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Crossed Products by Groﬁpoid Actions
and Their Smooth Flows of Weights

By

Takehiko YAMANOUCHTI*

§0. Introduction

In [Y1], we introduced notions of an action and a coaction of a measured
groupoid on a von Neumann algebra, which are regarded as natural generali-
zations of group actions and group coactions in [N&T]. We also exhibited
constructions of their crossed products and dual (co)actions. Moreover, it was
shown that we could extend a Nakagami-Takesaki duality theorem for group
actions and coactions to the groupoid setting, although, in order to prove duality
for coactions of measured groupoids, we needed to restrict ourselves to integrable
ones. Several examples of groupoid (co)actions were also considered there.
However, since our principal concern in that paper was to show the duality,
some important things were left untouched. One of them is to locate the
commutant of the crossed product by a groupoid action. To compute the
commutant is, of course, very essential to analyze the structure of a crossed
product, such as the factoriality and its algebraic type in the sense of Murray-von
Neumann. The program in this direction was successfully accomplished in the
case of group actions by realizing a crossed product as the left von Neumann
algebra of a left Hilbert algebra. This realization enables us to know a modular
operator and a modular conjugation of the crossed product. Our aim in this
paper is to extend this technique to the groupoid setting. In the group action
case, several mathematicians were engaged in the above program such as [T2],
[D], [H2] and [S1]. Here we will closely follow works of Haagerup and Sauvageot
in particular.

Now we describe the plan of this paper. In §1, we first review the P. Hahn’s
construction of a groupoid von Neumann algebra from a measured groupoid.
His method is to construct a Tomita algebra, denoted by ?,, out of a given
measured groupoid, and a groupoid von Neumann algebra is, by definition, the
left von Neumann algebra associated with the Tomita algebra. We shall form a
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new left Hilbert algebra ¥, from a measured groupoid, which is a subalgebra of
A, but still equivalent to ;. We make use of this new algebra in the next
section. Section 2 is concerned with constructing a left Hilbert algebra from an
action (9, {M(x)}, {«,}) of a measured groupoid 4§ whose left von Neuman
algebra coincides with the crossed product Mt X .9 by the action. One conse-
quence of this is that M X ,% is generated by operators of the two kinds, as in
the case of group actions. Another consequence is that we can locate the
commutant of the crossed product. In §3, we compute relative commutants of
some subalgebras of the crossed product by a principal measured groupoid. As a
result, the center of the crossed product can be identified as the fixed point
algebra of a certain groupoid action. In §4, as one of the applications of the
result in §3, we compute the T-set of a crossed product. Section 5 is devoted to
computation of the smooth flow of weights of the crossed product by a principal
measured groupoid action. In §6, we give several examples of actions of principal
groupoids. These examples will be constructed by exhibiting a homomorphism
from a given groupoid into the normalizer of an (ergodic) countable group G of
automorphisms on a Lebesgue space (£2, m). The homomorphism is lifted to the
one into the group of automorphisms of the von Neumann algebra obtained by
the group measure space construction from (G, Q, m). Thus we get an action of
the given groupoid. This construction was suggested to the author by Hamachi.
We prove in Theorem 6.7 that the crossed product arising from such an action
can be captured as a von Neumann algebra derived from a measured equivalence
relation. Finally, we consider some concrete examples of actions of the type
described above, one of which is due to Hamachi, and determine the algebraic
types of their crossed products.

This work was done while the author stayed in Japan as a postdoctoral
scholar at University of California, Los Angeles. The author heartily thanks
Professor Masamichi Takesaki for having given him such an occasion.

The author would like to express his sincere gratitude to Professor Toshihiro
Hamachi for helpful suggestion and fruitful discussion.

§1. A Left Hilbert Algebra %,

In this section, we first establish several facts on a left Hilbert algebra
derived from a measured groupoid, which will be used in the next section. Then
we review the construction of a crossed product algebra from a given action of a
measured groupoid.

Throughout this note, we fix a standard Borel groupoid . We assume that
all relevant maps and sets that are related to the groupoid structure of ¢ are
Borel. We denote the source (resp. the range) of an element y of the groupoid
by s(y) (resp. r(y)). The unit space of ¢, which is the image of the groupoid
under the source (or the range) map, is denoted by X. For every x€ X, 4*
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(resp. %,) designates the inverse image of the range (resp. the source) map
r~'(x) (resp. s~'(x)). We assume from now on that the groupoid admits a
faithful proper transverse function {4*},cx and a transverse measure A with a
module 6. For these terminologies and basic properties of transverse functions
and transverse measures, we refer readers to [C2]. Given such a system
({X}eex> A, 8) on ¢, we have a o-finite measure, denoted by A; (or, simply by
w if there is no danger of confusion), on the unit space X. Let v be the o-finite
measure on 9 given by integrating the transverse function with respect to the
measure u. We also let A, (x € X) and v~! be the images of A* and v, respec-
tively, by the inverse map. By definition, v is equivalent to v ' in the sense
of absolute continuity and the module 6 is the Radon-Nikodym derivative
dv/dv~". Hereafter we call a groupoid with such a system a measured groupoid.
Given a measured groupoid, we may construct a von Neumann algebra out of it,
following Hahn’s idea. The algebra is obtained as the left von Neumann algebra
associated with a left Hilbert algebra ;. In [Y1], we call the algebra a groupoid
von Neumann algebra and denote it by R(%) without referring a system
({1} eex> A, 0). Now let us review the construction of the left Hilbert algebra
,. Define

N, ={&e Lz(‘g, v): & is 6-bounded,

Ell; <=}

See [Ha2] for the definitions of 6-boundedness and the norm ||-||,. The definition
of the set U, is exactly the same as that of AU, in [Ha2]. However, it should be
remarked that our situation is slightly different from P. Hahn’s in [Ha2] in that
our measure {4 may or may not be a probability one, while his u is a probability
measure. In any case, it can be shown as in [Ha2] that this set is an involutive
(#) algebra with the convolution as its product, where the convolution * and the
involution # are defined respectively by

(F+8) (1) = [F(E W™ () (. geNy),
=8y .

Indeed, we can verify that, for any & and 7 in %, ||E*|,=|&lls || Exnll,=
IENAnlls 1= VallEll2 if & is d,bounded; [|&+nll=I|ElllInll2 & is
8,-bounded & £ is §,-bounded; if & and 7 are 8, and 8,-bounded, respectively,
then &7 is §,,-bounded.

Now we choose a symmetric probability measure 7 from the measure class
[v]. We put T=r,(7) (namely, T(E) = ©(r ~*(E))), which is a probability measure
on X. We define two Borel functions P and Q on % by

PO=G 0. 0n=Tr)  (re9.

Let
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r=fr"‘df(x), V= fv"d?(x)

be the r-decompositions of 7 and v with respect to 7, respectively. By Theorem
2.1 in [Hal], almost all t* are probability measures and P =dv*/d1* a.e..

Observation 1.1. Let f be a nonnegative Borel function on %. Then, for
any Borel function 4 on X, we have

[([ronan ) ax) due) = [ e rmaviy)
= [([rnav ) mewazo
- [([rmemavie) e duc.
Since h is arbitrary, it follows that

[rnaicn) = [rnemav)
for yu a.e.x in X.

Observation 1.2. Let f be an arbitrary Borel function on 4. Then we
calculate

[rmomtavin =1 Hsmav(y)
= [ yavy
= [rr )Py
= [ PG yda(y)
= [f PG PO ().

The fourth step is guaranteed by the assumption that 7 is symmetric. From this
calculation, we see that

8(r)=P(MP(y )"

for va.e.ye 4.

For any a=1, we set
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E(a)={y€%:P(y), P(v""), Q(v) E[1/a, al},

which is a Borel subset of 4. Before we state the following lemma that is
essentially due to Hahn, we let 1¢ denote the characteristic function of a set E.

Lemma 1.3. If f=flg, a.e. for some a=1 and f€ L™(4, v), then fEA,.
Proof. We put M = ||f||~. Then we have
[IrPavin = [1rnP P de(y)

=M?a <,

because 7 is a probability measure. So f belongs to L?(%, v). Next, due to
Observation 1.1, we have that, for u a.e. x € X,

[Irlarm) = [Irmlemdvi)
= [Ifl0() P dr ()

<= Ma?* <,

since almost all 7* are probability measures. In view of Observation 1.1 and 1.2,
we also have

[1r#larn = [ s I Hldi)
= [ Py PG M PYAT ()

< Ma* <.

Thus we conclude ||f]|; <. Finally we show that fis 6-bounded. Note first that
the subset {y€%9:f(y) # 0} \\E(a) is a null set. It follows from Observation 1.2
that 8(y) = P(y)P(y ) ' €[1/a?, a?] for almost all y€ E(a) with f(y)+0.
Therefore, f belongs to ;. Q.E.D.

We have the following corollary to the above lemma, whose proof can be
seen in Corollary 2.7 in [Ha2].

Corollary 1.4. The set A,NL*(Y, v) is dense in L*(4, v).

Lemma 1.5. (Lemma 2.9 in [Ha2)). If h €, is such that (f+g|h) =0 for
all f, g€, NL*(%, v), then h=0 a.e..

Proof. Let {F(m)},,~, be a countable generating family for the Borel



540 TAKEHIKO Y AMANOUCHI

structure of 4. Let f, ., = 1g(u) 1rgmy and f, ;= f,,,mP"l. By Lemma 1.3, both
fu.m and f, ., belong to ;N L*(%4, v). By Fubini’s theorem on a measured
groupoid [Hal], we have

0= (ﬁ;m *qu'h)
= [ ([ fralrt PRI D ) fum(r) A1)

Since h €., [ [ f,,(vi ' N)Ih(N)|dX()dr(r) < |ll. By the dominated
convergence theorem, we have that [ [ fo..(vi ' Y) R(7)dA" " (y)dT(y,) =0.
Since { F(m)} is a generating family, there exists a null Borel subset N of % such
that for each y, EG\N, [£,,(vi 'Y)A(y)dA " (y) =0 for any pair (p, q) €
N X N. By the dominated convergence theorem, there is a null Borel set N, such
that, if (m, y)) ENX (G\N)), then [1pem (vi'Y)A(y)dA " (y) =0. Thus, if
(m, ) EN X (94\N)), then we have [1g,(v)h(y;v)dA ™ (y) =0. Hence, if
y1E9Y\N,, then the function y—h(y,y) is 0 for A*™-ae. y, so that
[ Y)|? d250 (y) =0 for all y; € 9\ N,. Let us take a positive Borel function
fon % such that [ f(y)dA*(y) =1 for all x € X. The existence of such a function f
is guaranteed by Lemma 3 in [C2]. Then, by Fubini’s theorem, we have

0= [[IrCnPdzE® () firydvin
= [ [ Inrpdire ) fenydas (v duce)
= [[[1nPACr ax () ars () dutx)

= [ (P av(y).
Therefore h=0a.e.. Q.E.D.

Lemma 1.6. The conjugate linear operator S:E—E* defined on 9, is
preclosed.

Proof. First we note that 5* € 9, whenever 7 is in 9, where g*(y) =g(y ™).
For any &, n€ %, we calculate

(&*m = [ 8~ E N dv()
= [EG Dn(nav(y)

=fn”(y)WdV(y)
=(n*§)-
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This shows that 7 is in the domain of the adjoint of the #-operation S and that
its image is n°. Since ¥, is dense in L*(4, v) by Lemma 1.3, the adjoint is
densely defined, so that #-operation is preclosed. Q.E.D.

It is now readily checked from the discussion so far that, letting Jf= §'2f#
(fE€ L*(%, v)), A, with multiplication *, left involution #, is a left Hilbert
algebra (in fact, a Tomita algebra) with the corresponding modular conjugation
J, the right involution b and the modular operator A given by

AE=65 (€.

Let # denote the abelian von Neumann algebra L*(X, ). On the Hilbert
space L*(4, v), we have two natural Z-actions; one is derived from a repre-
sentation sending # €% to an operator M(her), and the other comes from a
representation carrying h €% to M(hes), where M(f) indicates the multipli-
cation by f&€ L*(%, v). We call the former action the left action of % and the
latter action the right action of %. Thus L?(4, v) becomes a Z-bimodule. The
left (resp. right) action shall be written as A& (resp. Sh) for any h€% and €
L? (%, v). Set

Sr={M(her):h€Z}, %,={M(hos):hE%},

which are both von Neumann subalgebras of L™(%, v). From now on, we shall
write 4 L%(%9, v) (resp. L*(%, v).;) when the left (resp. right) action is specifically
considered on L*(%9, v). We define D(4L*(%, v), u) to be the set of all u-
bounded vectors in L*(%, v) relative to the left action of % with a faithful normal
semifinite trace u, where the u-boundedness of a vector §€ L*(%4, v) is defined
in [C3] as the property that there exists a positive number C such that |2 &||> <
C [|h(x)|?du(x) for any p-square-integrable function h €%. We also define
D(L*(%, v), w) similarly for the right action. By Lemma 2.1 of [Y1], £ is in
D(xL*(%4, v), p) if and only if A(|§]*) € L*(X, u), where A(f) is a function on X
definied by A(f) (x) = [f(y)dA*(y) for any Borel function f on %. On the other
hand, &is in D(L*(4, v), u) precisely when A’ (| E[*) € L*(X, u), where A'(f) is
a function on X given by A'(f)(x) = [f(y)dA(y) with dA, = dd4,.
We now consider the following subspace of 2

%I = ‘)[I N D(EZLz((ga V)’ ‘M) N D(Lz((gv V)ft3 M)

Our next purpose is then to show that &, becomes a self-adjoint subalgebra of
the left Hilbert (Tomita) algebra 2, and that %, is equivalent to 9, as a left
Hilbert algebra. Namely we will prove 87 = }. In particular, they generate the
same left von Neumann algebra R (%9).

Let £€8,. We assume that & is strictly d,-bounded. Then we have

JlE#Par) = [ 818G HPar )
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= [s(? &P an(y)

= [s(nlEPaR(y)

=al| 2 (Pl
This shows that £€ D(xL?*(%9, v), u). We also compute

[1# Parn) = [ 8021 EG P8 ()
= [s(n) 15 HPar )

= [s(nlEPar)

=a||A(|EP) |-

Thus &£ belongs to D(L*(4, v)y, u). Accordingly the vector £ falls in B,. It
follows that B; is closed under #-operation. Let n be another vector in ;.
Then, by Schwarz inequality and Fubini’s theorem,

[1genearar) = [ ([1eelinGi nlare e ) )
= [ (J1eomlarm) ([1emlintr nParem) ) aiw)
= llell, [ ([ 15 G P ax ) ) dis(y)
= 1l [ ([Inr pPax () ) LEldisn)

= llgll [ ([ 1P are o)) 1l ai )

=1 ENFIIAn )]
This means that £+ lies in D(¢L*(4, v), u). We also have

[1genaParc = [ ([ 160l InGrH1arw ) smdid
= [(J G eemart ()
(J s G N &P az(n)) 8(r) di)
= [(J1n* (mlaro )
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(J G M EmIP O (1)) 61 din()
= lInll [ (] 8l EGrmP iy () InCri D)

= il [ ([ 1 &P a1 ) InGri D)
= lnll 12 &P InCo Y1)

=a|nF 1A (EP)l-»

which implies that &= n belongs to D(L?*(4, v), n). Therefore, we conclude that
%, is a self-adjoint subalgebra of ;.

Lemma 1.7. The self-adjoint subalgebra ¥ is dense in 2, with respect to the
inner product (-|-)4 of 2, given by the #-operation. Namely, (&|n), = (&|n) +
(&*|n*) for any &, ne,.

Proof. First we note that %, is dense in L*(4, v), because ¥, clearly
contains the set %, N L*(%, v) which is already dense in L*(%9, v) by Corollary

1.4.
Let n€ 9, be such that (&|n), =0 for all £€%B,. This is equivalent to

o) [enmavin + [Emmm s avin =o.

If we take § to be a real-valued function, then we get

| &) Gt + 8 dv() = 0.

Since ¥, is dense in L*(4, v), we see that there exists a v-null subset N of ¢ such
that n(y) + 8(y)n(y) =0 for all yE G\ N. It follows that, letting 7, be the real
part of n, we have that (1+ 6(y))n,(y) =0 for all yE4\ N. Thus 1, =0 a.e..
Hence, if 7, is the imaginary part of 7, then equation (1) turns into

& mavin =o,

where £’ indicates the imaginary part of &. Since B, is dense in L*(4, v), 7,=0
a.e., which implies =0 a.e.. Therefore, ¥, is dense in ?, with respect to the
inner product (-|-)4. Q.E.D.

Proposition 1.8. The subalgebra B, is equivalent to N, as a left Hilbert
algebra. Namely, we have %) =].

Proof. The assertion follows from the combination of Lemma 1.7 and
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Lemma 5.2 of [T1]. Q.E.D.

For readers’ convenience, we now briefly recall the construction of a crossed
product algebra from an action of 4. A detailed discussion and various results
concerning measured groupoid actions and crossed products by them are
contained in [Y1], the notations of which we mainly adopt as well. Let (%,
{M(x)} e x> {@,}yeq) be an action of our groupoid 4. Let ¥ (x) be the canonical
L?-space of the von Neumann algebra ((x) and u(y) be the canonical imple-
mentation of the #-isomorphism «, from M(s(y)) onto M(r(y)). Thus u(y) is
the unique unitary from #(s(y)) onto ¥(r(y)) satisfying &, = Adu(y). By de-
finition, {M(x), #(x)}.cx is a measurable field of von Neumann algebras over
(X, u). Let {M, ¥} be the von Neumann algebra obtained as the direct integral
of the above field. Namely

@ @
Jl/L=J" M(x)du(x), %=f #H(x)du(x).
X X

For each x € X, we set ??(x) =% (x) ® L%(%4", A¥). Next we define a subspace
M(y) of Z(H(s(1)), #(r(y))) by

M(y) = {au(y) @ A(y):a € M(r(¥))},

where A(y) is a unitary operator from L?(¢*™, 2*") onto L*(¢"™", ') defined
by

ANt (r)=8(v'n)  (FELH(GD, ¥D), yeGD).

The symbol 4 is called the left regular representation of the measured groupoid
4. Since {#(x)}.cx is a measurable field of Hilbert spaces over (X, u), we may
form its direct integral:

® ®
[, R du = [ 9 ® 1257 ) duc),

which is equal to the relative tensor product ¥ ®,#L*(‘4, v). Note that we can
identify # ®,, 2L%(4, v) with the set of all functions n from % into IT.c y #(x)
such that (i) 17(y) €#(r(y)), (yE9D). (ii) a function x € X [£,,(7) (&..[n(7))
dX*(y) is measurable for any m, n €N, where {§,},=, and {f,,.}.=: are funda-
mental sequences of measurable fields for {¥#(x)} and {L*(¢*, A*)}. respectively.
@iii) [|[n(y)|[*dv(y) <=. The norm of such a function 7 is defined by ||5|| =

(Jlln v
We let $(9, I,eq M(y)) denote the set of all sections A from % into

I, cq M (y) with the following properties:
(1) A is of the form A(y) =a(y)u(y) ® A(y) (a(y) € M(r(y))) for which a
function y&9— <a(y), w,,) >is measurable for any w= Qo du(x) € M, =

M) du(x).
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(2) The quantity [JAllm=max {JACIACODDI- [AUA*ODI-) s
bounded, where A*(y)=68(y) 'A(y™")'". Note that, if A(-) is of the form
A(yY)=a(y)u(y) ® A(y) as before, then A(y~!)" is given by A(y ) =
ala(y™ ) )u(y) ® A(y) (YEY). N

We will write (M) = F (9, II,cq M(y)) for short, if there is no danger of
confusion. ¥(AM) becomes a vector space under pointwise addition and scalar
multiplication. We can further equip ¥(M) with a #-algebra structure. Its
product * and involution # are given by

(A*B)() = [A() B ' XD (r) (A, BES(M)),
Af () =8(n~' A"
See [Y1] for the details of this algebra. Next we shall define a representation of
the algebra #(M) on a Hilbert space # ®,+L*(4, v). It will be obtained by
“integrating” each section in $(M).

Let A be in (M) and & nEH Q,4L*(Y, v). We may regard &, n as
functions on % as we observed before. The equation

(@A) &) = | [ @(mu(r) G () XD () dw()

defines a bounded operator @(A4) on # ®, 4L*(Y, v), where A has the form
A(y) =a(y)u(y) ® A(y), a(y) €E M(r(y)) for any yE 4. It turns out (see Lemma
4.2 of [Y1]) that @ is a nondegenerate norm decreasing *-representation of the
algebra $(M) on X = % ® . 2L*(6, v). The crossed product algebra of the action
(G, {M(x)}xex, {ay}yeg) of the groupoid 4 is by definition the weak closure of
the nondegenerate *-algebra @(¥(JL)) and is denoted by JM X ,%. We showed in
[Y1] that there exists a coaction of the groupoid on this new algebra which is
called the dual coaction of the original action.

In the next section, we show another important way of constructing the
crossed product algebra from an action, which enables us to locate the com-
mutant of the algebra.

§2. Amother Construction of Crossed Products

It is known that, in the case of a group action, its crossed product can be
concretely realized as the left von Neumann algebra of a left Hilbert algebra (see
[T2], [D], [H2] and [S1] for the construction of the left Hilbert algebra). One of
the important applications of this realization may be that we can locate the
commutant of the crossed product. Moreover it can be shown that there corre-
sponds a canonical weight on the crossed product, called the dual weight, to
each faithful normal semifinite weight on the algebra on which the group is
acting.
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This section is devoted to following this line of thought in the groupoid
setting. Namely, we are going to present a method of realizing the crossed
product algebra of a groupoid action as the left von Neumann algebra of a left
Hilbert algebra.

Let (4, {A*}.ex, A, 6) be a measured groupoid as before. We fix an action
(8, {M(x)}cex> {ay}yeq) of 4. We keep our notations from the last section.
Assume the existence of a faithful normal state on /(. Due to [Su], we may
decompose it into ¢ = [p.du(x) along the direct integral A = [$M(x) du(x).
By Theorem 3.3 of [Su], every ¢, is a faithful normal semifinite weight on M (x).
Moreover, since @ is a state, almost all ¢, are finite. Thus, without any loss of
generality, we may assume in the later discussion that each g, is a faithful
positive functional on JM(x). Let ¥, be the Hilbert space obtained by the GNS
construction from ¢,. Since @, is faithful, {Al(x), ¥ } is a standard represen-
tation. So we may and do identify ¥, with the canonical L?-space %(x) from
now on.

For a notation, given a normal positive functional p on a von Neumann
algebra N, we denote by 7, the canonical injection of N into the Hilbert space
¥, associated with the cyclic (GNS) representation {x,, #,, §,} of N.

Let %(M) be the set of functions a from % into Il < x M(x) with properties;
(1) a(y) EM((7)) (YED) (2) for any pair &= [$Edu(x) and n=[Pn.du(x)
of elements in = [$%(x)du(x), a function yEG— (a(y)E |y is v-
measurable. This set becomes a vector space under pointwise addition and scalar
multiplication. Moreover we can introduce a #-operation on %(.l) by the
formula; a*(y) = 8(y) ' ay(a(y™")") (YEY, a € F(M)). Next we define a subset
Fy(M) of F(AM) consisting of elements a that satisfy the following conditions;

(F1) ||full; <o and A(f3), A'(f2) € L*(X, ), where fo(y) = [la(V)|| (YESD).
(F2) [l caz@y)Pdv(y) <.

We often write %, for F,(M) if there is no danger of confusion. It is easy to see
that &, is a subspace of & (.l). For any pair a, b of elements in %,, we may
consider their product a=*b given by the equation;

(@*b)(1) = [a(m) @, (b PYAX D (r)  (vED).

It can be readily verified that the product belongs to %(Jtl). We shall show
below that the product in fact falls in %,. For this, we start off with the following
lemma.

Lemma 2.1. Let fand g be nonnegative measurable functions on G such that
| f1l1» | gll; <= and functions A(f?), A(g?), A'(f?) and 1’ (g?) belong to L*(X, w).
Then we have ||f+g||; <, and both A((f*g)?) and 1'((f*g)?) are in L*(X, u).
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Proof. Since ||fll;» ||gll; <, it follows from [Ha2] that ||f*g||;,<ce.
Let x € X. Then, by Schwarz inequality and Fubini’s theorem, we have

[ty am=[([fmsarnarom farm
= [([remaro ) ([fomsrtyraro)dim)
= A1l [ ([ P ar ) fem arsn

=170 ([ s () fmydasn)

= AI71A)--
Thus we have proven that A((f*g)?) € L*(X, u). Moreover we compute

[y omarn = [([fmetrnare ) stnanm
= [([semarocn)
(J sty ar® () s i)
= 141l [ [ )G 92 8 i () ()
=171 [ [ Frm 8528 da D () din( )
= 171 | [ A s v 281 o (1) di ()
= 111l ([ Frm) 80y (1)) 82 ()

=11 ([ £ ar () ) 1) ) ()
= A7 12 (8% |-
This shows that A’ ((f* g)?) also belongs to L*(X, u). Q.E.D.

Corollary 2.2. Let a and b be elements in F,. Then we have ||f,.,||; < and
/l(fzib)’ }”'(ft%*b) € Lx(Xv ‘u)

Proof. This is an easy consequence of combination of the inequality [, <
fa*fp and the previous lemma. Q.E.D.
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It follows from the above corollary that, if a, b € %,, then ax*b satisfies
condition (F1) for an element of #(.AL) to belong to %,. Hence, in order to show
that a xb € %, we have to prove that the product also satisfies condition (F2).
For this purpose, we need some preparation.

First we introduce a notation. Let p and w be faithful normal semifinite
weights on a von Neumann algebra N. We consider semicyclic representations
{mp, ¥,} and {7, ¥} of N. It is known that these two representations are
unitarily equivalent. We denote by U, ., the unique unitary from %, onto %,
such that (i) 7,(x) = Uy, o 7e(x) Up.o (x EN) (il) U, P = P, where PF (resp.
%) is the self-dual positive cone in %,, (resp. ¥,,) associated with w (resp. p).
Using this unitary, we are able to describe the unitary implementing the *-
isomorphism «,. First consider a unitary V(y) defined by

V(DN (€) = Mg, pari(ay(c)) (e € M(s())).
V(y) carries #(s(y)) onto #,, ...1. Then u(y) is written as

(I) M(Y) = Ucp,(:,,,(p\(,,,%v;‘ V(Y)
So we get
(11) u(y) nqu(,,,,(c) = Urp,(,,,,qa(.,,w:‘ncp‘(z,,en;l(a/y(c)) (cEeM(s(7)))-

We will make good use of the above identity in the following discussion.
Now we define a linear map A, from & () into the set of functions 7 from
4§ into Il,ex¥(x) satisfying conditions (i) and (ii) that appeared in §1 by

Acp(a) (n)= Ucp,(,,,,(pr(‘.,va';l nqor‘:,,ca:l(a(Y)) (aeF(M), yESY).

Note that A(a) satisfies condition (iii) in §1 as well, if a belongs to %,. Thus
Ag(a) falls in'% ®,, 4 L*(Y, v) whenever a € F,.
Let a and b be in &, Then we compute

Ap(axb)(y) = Ug,,.ea: T, pa; (@ b)(7))

= [ Un et e e @) i (0 ) 2D ()
= [ Uy gt T @O0 Mgy (i (7 7)) X ()

= | i (@1 U o Mgt (B 1)) AXP ().

Due to the above identity (II), we calculate
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U, ozt N paz (8, (O(YT ¥)))= w(¥) Mg, (07 ' 0, (b(v1 '7)))
= u(y) Mgy, (a2 (b(¥1 '7)))
= u(y)u(ri 'V g1, (@0 '7)))
= u(yl) UfP.(,,l—l,,,,(ﬁ,(yl-ly,°tv,%ll,, ntp‘(.‘,l—l.,,m,%ll,,
b(r'y)
= u(y)) Ap(B)(v1 7).

Thanks to this observation, we may continue the above computation of
Ag(a=*b)(y) as follows;

Aglaxb)(y) = [ 74, (@(r1))u(y) AgD)(yi ' ) AN D (7).

Thus, if we define an element A in $(M) by A(y) =a(y)u(y) ® A(y), then it
follows that A (a+*b)(y) = { P(A) A,(D)} (). Therefore we obtain the following
proposition.

Proposition 2.3. Let a and b be elements of %,. Then, defining an element A
in (M) by the formula A(y)=a(y)u(y) ® A(y), we have

Ay(a+b) = B(A) A (b).
Hence A,(axb) defines an element in % ®,L*(4, v).

Corollary 2.4. Let a and b be as above. Then a b belongs to F,. Namely,
%, is closed under the product operation *. Thus %, becomes an algebra.

Proof. As we noted before, it is enough to show that a *b satisfies condi-
tion (F2). By definition, Ag(a*b)(y)="Uq, . . a: Ngeazt((@*b)(y)). Since
Ug,,,.0,pezt 18 unitary, we have

[ 1o (@5 BY P AV () = [ Uy M (@B (P PAV()

= [IAg@b) () Pdv(p) <=.
Therefore condition (F2) is satisfied. Q.E.D.

Now we look at a #-algebra %,N %. Let us then denote by “JNI(,, the image

of F,NF¥ in #®,4L*(Y, v) under the linear map Ay We will show next
that %,N %;, hence A, contains plenty of elements which make ?~I¢ dense in

H R, xL*(4, v).
Lemma 2.5. The set ‘2~[q, is a dense subspace of ¥ ®,4L*(§, v).

Proof. Let b= [$b(x)du(x) EM= [P M(x)du(x) and h €DB,. Then we
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define an element ay, , in F(M) by a, 4(y) =h(y)b(r(y)) (YES). Put f, (v) =

las s (D = 1R (YD = [R(M|IbC(M)]|. Note that f,, (v)=|r(y)][|b]]--
It follows that ||f, [l;<% and A(f2 ), A'(f2 ) € L*(X, u). Moreover we have

[ o @E V() = [P g s B P ()
= [P R a BEm) bE(m))dv)
= [Ik@)P @l 1D Pdv(r)
= 1612 [ [ k)P sl @) dia(x)
= b1z [ ([ 1Pz gl i)

= 6121 (AP | gl diax)
~ IBl2 12 (APl gl <

This proves that a € &,
Let us now look at af, Since af.(y)=0(y) " aapn(y™ )=

R (7)o, (b(s(1)))s  far, (V) = [R*(MI[b(s(¥)]l. Thus we have for (v)=
|n* ()| ||b]|~» which implies that | far l; <o and ?L(f,%ﬁh), N (fa) EL™(X, w).
Furthermore we calculate

[ 1m0, sacr @A D IP AV = [ e a5 (B (P (b (s(1) " B(s(1)))dv()
= [ (DR g b (s(9) B(s(1))) dv(r)
= [ ([ I P i) (o) b)) ducx)

= 2 (1)) [ @ulb(x) bx)) dutx)
= |4 (Ih**) || p(b" b) <<°.

Hence af}, also belongs to %,. Therefore a, ), € F,NFE.
Next we consider the image of g, , under the map A,. We have

Acp(ah,h) (n=h( U¢,(<.,,¢T(:,,°a:1 N, poa;t & (r(n))-

Let {c,},=; be a countable family of measurable fields of operators such that
{e,(x)},=, generates AL(x) for almost every x € X. Then, since ¥, is dense in
L%(%, v), it is not so difficult to see that the subspace in %@ngLz((g, v)
generated by {Ay(a. »):n=1, h€%B,}, which is contained in @i(p, is dense in
H ®,xL*(G, v). Q.E.D.
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Our next aim is to show that the set @I(p becomes a left Hilbert algebra when
it inherits the #-algebra structure of %,NF through the map A,. We shall
also prove that the left von Neumann algebra of 9, coincides with the crossed
product algebra JM X ,% by the action of §. For this aim, we first introduce a
nonsingular positive self-adjoit operator and a unitary conjugation on
4 ®M33L2((§, v), which turn out to be the modular operator and the modular
conjugation of .

In the following lemma, A, , denotes the relative modular operator corre-
sponding to two faithful normal semifinite weights w and p on a von Neumann
algebra.

Lemma 2.6. There exist a nonsingular positive self-adjoit operator Z(p and a
unitary conjugation J,, on ¥ ®,+L*(4, v) given by
{%};g} (Y) = 6( Y)ir U(p,(.,,,fp‘m"“?l Ag’»(«)afp;(vfﬂ’:l U:/’,(«pfpw(u)"ﬂ:l E(Y)
(To&8 () =8(0) Iy u(MEF™")  (EEX®,2L4, v)).

where ], is the unitary conjugation on ¥(x) associated with the standard repre-
sentation {M(x), #(x)}.

Proof. Let us begin by the remark that A’;L,(V),%Mm;1=Jr%v,ga;l((D(p,(y):
D@y 1)t) Alé‘(v)oﬂ,vl. Hence it is clear that the equation

(U & (v) = 6(7’)” Ucp,(.,,,cp‘(,,,on,‘,l Ag,(,,,,wv(.,,oasl U(;,(\,,,rp‘(‘,,m:‘ E(v)

defines a one-parameter unitary group {U(t)} on # &, gjLi(‘Q, v). For con-
tinuity, we take vectors & n€ % ®,4L*(9, v) and compute

limy (U(0) Elm) = limy | (U &) (Dln(1)du()

= ¥Lmo f o( Y)ir( Utp,(‘,.,cpﬁ(\,,ocv:‘ Ai;,(‘,),cp‘(.,fo:‘ Ucz,(.,,,cp‘(,,,m:l
E()In(y))dv(y)
= [ (5 In(r)avin) = (&,

The third step is guarateed by Lebesgue dominated convergence theorem. This
computation implies the continuity of U(¢). It follows from Stone’s theorem that

there exists a nonsingular positive self-adjoint operator A~¢ on & “QLZ(‘Q, v)
such that
U()= A% (tER).

It is immediate to see that fq, defined above is a conjugate linear unitary

operator on ¥ ®,«L*(4, v). The identity JZ=1 follows from the equation
Jo u(M=u(Mq,, (vEY). Q.E.D.



552 TAKEHIKO YAMANOUCHI

Lemma 2.7. The set ‘5f¢ is invariant under ZZ, for any t ER. In fact, we have
ZQ;A(p(a) = Aq(p?(a)) (@aEF,NFE),
. —1
where pf(a)(y) = 8(7)" (D@ry): D@sin° a5 )07 (a(y))-

Proof. First we will show that pf(a) € F,NF; whenever a € F,NFy.
Let fo, () = [|pf(a)(7)||. Then it is clear that we obtain

fp‘,’(n)(y) = I‘a(Y)|| =ﬁt(y)'

Namely, f,i(=/fs. This implies that ||fp7(,,)||,s Ifull; <= and that A(fg;,(‘,)),
A( fgy @) € L*(X, u). Moreover we compute

#ine a5 (PP PF@ (M) = e o (077 @) a()

= Gyp° 0y (a(y)* a(Y))-
It follows from this computation that

[ s (0E@ODIPAND) = [ 1 e @ Pdv(r) <.

This shows that pf(a) € %,.
Next we look at p?(a)*. We have
pf@*(y)=8(»)~" oz,,(é(y)” oF % (a(y™ ")) (D @iy : Dy ‘Vv)i)'

So we have fuwe(7)=8(¥)"'la(y )| =fur(y). Namely foye=/for. It
follows that ”fp’{(a)*“lS“fa*”l<°° and that A‘(fg'{(a)#)’ A’(fgft(n)#)ELx(X, u)
Furthermore we compute

B 05 7@ (1) 7@ (1)) = 8(1) 29 0P (a(r a(r)))
= 5() g (aly Ha(y 1Y)

= @yy) (a#(VYa#(V))-
Due to this calculation, we get

[ 1o (@ * ODIPAR) = [, 0@ (D Pav(r) <o

This means that pf(a)* € %,. So we conclude that pf(a) € F,NFE.
Finally we compute
{ AZAq;(a)} (Y) = 5( Y)h qu,(:.,,rﬂ(,,,m;‘ A’;;?,(,',,,rp‘(:,,oagl 77cpy(‘_,,°cv;l (a( 7))
= U(;‘,(,,,,(p‘(,,,m;l nrp‘(:,,%v;’ ( p(rp(a) ( Y))
= Ag(pF(@))(7)-
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Therefore our assertion follows. Q.E.D.

Lemma 2.8. We have the following identity;
Ag’:(w"“’:wfp‘(r» = V( Y))F Aﬁ’:(«,qu’wv)"“?l V( Y) (t € R)'
Therefore it yields
Ag,i,,wy, Gy V(y) ‘A %;{,2(,,,,613,(;,,0&;1 V(7).
Proof. From the definition of V(7), it follows that
V(y)AG,, = A% ca V(Y) (tER)
V(1) 7, () V(7) =Ty a1 (a(0))  (cEM(s(Y))).
Due to these identities, we have
V( 'Y)4 AZJ,(,,,.f/’((;,,°«,‘,‘ V( Y) = V( V)* ﬂqam,,m;‘((D(pr(y) : D(Ps(y) ° 0[,71)1‘)
A;;v(7,,°ﬂ:l V( Y)
= nw‘(:')(a/;l((D(pr(’/) : D(pS(Y) ° “)71) t)) Al(’Px(:'l
= 7o, (D@ri© @y D@yiyy) ) A
= Al(;"m’ Ps°Q,"

The second assertion is an easy consequence of the first one. Q.E.D.

Lemma 2.9. The map A (a)— A, (a*) (€ F,NFL) is a densely defined

preclosed linear operator on # @, xL*(9, v) with its domain as i’N[qp. It closure §,
has a polar decomposition

S =T A2
S,=T,AL.
Proof. Leta€%,NF}:. We compute

{ToA @)} (v) = 8(1) 2T, u(n){Ag(@®)} (v
=4( Y)—Uz](p,(«,,u(y) U(p,(‘,),cp‘(,,)m:l n(p‘(j,,"«:l(a#(y— l))

= 8D (P g, Uy o e 05 @(0))')
= 6( Y) 12 u ( Y) J(pv(:'b Uq’/(z')’w‘(7f)°“:lJ¢r(:')°a:" Psc

A g:?(-ufl\/.‘u Py T/(P‘(y) (a')’_ ! (a ( V) ))

= 50D 2u() AL a0 e 25 @)

= 8(1)"Pu(y) AG. oo V() Mg paci(@(¥))
= 8(1)2u(r) Ag: o, 0 (1) Ag(@)(7)
= 5( Y) " Uq’r("l’¢¥(1')°cv‘,7l Azf{f:/)’(p‘(:')o“';l U%(:')’(pf{:'f“;l A‘p(a) ( Y)
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= {452 @)} (7)-

Here J,, denotes the relative modular conjugation corresponding to two
faithful normal semifinite weights p and w on a von Neumann algebra. The fifth
step in the above calculation is guaranteed by the identity Uy, ¢, o0t =
I,y 0y ppa; - The second last step is due to the previous lemma. Thanks to
the computation, we have-

ToAg(a?) = A2 A (a).
Namely
T, 31’2A¢(a) = A (a%).

It follows that the map in question is a preclosed operator contained in J A1/2.
For the second assertion, it is sufficient to show that 9[(/, is a core for A”2 Let )4

be the projection of # ®,4L*(Y, v) onto the closed subspace [(1 + A},{z) AL .
By Lemma 2.7, p commutes with Ay, so that

p(l+Aca+APp.
Hence, if £€ 9~Iq,, we have
(1+ AP)pe=p(1+ A E=0,
which implies that p &= 0. Since ‘)[ is dense by Lemma 2.5, it follows that p = 0.
Therefore ¥, is a core for A2, Q.E.D.
As we saw just before Proposition 2.3, every element a € F,, gives rise to a
member A, of $(AM) given by A,(y) =a(y)u(y) ® A(y). Remark that we have

App=Ag* Ay (a, bEF,NFY)

Aa* = Af
Thus the #-algebraic structure of %,N %} is compatible with that of F(M)
through the mapping a € %,N ?#HA € SP(A/L)

In the following lemma QD denotes the representation of (M) on
* ®,2L*(4, v) defined in [Y1].

Lemma 2.10. The set { ®(A,):a€ F,NF:} is a nondegenerate *-algebra.

Proof. 1t is obvious by the above remark that the set is a *-algebra. For
showing nondegeneracy, we keep the notation in the proof of Lemma 2.5. We
consider elements in %,N %} of the form a, ; (f€ V). We have

) (@A) = [ [ 1 () EO D In(r) XD () dv().

Note that a; s*ay g =ay, 5, (f, g €%¥)). This implies that we obtain a represen-
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tation of B, on ¥ &, #L*(4, v) through ®:f€ B~ P(A, ). We will now
exhibit a useful interpretation of this representation. Let us consider a represen-
tation {u(y) ® A(y)} e« of 4 on a Hilbert bundle {#(x) ® L*(G%, A*)} e x Over
(X, u). Then, if one looks at (*) above carefully, it is not difficult to see that the
representation f € B, P(A, ) of T, is realized as the integrated representation
(u®2A)(f) of the representation {u(y) ®A(y)},eq of 4. Thus P(A, )=
(u®A)(f) is a nondegenerate representation of ¥,. Therefore {®(A,):
a € F,N F}} isnondegenerate. Q.E.D.

Theorem 2.11. ﬁq, becomes a left Hilbert algebra with respect to the follow-
ing product and #-operation;

Ag(@)* A (b) = Ag(a*b)  (a, bEF,NFE)
Ag(@)* = Ay(a®).

N, has J, and A, as its modular conjugation and modular operator.
@ @ @ jug P

Proof. In view of Proposition 2.3, left multiplication is continuous. It is an
easy exercise to check that we have

(Exnl8)=(|E¥ =)

for any &, nand € ‘3~I¢. By Lemma 2.9, the #-operation §— £* is preclosed.
From Lemma 2.10, it follows that ?Ié is dense in [ o Therefore ?le is a left
Hilbert algebra. The last assertion is due to Lemma 2.9 again. Q.E.D.

Theorem 2.12. The left von Neumann algebra %((ﬁ(p) associated with “:’VI(p is
exactly the crossed product algebra M X 8.

Proof. Obviously, QR((‘?NIW) is contained in the crossed product.

Suppose that A € P(M). Then there exists an element a of F(A) such that
A(y)=a(y)u(y) ® A(y) with ||f,]|; <o, where f, is, as usual, given by f,(y) =
la(v)ll. Let be F,NFL. Since ||fyll; <=, we have [[fux full:= | full sl foll <=
Moreover, the computation in the proof of Lemma 2.1 shows that, since f,,, =
fa*fy, both A(f2,,) and A'(f2,,) belong to L*(X, u). It follows that a b € Fy.
Remark that @®(A) D(Ap) = P(A,,). Since {P(A,):a€F,NF.} is non-
degenerate, we need only to prove, for the reverse inclusion, that every element
of the form ®(A,) (a € F,) lies in R¢(A,).

Suppose that a € F,. For any n=1, define

E,={y€%:8(y)E[n"", n], and [la(P)|l, lla(y )l =n}.
Note that E, is symmetric. Namely, y € E,, if and only if y~ '€ E,. Then we put
a,(v) =1g,(v)a(y)  (y€9).
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We assert that each a, belongs to &,N @ﬁ . For this we first observe that
fn,,(Y) = ”an” = lE,,(Y) “a(Y)“ = “a(Y)“ =fa(Y)’

and that a,(y)"a.(y)=1g(v)a(y) a(y)<a(y)’a(y). It easily follows that
a, € F,. Next we show that ate F,- Since E, is symmetric, we have fos(7) =

lax (DI =1&,(r) 6N~ la(y Ol = 1e,DFE D =fE(v); so Nfuli=IlFEl=
|| £l < ®. Moreover we compute

[Rmarm) = [t mram
= [16,(1 80~ S(n) 12 (1)
<n e, SN (1122 ()

< f Fu(9)2dAi(y)
=n||V ()|

and

[P ann) = [16,(DfE (0?8 dnty)
= [16,(n 60 fuly™ V2duly)
<n e fuly"Ydu(y)

<n [ f(vydi ()

=n[|A(fD]-

These computations imply that A(f2) and A'(f2) belong to L*(X, u). We also
estimate the following;

[0upe a5 @t () at () av(n) = [6() 16, (DacnlalrYaly ™))
=[([or 15D ool
laCr )P dAd)) du(x)
=n [ (15,0 laGHIPaAD)) lod ducx)
=n [ ([P arm) o duto)
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=n [ 2D |-l ll <=

Thus we conclude that a, € F,NFg. N
Finally we prove that ®(A,) belongs to R,(A,). Suppose that &, n€E
% ®,2L*(4, v). Due to Lebesgue dominated convergence theorem, we have

lim (@(A,,) €ln) = lim [ | 12, (1) @(r)u () Ei (1) XD () dv(y)

n—x

= [ [ @y u(r G V) dir Oy avy)

=(P(A)&|n).

Hence ®(A,) lies in %f(“ﬁ(p) that is the weak closure of the *-algebra { #(A,):
a€EF,NFEY. Q.E.D.

Definition 2.13. The faithful normal semifinite weight @ on M X ¢ as-
sociated with the left Hilbert algebra %, is called the dual weight of the
originally given state ¢ on JL.

Theorem 2.14. The crossed product algebra M X % is generated by elements
of the forms a® 31 (a€ M) and (uQ A)(f) (fE D).

Proof. Let us denote by 2 the von Neumann algebra generated by oper-
ators of the above forms. Suppose that b= [$b(x)du(x) € M and f€ B,. Since

(@A, ) Elm) = [ [F B u(m EGT P In(r) XD (r) dv(y)

= JJ’f(Vl)(u(Vl) E(ri ' OB ® 2D} (1) dr P (1) dv(y)

=((@® V(NI ®1)m)
=((6®=1)(u®A)(f)&[n),

where &, nE€H ®,4L%(Y, v), it follows that P(A, )= (b® 31)(u® A)(f)-
Upon taking b =1, we have (u ® 1)(f) € M X ;4. Let {f;} be a net in B, such
that the net (u ® 1)(f;) converges weakly to 1. Then we have

b ® »1=weak-lim(b ® »1)(u ® 1)(f;)
= weak-lim @(A,, ).

This implies that b ® 41 € M X 9. Accordingly, 2 is contained in M X ,%. In
order to prove that 2 indeed coincides with Jtl X %, we show that a normal
functional on M X ,% that vanishes on 2 must be zero. Let w €& {M X ,§}. be
such a functional. From Theorem 2.12, it follows that {M X 4, # ® , xL*(%, v)}
is a standard representation; so every normal functional on M X ,4 can be
written as a vector functional. Thus there exist vectors &, 1 in # ®,xL*(4, v)
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such that = w; . We write £= [$ & du(x), n=[£ n.du(x) according to the
direct integral % ®, zLX(9, v) = [£%(x) ® L*(G", A*)du(x). Let {c.},=1 be a
countable family of measurable fields of operators that appeared in the proof of
Lemma 2.5. We denote by P, the polynomial algebra over the rational complex
field generated by {1, ¢, Cp}u.m=1, Which is a countable subset of L. Let b € P,
and f€%,. Then, by Fubini’s theorem, we have

0=<d(A, ,), w>

= (@(A,, )&l
= [ [ 10 @) utr 5 v In(9) dr D (n)av(y)

= [ ([ et e DI ar ™ () dvin).

Since fis an arbitrary element in 3, it follows that there exists a v-null subset N
of 4§ such that

() f(b(r(m))u(n) E(ri ' NIn(9)dr ™ (y) =0

for all yEG\N. We may assume here that (i) this holds for any b € P, due to
countability of Py; (ii) the set {b(r(y,)): b E Py} is weakly dense in M(r(y,)) for
any y; E9\ N. Note that identity (*) can be rewritten as

0= [ () () & (D) My (D AX(D)

= ((b(r(Yl)) ® 1)(”(Y1) ® A(YI)) 'Ss(yl)inr(y,))%(r()/l))®L3(‘€1'("1")L“"1’)'

Let ﬁs fix one y; €4\ N. Since {b(r(y))):bE Py} is weakly dense in M(r(y,)),
we have that ((bQ® 1)(u(y) ® A(y))) Sty Mr(yy) =0 for any b e M(r(yy)).
Namely, we get

(+4) [ Gu) e () are () =o.
Now let a € F,N 9?2,&. Then, by Fubini’s theorem, we have
<B(A,), 0> = (S(4,)Eln)
= [[ @) EGT DI ar O (ryavy)
= [ [@(u(r) G Pin(n) dxt (v dvin) =o.

The last equality is due to (++). Since {®(A,):a € F,NF:} is o-weakly dense
in M X 8, we have that w=0. Therefore the algebra 2 coincides with the
crossed product algebra. Q.E.D.



Crossep Probucts By GROUPOID ACTIONS 559

Corollary 2.15. The commutant {M X ,4}' of the crossed product is gener-
ated by elements of the forms &/ (b') (b' EM’) and 1 Q xp(f) (fE B,), where

{&' (BN E} () =uM)b' (s(Mu(r)'E(v)  (EEHR,2LX (G, v))
and p is the right regular representation of 4, that is,

p(f)g=g=f (f, g€B).

Proof. By the preceding theorem, the commutant is generated by elements
of the forms j;p(a ®gl).7; (@aeM) and J(u®A)(f)J, (fEDV)). Let E€
% ®, xL*(4, v). Then

{Tp@® 5 1) I,EY () = 8(v) ™ Pu(y) Jp, (@ @2 1) T, EHy™")
= 8(9) " Pu(y) Jp, aN{TEY (v
= 8() "2 u(y) I, a(s(¥)) (1) u(¥) E(7)
= u(Y) o, ,a(s(1)) I, ., u(¥) E(y).

Put b’ =J,al,= [$ Jo a(x)J, du(x) EM'. Then the above computation shows
that

T(a® 1) T, = o' (b") = o (Jyaly).
Moreover
{Tp(u ® (NI} () = 8(v) ™ P, () { (e ® W) () TpE} (v™")
= 8(0) (1) [ FEr) ()
(T (i 'y N dxD (1))
= [ 8 () E(ry) dX D ()

= [(a=27) (v ) E(nm) dre D ()
={(1®xp(A~"2f)) E}(v),
which implies that
T ®1)(NIp =18 2p(A~"2").
Thus our assertion follows. Q.E.D.
We close this section with the following lemma which tells us how the
modular automorphism group of the dual weight ¢ acts on the crossed product.

Since our proof involves only a simple calculation, we leave verification of the
assertion to readers.
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Lemma 2.16. Let a€ M and f€D,. Then we have
0f(a® 41) = 0f(a) ® 41

and

{oP () (N))E}(y) = f ()" f(Y) U0 0051 A, o0t V(T

Attt Upe ot ECT 1) AN D (01),
where EEH Q, 2L%(4, v).

§3. Relative Commutants in a Crossed Product

In this section, we compute relative commutants of various kinds of sub-
algebras of a crossed product (by a groupoid action).

Before we state our results, we need to introduce a notion of a fixed point
algebra of a groupoid action.

Definition 3.1. Let (4, {M(x)}.cx, {a,},e4) be a groupoid action. Then
the fixed point algebra of the given action is a set M* of all elements a= [§
a(x)du(x) in M= [§ M(x)du(x) such that a(a(s(y))) =a(r(y)) for v-a.e.yES.
It is clear that Al is a von Neumann subalgebra of M.

We still keep our previous notations in the present section.

Theorem 3.2. Let (4, {M(x)} ex, {ay},ecx) be an action of 4 as before. We
assume that § is a principal groupoid. Then

(i) {c®gl:cEZM)} NMX G={a®x1:aE M},

where %(N') hereafter denotes the center of a von Neumann algebra N.

(i) {a®ulia€M} NMX G={c®xl:cEZ(M)}.

(ili) Z(MX 8 ={c®41:cEZ(M)*},
where %(M)®, of course, denotes the fixed point algebra of an action (%,
{Z(M(x))}, {ay})-

(iv) The center %((M X 8)g) of the centralizer (M X ,4)g of the dual
weight @ is contained in the algebra {a @ x1:a € %(M)}.

Proof. (i) Clearly, the right hand side is contained in the other. For the
reverse inclusion, let Y be a member of the crossed product commuting with
% (M) ® xC. From Corollary 2.15, it follows that Y satisfies (2.10) and (2.11) of
[Y2]. Hence Y belongs to the commutant of C ® 4R (%)’. Since operators of.the
type 1® yM(hos) (h€ L™(X, u)) lie in C® 4yR(9)’, we have
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(3.3) [Y, 1@ gM(hos)]=0 (hEL™(X, u)).

Let us note that, if k€ L*(X, ), then 1@ yM(ker) C{c®x1l:cE%(M)}; so
we also have

(3.4) [V, 1Q4M(kor)]=0 (k€L*(X, p)).

Since % is principal, the algebras ¥ and % generate L™(%, v). Thus, in view of
(3.3) and (3.4), Y satisfies (2.9) of [Y2]. Then we apply the argument in the
proof of Theorem 2.6 of [Y2] to our operator Y so as to conclude that Y must be
of the form Y=a® 1 (a € M).

(ii) It suffices to show that the left hand side is contained in the other. By
(i), we have

{a®zliace M} NMX  GC{c®gl:cEE(M)} NMX G
={a®xl:a€ M}.
This proves (ii).
(iii) By (ii), we have

F(MX B C{a®yliaeM} NMX 4
={c@xl:ceEF(M)}.
Thus every element in Z(M X %) has the form ¢ ® 41 (c E%(M)). Note that
the condition that [c ® 41, (u ® 1)(f)] =0 for all f€ B, is obviously necessary
and sufficient for an element ¢ ® 41 (c €% (M)) to belong to Z(M X ,9§). Recall
that (u ® A)(f) is the integrated representation of a (groupoid) representation
{u(y) ® A()},e¢ of G on the Hilbert bundle {#(x) ® LX(4", 1)} ex- It is
known that the commutant of {(u ® 1)(f):f€%,} is the algebra of decompos-

able operators R such that R(r(y))(u(y) ® A(y)) = (u(y) ® A(y))R(s(y)) for
v-a.e.yE Y. It now easily follows that, for c € %(M), we have

[c®21, WD(N]I=0 (fED)

S (c(r(7) @D (u(y) @A) = (u(y) @A) (c(s(v)) ®1) for v-a.e.yEYG

Sc(r(y)u(y) =u(v)c(s(y))  for vae.yed

S a(c(s(y)))=c(r(y)) for v-a.e.y€%

SceZ (M)

(iv) Let REZ((M X ,%)z). Due to Lemma 2.16, we know that l, ® 5C is
contained in (M X ,9)z. In particular, Z (M) ® »C is a subalgebra of (M X ,9)z.
Thus R commutes with (M) ® 4C. Accordingly, R is of the form R=a® 1

(a € M) by (i). Again, by Lemma 2.16, the element a must lie in Al,. It is now
easy to see that a is in Z(,,). Q.E.D.
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§4. The T-set of a Crossed Product

This section is devoted to computing the T-set of the crossed product
algebra by a groupoid action.

As usual, we fix an action (4, {M(x)}, {a,}) of a measured groupoid ¢ and
a faithful normal state @ on /. The notations introduced so far are retained in
this section too. It should be mentioned that computation of the T-set of a
crossed product heavily depends on the results established in the preceding
section. So we need to assume that our groupoid % is principal. For a von
Neumann algebra N, let T(N) denote the T-set on N in the sense of Connes
[C1].

We define a subset T(%4, M, @) of R to be the set of real numbers ¢ such that

(T1) teT(M)

(T2) (D@ryy: D@y o )= 8(y) “w(r(y)) a,(w(s(y))") for va.e.y€Y,
where w= [ §w(x)du(x) € M is a unitary satisfying of = Adw.

Remark 4.1. In (T2), w satisfies of = Adw; so we have o/ = Adw(x) for
p-a.e.x € X. It then follows that o = Adw(s(y)) and o = Adw(r(y)) for
v-a.e.yE Y.

Theorem 4.2. If G is principal, then we have
(4, M, o) =T(MX ,9).

Proof. Let t€T(%, M, &) and take a unitary w € M in (T2). By Lemma
2.16, it is easy to check that 0¥ = Ad(w ® 41); so we have 1€ T(M X ,G).

Next suppose that we take t€ T(M X ,9§). Then there exists a unitary in
M X % implementing 0¥, which we may assume belongs to %£( (M X «9)z)- By
Lemma 3.2 (iv), the unitary has the form w & 41, where w &€ Z(A,). From
Lemma 2.16, it follows that of = Adw. Thus ¢t € T(M). For f€B,, we compute

{oP(u®N(NEHY) ={(w @)U H(N)(W ®+1)E}(7)
:ff(yl)w(r(Y))wyl(w(s(')’l))4)u(71)E(YL_IY)d/V(Y)(Yl)'

If we compare this with the second assertion of Lemma 2.16, then we obtain

w(r(v)) o, (ws(v)) Vu(n) = U 0051 A4 ppypact V(11
—Iir i
oo Pun® L~ Pugy 1 Prrn® T L

for v-a.e.y €% and Vg e. v, in 9", From this, it follows that, for v-a.e.y €%
and ’M-a.e. y, in ¢,
8(y))"w(r(y)) oy, (w(s(11))")

— i —it 4 —1
- Uq?,(.,,.fpv(.,,%\':‘ Atp,(.,,,(p;(‘,,ﬂcv:‘ V( 71) Acp‘(:,l,,tp‘(‘,,ca‘,l—l.,, qu‘(yl,.qoﬂ.,,,"a:,l—h, u ( gt Y) u(Y)
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= Urp,(.,,,cp‘(‘,,)m;‘ Aiql),(.,,,rpv(;,,m;‘ V(r)A q_n:;r,,l,,fm(‘,,f’cv,,l—x,, V(yr ! Yu(y)
=Ug,, 000 Ai;’,(7,,,¢,(y,°a§‘ V(r)A ;‘Zu 0L Py u(y)

=u(y) A';{:, U Py A a{,‘,%v‘.l—lv, QU (v)

= (D@ Dy © @5,

Accordingly, we have

(D@riyy: D@y @y )= 8(y) " w(r(y)) ap(w(s(1))")
for v-a.e.y€ 4. Thus t € T(§, M, «). Q.E.D.

§5. The Smooth Flow of Weights of a Crossed Product

This section is concerned with computation of the (smooth) flow of weights
of the crossed product by a groupoid action.

It is known (see [C&T]) that the (smooth) flow of weights of a von Neumann
algebra N can be realized as the restriction of the dual action to the center of the
crossed product by a modular action on N It should be noted that this realization
is independent of the choice of a faithful normal semifinite weight on the
original algebra N'. Hence, in order to compute the flow of weights of a groupoid
crossed product, we may consider the modular action on it derived from a dual
weight.

Let (4, {M(x)}, {a,}) be an action and ¢ be a faithful normal state on Jl as
before. Also in this section, we keep our previous notations. As we have
explained now, we look at the crossed product P = (M X ,§) X =R. However it
is very difficult, only by looking at this algebra %, to grasp the center %(%),
which is the very algebra we are most interested in. In order to circumvent the
difficulty, we will employ a standard method (in the case of group actions) in
which we construct another action of the original groupoid % whose crossed
product is isomorphic to P. Then our next step is to resort to the results
established in §4 so as to capture the center of the crossed product.

To make our theory consistent, we change definitions of the crossed product
of a von Neumann algebra by an action of a locally compact group. Our
definition is as follows. Let a: G~ Aut(N') be an action of a locally compact
group G on a von Neumann algebra N. Suppose that {N, ¥} is a standard
representation. Let u(g) be the unique unitary on J implementing a,, that is,
o, = Adu(g). Then our definition of a crossed product N x .G is the von
Neumann algebra generated by operators y ® 1 (y EN) and u(g) ® A(g) (g € G),
where A(-) denotes the left regular representation of G. Remark that our crossed
product is spatially isomorphic to the conventional one defined in [T2]. If we
adopt this definition, then we have that

P=(MX, G QCv {AT®A(t):tER)".
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Combining this with Theorem 2.14, we obtain

Lemma 5.1.  The algebra P is generated by operators (a® x1) ® 1 (a € M),
@V (f)®1 (feVB)) and AL ® A1) (tER).

Our next objective is, as we stated, to realize the algebra % as the crossed
product by an action of . For this purpose, we consider a family of von
Neumann algebras {N(x) =M(x) X 5. R}rex on {#H(x) ® L*(R)},ex- It is easy
to see that {N(x), #(x) ® L*(R)}.cx is a measurable field of von Neumann
algebras over (X, u).

For each yE%, we define a unitary W(y) from #(s(y)) ® L>(R) onto
#(r(v)) ® L*(R) by

(W &)= (7)™ Ay, (D@ryy: Dy © a5 ) u(¥) Aglt E(0),
where £€ #(s(y)) ® LA(R) = L¥(R, #(s(y))). It is readily verified that W(y) is
indeed a unitary and its adjoint is given by

{(W(y) n}(1) = 8(y)" A%, u(v) (D@t : D@y © oy )= AGE (1),

where 7 is, of course, in H(r(y)) ® LAR) = L*(R, #(r(y))). We assert that
AdW(y) carries N(s(y)) onto N(r(y)). Indeed, we have

(5.2) W) @@ W(y) =ala)®1  (a€M(s(y)))
(53) W(y(AL, @A) W(y) =8(7) "(Desp°ay ' : Do) Al ® A1),

Moreover it can be shown that W(y) is a (measurable) groupoid representation
of G on the Hilbert bundle {#(x) ® L*(R)},cx- Thus we obtain a new action
(6, {N(x)}rex> {a,=AdW(y)},c) of the original groupoid 4. We set

[S]
N =[N () du(x) = X iR,
X

We consider the crossed product N X 3§ by the new action of 4. Let (W® A)(-)
denote the integrated representation of the groupoid representation {W(y) ®
A(y)} on the Hilbert bundle {#(x) ® L*(R) ® L*(4*, A%)} e x over (X, ). Then
it follows from Theorem 2.14 that the crossed product N X ;% is generated by
operators Y® 41 (YEN) and (W 1)(f) (f€D)). Since N itself is generated
by a®1 (a€ M) and AL ® A(¢) (tER), we obtain

Lemma 5.4. The crossed product 2 =N X 74 is generated by operators
(@®1)®41 (a€ M), (AL ®A(1)) @41 (tER) and (W L)(f) (fE V).

Proposition 5.5. The von Neumann algebra P = (M X ,8§) X ;7R is spatially
isomorphic to the crossed product 2 = (M X 5 R) X ;6.
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Proof. The algebra @ is acting on (% ®,4L*(4, v)) ® L*(R) and 2 is
acting on (% ® L*(R)) ® ,«L*(Y, v). Note that these Hilbert spaces are canoni-
cally isomorphic to each other; so we regard them as the same Hilbert space $,
which can be viewed as the set of all measurable functions £ on 4 X R into IT,cx

% (x) such that (i) E(y, 1) € #(r(y)) (ii) [ || E(y, )||*d(v X m)(y, t) < =, where m
is the Lebesgue measure on R. We define a unitary K on $ by

{KEY(7: 1) = 8(v) " u(V) (D @riyy° ¥y D@siy)e Al () A E(, 1).
The adjoint K" is given by
{K' &} (v, 1) = 8(y) " A%, u(V) ALl (D@yyyo ay: D, ) u(y) E(ys 1)

Thus K is in fact a unitary. It is only a matter of computation to verify the
following identities

(5.6) @@x1)®1=K((a®1)®;1)K" (ae M)

(5.7) AT QA1) = K(ALQA(1)) ®41)K*  (tER)

(5.8) WAV R1=K(WR A ()K" (fev).

Thus it follows from Lemma 5.1 and Lemma 5.4 that AdK gives an isomorphism
between the algebras & and 9. Q.E.D.

Let 6 be the dual action 6¢ of the modular automorphism o%. We decom-
pose 8 into

®
6= j 6 du(x)
X

along the direct integral At X , R = [$M(x) X ;. Rdu(x). Then 6" is the dual
action of o for y-a.e.x € X. Note that, in view of (5.2) and (5.3), we have
5.9 o9 o @, = a0 07 (vy€9).
Accordingly, we get
(5.10) Moz, =a,0 650

for v-a.e.y € 4 and any ¢ € R. It follows that the dual action 6 leaves (M X ,R)®
as well as (M X ,,R)* globally invariant.
Now we are in a position to state the main theorem in this section.

Theorem 5.11 (The smooth flow of weights of a crossed product). Let (%,
{M(x)}, {a,}) and @ be as before. Assume that 4 is principal. Then, as covariant
systems, we have

{Z((M X ,9) X 7R), 3%, R} = {F(M X ,R)% 6, R}.
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Proof. Remark first that, because of the above observation, the covariant
system {Z(M X ,R)% 6, R} makes sense. Let ? and 2 be as in Proposition 5.5.
Then, due to the same proposition, %(%) is spatially isomorphic to #(2). Since
% is principal, it follows from Theorem 3.2 (iii) that %(9) is isomorphic to
%(M X ,,R)® Thanks to (5.6) and (5.7), it is easily verified that

K(6,(a®1)® 41K =5%((a®21)®1)  (acM)
K(6;(A%® A(1)) ® 4 1)K = 5GP (A ® A(1)) (tER).

This proves our assertion. Q.E.D.

§6. Examples of Groupoid Actions and Types of Their Crossed Products

In this section, we give a few examples of actions of measured principal
groupoids. Then we apply the results established so far to those examples in
order to obtain some information on their crossed products. The examples will
be constructed in the following manner. First we exhibit a homomorphism from
a given principal groupoid into the normalizer of an (ergodic) countable group
of automorphisms on a measure space. Secondly, we lift the homomorphism to
the group of automorphisms of the von Neumann algebra derived from the
ergodic transformations. Thus we obtain an action of a principal measured
groupoid. In [Y1], we gave several interesting examples of groupoid actions.
However we should say that the type of actions constructed below is new.

As we explained above, we are interested in this section mainly in groupoid
actions (4, {M(x)}, {a,}) in which von Neumann algebras {/M(x)}.cx do not
vary in each fiber, that is, M(x) = M, for every x € X. Thus we believe that it is
convenient to rephrase Theorem 5.11 in this direction. For this, we need to
introduce a notation. Suppose that N is a properly infinite von Neumann algebra,
and that (3 is an automorphism of N. Let y be a faithful normal semifinite weight
on N. Then, as in [H&S], we may extend f3 to an automorphism f3 of the crossed
product N' X , R in such a way that

_ Bu®D=B(»®L  (yEWN)
B(AY® (1)) = (Dy°B~": Dy), Ai® A(1)  (tER).

It is shown in [H&S] that the restriction of j3 to the center of the crossed product
can be regarded as mod f3, the image of § under the fundamental homomorphism
mod in the sense of Connes and Takesaki [C&T]. (Note that Haagerup and
Stgrmer proved this fact in [H&S] in the case of N being a properly infinite
factor. But their proof is still valid even if N is no longer a factor.) We now
consider an action (4, {M(x) = My}, {a,}) of a principal measured groupoid 4.
By Theorem 5.11, the smooth flow of weights of the corresponding crossed
product is isomorphic to the flow (Z(M X ,,R)%, 6, R), where @ is a faithful
normal state on JL. In our case, M = My & L*(X, u); so we may take ¢ to be a
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state of the form @ =y ® 7, where y (resp. 7) is a faithful normal state on i,
(resp. L*(X, wu)). Then Z(M X 5R) =% (Mo X o:R) & L*(X, u). Let (X,
tu,» F #) be a point realization of the smooth flow of weights (% (Mg X ,.R),
o7, R) of Mo. Thus (M X ,,R) can be viewed as L™( Xy, X X, uy, X u). We
now look at the induced action «, of ¢ discussed in the previous section. In our
situation, each @, is an automorphism of A X ,;R. We assert that, with the
notation introduced above,

('k) a/—y = a'{(og o(y) © &y (Y € Cg)
Indeed, by (5.2),

a(a®1)=a(a)®1

= Olog s (@) ® 1)
= Ologa(n ° &(a ® 1)
for any a € My. By (5.3), for any tER, we have
F Ay ® A(1)) = () "(Dyo ay ' : D), Ay ® A1)
=((Dxe oy ' DY) ® 1) 5o oy (A4 ® 4(1))
= Ofogon((Dxe Ofy_l : DY), AY ® A(1))
= Otogo(n) ° &, ( Ay @ A(1)).

Thus we get the identity (+). From (*), it follows that, upon identifying
F(MX 5 R) with L*(Xy, X X, py, X u). £(M X ,R)* is a von Neumann sub-
algebra P(AMy, o) of L*( Xy, X X, uy, X u) consisting of functions f on Xy X X
with the following property:

f(n, (1) = f(Fiogorn ° (mod a)n, s(7))

for any n€ Xy, and yE 9. Thus the smooth flow of weights of the crossed
product M X G is (P(My, a), F* X id, R).

Let % be a principal measured groupoid. In this section too, we keep the
notations introduced so far. Let us take a not necessarily ergodic countable
group G of automorphisms (i.e. nonsingular transformations) on a Lebesgue
space (£, m). Then we choose a measurable homomorphism y+ 7', from 4 into
the group A(L) of all automorphisms on (£, m) such that T, € N[G], the
normalizer {TE€ A(Q): TGT ' = G) of G, for all yE 4, where A(Q) is equipped
with the Borel structure induced by the topology described in [H&O]. We
denote by M, the von Neumann algebra constructed from the transformation
(2, G, m) by the Krieger’s construction. Since T, € N[G], each T, extends to an
automorphism a, of M. It is an easy exercise to verify that the system (%,
{M(x)=Mo}rex> {a)}yeq) is an action of 4. Let us now exhibit below two
examples of groupoid actions of the above type.



568 TAKEHIKO YAMANOUCHI

Example 6.1. Let § be a principal measured groupoid associated with a
strictly aperiodic automorphism 7 on a Lebesgue space (X, u). Namely,

G={(x, T’x):xEX, kEZ}.

By “strictly aperiodic”, we mean that the transformation 7" admits no periodic
points. We take a (measurable) homomorphism #(-) from ¢ into the set R of real
numbers. (Such a homomorphism can be easily constructed. For example, let us
take a measurable real-valued function f. Then define #(-) by

U f(Tix) if y=T¢x (k>0);
t(x, y)=10 if y=x;

STy ify=T"*x (k>0).

Obviously, ¢(-) is a measurable homomorphism from % into R. Note that #(-) is
nontrivial unless f=0.) We now make use of an example given by Hamachi in
[Hm]. Let R be an ergodic automorphism of type III; on a Lebesgue space (Y,
uy), and {F,},cg be measurable ergodic flow of automorphisms on a measure
space (Z, uz). We put Q=YXZXR, m= hy X uz X e*du, where du is the
Lebesgue measure on R. Define automorphisms R and {F }ier On Q2 by

R(y, z, u) = (Ry, z, u—log ( »)

a' ~oF,
F(y, z, u)=(y, ,z,u+t—log7ﬂz—’(z))

for t€R and (y, z, u) € 2. We denote by G the countable abelian group
generated by automorphisms R and {F,},er, where I' is a countable dense
subgroup of R. Clearly, G is ergodic. It is shown in [Hm] that the Krieger factor
Mo coming from this system (G, 2, m) is a factor of type III whose smooth flow
of weights is isomorphic to the given flow {F,}. For each yE€Y%, define an
automorphism T, on £ by

Ty, z, W) =(y, z, u=1(y)).
It is easy to check that T, commutes with elements in G; so T, € N[G].

Example 6.2. Let % and 7(-) be as in Example 6.1, but we assume here #(-)
to be integer-valued. This time, we make use of an example due to Krieger (see
[H&O]). Suppose that G, is a type III; ergodic countable group of automor-
phisms on a Lebesgue space (Y, uy), where uy is an admissible measure (see
[H&O)] for the definition of “an admissible measure”), and that U is an ergodic
uz-preserving transformation on a Lebesgue space (Z, uz). Put Q=YX Z,
m = uy X lz. For each g € G, define an automorphism g on Q by
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g(y, 2) = (gy, U"YVz)

for (y, 2) € 2, where n(g, y) is an integer determined by d(uy°g)/duy(y) =
A& for uy-a.e. yE€ Yand g € G. Set G={g:g € Go}. G is a type Il ergodic
countable group of transformations on (£, m). For each yE€ ¥, define T, on Q
by

T,(y, 2= (y, U'M2).
Obviously, T, commutes with g (g € Go); so T, € N[G] for all yE4.

Thus we are able to construct many interesting examples of groupoid actions
that possess the required property. Now we return to our original (abstract)
system (4, {M(x) = Mo}, {®,}). We denote by R, the graph of the equivalence
relation generated by (G, @, m). Then ., is acting on a Hilbert space L*(Rg),
constructed via Feldman and Moore’s method [F&M2]. Let M = [ M(x)du(x)
=My ® L*(X, w). This acts on ¥ = L*(Rg) ® L*(X, u). We denote by o the
faithful normal state on ., determined by the characteristic function of the
diagonal set of Rg. (For this, we should choose a probability measure on £2
equivalent to m). The crossed product Al X ,% by this action is represented on a
Hilbert space # ® ,4L* (9, v) = L*(Rq) ® xL*(%, v).

Before we proceed, we prepare three lemmas.

Lemma 6.3. Let 6 be a principal measured groupoid as before. Let (%,
{P(x) =%}, {By}) be an action of 4, where ¥, is a fixed factor with separable
predual. Put P = [$P(x)du(x) =P ® L*(X, u). Then the center %(P X #9) of
the crossed product is isomorphic to the algebra Ny= {f€ L™(X, u):f(s(y)) =
f(r(y)) v-a.e.yE%4}. Thus, if G is ergodic, then the crossed product is a factor.

Proof. By Theorem 3.2 (iii), the center #(% X 49) is isomorphic to %(P)P.
Since #(P)=%(P Q@ L*(X, u))=C® L*(X, ), %(P)? coincides with the
algebra . Thus ergodicity of ¢ implies that the crossed product is a factor.

Q.E.D.

Lemma 6.4. Let (4, {P(x)=R}, {B,}) be as in Lemma 6.3. If P, is of
type 111, then so is the crossed product P X g8.

Proof. Note that, since =%, & L*(X, u), we have that T(P) = T(%).
Suppose that P X ;5§ were semifinite. Then, by [T1] or [P&T], T(? X 54) =R.
Due to Theorem 4.2, T(P X g9) is a subset of T(P) = T(%); so T(%) must be
the whole real number group R. Thus o7 € Int(%,) for all t€ R and any faithful
normal state y on %,. Since %, is a factor with separable predual, it follows from
[T1] that, upon fixing some faithful normal state y, there exists a (continuous)
one-parameter unitary group {u(t)},er in %, such that o¥= Adu(¢) (tER).
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From [T1] or [P&T], %, must be semifinite, which is a contradiction. Q.E.D.

Lemma 6.5. Let (4, {P(x) =%}, {B,}) be as in Lemma 6.3. If § is ergodic
and %y is a separable factor of type 111, then so is the crossed product P X 54.

Proof. By Lemmas 6.3 and 6.4, the crossed product P X 44 is a factor
of type III. Let y be as in the proof of Lemma 6.4, and 7 be a faithful
normal state on L*(X, w). Put ¢y=x® 7. From Theorem 5.11, we have that
Z((P x 59) X ;mR) =%(P X ,.,R)P. Note that, by our assumption, %(?P X ,,,R)
is equal to Z(PX ,R)Q L™ (X, u)y=CQ® L™(X, u). Thus %(P x M,R)ﬁ is
isomorphic to the algebra ¥, in Lemma 6.3, which reduces to C in this case.
Hence Z((? X g9) X ,7R) = C. Therefore P X 4 is of type III;. Q.E.D.

Lemma 6.6. Let (4, {P(x) =R}, {B,}) be as in Lemma 6.3 again. Suppose
that 3, € Int(%,) for all y€4. Then

P X 6= Py @ R(G).

Proof. Let ¥q=L*(%,) and % = [ Hodu(x) =%, ® L*(X, u). Then, by
definition, the crossed product P X s acts on # &, wL2(8, p) = ¥ @ 4 L*(G, v).
Note that, since f,€ Int(%,), the canonical implementation u(y) of S, on
L*(%,) belongs to %,. For each f€ %,, define uy by

uy) =f(u»’  (r€9).
Then us€ %y, where @y =y ® 7 is the state on P that appeared in the previous
lemma. It can be shown that

®(All/) = 1510 X /’{'(f)’
where A denotes the integrated representation of the left regular representation
of 4. Note that {a ® 41:a € P} coincides with %) & %¢. Thus, due to Theorem
2.14, P, ® R(9) is contained in P X 4. Hence we have (P X g8)' C P, Q@ R(9)".
For the reverse inclusion, consider a function c(-) given by
cn=fnb (y€9),
where f€ 0, and b €EP,. Then c(-) EF,. It is easy to check that we have
‘7(;70 ¢(AC)‘F];0 = ]Xb‘]X ® p(‘]f)‘
It follows that P5 @ R(9)' C(P X z9)’. Q.E.D.

Let us now look at Example 6.1. In [Hm], Hamachi showed that the
associated flow of (G, £, m) in Example 6.1 is exactly the given flow {F,},cg.
Hence, if we take ({F,}, Z, uz) to be a trivial flow, that is, Z = {point}, then G
is a type III, transformation group, so that .l is a factor of type III,. Therefore,
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by Lemma 6.5, the crossed product Al X .4 is a factor of type /11;, provided that
T is an ergodic transformation. We can argue in a different way to conclude that
the crossed product is a factor of type I1I; in the above situation. In fact, if the
flow space Z is trivial, then it is easy to see that the action T, falls not only in
N[G] but also in [G], the full group of G. It follows that the action «a, on Jl,
induced by T, is an inner action. Hence, by Lemma 6.6, the crossed product
M X G is Mo @ R(9). Since M is of type 111, so is the crossed product.

We return to the original system (4, {A(x) = Mo}, {a,}). Our next objective
is to clarify the structure of the crossed product M X .4 by the above action. It
turns out that the crossed product can be realized as the von Neumann algebra
constructed from an equivalence relation on a measure space. For this purpose,
we introduce an equivalence relation Rg, y on QX X by saying that (w, x) is
equivalent to (@', x") if x~x" in X and w~ T, yo" in Q. It follows, from the
fact that T,,€ N[G] for all y €%, that the notion introduced above is indeed an
equivalence relation on & X X. The groupoid Rgxx has a canonical standard
measured groupoid structure as follows. For (w, x) € QX X, a Haar system
V(@9 is given by

()= T (@ 2, (T, s(AR),

w ~w

where f is a positive Borel function on Ry x and 2, _,, indicates a sum with
respect to @' equivalent to a given w. A quasi-invariant measure on Q X X is the
product measure m X u with module 6(-)D(-,-), where D(-,-) is the module
corresponding to the measured groupoid Rg. Namely, if we define a measure 6
on Rgyxx (This 6 has nothing to do with the one that appeared in §6.) by

6N=]_ | Z @ 0. (10, s (n)dlmx (@, x)

and 67! by the image of 6 under the inverse map of Roy y, then

2 (@, (), (@, 5()) = 6() D(w, Tyw).

Recall that, as we noted just before Lemma 6.3, the crossed product A X .4
acts on L?(Rg) ® 4L*(%, v). Our next step is to construct a unitary that carries
L*(Ro) ® 4L*(%, v) onto L(Royy. ). For this, let {€ LA(Rg) ® xL*(4, v).
Then define a function U{ on Rox x by

(U} (@, r(y)), (@', s(7))) = E((w, Ty'), 7).
Then

et = [ [ 3 (U8 (@, 0. (10", (PR () don x i) (@, x)

B J'QJ'XJ’(UZLJC((CU’ w,)’ )’)‘Zd)tv(}/)d‘u,(x)dm(w)
=zl
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Thus U is an isometry from L% (Rg) ® 5L*(%, v) into L>(Rgxyx, 0). Let f€
L*(Rax x, 6). This time, we define a function Vf on Rg X ¢ by

{Vf}((w, (U’), Y) =f((w’ r(Y))’ (Ty‘lw’7 S(')/)))

Then we have
JQJ’XJ(UZIUI{Vf}((w, "), Y)PdA*(y)du(x)dm(w)

=] || 2 1@. r). (T, s () du) dm(w)

= lI£1I%,

which shows that V is also an isometry from L(Roxy, 6) into L%(Rg) ® 5L*(4, v).
It is easy to see that UV =1, VU=1. Hence U is a unitary with U*=V.

What we would like to do next is to show that AdU gives a spatial isomor-
phism between the crossed product M X % and the von Neumann algebra
W*(Raxx) constructed from the principal measured groupoid Rox -

First we note that, by Corollary 2.5, (M X ,%9)' is generated by oper-
ators a'(b") (bEMg) and 1® p(f) (fEP,). Moreover, the operators (k)
(k€ L*(2, m)) and v(g) (g€ G) on L*(Rg) given by

{m(k)p}(w, ©")=k(0)p(w, ') (pELX(Rg))
’ dm °g” 1 ! ! - r 1/2 — ’
@pHo, )= | E— (@)D, g o) plor g )
are generators of .ly. Consequently, (M X ,9)’ is generated by operators of
the forms o' (m,.(k)), «'(v(g)) and 1® p(f). Similarly, M X % is engendered
by operators of the forms (k) ®1 (k€ L™(Q, m)), w(g)®1 (g€G) and
u®A)(f) (f€DY,), where (k) and w(g) are operators generating Jl, defined
by
{m(k)p}(w, 0") = k(w)p(w, ')
, dmog™! vz ,
(P (0, 0)=| " E ()| p(s o, @),
Let B,(Rox x) denote the “R oy x-version of B,”. In other words, L (Raox x)
is the #-algebra ¥, in L>(Rgy x, 0) constructed by the procedure described in §1
from the measured groupoid Ry« x instead of 4. From now on, we often write
¢, for this set B (Rox x) for short, if there is no danger of confusion. We denote
by L(-) (resp. R(+)) the left (resp. right) multiplication of the Tomita algebra ¢,
that is,

L(fi)g=f+g (f.8€C)

R(f)g=g*f.
Then operators of the form L(f) (f€C,) (resp. R(f)) generate W*(Rgyxx)
(resp. W*(Raxx)").



Crossep Propucts By GrRoupPOID ACTIONS 573

We first assert that U(M X ,9) U* C W*(Rax x)- For this, it suffices to show
that operators of the types U(m (k) ® 1) U*, U(w(t) ® 1) U* and U(u ® A)(h)U*
commute with R(f) (f€ ). It is a tedious computation to check this fact. So
we only mention below how those operators act on L*(Rox x, 6).

(UGl ® U*g) (@, (1), (' 5(1) = K(@)g((@, (1), (@', 5(1))
os—1 12
(U () ® D U*8) (@, r(7), (@' s() = [T

dm

8((t o, (1)), (@', 5(1)))
{Uu®1)(R)U*g} (@, r(Y)), (@', S(Y)))th(YI)g((Tyf‘wv s(v),

(', 5(7)))ax? (n).

Next we claim that U(M X ,9)' U* C W*(Roxx)'. For this claim, we need
only to prove that operators of the forms Ua'(x,(k))U*, Ua'(v(g))U* and
U1 ® p(f))U* commute with L(f) (f€(C,). Again, we just state what the
above operators do to vectors in LX(Rox x, 0).

(U (DU} (@, H(1). (@, 57)) = k(@) (@, 1), (@', 5(7)

W )8} (. (7). @', () = [L2 (@) Doy, )|
(@, (1), (o, 5(7)

(WA ® p(MU*8) (@, 1), @', s = [ RO Pt 1),

(Tyiy ', 5(1))) AN ().

We now summarize the result established in the above discussion.

Theorem 6.7. Under the situation we have been considering so far, the
crossed product M X .4 is spatially isomorphic to the von Neumann algebra
W*(Raoxx) derived from the measured equivalence relation R gy x-

We consider the following nontrivial example of an action of an ergodic
principal measured groupoid % of the above type.

Example 6.8. Suppose that 8, and 6, are rationally independent irrational
real numbers. Put Q=T, the set of complex numbers of radius 1. We denote by
m the normalized Haar measure for T. Then define an automorphism S on Q to
be the irrational rotation by 6,, Sw=e*%®. Let M, be the Krieger factor,
which is the injective factor of type II;, obtained from this ergodic transfor-
mation. Next we set (X, u) to be the infinite direct product measure space

x=T1 (0.0 {5 125))
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1 A
1+4 144
distribution, where 0 <A<1. We introduce an equivalence relation on X by
declaring that x = (x,);—, in Xisequivalent tox’ = (x;);=in Xif x; = x; except fora
finite number of i. It is well-known that this equivalence relation on X is exactly the
one that is generated by the so-called adding machine transformation on X. It
follows that, if we denote by % the graph of this equivalence relation, then % is a
type I1I, ergodic orbitally discrete principal measured groupoid. Hence the
module é of ¢ takes values of integer powers of 1. We put n(x, x") =log;d(x,
x')EZ. Then, for any (x, x") €%, we define an automorphism 7, .-, on £ by

built from one measure space {0, 1} with { } as its probability

T, oy ="y (we Q).

It is easy to check that SoT(, )= T()°S for any (x, x")€%. Thus T, .
belongs to N[S]. Moreover, it can be readily shown that T .y € N[S]\[S]
unless x = x'. Accordingly, every T(, . (x # x") induces an outer automorphism
®(x.1y Of AMy. Thus we obtain a nontrivial action (9, {M(x)= Mo}, {a.)}) Of
an ergodic principal measured groupoid .

In this paragraph, we would like to apply Theorem 6.7 to the above action
in order to analyze the type of its crossed product algebra. By Theorem 6.7, the
crossed product by this action is isomorphic to the algebra W*(Rgo. x). Hence
we need to compute the Poincaré flow of the equivalence relation Rgox x SO as to
determine the type of the factor W#*(Rgox ). For the computation, we look at a
measure space (2 X X X R, m X u X e"du), where du is, as usual, the Lebesgue
measure on R. On this measure space, we consider an equivalence relation in
which (w, x, u) is equivalent to (w’, x', u") if (w, x) ~ (@', x') in Rgxx and
u=u'+log 6(x,x"). We need to decompose € X X X R into ergodic components
with respect to the above equivalence relation and examine the behavior of the
flow {F,},cg on £ X X X R according to the decomposition, where F, is given by
F(w, x, u) =(w, x, u+1).

Let f be a measurable function on £ X X X R such that

(6.9) flo, x, u)=f(T o', x', u—log 6(x, x"))
for any (x, x') €% and any (w, ®') € Ro. Upon taking x =x’, we get
flw, x, u)y=f(w', x, u)

for any (w, w') € Rg. Since Rg is ergodic, there exists a measurable function f
on X X R such that

f(@, x, u) =fi(x, u)

for almost all (w, x, u). Hence (6.9) is equivalent to

filx, w)=fi(x", u—log &(x, x")
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for almost all (x, x') and u €R. Since % is a type II[, equivalence relation, there
exists a measurable map ¢ from X X R onto [0, —log 1) such that (1) ¢(x, u) =
¢(x', u—log 8(x, x")) for a.e. (x, u). (2) For any function § on X X R with
E(x, uy=E&(x', u—log 6(x, x")) for a.e. (x, u), there exists a measurable
function n on [0, —log A) such that E(x, u) = n(¢(x, u)) for a.e. (x, u). 3) If H,
(resp. G,) is a flow on X X R (resp. on [0, —log A)) defined by

H(x, uy=(x, u+1t) ((x,u) €EXXR)
(resp. Giu=u+t mod{-—log 1}),

then ¢oH,= G,°¢. Hence, to the above function f;, there exists a measurable
function 1 on [0, —log A) such that fi(x, u) = n(¢(x, u)) for a.e. (x, u). This
shows that, if 6 denotes a measurable map from QX X X R onto [0, —log 1)
given by 6(w, x, u) = ¢(x, u), then, for any measurable function fon 2X X X R
of the above type, there exists a measurable function 7 on [0, —log 1) such that
f=mn°¢. Moreover, it is easy to see that G,°o0= 6°F, and that 6(w, x, u) =
(T yo', x', u—log 8(x, x")). From Lemma 3 in [Hm], or rather, from a
slight adaptation of Lemma 3 in [Hm], it follows that the Poincaré flow of Rox x
is the flow G, on [0, —log A). Therefore, the crossed product M X .4 is a factor
of type III,.

Let us consider one more example, which is due to Hamachi.

Example 6.10. Let (Xu) be the infinite direct product measure space

x

(X, w=1I ({0, 1, 2}, { 1 | & })

n=1 1+€1+82’1+81+82’1+81+82

. . 1 £ £ }
built from one measure space {0, 1, 2} with {m te+a lte+6

as its probability distribution, where 0<g, & <1 and {log ¢, log &} is a
rationally independent set. As in the previous example, we introduce an equiv-
alence relation on X by saying that x = (x;);=; is equivalent to x' = (x,)j=; if
x,=x, for all but a finite number of i. Let %§ be the graph of this equivalence
relation. Then % is known to be a type III, ergodic orbitally discrete principal
measured groupoid. It is also known that {d(x, x") : (x, x") €%} coincides with a
set {ef'&)":n, mEZ}. We put G = {log 6(x, x"):(x, x") €4}, which is a count-
able dense subgroup of R. Suppose that {F,},cg is a uz-preserving ergodic flow
on a Lebesgue space (Z, u). To this flow, we associate another flow { F,},cg on
a measure space (22, m) =(Z XR, uz X e*du) given by

F(z, u)=(Fiz, u+1) ((z, u) € Q)).

It is apparent that { E},EG is a countable group of not necessarily ergodic free
transformations of type /1. Thus the injective von Neumann algebra Jl, derived
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from this system is of type II. For each (x, x') €%, define an automorphism
T(c,xy On £ by

T(xxy(z, u) = (z, u—log d(x, x")).

Since T ) commutes with f‘, for all (x, x') €% and any tE€ G, T(, .- belongs
to N[G]. We denote by & ') the automorphism of M, induced by T, .-). Thus
we get an action (9, {M(x) = Mo}, {a(«}) of 9. By Theorem 6.7, the crossed
product J X % is isomorphic to W*(Rgxx). Let B, be a von Neumann sub-
algebra of L™(Q x X, m X u) consisting of functions f with the following property:

(6.11) f(z, u, x)=f(F,z, u+t—1log 8(x', x), x")

for a.e. (z, u) € 2, a.e. (x, x')E% and any ¢t € G. Then, from Theorem 5.1 in
[Ha2], the center Z(W*(Raxx)) of W*(Roxyx) is the algebra consisting of
operators of the form M,(f) (f€ B,), where

{M(Hn} (@, x), (o', x)) =f(@, x) n((@, x), (o', x"))

for ((w, x), (' x')) €E Raxx and n € L3 (Rax x). We assert that B, = C. Indeed,
let us take a function f satistying (6.11). By taking =0, we get

fz, u, x)=f(z, u—log 8(x', x), x).

Since 4 is of type III,, there exists a measurable function f; on Z such that
f(z, u, x) =fi(z) for a.e. (z, u, x). Hence (6.11) is the same as

fi@) =fi(F2)

for any t € G. Since {F,} is ergodic and measurable, f is constant. Accordingly,
f is constant. This shows that W*(Rgx x) is a factor.

We would like to compute the Poincaré flow of the equivalence relation
Rox x- For this, suppose that g is a function on (2 X X X R, m X u X ¢“du) such
that

gz, u, x, v)=g(Fz, u+t—log 6(x', x), x', v—1).

From this point on, one can follow the proof of Theorem 4 in [Hm] in order to
conclude that the Poincaré flow is isomorphic to the given flow {F,}. Hence we
have shown that Al X % is an injective factor of type I1I,.
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