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Dual Weights on Crossed Products
by Groupoid Actions
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Takehiko YamMaNoucHI*

§0. Introduction

In [Y2], we carried out the program of realizing the crossed product by a
groupoid action as the left von Neumann algebra of a left Hilbert algebra
naturally attached to the given “covariant system”. As a consequence, it was
shown, as in the case of group actions, that, for each faithful normal positive
functional @ on the algebra on which the groupoid is acting, there always exists a
faithful normal semifinite weight @ on the crossed product, called the dual
weight of ¢. (To avoid difficulty, we dealt with a positive functional only, not
with a weight). Several expected results were established such as the fact that
the modular automorphism group of ¢ extends that of ¢. It is naturally expected
at this stage that this dual weight construction could be done also by exhibiting
an operator valued weight of the crossed product to the original algebra, as
Haagerup showed in [H4]. The purpose of this paper is to show that this
philosophy is indeed the case. The main strategy to achieye our goal can be
found in [H4]. However, since we know little about Fourier analysis (or harmonic
analysis) on a measured groupoid, we need to provide ourselves with relevant
information in this direction. For example, to the best of author’s knowledge, no
one has ever intensively studied the “Plancherel weight” of a measured groupoid.
Thus, naturally, little is known about what functions must be qualified to be
called positive definite. Moreover, it should be remarked that the unitary operator
A(y) itself, where A(-) is the regular representation of a measured groupoid %,
has no meaning in the crossed product M X, by an action « of ¢ (it is not even
a member of M X ,9), while, in the group case, it is a typical kind of operators
that generate the crossed product. This fact makes our argument more difficult
than the one in the case of group actions. For example, because of this situation,
we need to adopt an approach in §4 which is different from, but still as
interesting as, the ones taken in [H4] or [E&S].
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Now we would like to describe the plan of the paper. In §1, we fix a number
of notations used throughout this note. We also recall several facts on the
groupoid algebra of a measured groupoid. In §2, we study the “Plancherel
weight” of a measured groupoid in detail and establish several results that will
be made use of in the following sections. We should remark that these results
themselves are of great interest. They will be treated in more detail elsewhere.
The section 3 is concerned with construction of an operator valued weight T, of
the crossed product by a groupoid action « to the algebra on which the groupoid
is acting. The approach taken here is related to [E&S]. Roughly speaking, the
idea of how to construct T, is to “slice” the dual coaction @ by the Plancherel
weight @4 of the groupoid 4: T,= (1%, @g)°a. In §4, we prove that the dual
weight obtained through the method of [Y2] can be captured by composing the
originally given functional with the operator valued weight 7. As we mentioned
above, the approach taken here is new. The key observation is Proposition 4.1,
which itself is of interest. Note that, in [Y2], we dealt with only the dual weights
of faithful positive functionals. However, the result of this paper suggests that it
should be possible to extend the construction of [Y2] from positive functionals to
weights.

§1. Notations

In this section, we fix notations used in the following sections. We shall also
recall several facts on a left Hilbert algebra constructed from a measured
groupoid.

Throughout this paper, we fix a standard Borel groupoid % once and for all.
We assume that all relevant maps and sets that are related to the groupoid
structure of G are Borel. We denote the source (resp. the range) of an element y
of the groupoid by s(y) (resp. r(y)). The unit space of 9§, which is the image of
the groupoid under the source (or the range) map, is denoted by X. For every
X € X, 6" (resp. 4,) designates the inverse image of the range (resp. the source)
map 7~ '(x) (resp. s '(x)). By a measured groupoid %, we mean that 4 admits a
faithful proper transverse function {A*},cx and a transverse measure A with a
module 6. If a system (%, {1*}, A, ) is measured, then there canonically exists
a o-finite measure y on the unit space X (see [C1]). Using the measure u, we can
obtain a o-finite measure v on ¢ given by v= [ yA*du(x). We let A, (x € X) and
v~! be the measures on 4 defined by

L =@, v'HO=vh

for any positive Borel function f on %, where f(y) =f(y ") (y€9). It is known
that v is equivalent to v~ and that the Radon-Nikodym derivative dv/d v lis
the module 4. Let &% be the abelian von Neumann algebra L*(X, u). Then the
Hilbert space L*(4, v) admits two natural %-module structures; one is derived
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from the representation h €%+~ M(her), and the other comes from the repre-
sentation h €%+ M(hes), where M(f) denotes the multiplication operator by
fEL™(%, v). We write 4L*(%9, v) (resp. L*(4, v)y) for L*(4, v) when the
former (resp. the latter) ¥-module structure is specifically considered on L*(4, v).
We define D(xL*(%, v), u) to be the set of all u-bounded vectors in L?(%4, v)
relative to the action h— M(hor) of % with the faithful normal semifinite trace
u. We refer readers to [C2] for the definition of a g-bounded vector. We also
define D(L?(%9, v)z, u) similarly for the other action. By Lemma 2.1 of [Y1], Eis
in D(xL*(4, v), w) if and only if A(| £|*) € L*(X, u), where A(f) is a function on
X defined by A(f)(x) = [ f(y)dA*(y) for any Borel function f on 4. On the other
hand, Eis in D(L*(%, v)«, u) precisely when 1’ (| €|?) € L*(X, u), where A'(f) is
a function on X given by A'(f)(x) = [f(y)dA.(y) with dAi, = 8dA,.

In [Y2], we associated a left Hilbert algebra 5, with a given measured
groupoid (%, {A*}, A, J). It was defined to be the set of all functions f in
D(xL*(%, v), u)N D(L*(4, v)y, u) such that f is S-bounded and ||f||, <<,
where ||-||; is given by ||g||; = max {||A(|g])||~. |2’ (Ig])||-}- Refer to [Ha] for the
definition of d-boundedness. It is shown in §1 of [Y2] that B, is a left Hilbert
algbera (in fact, a Tomita algebra) in L*(4, v) with the usual convolution * as
product and f#(y) = 8(y) 'f(y~') as #-operation. The modular operator A and
the modular conjugation J are given by

{AfY () =8(Mf(y) (FEDB) {IF}(y) = 8(v) " 2f (v ).

The b-operation is f*(y) = f(y~"'). We denote by m, (resp. ) the left (resp. the
right) multiplication of the Tomita algebra 5,. Namely, w.(f)g =f*g= m,.(g)f
for f, g € B,. We may extend 7, (resp. 7,) to the left bounded vectors (resp. the
right bounded vectors). The left von Neumann algebra of %, is called the
groupoid von Neumann algebra R(%) derived from the measured groupoid (%,
{A*}, A, 6). It is known that this von Neumann algebra is equipped with a
%-module structure via the #-isomorphism 7 € ¥+ M(h°r). We sometimes write
%r for the image of & under this isomorphism, but we identify ¥ with & most
of the times. The image % of # under the other isomorphism h €% — M(heos)
is contained in the commutant of R(%). Let g¢ denote the faithful normal
semifinite weight on %(%) associated with ®B,. We call ¢4 the Plancherel weight
of 4. Besides the Tomita algebra B;, we would like to introduce a subset B of
B, that is defined by 7 =8B, L7(4, v). The set BT is contained in all the
relevant spaces such as L*(%4, v), L*(%, v), D(«L*(%, v), u) etc., and yet it is
“sufficiently large”, as you will see in a moment. So ¥y can be regarded as a
“good” substitute in the measure-theoretic setting for J(%), the set of all
continuous functions with compact support, in the topological setting. 57 turns
out to be a #-subalgebra of B,. Indeed, if f, g € ¥7, then we have that ||f*g||.=
IAAFIDNY2 | 2(1g*)||¥* by Schwarz inequality; so fxg € B7. A vector f is &,-
bounded if and only if f* is §,-bounded; so f€ BT & f* € V. Moreover, by the
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same argument as in Lemma 1.7 of [Y2], we may prove that 87 is a left Hilbert
algebra (in fact, a Tomita algebra) equivalent to B, (namely, B7)"=27).
Accordingly, the left von Neumann algebra of 87 is R(%9). It should be remarked
that all the results established in [Y2] involving the left Hilbert algebra B, still
hold valid even if we substitute By for 8, in the proofs or discussion. For
example, in the definition of %, (M) (see §2 of [Y2]), the condition (F1) can be
replaced as follows: (F1) f, € L*(%, v), ||f.ll; <= and A(f2), X' (f2) € L*(X, w),
where f,(v) = [la(y)||. Let us denote by F,(A) (or simply by %) the set of all
such @’s. Then all the arguments in §2 of [Y2] work even for %;. Moreover, the
crossed product M X ,% by a groupoid action « is generated by elements of the
forms a ®x 1 (a €M) and (u @ V) (f) (fEBT) (see Theorem 2.14 of [Y2]).

For a weight y on a von Neumann algebra P, we use the conventional
notations as follows:

Py={aE P, : x(a) <=}
n,={aeP:y(a a) <=}

+ +
m, =n,n,=span{x y:x, yEn,}.

For an operator valued weight E from % onto a von Neumann subalgebra 2, we
put

pe={a€P, :E(@)€2,)
ng={aEP:a"aE€pg)
mg=ngng=span{x y:x, y Eng}.

Important results on operator valued weights can be found in the literatures
[H2] and [H3].

Finally, we refer readers to [S1] for fundamental facts on relative tensor
products of Hilbert spaces and von Neumann algebras over an abelian von
Neumann algebra.

§2. The Plancherel Weight ¢

In this section, we investigate the Plancherel weight gy in great detail. Then
we establish a result (Proposition 2.7) that will be used in the next section. In
the course of discussion, we introduce a set, denoted by P (), which is connected
with “positive definite functions”. This set will play an important role in the
following sections.

Let # and 2 be von Neumann algebras acting on Hilbert spaces ¥, and %,
respectively. We assume that these algebras are both ¥-modules. We form the
(Z-)fiber product P +#52 on the relative tensor product #; ®,%,. For normal
positive linear functionals w; and w, on P and 2, respectively, satisfying
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) w(G ) <

a normal positive function w, *, w,, called the %-product of w; and w,, on P #z
was defined in Proposition I11.4 of [S1], where dw;/du (i =1, 2) are the Radon-
Nikodym derivatives of the restrictions of w;’s to % with respect to u. If w;’s are
vector functionals of the form w, = wg (§; € ¥, (i=1, 2)) with § € D(¥;, p) =
the set of u-bounded vectors in ¥;, then the condition (*) is automatically
satisfied and w, *, w, turns out be the vector functional wg g, g, This fact will
be often used hereafter in our discussion.

Next we introduce a concept of a %-weight (Definition III.10 of [S1]). A
weight ¢ on a von Neumann algbera 9l with a #-module structure is called a
%-weight if p(uxu') = ¢(x) for any x € %, and any unitary u € %. Let P and 2
be as above. Suppose that % admits a ¥-weight ¢. We define

Q,={w€EP :w(x)=¢(x) for all xEP, }.

It is well-known that ¢(x) =sup{w(x): w € Q4} for any x € P,. If x is a normal
positive functional on 2 with dy/du bounded, then we put

@, X= SUp W#*,x.

wE,

If xis in 2} with dy/du not necessarily bounded, then we choose a faithful
normal semifinite trace T on % with dy/dt bounded, and set

PFux= ¢*:X(f§—;>

It is shown in [S1] that this definition is independent of the choice of T with dy/dt
bounded. In any case, the weight ¢#,x turns out to be a normal weight on
P #49. These are the notions necessary for our later argument.

Now we begin to make a close investigation on the Plancherel weight of a

measured groupoid.

Lemma 2.1. The algebra %y is contained in the centralizer of @e.

Proof. Recall that the modular operator A of %, is defined by

{Ag}(n=0d(ng(y) (8€T).
Then it follows that A"M(hor) A" = M(hor) forany h€% and tER. Q.E.D.

Lemma 2.2. There exists a unique faithful normal semifinite operator valued
weight T from R(9) onto %y such that @g=u-T.

Proof. By the previous Lemma, we have o7 = id = o} on %(=%g), where
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of denotes the modular automorphism of a faithful normal semifinite weight y
on a von Neumann algebra. The assertion now follows from Theorem 5.1 of
[H3]. Q.E.D.

Lemma 2.3. The weight @ is a %-weight on R(9).

Proof. Let u€¥ be a unitary. Then, due to the preceding Lemma, we
have

@g(uau’) = po T(uau’)
=u(uT(a)yu’)
= poT(a) = py(a)
for any a € R(9),. Q.E.D.

We define a set %,(%) to be the set of vectors h € L?(%, v) satisfying

2.4) [ mY D *n (0 = [IFnPavy)

for all Borel functions f& %,. Several remarks on %,(%9) are in order. Firstly,
Fubini’s theorem tells us that the left-hand side of (2.4) equals ||m.(f)k|*
Meanwhile, the right-hand side is equal to ||f]|%>, which, by definition, equals
@o(me(f) me(f)). Consequently, inequality (2.4) is equivalent to |m.(f)h|>=<
[I£]I>. Thus the set Py(§) coincides with the set of all right bounded vectors h
with ||, (h)|| =1. Secondly, we assert that

(25) Q(m= {C()hheg)o((g)}
In fact, if h € %(9), them, for any left bounded vector f, we have
n(7we(f)" we(£)) = l|l7e(F)h?
= I

=|[If1I> = @e(me ()" 7e(f))-

It follows that wy,(a) < @4(a) for any a € R(9),. Conversely, suppose that
w€E Q,,. Since {R(Y), L?(%, v)} is a standard representation, there exists a
vector h € L*(4, v) with w = w,. Then, for any f€%,, we compute

H”e(f)h ”2 = w(”e(f)* me(f))
= gg(me(f) () = IF11*.

Thus & € Py(9). Therefore (2.5) follows. From (2.5), it results that, for each
aER(G),, we have

Pg(a) = sup {wy(a) : h € Fo(9)}.
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However, a more powerful identity holds true as you shall see below. Before we
state the identity, we introduce a new set. We put

P () =P(9) N D(2L>(4, V), ).

This set will play a central role in the discussion that follows.

Remark 2.6. From the above remarks on %,(9), it follows that a vector &
in L?(%4, v) belongs to P(¥) if and only if 4 is a right bounded vector in
D(2L*(%, v), ¥ with ||z.(h)]| =<1.

Proposition 2.7. For every a € R(%9)., we have

@g(a) = sup{w,(a) :h EP(9)}.

Proof. Due to (2.5), it suffices to show that the right-hand side of the
assertion majorizes the other. Before we proceed further, we make one obser-
vation. Let f€%, and g€ Py(%9). Since f is in D(4L*(%, v), u), there is a
positive number C such that ||[M(ker)f||>=C[|k(x)[*du(x) (kE€n,). Then,
for any k€n,, we have

(M (kor) me(£)gll> = [[M(kor) m (g)f |
= |l (g) M(kor)ff?
= ||M(ken)f|*

= CJ' |k(x)|?du(x).

The second equality is guaranteed by the fact that M(k or) commutes with 7,(g).
The third inequality is due to the remark on %,(%). The computation means that
the vector m,(f)g belongs to D(xL*(4, v), u). Since B, is a Tomita algebra,
every element in 8, is right bounded; so the vector m,(f)g=f*g is also right
bounded. Moreover, we have ||7.(f*g)| = ||7(g) m.(f)|| = ||=.(f)]]- It follows
from Remark 2.6 that the vector m¢(f)g lies in P(%9) if g € Py(%9) and f€ B, with
|z (Ol =1.

Now we move on to the proot of the assertion. Let a € R(%),. and g € Py(9).
First we assume that a'> € n,, . Namely, a'? is of the form a'”? = 7,(p) for some
left bounded vector p. Since (%8, is a o-strongly dense *-subalgebra of the
commutant R(9)’, it follows from Kaplansky’s density theorem that there exists
a net {f;} in B, such that ||z,(f})|| =1 and the net {m,(f;)} converges o-strongly
to 1. Due to the first paragraph, vectors 7,(f;)g are in P(%). Moreover,

lim s, 1y¢() = lim l|7we(p) we(f)g I
=lim ||7e(p) () ll”
=lim ||z,(8) 7(p) fll*
=lim |7.(g) =, ()l
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= || (g)p?
= ||7e(p)gI* = w,(a).
This implies
wq(a) =sup{wy(a): h€P(9)}.
Thus, by (2.5), we have

@g(a) =sup{wy(a) : hEP(9)}.

Next we would like to show that the quantity sup{wy(a):h€EP(9)} is
infinite if a”zeEnq,g. Suppose that it were finite when a'/ ZEHW. Without any
loss of generality, we may assume that sup {w,(a) : h € P(9)} = 1. Since {h €0,:
|l (R)|| =1} CP(9), it results that

lla*2h| = || (R)]|
for any h € 8,. By this inequality, the equation
&(m(h)) =a"?h

defines a continuous linear map ¢ from (%)) into L*(4, v). So we may extend
 to a bounded linear map, denoted by ¢ again, from the uniform closure A, of
m,(%B;), which is a (nondegenerate separable) C'-algebra. For any k, k € %, we
have

E((h) m(k)) = E(m(k *h))
= a'2(k =h)
=a'? ;. (h)k
=m,(h)a?k
= m,(h) L(m.(k)).
Thus continuity of £ yields

E(b1b2) = b1 E(b2)

for any by, b€ A,. Let {u,},~; be a countable approximate identity for A,.
Then we have that || {(u,)|| =<1 for any n=1. Since the unit ball of L?(4, v) is
weakly compact, there exists a subsequence of { {(u,)} that converges weakly to
an element pg in L*(4, v). Without loss of generality, we can assume that { £(u,,)}
itself converges weakly to p,. Then, for any k, k; €8;, we have

((k)polki) = (po| (k)" k1)
= lim (£(u,)] (k) k1)
= lim (&(m(k)uy)| ki)
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= (8@ (k)) k1)

= (amklkl).
Thus we obtain ,(k)po=a'?k (k€ D). It follows that p, is a left bounded
vector with m,(pg) = a'’?, which is a contradiction. Consequently, the quantity
sup{wy(a) :h€P(9)} is infinite if 01/29_;“% Since @g(a) == if al/ZGEn%, we
get the desired identity. Q.E.D.

As a consequence of Proposition 2.7, we obtain the equality:

sup [ (F* =N I dv(y) = [ [F(DPdv(y)
hEP(Y)

for any left bounded vector f in L?(4, v). However, we can prove a much
stronger identity as below.

Proposition 2.8. Suppose that f is a Borel function on 6. Then we have

sup [ (7# £ N =) av(y) = [ [P av(y).
hEP(G)
The above quantity may be infinite.

Proof. First we assume that f& L2(<§, v). Then, as we noted before, the
desired identity can be written as

sup ||z (k) f]1>= || fII>-
hEP(Y)

Since ||7,(h)|| =1 for any h € (%) by Remark 2.6, it follows that sup,egp )
I (R)FII> < |If]|>- Recall that {h € B,:||7,(h)|| <1} is a subset of P(4). Thus,
by Kaplansky’s density theorem, there exists a net {/;} in P (9) such that {z,(k;)}
converges o-strongly’ to 1. Hence

I£?=1lim ||z (R)f|>=< sup [lz(h)f]>.
i hEP(G)

Therefore we obtain the assertion.

Now we assume that f is not in L>(4, v). It suffies to show that the left-hand
side of the desired identity is infinite, but we suppose that it were bounded by a
positive number M. Then, by Fubini’s theorem, we have that f*h € L?(%9, v) for
any h€P(%9). Since {hED,:||n(h)|| =1} CP(9), it follows that, for any
heR,, fxhe L*(%, v) and

1f * k|l = M2 ||, (R)]|.

By arguing like the previous Proposition, we may obtain a bounded linear map &
from the C'-algebra A,, the uniform closure of (%)), into L?(4, v) charac-
terized by the equation
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E§(m(h)) =f*h.

We observe that, for any h, kK €8,, we have

E(m (k) (h)) = E(m(h*k))=fxh=*k
= m,(k)(f+h) = m,(k) E(.(h)).

Thanks to the continuity of &, we deduce that
E(ab) = a&(b)

for any a, b€ A,. Let us fix an element k€ Y,;. Then we define a linear
functional ¢, on A, by

o(@) = (E@)]k)  (a€A),

which is bounded, because § is continuous. Again, by arguing like Proposition
2.7, we can assume that the sequence {&(u,)},=1 converges weakly to an
element g € L?(%4, v) if {u,} is a countable approximate identity for A,. Then,
for any a € A,, we have

(@) = lim g(au,) = lim (E(au,)|k)
= lim (a&(u,)|k) = lim (&(u,)|a’k)
= (gla"k) = (ag|k).
This shows that

(&(a)lk) = (aglk)
for any a € A,. Upon replacing a by x,(h) (k€ %)), we get

(f=h|k) = (g*hlk)
for any h€®,. Let h, k €B,. Then, by Fubini’s theorem,
ff(V)(k*h")(Y)dV(VF(f*hlk)=(g*h|k)=(glk*h")-

This shows that

[rpmavn = @lp)

for every p € B7. Since the unit ball of 87 is dense in that of L?(%4, v), we have

Il =sup | [ F(HPAV()|:p € BF, [Ipll =1)
=sup {|(g|p)|:p €V}, llpll =1} = lgll <=,

which is a contradiction. Q.E.D.
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§3. Construction of the Operator Valued Weight T,

This section is concerned with construction of a faithful normal semifinite
operator valued weight of the crossed product by a groupoid action to the
algebra on which the groupoid is acting.

Throughout this section, we fix an action (9, {M(x)}rex, {},cq} Of 4.
Let %(x) be the canonical L>-space of .l(x) in the sense of Kosaki [K]. We set

3 ®
M =J' M(x)du(x), # =J H(x)du(x).
X e

We denote by u(y) the canonical unitary from ¢(s(y)) onto ¥(r(y)) imple-
menting the #-isomorphism e, that is, a,=Adu(y) (see [H1]). From this
action, we construct the crossed product algebra M X 9. We refer readers to
[Y1], [Y2] for its construction and the details. On M X ,%, we have a coaction &
of ¢, called the dual coaction. Since we will deal with the dual coaction intensively
in this section, we first recall how we constructed it in [Y1]. The crossed product
M X, acts on the relative tensor product ¥ = H ®,%L*(Y, v), which is the
direct integral [P ¥(x) ® L*(9*, A")du(x). Note that we can identify
% ®,24L* (4, v) with the set of all functions 7 from % into IT.cx %(x) such that
(i) () EF( (1), (yE); (i) the function x € X+ [ (1) (Encln(1)) d2 ()
is measurable for any m, n €N, where {&,},~; and {f,,}»=1 are fundamental
sequences of measurable fields for {#(x)} and {L*(4%, 1)}, respectively; (iii)
JlIn(|Pdv(y)<w. The norm of such a function 7 is defined by
71l = (S In(»)]I?dv(y))"?. Next we consider the Hilbert space ¥ =%®,
2L*(%, v) ®,2L*(9, v). In terms of a direct integral decomposition, we have

?’\é = fj?(f(x) ® LZ(CQX, )c") (024] Lz(ch’ /lx) d,u(x).

Note that we may identify the Hilbert space % with the set of all functions 7
from % into I1,.cx #(x) such that (i) (v, v2) € #(r(y1)) for any (y;, 1,) in
%?); (ii) the function given by

X € X [ [ fie () fi (1) (Em el m(v1, 12)) AN (12) dA*(11)

is measurable for k, / and m €N, where {f,,},~; and {§,,},,= are as before; (iii)

JlIn(v1> v)|I?dvi(y1, v2) <. Here v, is the Borel measure on the standard
Borel space

HP ={(n, ) EGXG:r(n)=r(r2)}
determined by the integral

f%(z)f(')’lv r2)dvi(v1s 12) =ffjf(y1, V) dX () dA*(v1) dpu(x)
- ”ff(yh Y2) A" (11) dA* (o) du(x),
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where f is a positive Borel function on #®. The norm of a vector 7 is given by
Inll = In(ri> »)IIPdvi(yi, 72))"?. Similarly, we may identify the Hilbert
space 9, =% ®,L* (Y, v)a ®,4L*(4, v) with the set of functions £ from 4@
into I1.cx¥(x) such that (i) {(v1, v2) EH(s(v1)), ((v1, v2) €9P); (ii) the

function:  x € X = [[Tfi (v)fix(v2)(EmlE(r, 12))d2(11)dA*(v2) s
measurable for any k, [ and meN, where {f,},~; and {&mtm=1 are as

above, and J is the modular conjugation of %,; (iii) C is V,-square-integrable:
JI€(n, »)IIPdva(v1, v2) <. The measure v, is the Borel measure on the
standard Borel space 4® defined by the integral

[, £ v, )= [ [ [70n, 12)d2 (r aie () dut).

The norm of such a function & is |||l =([]I¢(y1, v)Pdva(r1, )" Tt is
shown in Lemma 4.3 of [Y1] that there exists a unitary Ws from ¥ onto ¥,
defined by

(W} (71> ) =u(r) 1y, i) (MEH, (11, 12) EGP).

The inverse is given by

(Wae & (v, v2) = () E(vs vi'lre)  (EEH, (1, v2) €HP).

We need to introduce one more unitary to define the dual coaction. Note that
there is a % action on ¥ given by hE%—1Q® yM(hos). Let us write ¥y for ¥ if
this action is particularly considered. The above action commutes with that of
M X,%. So we may form the relative tensor product of s and L*(9, v).
Suppose that E€ % and f€ D(4L%(%, v), u). We denote by & ® ..f the elementary
tensor of & and f in ¥y ®,4L>(9, v). Then it is observed in [Y1] that the
equation

{(Va(ER N} (11, 1) = (1) u(r) E(n)

defines a unitary from ?/Eg{ . «L*(%, v) onto ?NCl. Now, since the &% action on %g{
commutes with that of .l X,%, it makes a perfect sense to form y ®«1 on
Tox ®,4L*(G4, v) for yEM X,%4. (We hereafter write y ®1 for the above
tensor product so as to distinguish it from the relative tensor products on
=% ®,2L*(9, v)). We define a *-isomorphism & from M X .4 into P(H) =
the set of all bounded operators on ¥ by

a(y) = Wy Vae(y @) Vae Woe (¥ EMX,G).

This morphism @ serves as the dual coaction of % on the crossed product M X, 4.
Set i’gb(g\ﬁ) =L(H)N {1 @4 M(hos):hE%) . Forany Y € Lo (%), we put

TI(Y) = Wi Ve (Y ®g1) Ve Wae,

where the operator Y &41, of course, denotes the relative tensor product of Y
and 1 on e ®,,¢L*(4, v). Then ITis a *-isomorphism from 5873‘(%) into EE(%).
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We note that the restriction of IT to the crossed product M X ,% is nothing but
the dual coaction @ of 4. We now consider the von Neumann subalgebra
LK) #eg L™(G, v) = Loy (H) @ L(, v) of 5835(??), where Lo (H) =L(H)NE' =
the set of all decomposable operators on ¥ = [ %(x)du(x).

Lemma 3.1. With the above notations, we have
II(Y)) = Yo ®< 1
for any Yo € L(H) *L7(4, v).

Proof. Let T= [$T(x)du(x) € £x(%) and k€ L™(, v). Then, for any
EE¥, f€ D(4L*(%, v), w) and any (y;, 1) € #®, we have
{(T @2 M(k) ® 1) Wi Vae(E® 1)} (115 72)
= k(1) T(r(11)) {Wae Vae(E® )} (115 72)
= k(y0) T(r(71) (1) { Vae(E®, N} (11, 71 ' 72)
= k(y)f(ri ' 72) T(r(11)) E(1)-

We also have

{Wie Vae(T @ M(k)) ®51)(E®, )} (71, 12)
= u(n) {(Vae((T®2 M(K))ER )} (11, i 1)
= u(y)fO v u(n) (T ®4 M(K)) E} (1)

= k(W) fT ) T () E(n).

These calculations show that IT(T ®«y M(k)) = T @« M (k) Q4 1. Thus we obtain
the desired identity. Q.E.D.

In what follows, we let € (%) denote the extended positive part of a von
Neumann algbera & in the sense of Haagerup [H2].

For each Y& §£gb(§\€)+, we define a map S(Y) on £(%); by
S(V)(@) = (I(Y), 0*,05) (@€ L))

= Sup <H(Y)’w*uwh>'
heP(Y)

Then it is easy to see that S(Y) in an element of %+(§£(‘57/€)). We note that S is
additive, homogeneous and normal. Moreover, due to Lemma 3.1, we have

(3.2) S(Ys YY) = YaS(N) Y
for any Yo € L(#) #¢ L*(%, v) and YE 5835(5\6). Indeed,
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S(Yo YY) (w) = sup (I(YoYYp), w+,w,)
hEP(G)

hEP(G)

= sup (I(Y), YooYy *, @)
hEP(G)

=S(Y) (Yoo Yo) = Yo S(Y) Yo(w).
Let P be a unitary from ¥ ®,L*(4, v)y onto ¥ defined by
{Ppy(n)=u(Mn(y)  (MEHB, LY, v)a).

Here #®,, L?(9, v)z is regarded as a set of functions 7 from 4 into T, x%(x)
satisfying n(y) € #(s(y)) and some other conditions (see [Y1]). We note that P
is a %-module map from ¥ ® , L*(4, v)y onto %.. Hence P Lo (¥) P is the set
of all decomposable operators on # ® , L*(%, v)z. Let ;= 8 n du(x)(i=1,2)
be u-bounded vectors in % ®,L*(Y, v)e= [ H(x) ® L* (G, A)du(x). For
each x € X, we denote by ¢, , (x) the operator of rank one given by

by (O =l dme  (CEH(x) ® L2 (%, A).

It is easy to see that the family {t, , (x)}.ex is a bounded measurable field of
operators. Thus it defines a decomposable operator ¢, , on ¥ Q, L*(%, v)¢ by

)
tﬂxv"h:_[x tm,nz(x)d“(x)'
We write t,, for t, ,. Set
$ =span{t, n:n;’s are as above.}.

Then §$ is a o-weakly dense two-sided ideal in the set of decomposable operators.
Consequently, P$P" is a o-weakly dense two-sided ideal of Lo (¥). If nis a
vector in D(# ®ML2(<§, V), W), then, for any (€ 3‘(5®“L2(<§, V), We have

{08 () = [ €I iy ().

Thus the operator Pt,P" acts on % in the following manner:

(P1, P E)(7) = [ (B (P} (1)) doy () (P ()

for any E€ .
Lemma 3.3. Let n be as above. Then, for any € %, we have

{IT(Pt, P") L} (11, Yz)=f(C(% Y1 ) P} (1)) dAsy (V) { P} (1)
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Proof. Let A, denote the operator defined by the right side of the above
assertion. For any EE ¥, f€ D(«L*(%, v), p) and (71, 72) € ¥, we compute

(Wi Vae(Pty P* ®31)(E®, )} (715 12)
=u(n) {Vae(Pty P E® )} (71, vi' 1)
=f(yi ' v2) {P1,P"E} (1)

= £ ) [ EOLPIY (1) iy () (P} ().

We also have

{AnWQCV‘?C(‘S@uf)}(Yla YZ)
= J({W§c Vae(E® N} (v, v7i 1) {Pm} (1)) dhicyy (M {P} (1)

= J(M(Y){V%(E@mf)}(% v ) {P} () dAsry (M {P1} (1)

= [T ) EDIPI (1) d2igr (D {PR}(n)-

It follows that Wy Vae(Pt, P* ®z1) = A, Wi, V. Therefore II(Pt,P") = A,
Q.E.D.

Proposition 3.4. The map S is a normal operator valued weight from 589;;8(5\(3)
onto L(H) #¢ L7(4, v).

Proof. Let n€ D(X®,L*(G, v)g, w), E€% and hEP(Y). Then, by
Lemma 3.3 and Fubini’s theorem, we get

(II(Pt, P*), we*, wp)
= (I(Pt,P"), wsg,n)
= (II(Pt,P")(E®,h)|ER h)

= [ (P PY(E®, 1) (11, WI(E® W) (1, 1) dW (i, 1)

= [ ([ W EDPR () dhiero()) (P1Y ) EI R Wi, 72)
= [(@*a" DR () dv(y),

where q(v) = ({Pn} ()| E(7)) (yE ). By Proposition 2.8, we have

S(Pt,PY (09 = [ la* (DPav(y) = [ SI(Pry (M) E)IPAV(.
It follows from (3.2) that, for any k€ L*(%, v) with |k| =1, we have
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(1 ®« M(k)")S(PtyP")(1 ®a M(k))(we)
= S(Pt,,P*)(w(l& M(Kk))E)

= [ s UPRY () ® M (k) E} (1) ()
= [ 8P (DI EPIPav)
= [ (Pm (D EDPaV(7)

= S(Pt,P")(we).

Hence S(Pt,P") is affiliated with {C ®gL*(4, v)}' =L(%)*2L™(4, v) (c.L.
Definition 1.8 of [H2]). Since the set of operators Pt, P is the positive part of
the o-weakly dense two-sided ideal PSP in L ( %), every YE SEg{_‘(?’E)J, can be
written as the limit of an increasing net of elements of the form Pt, P". It follows
from the normality of S that S(Y) is affiliated with (%) * 4L (4, v) for every
Ye &Eg‘(?’@)Jr. So the map S is a normal operator valued weight from 5&1_‘(?’%)
onto L(H) # L*(4, v). Q.E.D.

In order to obtain a faithful normal semifinite operator valued weight from
M X 4% to M @z C, we just restrict the map S to the crossed product. It is not so
difficult to show that the restriction is faithful and normal, except that it is
semifinite. For semifiniteness, we need to prepare a few lemmas.

Letfe®,and E€ %. Then we consider that vector f®,&in L*(4,v)4®, x.
Since the operation of taking relative tensor products of Hilbert spaces is
associative and commutative, the space L*(4, )2 ®, % can be identified with
%l (In other words, there exists a 2-module unitary from L*(4, V)2 ®, % onto

%#,). We denote by fx, & the vector f®, & in %, under this identification.

In what follows, we will consider the operator (u® 1)(g) (g€ T, on %,
which is a typical element in the crossed product. We refer readers to Lemma
2.10 of [Y2] for the notation (u ® A)(g). It is shown in Lemma 4.4 of [Y1] that
a(u®N)(g)=(u®A1® A)(g), where (u® AQ A)(-) is the integrated form of
the representation u(y) ® A(y) ® A(y) of 4 on the Hilbert bundle {¥#(x)®
L2467, 1) ® LX(E", 1)} rex-

Lemma 3.5. Let f€E V] and EE H. Then

(@ (M E® M = llx(M)If*.&ll
for any right bounded vector h € D(3L*(%, v), u).
Proof. Let k€ L*(9, v) and 7 be an element in % such that the function fa

defined by f,(v)=[[n(y)ll (vE¥) belongs to ¥, Note that the set of such
vectors 7 is dense in ¥. By Fubini’s theorem, we get
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(3.6)  (@((uRNNER,N)In®, k)= f{(f'P) «h} (Y)k(v)dv(y),

where p(y) = I(u(y) E(y ' y) (1)) dA M (y,). We claim that the function f-p
belongs to L*(%, v). Indeed, we have

P = [5G Wl IO (m) = (=),

where fi(y) = || E(y)||. Then, due to Schwarz inequality and Fubini’s theorem,
[ = )Pav)
= [1FHP ([ a2 ) ) ([ £ sl P i D) ) ()
< Ifalls [1EOOR( el i () ) av)
= 1falls [P ([ £ RO () ) 8 Aol duax)
=l [ 2P ([F P 1) 6 gy (1)) dv(.

Suppose that fis §,-bounded. Then
f [FP Loy 8(v) dhry (v) = al £1% f Fa(rr) dAyy(¥)

=l [ £l ar e (7)
=alf 2RI

Thus we have

[ Gar P av(n =allFIR AR P <.
This shows that f-p € L*(%, v). It follows that (3.6) can be written as
(3.7 (@((u® N (N(E®.h)|n®, k)= (m(h)fplk).

Meanwhile, the vector We(f X x &) falls in . If o denotes the unitary from
L*(%®, v) onto itself induced by the rule (1, 12) € HP s (13, v1) € #P, then
(1 ®< 0) Wye(f %, ) still lies in 9€. Fubini’s theorem then yields the identity

(3-8) (1 ®20) Wae(f %, E)[n®.k) = (f-plk)

for n, k as before. Let us take a sequence {h,},=; in B, with ||7,(h,)|| =1 such
that {m.(h,)} converges o-strongly to 1. It follows from (3.7) and (3.8) that
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(3.9)  lim (@((u ® H)(N))(E®,h)|n® k) = lim (m(h,)f - plk)
' — (1®50) Wy (f X, ) ®, k).

Let g€ %,. In view of (3.7) and (3.9), we have

((1 ®g m,(h))(1 B 0) Wae(f X, E)[1® . 8)

=((1®20)Wae(f X, &)|n®,m (k)" g)

= lim (& ® H)(N)(E®, k) [n @y 7 () 8)

= lim (a((u ® H(/))(E®, h) | (1 ®g (1)) (1 ®u8))

= lim (a((u ® )(£))(E®, . #h) |1 @)

= lim (7,(h, *h)f- plg)

= (m(h)f-plg)

= (AN (N))E®,h)[N®,8).

The fourth equality is due to commutativity of operators a((u® A)(f)) and
1 ®4 7,(h). The computation shows that

#((u ® N (NNE®uh) = (1 B m(h))(1 ®g 0) Wae(f X, §).

The assertion of the lemma is an easy consequence of this identity. ~ Q.E.D.

Lemma 3.10. Let f and & be as in the previous lemma. Then

sup [|&((u® () (ER,h)|>= fl'(lflz)(X)l(fé)(X)du(X),
hEP(G)
where fe(v) =l E(7)||-

Proof. We first note that
IF > EIP=1I£®uEIP
= (f®u §If®u E)
= (' (IfP) ®=1)&|8)
= [ 1P A () du().
Thus the assertion is equivalent to

sup [|@((w @ N)(H(E®R)|I>=Ifx,El*
hEP(Q)

However, thanks to Remark 2.6 and Lemma 3.5, the quantity on the left-hand
side is majorized by the one on the right.

To show the reverse inequality, we introduce a linear map ¢ from (%))
into % given by

E(a(h) = (@ DH(MN(E®.H)  (hET)).
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Since 7, is one-to-one, the map is well-defined. It is also continuous by Lemma
3.5. So it can be extended to a boundedlinear map, denoted by £ again, from
A, = the uniform closure of ,(*8,) into #. If h, k €%, then
(1 ®g 7, (h)) E(7,(k)) = (1 ®g 7, (h)) a((u & 2)())(EB k)
=a((u®N)(f)(ER®, k*h)
= E(m(k*h))
= C(nr(h) . (k))-
Thus continuity of § implies that (1 ®¢ a) {(b) = §(ab) (a, bE A,). Let {h,},=
be the sequence that appeared in the proof of Lemma 3.5. We remark that
{m.(h,)} is an approximate identity for A,. By Lemma 3.5, {{(x.(h,))} is
bounded; so, by considering its subsequence, we may assume that {{(x,(h,))}
converges weakly to an element §, € . Then, for any a € A,, we have
(&(@)| &) = lim (Z(am ()] o)
= lim ((1 ®a) £(m,(1,))] &)
= (1 ®za) 5| L)
The calculation shows that the functional a € A, (£(a)| {,) extends to a normal
positive functional ¢, on R(9)'=the weak closure of A,. Since {R(%)’,
L*(%, v)} is a standard representation, there exists a vector £€ L*(%, v) such
that @, = wg. For any h €%,, we obtain
1§ hl* = wx(m (k)" 7.(h))
= (p§(nr(h)+nr(h'))
= (&(m(h)" 7, (h))| &o)
= (L(m(h)| (1 ®z 7, (h)) Lo)
= lim (&(,(1)|(1 ®a 7,(1)) £ (h)))
= lim (&(, ()| £ (. (h) 7 (hn)))
= | & (m(m))|?
= la((u®H(N)(ER, N
Since ||&||* =sup{||E*h||*: h € B, with ||z, (h)|| <1}, it follows from the above
calculation that
Il Coll* = [ El|* = sup {|| £ h||*: h € B; with ||z (k)] =1}
=sup{[|a((u ® V) (f))(ER, h)||*: ke B, with ||z (h)|| =1}
= sup [[a((u®)(N))(EVR,H)?
hEP(G)

==&l

Hence it suffices to show || &|| = ||f %, &||. Recall that & is the weak limit of the



672 TAKEHIKO YAMANOUCHI

sequence {a((u ® A)(f))(E®, hy)} = This fact together with (3.9) shows that
&y is nothing but (1 ®« 0) Wa(f X, £). Since both 1 ®4 o and Wy are unitaries,
we obtain the desired identity || &|| = ||/ %, &]|- Q.E.D.

Theorem 3.11.  The restriction T, of the map S to the crossed product M X ,§
is a faithful normal semifinite operator valued weight of M X 4 onto M Qs C.

Proof. Since the restriction of the morphism IT to the crossed product is
the dual coaction @, we have

Tzv(Y)(a))': <52(Y)7 w*[.t%> = Ssup <&(Y)’ w*y, wh>
hEP(9)

for any Y€ (M X,%9), and w € (M X ,%9);}. Then T, is a normal, homogeneous,
additive map from (M X ,%9), to €* (M X,%). In view of (3.2), we have

(@@ 1) TAY) (@ ®51) = T((a®x1)' Y(@®x1)) (YEUMX,G),, aE M).

Let us fix an element Y &€ (M X,%), and consider the spectral resolution of
T(Y) (see [H2)]):

T“(Y)=J’ Ade; + - p.
0

From Proposition 3.4, it follows that operators e; (A€ [0, <)) and p belong to
the algebra (M X,9) N (C ®x L*(Y, v))'. Thus we have

ler, 1® M(K)]=0  [p, 1@ M(k)]=0

for any k € L™(%, v). Now we can follow the argument of the proof of Theorem
2.6 of [Y3] in order to conclude that e;, p in fact belong to MM Q< C. Hence
T,(Y) lies in €* (M @4 C). Thus we have shown that T, is a normal operator
valued weight from M X ,%9 to M Q@ C.

Suppose that T,(Y'Y) =0 for some Y E M X,%. This means that, for any
Ee %, we have to have

0=T (Y Y)(wg)

= sup <&(Y+ Y)7 w&*u wh>
hEP(9)

— sup [|&(V)(E®,h)
hEP(9)
It follows that a(Y)(5®,h) =0 for any £€ ¥ and he P(9). Since P(9) is total
in L*(%, v), the operator &(Y) must be 0, which implies that Y =0. Hence T, is
faithful.
It remains to show semifiniteness of T,. Let f€B;. Then

(@((u®N(f* *f)), wea,n) =@ @ H(N)I(EQ NI
for any hEP(%9) and E€ %. By Lemma 3.10, we have
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T ®N)(f**f))(w) = sup [la((u®D(HIEQ,h)|?
hEP(Q)

- [Py 20D () dutx)

= (V(fP) ®x1, we).

This shows that T,((u ® A)(f* =f)) = A" (|f]*) ®4 1. It follows that the operator
(w®A)(f) (fEDT) belongs to the left ideal ny . Accordingly, the *-algebra
(u ® A)(BY) is contained in ny . Since ny, is a two-sided module over M ®¢ C
it also contains the *-algebra generated by M ®¢ C and (u ® 1)(L}"), which is
o-weakly dense in M X,%. Therefore, the operator valued weight T, is semi-
finite. Q.E.D.

§4. Construction of Dual Weights

In [Y2], we showed that, to each faithful normal positive functional ¢ on M,
there corresponds a faithful normal semifinite weight @ on the crossed product
M X 4, called the dual weight of ¢. Meanwhile, we may define, for a given ¢, a
faithful normal semifinite weight @ on M X,9§ by §= @l Yo T,, using the
operator valued weight T,, where I, is the canonical injection of Al into M Q¢ C
Our aim in the following discussion is to show that the dual weight @ coincides
with @. Thus the dual weight construction introduced in [Y2] can be extended by
making use of the operator valued weight 7,, as in the case of group actions.

Let (4, {M(x)}, {a,}) be an action of 4. In what follows, we keep all the
relevant notations introduced in the preceding sections. Let us fix a faithful
normal positive functional ¢ on Jl. We consider a diréct intergal decomposition
@ =[% g.du(x) relative to M= [§ M(x)du(x) (see [Su]). We may assume that
each ¢, is a faithful normal positive functional on J(x); so we may identify %,
(resp. ), the Hilbert space obtained by GNS construction from ¢, (resp. @),
with the canonical L?space %(x) (resp. %) of M(x) (resp. M). In [Y2], we
constructed, from the given system, a left Hilbert algebra “ﬁ whose left von
Neumann algebra coincides with the crossed product. Let A be the modular
operator associated with "I(p (See Lemma 2.6 of [Y2] for A¢) Since A” com-
mutes with the canonical #-action on %, A” ®4 1 makes sense on %. We set

0f ®1=Ad(A? ®41).

Proposition 4.1. With the notations as above, we have

Goo? = (a Ry1)cax  (tER).

Proof. First we note that [A%, 1 ®q M(hos)]=0 for any tER and hE¥.
This fact can be easily verified due to Lemma 2.6 of [Y2]. Thus A” ®y1 makes
sense on %oz Q. 2L*(%, v). (Recall the notation ®g£ introduced in §3) For any
EE % and f€B,, consider the vector .§®“ fin ¥y ® w2L?(G, v). (See §3 again
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for ® »)- Then we have

{Wgc V%(Z’;L ®ftl)(§®uf)}(1’1, v2) =f(ri Yz){A & (n)
= {(A% ®q1) W Ve (€ ®yf)}(yl’ 2)-
The above equalities are due to the fact that {W% Vgg( E® n N ) =f(ri ' r)
E(v1). Hence we have shown that Wa, Vae(A% Ryl) = (A ®4 1) Wy Vy. From
this, it follows that, for any Y€l X ,%9, we have
@0 0 (Y) = Wi Vae(07 (V) ®a51) Ve We

= Wie Vae( (B ®21) (Y ®1)(A5" B.sl) Vie Wae

= (A3 ®a 1) Wi Vae(Y Bal) Ve Wae( 45" ®2 1)

= (0f ® 1)°a(Y).
Therefore, we obtain the desired identity. Q.E.D.

Lemma 4.2. The weight @ is o%-invariant. Namely,
goof=% (tER).

Proof. Let we€ (M X,9) and YE (M X,9)+. Then w is of the form
w = wg for some EE #. It follows from the definition of T, and Proposition 4.1
that

T(o¥(Y))(w) = SUP (@(0¥(Y)), wsg,n)
= sup <(Ur ®z1)ca(Y), wew,n)
hEP(G)

= sup (&(Y), wxrew,n)
hEP(S)

= cv(Y)(wZ;”é)
— T(Y)(@>0f)
= 0;p° «(Y)(w)
This shows that T,(o; ?(Y)) = 6% T,(Y). Since To(Y) lies in €* (M ®xC) and
since a, (a e 1) =0 (a) ®g£1 for any a € Ml by Lemma 2.16 of [Y2] we have
that of o T(Y) = I,°07°I; ' T,(Y). Consequently, we obtain T,(of(Y))=1,°
ofoI o T,(Y). From this, it follows that
Gool(Y) = @Iz o T(0¥(Y))
= (p°1a1°1a° o, °Iar1°ch(Y)
=@-° U:polc:lc’ a(Y)
= (POI;1° a(Y)
=@(Y).
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This completes the proof. Q.E.D.

Lemma 4.3. Letac€ ;N (F;)" and E€ . Then the function a X, & given

by (ax, &) (v, v2) = a(y)u(y) E(vi ' v2) (11, v2) € ) belongs to . More-
over, we have

(@A (E® M| = |7 ()] llax,. &l
for any right bounded vector h € D(4L*(4, v), u).

Proof.  Define functions f, and fz by fu(v) = [la(9)l, fe(v) = | §(v)||. Then

jll(a Xu &) (115 P dvi(ri, Vz)5fjfa(Yl)zfg(VflYz)zdl’(y‘)(h)dv(yl)
= [ 1P 1 i () () dto () )

= ([ 10?6 o0 ) et av()
=2 DN EII? <.

Thus a X, § belongs to #.

The idea of proving the second assertion is the same as that of Lemma 3.5.
Let h € D(4L*(4, v), u) be right bounded and k € L?(%, v). Suppose that 7 is in
% such that f, € B, (f,(v) = |n(y)]]). Then it follows from Fubini’s theorem that

(4.4) (@P(A))(ER, W) ®, k) = [ (p k) (DK dn(),

where p(y) =£(a(y)u(y) E(y " yv) n(y1) dA P (y,). We assert that the function
p belongs to L*(4, v). In fact, it is easy to see that |p|<f,- (f,*f%). By the
argument similar to the one in Lemma 3.5 where we showed that f-p € L*(4, v),
we can prove that p € L?(%, v). Hence (4.4) is equivalent to

(4.5) (A P(A))(E®,h)[n®, k) = (m,(h)pk).
It is a straightforward calculation to check
(4.6) ((2®,.8)[n®.k) = (p|k).

Once we have obtained these identities (4.5) and (4.6), we can easily show by
following the discussion in Lemma 3.5 that

W(P(An))(E® 1) = (1B 7, (h))(a X, E).

From this, the second assertion follows. Q.E.D.

Corollary 4.7. Let a and & be as in Lemma 4.3. Then
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sup [|&(P(A))(E®,h)|I* = lla %, E|I.

hEP(G)

The idea of the proof is quite the same as that of Lemma 3.6. Hence we
leave the proof to readers as exercise. _

Let g be a nonnegative Borel function on % such that [g(y)dA*(y)=1 for
all x € X. The existence of such a function is guaranteed by Lemma 3 of [C1].
Let us take increasing Borel subsets {X,,},~; of X with X = U;_ | X,,, u(X,,) <o°.
We define g, (n=1) by g,(v) =1x (r(v)) Vq(y). Then g, € L*(4, v). In fact,
g, belongs to D(xL*(4, v), u). Let o€ M} . Since {M, ¥} is standard, there
exists a vector £ in ¥ such that w = w;. The functionals w;g , can be viewed as
elements in (M &< C);. Then we have the following lemma.

Lemma 4.8. With the notations as above, we have

woly' =sup g 4,

n=1

Proof. Since A(lg,|*) =1x =1x = A(|gn|*) for any n<m, it follows that

Wew, g (@ a®z1)=al®,q,|?
=(M(lgal*atlat)
= (Mgml*atla?)
= 0r®,q,(@ a®a 1)

for any a€M and n=m. Thus wrg 4 =wrw, (1=m) as functionals in
(M ®« ). Moreover,

SUI; e, q,,(‘fa ®g 1) =sup (A(|g.[*)alal)

n= n=1

=sup [|1x,a|f?

n=1

= lag|P=we1;'(a"a ®x1).

Therefore, we get the desired indentity. Q.E.D.
Theorem 4.9. The dual weight ¢ coincides with = @ol " oT,.

Proof. We write ¢ as ¢ = w; for some vector {E¥. We consider the
decomposition &= [$ §,du(x) relative to the direct integral % = [ % (x)du(x).
Then we have that w;, = @, for a.e. x. We take the functions {g,,} introduced as
above. Let a € F;; N (¥;)*. Then, by Corollary 4.7, we have

ch( ®(Aa)+ q)(Aa))(wC®“ q,,)

= Ssup <a((1>(Aa)+ QD(A“)), wC@,,q,,@,,h>
heEP(@)

= sup [|&(P(A)((Rugq, ® M)
hEP(G)
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= ”a Xu( C®uq,,)||2
= f f lan (v 2l la(r) un) G2 a2 (r2) d ()

= [laCr)u(r) GnlP ([ lantri 1P i () avn)
= [laCru(r) &l ([ la. Pz (1)) dvn)

= [ A= @5, @) a(1)) L, (5(r) ().
Thus it follows from Lemma 4.8 and Lebesgue dominated convergence theorem
that we have

P(P(A,) P(Ag) = T D(Ar) P(A))(9°1a")
=Ssup Tc\/(qj(Aa)ﬂL d)(Aa))(wC@’,, q,,)

n=1

= sup [ gun® o (@(r)" a(1) L, (s(7) ()

n=1
= [ e a7 (@) a(n)dv(y).
Meanwhile, @((D(A,,Y @(A,)) is, by definition, equal to
P(D(A) P(AW) =A@

= 100 et e @) Pv()
= [ g e (@) Pdv(y)

= [ i ey @) a(») dv().

(See §2 of [Y2] for notations Ag, 7y, ca:t and Uy, g ea:1)- This shows that
the dual weight @ coincides with @ on the #-algebra {®(A,):a € F; N (F;)*},
which is a o-weakly dense, o%-invariant #-subalgebra of mg. From Proposition
5.9 of [P&T] and Lemma 4.2, it follows that = @. Q.E.D.

Thanks to Theorem 4.9, the following definition is consistent with the one
given in [Y2].

Definition 4.10. For any faithful normal semifinite weight ¢ on /M, the
equation
g=@oly o T,

defines a faithful normal semifinite weight on the crossed product M X ,%. We
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call it the dual weight of g.
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