the family {(A,, A,, A3, A,> has multiple eigenvalues and
is not equivalent to any hermitian family. Then it is uniformly real-diagonalizable
if and only if it is equivalent to either

1 1\]
0 —c+ - —i<c + —)
c c

. c—— 0 0
c

1
i(c+—> 0 0
c

with a complex constant c satisfying |c| #0, 1, or

o O =
o o O
(= R
o O O
S O =

o
|
R
)
|
~—~
=
+
=
N
=
+
TR
N—

o O =
o O O
o O O
S = O
S O =
o O O
—_- R
o O
[

o

(=]

where 0 <o <1, B#0, y # 0 are real constants satisfying p*y> <1 — a?, or
1 00 010 0 —a 1 0 —i il +7y)
< 0 0 0,|]1 0 0},]« 0 0f, i 0 0 >
0 00 0 00 1 00 ilc—7y) O 0

where 0 < a

1

< 0

0

where a and y are real constants satisfying 0 < a <1 and o* + y* < 1.

2) The family (A, A,, A3, A4) is non-uniformly real-diagonalizable (neces-
sarily with multiple eigenvalues) if and only if it is equivalent to

1 and y are real constants, or

0 010 0 —a 1 0 —i (ix+7y)
0i{,{1 0 0},|« 0 0], i 0 0 >
0 000 00

1 (lc—y) O 0

S O O A
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100101 0 0o g —y]lo —i5+%ﬂ
000t otl|pi-01 0| ;
00o0||oo o ~2% 0 -1 | o

where the real constants o, f, y and S satisfy
1 1
0 1 > 2462
<a<l1, SB 9%

or their transposes.

Theorem 8.3. Let {A,, A,, A;) be a nondegenerate 3 x 3 matrix family.
Then the following 1) and 2) hold.

1) Suppose that the family {A,, A,, A3) has multiple eigenvalues and is
not equivalent to any hermitian family. Then it is uniformly real-diagonalizable
if and only if it is equivalent to either

0 —c+1 c-%-1
1 00]J0 10 1 ¢ ¢
0001t 0o0fl]lce 0 0
00o0f(|loo0 o0 i
C+E 0 0
L -

or its transpose

0
or
1 00 0 a —ile—2y)0 0 B—iyd y—ipd
< 0 0 0], o 1 0 | B +iyo 0 1 >
000 i(la—2y)0 0 -1 Yy +if'é 1 0

where the real constants o, B, B, y, ¥ and 6 satisfy

1 g , 1 p? , ,
>0, y>§<¢x+?>, y>§<zx+7 , B—Fl+1y—7y1>0.
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2) The family {A,, A,, A5y is non-uniformly real-diagonalizable (necessarily
having multiple eigenvalues) if and only if (A, A,, A3) is equivalent to

10001 010 —i ¢
<000,101,i0c2>
0o0o0f[|l00O0O||0O 0 O

where ¢y, ¢, are arbitrary complex constants, or

100010 0 B—is —y+%/36
00 o0[]1 01

’ g —w+is 1 i5
00o0||l0oo0 o0 - . “

where the real constants o, f, y and J satisfy
1
O<a<l, v>§(ﬂz—452),
or their transposes.

Theorem 8.4. Let (A,, A,) be a nondegenerate 3 x 3 matrix family. Then
the following holds.

1) Suppose that the family {A,, A,> has multiple eigenvalues and is uni-
formly real-diagonalizable. Then {A,, A,) is equivalent to a hermitian family.

2) The family (A,, A,) is non-uniformly real-diagonalizable (consequently,
it must have multiple eigenvalues) if and only if {A,, A,) is equivalent to either

1 00 010
<000,101>
0 00O 000
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