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Complex Quantum Groups and
Their Real Representations

By

Piotr PoDLES *

Abstract

We define *-Hopf algebras Fun(SL,(N, C;e,, ..., &y)), Fun(O,(N, C; ¢4, ..., &y)) and Fun(Sp,(n, C;
€1,...,E5,)) as the real complexifications of #-Hopf algebras Fun(SU,(N;e;, ..., &y)), Fun(Q,(N;
€1, ...,&y)) and Fun(Sp,(n; e, ..., &,,)) of [RTF] (for g > 0). Such construction can be done for
each coquasitriangular (CQT) *-Hopf algebra A. The obtained object AR is also a CQT x-Hopf
algebra. We describe the theory of corepresentations of A®® in terms of such a theory for A.

§0. Introduction

Quantum groups have recently attracted the attention of many physicists
and mathematicians due to their remarkable properties. Some of these proper-
ties are similar to those of usual groups, while another properties, reflecting
noncommutativity of the corresponding algebras, are suitable only in the ‘quan-
tum’ case. The theory is developed in two approaches. One of them ([Dr],
[J]) mainly deals with quantum universal enveloping algebras, while the second
([W1]-[W3], [Dr], [RTF]) investigates algebras of functions on quantum
groups. In the present paper we follow the second approach. Noncommuta-
tive algebras which we consider here are usually *-Hopf algebras (sometimes
we consider C*-structure on them, which makes the underlying objects topolog-
ical quantum groups), so we mainly deal with ‘quantum algebraic real groups’.

Simple examples of such objects are the quantum SU,(2) groups (they are
described in [W1], where the topological formulation is also given). Omitting
the #-structure in the corresponding algebras we obtain the algebras of holo-
morphic polynomials on the complex quantum SL,(2) groups. But the problem
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of finding all polynomials on real quantum groups SL,(2, C) (and commu-
tation relations between them) is not trivial. Its solution is given (for g e
(— 1, D\ {0}) in [PW] (cf. also [CSSW]). The =-algebra of SL,(2, C) contains
holomorphic polynomials and antiholomorphic polynomials. Commutation re-
lations between them are also provided. It became “folk” knowledge (cf. [Pu])
that the matrix which gives them is in fact (proportional to) the R-matrix
corresponding to SU,(2) (cf. Remark 7 of Section 3).

A natural problem arises: can we find real structures on all complex
quantum groups SL,(N), O,(N) (denoted in [RTF] by SO,(N)) and Sp,(n),
which were presented in [RTF]? Is there any general construction, which,
when applied to real quantum SU,(2) groups, yields quantum SL,(2, C) groups?

An interesting solution of the last problem was given in [Ko]. It is
assumed there that we have a =-Hopf algebra A = (4, *, ¢, , ) with

a) unitary corepresentation u such that its matrix elements generate A
as an algebra

b) selfadjoint matrix R intertwining the second tensor power of u with
itself.

Then T. H. Koornwinder constructs a *-Hopf algebra B as free product of
Hopf algebra A and the conjugate Hopf algebra A’ with some relations (cf
remark 2 after Thm 3.3). In the case where A is the algebra of polynomials
on SU,(2), B is (for some choice of R) the algebra of polynomials on real
quantum group SL,(2, C), g € (—1, 1)\{0}. Unfortunately, this procedure doesn’t
control the ‘size’ of B (choice of R is not unique).

The aim of the present paper is to solve our problem in a way which
would give full information about the obtained object, expressed in terms
of the initial quantum group. The main result is presented in Section 3.
There we define the real complexification AR of x-Hopf algebra A as a vector
space A ® A’ with »-Hopf structure given in terms of a given functional #
on A ® A. More precisely, A°® is a *-Hopf algebra and we have an embedding
G = G°® of corresponding quantum groups, but under the assumption that
the pair (A, #) is a coquasitriangular (CQT) =-Hopf algebra. In a special
case our construction and construction of [Ko] coincide (see remark 2 after
Thm 3.3).

CQT Hopf algebras were investigated in [Ha], [LT] (cf. also earlier papers
[Lyu], [Dr]). CQT Hopf algebras can be viewed as ‘almost commutative’
Hopf algebras. In Section 1 of this paper we define a CQT =-Hopf algebra
as a CQT Hopf algebra (A, #) with compatible x-structure. Next we present
the relation between such objects and corresponding hermitian braidings, which
are families of R-matrices (cf. [Lyu], [LT] in the case without ). Using it,
we can prove Theorem 1.4, which allows us to provide examples of CQT
=-Hopf algebras. For a given algebra defined by generators and relations
(which express the existence of intertwiners between tensor powers of the
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fundamental matrix of generators) we formulate purely arithmetic conditions
under which such algebras can be endowed with (CQT)(x-)Hopf or C*-
algebraic structure. Among conditions, the braid equation and compatibility
of its solution with relations defining the algebra play the fundamental role.
The proof uses methods which were presented (in the case of SU,(N)) in [W3]
and [W4].

In Section 2 we prove that the *-Hopf algebras Fun(SU,(N;e,, ..., ey)),
Fun(O,(N; ey, ..., &y)) and Fun(Sp,(n; ¢;, ..., &5,)) of [RTF] (q > 0; for SL, with
odd N, O, with even N and Sp, we can also put g < 0) have a natural CQT
x-Hopf algebra structure related to the corresponding solutions of braid equa-
tion (similar results, without *, were given in [Dr], [Ha]; nevertheless we
provide an alternative proof which uses Thm 1.4 and shows that existence of
all considered structures follows immediately from the form of assumed rela-
tions). Moreover, if ¢, = - =¢y =1, we describe topological structures on
the underlying quantum groups; in the case of SU, we have then topological
quantum groups S,U(N) of [W3].

In Section 3 we describe real complexifications of the above examples
obtaining real quantum groups SL,(N,C;e,,...,ey), OiN,C;ey,..., ey),
Sp,(n, C; &4, ..., &5,) (for g =1 they don’t depend on the choice of ¢, ..., &y;
in this case we obtain defining relations of SL(N, C), O(N, C) and Sp(n, C)). In
our examples all corepresentations of the initial Hopf algebra A are completely
reducible. In each such situation A®® has the same property. Moreover,
irreducible corepresentations w*# of A®® are numbered by pairs (u? uf) of
irreducible corepresentations of A (if one identifies objects, which are equiva-
lent). Dimensions of w*#, the objects conjugate to them and multiplicities in
decompositions of tensor products of w*# are expressed in terms of the similar
data for A. In this way we describe representation theory of quantum group
GC®R (or, in other words, the theory of ‘real representations of the complexifica-
tion of G’), where G, G®® are underlying objects of A, AR

Furthermore, for each CQT =-Hopf algebra (A, %), A°® can be also en-
dowed with a canonical CQT =*-Hopf algebra structure. Thus we obtain an
infinite chain of CQT =-Hopf algebras. Notice that *-structure plays an im-
portant role in that construction. In the Appendix we provide basic notions
and facts concerning (x-)Hopf algebras.

According to [PW], there is a link between Fun(SU,(2))*® and double
group of SU,(2), ¢€(0,1). It occurs that a similar situation takes place for
any CQT =-Hopf algebra such that all its corepresentations are completely
reducible (in fact we got the definition of A®® using that link). We are going
to present this material in a separate publication [P].

Throughout the paper we use the following notation. W’ denotes the
dual vector space of a vector space W. If a: W— V is a linear mapping of
vector spaces then a': V' — W’ denotes the dual mapping of a. If &': V' - W'
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and f: X' —» Y’ are dual linear mappings then we define their extended tensor
product by formula
dRF =@®): (VXY >(W® YY 0.1)

(note that o/, B’ determine «, B uniquely). The same definition works also
for antilinear dual mappings. (If a: W — V is antilinear then the antilinear
dual mapping of a, o’: V' — W', is given by [o'(n)J(w) = n(a(w)), n € V', w e W).

If V, W are vector spaces, then s=s,p: VO W —->W® V is a linear map
such that

Sx®y)=y®x, (0.2)
xeV, ye W.
Let A be a vector space and v, w matrices with entries in A: v € M, (A4),
we M, (A), m, ne N. Then we define v® we M,,,(4® A) by
v® W)ij,kl = vy @ Wy , 0.3)
i, k=1, ..., m; j,l=1, ..., n. If Ais an algebra then we have also the
tensor product v Q w € M,,,(A):

w® w)ij,kl = Uy Wj 0.4)
i, k=1,...,m j,I=1...,n Weset v¥%=0v@ - @v (I times, if A has
unity I then v®° = (I)). Moreover, let A be a *-algebra. Then matrix ¥
conjugate to v is defined by

by=v% G j=1, .., m. (0.5)

We have
DW= 5@ D D)s,, - (0.6)
We denote v*;=v;* i, j=1, ..., m. If S:X—>Y is a linear mapping of

vector spaces then formula

[S®id(u)]ij = S(Uij) > ©.7)
i, j=1, ..., m v=(vy)l";-; € M,(X), defines a linear mapping S®*: M, (X) -
M, (Y), meN.

Let ¢ € (C¥)®", r > 2. Then by using the canonical basis in C* denoted
by ey, ..., ¢, we obtain

Y= ) Z » !//il...i,eil ® Qe ,

¥i,...,,€C. We define arrays y; = (s,. ., i"z ,,,,, =1 Wi = (lpil...i,._,i)li‘l ..... ipog=1s
i=1,..., k. My, (Y, resp.), i=1, ..., k, are linearly independent, then we
say that ¢ is left (right, resp.) nondegenerate (see [W3]). If both properties
are satisfied, we say that y is nondegenerate. In that context we identify a
linear mapping L € Lin(C, (C¥)®") with L(1) e (C*)®".

We always include O into the set N of natural numbers.
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§1. Coquasitriangular +-Hopf Algebras

In this Section we introduce and investigate the notion of coquasitriangular
(CQT) =-Hopf algebra. In the following we use definitions and facts given
in the Appendix.

Definition 1.1 (cf. [Dr], [Ha], [LT]). We say that (A, &) is a CQTx-Hopf
algebra if

1) A is a =-Hopf algebra

2) R is an element of the algebra A, = (A ® A) such that

R is invertible , (LY

A Qid)R = R,3R,5 , (1.2)

(d@ AR = R, R, , (1.3)
cd(a)=R-Aa)- R, acd, (1.4)
~oRox, =R (1.5)

(~ denotes complex conjugation in C).

Omitting condition (1.4) we obtain the definition of *-Hopf algebra A
with compatible hermitian element £. Omitting the *-structure and (1.5) we
get the definition of CQT Hopf algebra and Hopf algebra with compatible
element # (if we also omit (1.4)).

Remark 1. Quasitriangular Hopf algebras were introduced in [Dr], while
CQT Hopf algebras were investigated in [Ha], [LT] (neither paper uses ).

Remark 2. We can also consider a wider class of objects, with (1.5)
replaced by ~ o R o %, =1-# for some 1 in the center of 4,. For clarity
of exposition we put 1= 1.

Remark 3. For the general =-Hopf algebra A there is no £ satisfying
the conditions of the above Definition. If such £ exists, it is not unique, in
general.

Remark 4. According to (1.4) A is commutative iff # = 1 is admissible
(A’ is ‘cocommutative’ in this case). Therefore CQT =*-Hopf algebras can be
also called quasicommutative *-Hopf algebras (due to (1.4) £ describes ‘non-
commutativity’ of A).

The notion of CQT =*-Hopf algebra is related with the following

Definition 1.2 (cf. [Lyu], [LT]). Let A be a =-Hopf algebra. We say
that a family {R"}, ,crepa iS a hermitian braiding of A iff

R e Lin(q:dimu ® Cdim w’ Cdimw ® Cdim v) , (16)
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(id® S)R™ =R°"(S®id) if SeMor(v,v'), 1.7
(S®id)R™ =R™(id®S) if SeMorw,w), (1.8)
R is invertible , 1.9

(R*™ ® id)(id ® R”™) = R*®""¥ (1.10)

(id ® R™)(R*™ ® id) = R"¥O¥' (1.11)

R e Mor(v Q w,w @), (1.12)

sR™s = R*", (1.13)

v, w, v', weRepA (see (0.2)). Omitting the %-structure and condition (1.13)
we get the definition of a Hopf algebra with braiding. Omitting condition (1.12)
we obtain the definition of a *-Hopf algebra with compatible hermitian fam-
ily. Omitting the *-structure and both conditions we have a Hopf algebra with
compatible family.

Remark 5. Inserting S = R"™ e Mor(v @ w,w @ v) into (1.7) and using
(1.10) we obtain the braid relation

(id ® R™)(R” ® id)(id ® R**) = (R ® id)(id ® R”)(R*™ ®id) (1.14)
Remark 6. We will also investigate the condition
RY =id, (1.15)

where ve Rep A and 1 = (I) is the trivial corepresentation.
The relation between the above two notions is given by

Proposition 1.3 (cf. [Lyu], [LT], [Ma]).
1) Let A be a Hopf algebra and # € (A® A). For each v, w € Rep A we define

(va)ij’kl = '@(vjk ® Wil) s j, k = 1, ey dim v, i, l = 1, ooy dim w. (1.16)

Then {R™}, ., crep a Satisfies (1.6)—(1.8). Let L be a sufficient set of corepresen-
tations of A. Then
a) X satisfies (1.2)-(1.3) iff {R*™}, .. satisfies (1.10)—(1.11)
b) The following are equivalent
i) R is a compatible element
i) {R™}, L satisfies (1.9)—(1.11)
iti) {R"™}, e satisfies (1.15), (1.10)—(1.11)
Each of the above conditions implies

@_l(vu ® ij) = (va)i;,lkl > (1.17)
R =id, (1.18)



CoMmPLEX QUANTUM GROUPS 715

(Ruw)i;,lkz = (Rucw)jl,ik > (1-19)
(vac)i;,lkl = (va)ki,lj s (1-20)
R}’,‘fk = Riij» (1.21)

v, weRepA, i,l=1,...,dimvy; j, k=1, ..., dim w.
¢) (A, %) is a CQT Hopf algebra iff {R*™}, .. satisfies (1.9)-(1.12)
d) Moreover, suppose that A is a *-Hopf algebra. Then
i) (A, %) is a =-Hopf algebra with compatible hermitian element iff
{R™}, weL satisfies (1.9)—(1.11) and (1.13)
ii) (A, &) is a CQT =-Hopf algebra iff {R**}, .. satisfies (1.9)— (1.13)
2) Let A be a CR Hopf algebra and L be a sufficient set of corepresenta-
tions of A.
a) Suppose that each of two families {R™}, ,,crep o> {8}, werep o Satisfies
(1.6)—(1.8). If R*™ =S"" for v, we L then R*™ = S* for v, we Rep A.
b) Assume that the family {R"™}, .. satisfies (1.6)—(1.8). Then there
exists a unique & € (A ® AY such that (1.16) holds for v, we L.
In particular, for CR (-) Hopf algebras, CQT (x-) Hopf algebra structures
(compatible (hermitian) elements, resp.) are in one to one correspondence (given
by (1.16)) with (hermitian) braidings (compatible (hermitian) families, resp.).

Proof.

1) Equation (1.16) implies (1.6)—(1.8).

a) Applying both sides of (1.2) to v; ® vj ® Wy, we see that (1.2) is
equivalent to (1.10) for v, v, we L. Similarly (1.3) is equivalent to (1.11) for
v, w, weL.

b) Due to a), we may assume that in each case (1.10)—(1.11) hold for
all v, v/, w, w' € Rep A. Assume i). We set (ﬁ"“’)ij,k, =R vy @wy), i, [ =1,
..., dimv, j, k=1, ..., dimw, v, we Rep A. Then the equality 2! - % =
R- R =1, applied to v; ® w;, yields R*™ = (R"™)™. So (1.17) and ii) hold.
If ii) holds then setting v =v' =1, we L in (1.10) and using (1.9) we get (1.15)
for v e L and iii) is satisfied. Assume iii). Then due to (1.16) Z(I ® x) = e(x),

x € A, and (1.15) holds for all veRep A. Set D}, =Ef ;=0 i, j=1, ...,
dim v, ve Rep A. We have
D’ e Mor(1,v @ v°), (1.22)
E’e Mor(v*Qu, 1),
((dRE)D’®id) =id , (1.23)
(E*®id)(id ® D*) = id . (1.24)

For v, we Rep A we put
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B=(E"®id ®id)(id ® R™ ® id)(id ® id ® D*),
C=31dQ®id®E’)(id®R**®id)(D’® id ® id) .

Then using (1.10), (1.22), (1.7) for S = D?, (1.15) and (1.23), we obtain R*™C = id.
Therefore (R”")™! = C, which gives (1.19). Setting w' =1 in (1.11) and using
invertibility of R*", we get (1.18). In virtue of (1.11), (1.22), (1.8) for S = D",
(1.18) and (1.24) one has R*™ B =id. Hence (R*)™! = B and (1.20) follows.
Comparing (1.19) (with w replaced by w°) and (1.20), we get (1.21). Put #' =
Ak ®id). Then

'@’(U;’j R wy) = Q((Uc)ji Q@ wy) = (vaw)kj,il = (va)i;,llj
(we used (1.19)). Therefore Z-# = R R = 1,,- (we check it on v; ® wy), #
is invertible and then i) follows.
¢) According to b), in each case # is invertible and (R"*)™! exist, v,

we L. Applying both sides of (1.4) to v; ® wy we get that (1.4) is a translation
of

a((w® U)ji,kz) =a([R™"v D W)(Ruw)_l:lji,kl) > ac A,

which is equivalent to (1.12).
d) i) Applying both sides of (1.5) to wy ® v; we get that (1.5) is equiva-
lent to (1.13) for v, we L.
ii) follows from i) and c).
2) a) Let v, weRepA. Then due to Prop. A3

L=Y ana,, I,=Y bb, (1.25)

meD neE

for some a,, € Mor(l,, v), a, € Mor(v, 1,)), b, € Mor(l., w), b, € Mor(w, 1)), L., I. €
L, me D, ne E, where D, E are finite sets. Using (1.7)—(1.8) we get

R™ =} R™(ana,®b,b,) =} (b,® a,)R""(a, ®?b,)

m,n

=2 (6, ® a,)S""(a,, ® b;) = Y, S™(apa,, ® b,b}) = S™.
b) Furthermore, suppose z, t € Rep A and

L=7Y cc,, L=7Y dgd, (1.26)
peF

qe G

for some c, € Mor(k,, z), c, € Mor(z, k,), d, € Mor(k;, t), d; € Mor(t, k;), k,, k; €
L, peF, qe G, where F, G are finite sets. We set

RGy =Y. (5, ®a,)R™"a, ®b,), (1.27)

Ry =Y (d,® c,)R*"5(c, @ d;). (1.28)
p,q
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Assume S e Mor(v,z), Te Mor(w,t). Then using (1.27), d;Th, e Mor(l,, k;),
c;Sa,, € Mor(l,,, k;), (1.25), (1.26), c;c, € Mor(k,, k;), djd, € Mor(kq, k;) and (1.28),
we obtain

(dj ® ci)(T ® S)RGzp) = Z (d;Tb, ® ciSa,)R"™"(a, ®b,)
= T RM(ciSapa, ® diTh,b)
Z R**(cic,c,S ® did,d,T)

=Y (djd, ® cic,)R**:(c, ® d;)(S® T)
D,q

= (d,' ® Cé)Rf:d)(S ®T).
Multiplying both sides from the left by d; ® c¢; and summing over i, j, one gets
(T ® S)RGH = REp(S® T) (1.29)

Specializing v =z, w=t, S =id, T =id, we see that R(a,,) doesn’t depend on
the choice of a,, a,, b,, b, I, I, D, E. Put R = R{, (for v, we L, R
are same as before). Then (1.6) holds and (1.29) implies (1.7)—(1.8).

We define Z2e(A® A)Y by (1.16) with v, wel (cf. Prop. A2). Let
{S"}, werepa De the family corresponding to £ by (1.16). Obviously, R =
S" for v, we I, hence by a) R"™ = S" for all v, we Rep A. In particular,
(1.16) holds for v, we L and the desired element # exists. Notice that (1.16)
(v, w e L) describes £ on a set linearly generating A ® A. Therefore the desired
element # is unique. O

The following result allows us to construct (x-)Hopf algebras, CQT (x-)Hopf
algebras and compact matrix quantum groups. In the case of quantum SU(N)
groups, it is essentially contained in [W3], [W4].

Theorem 1.4. Let H = CV (with canonical Hilbert space structure), N > 1.
We put H* = H® - ® H (k times), ke N.  Suppose there are C,, € Lin(H*, H'™),
S Tw€N, m=1, ..., P, PeN.

We define A as the algebra with unity I, generated by u;;
satisfying relations

pbj=1.., N,

Cu~=u~C,, m=1,.. P, (1.30)

where u' =u @ - @ u (I times), u® = (I), u = (uy) =, € My(A) (in (1.30) we treat
C,, as matrices).

Set Cy =idy. Tensor products of any number of elements C,, m =0, 1,
..., P, are called elementary monomials. Products of any number of elementary
monomials (if their composition makes sense) are called monomials. We define
M(u*, u) as the linear span of monomials belonging to Lin(H*, H'), k, le N. Let
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B = B*e GL(H). For any C € Lin(H*, H') we set
C = (B®*)"1C*(B®') € Lin(H', H") .
Obviously C = C.
1) Assume there exist left nondegenerate E € M(u°, u®) and right nondegenerate
E' € M(u®, u®)* (for some a, b >2). Then there is a unique Hopf algebra struc-

ture A on A which makes u a corepresentation.
2) Assume

there exists a nondegenerate E € M(u°, u®) (for some a >2), (1.31)

C,e Mu™ u=), m=1,..,P. (1.32)

Then there is a unique =-Hopf algebra structure A on A such that
u is a corepresentation of A, (1.33)
u*=Bu'B™'. (1.34)

3) Assume (1.31)—~(1.32) for B=1id. Let S € Lin(H*, H'). Then
Su*=u'S <« SeM@u"u). (1.35)

4) Assume (1.31)—(1.32) for B=1id. Then there exists maximal C*-seminorm
|-l on the x-algebra A (cf. 2)). It occurs that |-| is a norm. Let A be the
C*-algebra obtained by the completion of A with respect to the norm | -|.
Obviously, A is the universal C*-algebra with unity generated by Uy, i, j=
1, ..., N, satisfying (1.30) and u*u = uu* =1. Moreover, (4, u) is a compact
matrix quantum group (‘pseudogroup’) in the sense of [W2]. In particular, A
(cf. 2)) is CR.

5) Assume (1.31)-(1.32) for B=id. Let ReLin(H? H*). We define
Ry € Lin(H*® H', H' ® H*) as follows:

R0y = Ruayoy = g k=0,1,2, ...,
Ry =R,
Ry = R @ idg)(idy @ Ry k=1, 2, ...,
Rya+1y = ([ ® Ry1y) Ry ® idy) k,1=1,2, ...,
Assume the following compatibility relations:
(idg ® Cp)Rs, 51y = Re,y1)(Cw ® idy) (1.36)
(Cu ® idg)R1ys,) = Rtye,p(idy ® C) » (1.37)

m=1,..., P. Then there exists on A a unique structure (A, %) of Hopf algebra
with compatible element R, satisfying (1.33) and

R"“ =R, (1.38)
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where {R™}, ., crepa iS the compatible family corresponding to #. Moreover,
if Re M(u? u®) then (A, %) is a CQT Hopf algebra.
6) Assume (1.31)-(1.32) and let Re M®u? u®) satisfy (1.36)-(1.37). If
moreover
R*=(B® BIR(B'®B™), (1.39)
Cre M@u™, u™), m=1,..., P (1.40)

(for B = id, (1.40) coincides with (1.32)), then there is a unique CQT *-Hopf alge-
bra structure (A, #) on A in which (1.33)—(1.34), (1.38) hold, where {R"™}
is the hermitian braiding corresponding to #. Moreover, A is CR.

v,weRep A

Remark 7. If Re M(u% u?) then by (1.36)—(1.37) R satisfies the braid
relation

(R®id)(id ® R)(R® id) = (id ® R)(R ® id)(id ® R).

Proof of Theorem 14. We sum over repeated indices (Einstein’s conven-
tion). Let w; = uy ® uyj, i, j=1,..., N. Then the matrix w = W) ;=; (Iyxn»
resp.) also satisfies (1.30) and there exists a unital homomorphism ¢: 4 > 4 ® A
(e: A > C, resp.) such that @(uy) = uy ® w;(e(u;) = 6, resp.), i, j=1, ..., N.
Consequently, (A.1)—(A.2) hold.

1) Since E is left nondegenerate, there exists W:H — H*! such that
Ey, Wi, ix=0u i k=1,..., N. Multiplying equality u’E = Eu°, i.e.

u;;u .u

ijUiyj, ia.ian.iz---ja=Eii2"'inI’ i, i2, ceey ia= 1, ey N, (1.41)
by W, ;. xand summing over i,, ..., i,, we get that u is right-invertible. Simi-
larly, using E’, one proves that u is left-invertible. Thus u™! exists.

Let us notice that (u®)™! = (u™*)@* where @’ denotes tensor product with

respect to the algebra A°? with opposite multiplication. Then (1.30) implies
C,(u )@ = u HOm™C, , m=1,.., P, (1.42)

and hence (u™'); satisfy (1.30) in A4°?. Consequently, there is a linear antimulti-
plicative unital mapping k: 4 — A4 such that k(uy) = @ ™'); i, j=1,..., N. We
obtain (A.3) for x =u; and hence for all x. Thus the desired A exists.
Uniqueness follows from the uniqueness of ¢.
2) According to (1.32), relations (1.30) imply

Cum=u~C,, m=1,.., P. (1.43)

Define M(u*, u') as the sets of combinations of products of tensor products
of Co =idy, Cy, ..., Cp. By (1.32),

C,=C,eMumum), m=1,.. P.

Therefore (1.43) imply (1.30) and both sets of relations are equivalent.
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E € M(u®, u®) is left nondegenerate, while (B®*)E = E* € M(u®, u®)* is right
nondegenerate. Thus by 1) it suffices to prove the existence of =-structure
which satisfies (1.34) (equation (1.34) determines the mapping * uniquely on
the generators).

Let z = (™) (the matrix transposed to u™'), v = (B™')"zB". Then (1.42)
yields z®*~CI = CIz®" and v®*~C, = C,v®". Therefore v;, i, j=1, ...,
N, satisfy, in the conjugate algebra A4/, (1.43) and thus also (1.30). So there
exists an antilinear antimultiplicative unital mapping #: A — A such that u;* =
vy b, j=1,..., N. Hence u* =v” = Bu"'B™! and (1.34) holds. Consequently,

u** = (B"\)(u*)"'B = B"'BuB"'B=u

and = is an involution. Moreover # = (B !)"u‘BT is a corepresentation and
hence ¢* = (* ® *)¢ (it holds on uy;, i, j=1, ..., N).

3) 4) We use the terminology and results of [W3]. We essentially repeat
the reasoning of [W3], which leads to quantum SU(N) groups.

Let W= {u":1eN}. Set H,=H,u*u'=u*Qu' (=u*") k leN, f=u
Then W = (W, {H, },,cw> {M(v, W)}, wew, -, f) is a concrete monoidal W *-cate-
gory with distinguished object. Let Z = (Z, {H,}ycz, {M(v, W)}y ez *» f) be
the completion of W. By the argument of [W3, pages 60-61] we conclude
that f has a complex conjugation in Z. Let C be the universal C*-algebra
with unity generated by #, i, j=1, ..., N, such that i = (i;)};-, is unitary
and satisfies (1.30). Then G = (B, i) is universal Z-admissible pair, G is a
compact matrix pseudogroup and for any S € Lin(H*, H')

Si*=d'S < SeM@u, u") (1.44)

(use [W3, Thm 1.3 and Prop. 2.7.2]). Let o/ be the x-subalgebra considered
in the proof of [W3, Thm 1.3] in the case of category Z. Then the maximal
C*-seminorm on ./ exists. Moreover this seminorm is a norm and C coincides
with completion of o/ in that norm. According to [W3, page 59], & is the
dense *-subalgebra (with unity) of C, generated by ;. Let us notice that 4
is the universal *-algebra with unity generated by uy, i, j =1, ..., N, satisfying
(1.30) and

utu = uu* = 1 4, (1.45)
~(A4)

while o/ is a unital *-algebra generated by d; satisfying (1.30) and (1.45).
Therefore we have a unital *-epimorphism p: A —» &/ such that p(u;) =d;. In
order to prove 3)4) it remains to check that p is faithful (then we can identify

A with </, u with i, 4 with C and (1.44) gives (1.35)). To this end we need

Definition 1.5 (cf. [W3], page 40). Let R = (R, {H,},cr {Mor(r, 5)}, scr>
, f) be a concrete monoidal W*-category with distinguished object. We say
that M = (B, {v"},.r) is an a-model of R if B is a *-algebra with unity I and
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v" are unitary elements of B(H")® B, r € R, such that
=0 D,
vE® ) =(® v,
for any r, se R and t e Mor(s, r).

Lemma 1.6 (cf. [W3, Prop. 2.7.5, Prop. 3.1.4, Prop. 3.3]). Let R, M be
as in Def. 1.5.
1) Let S be the completion of R. Then M has a unique extension to an
a-model N of S.
2) Assume that R is complete, f exists and {f, f} generates R. Let (B, u)
be the universal R-admissible pair, (B, {u"}, ) the corresponding model and s/
be the unital «-algebra generated by all u; Then there exists a unital *-
homomorphism @, 4 — B such that (id ® @y )u" =v", re R.

Proof. The same as in [W3].

We return to the proof of Thm. 1.4. Clearly M = (4, {w},.w) is an
a-model of W. Thus by Lemma 1.6 there exists a unital *-homomorphism
oym: A — A such that @p(d;) =uy, i, j=1, ..., N. Thus @yp =id, ppy = id
and both p, ¢, are #-isomorphisms. Therefore 3) 4) follow.

5) By 4), A is CR. Since u; generate A as an algebra with unity, hence
L = {u*},.n is sufficient (cf. the Appendix). But (1.38) implies R“* = Ry,
and therefore (cf. Prop. 1.3.2. b) uniqueness of # follows.

Now we will prove the existence of . Due to (1.35)—(1.37), R** = Ry,
k, le N, satisfy (1.6)—(1.8). Therefore, by Prop. 1.3.2. b) there exists Ze(4 ® AY,
whose corresponding family {R"™}, ,cze,a satisfies R™ = R™, v, we L. In
particular R* = Ry, = R. It is straightforward that {R**}, , . satisfy (1.10)-
(1.11) and (1.15). Then Prop. 1.3.1. b) implies that £ is a compatible element.
Moreover, if R e M(u? u*) then by (1.35) R e Mor(u? u*) and R** = Ry, €
Mor(u* @ u',u' @ u*). Using Prop. 1.3.1. b) and c), (A, %) is a CQT Hopf
algebra.
6) Due to (1.40), equation (1.32) is satisfied also for B =id. Uniqueness
of (CQT)(x-)Hopf algebra structures on A4 follows from 1) 2) 5). By 2) 5) there
exist the desired *-Hopf algebra and CQT Hopf algebra structures on A which
give the same (by uniqueness) Hopf algebra structure A. By Prop. 1.3.1 it
remains to check (1.13) for v, we L.

Denote v = BuB™'. Then # = v° and using (1.21)

sR™s = sR™s = (R™)* .
But B e Mor(u,v), hence R” = (B® B)R*(B™' ® B™!). Thus using (1.39),

sR™s = (B! ® B™!)(R")*(B ® B) = R™
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and (1.13) holds for v = w = u. Hence, taking into account (1.10)—(1.11), equa-
tion (1.13) holds for all v, we L. O

§2. Examples

In this Section we prove that ‘algebraic quantum groups’ SU,(N; ¢y, ..., &y),
O,(N;&y,..., ey) and Sp,(nse,, ..., &,,) defined in [RTF] correspond (for g > 0)
to CQT =-Hopf algebras. Thus we illustrate the theory presented in the previ-
ous Section.

Remark 1. Similar results (but without * and in more general context)
were given in [Dr], [Ha]. Nevertheless we present here an alternative proof,
which illustrates Thm. 1.4.

In the following, for fixed Ne N, we set H =C", H*=H® k=0, 1, ....

Example 2.1 (cf. [W3], [RTF]). Let N=n+1 for the series A,, n =1,

2, .... We define A as the algebra with unity generated by uy, i, j=1, ...,
N, satisfying
u®¥E = Ey®°, (VA))]
E*u®N — 00 22)
Ru@u)=u®uR, 23)
where E e Lin(C, H®Y) and R e Lin(H®?, H®?) are given by
o= {_geinaen o (0 U0 @9

N N N
R=gq "W [61 ; iy il + 3 1<l +(@—q7") ¥ |ij><ij|] ,  (25)
'il:jl l'iJ<=j1

u=(uy) =1, u®° =), ¢ >0 (for N odd, we also admit q < 0).

Remark 2.
R = q‘”NRq = g g} (2.6)

where ﬁq is given in Section 1.3 of [RTF] and oy in (4.13) of [W3] (we set
1 =gq). Moreover, due to [W3],
N-2
ow = idg2 — (H @ +q*+ ""12k)_1>(id112 ® E*)(E @ idy2)
k=1

and therefore (2.3) is a consequence of (2.1)—(2.2).

Example 2.2 ([RTF]). Let N=2n+ 1 for the series B,, N = 2n for the
series C, and D,. We define A as the algebra with unity I, generated by u;,
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i, j=1, ..., N, satisfying

u®u)C = Cu®°, @27
C*(u @ u) = u®°C*, (2.8)
RuQu=u@uR, (2.9

where C € Lin(C, H®?) and R € Lin(H®?%, H®?) are given by

N
C=1Y 6q"ii'y, (2.10)
i=1

Z

N
R=gq ) liiydiil + Y, |ii)y<iil +
i=1 =1 i,
i#Q i=i J

|Jl><lJ| +q Z "> <1

1L
~mMz

1#1
N
+@—q") X 1l —@—q7) Z q* 70,01 j77> <’
i,j=1 lj_ (211)
i<j i<j

i'=N+1—-i jy=N+1—j 6,=1,i=1, ..., N, for the series B, and D,
6,=1,i=1,..., N2, 6,=—1,i=N/2+1, ..., N, for the series C, and

1 3 1 1
<n—§,n—§,...,§,0, IR —n+ 1/2) for B,

= 2.12
CORRYE (n,n—l,...,l,—l,...,—n) worc (0 @12
mn-1,n-2,...,1,0,0,—1,..., —n+1) for D,
u= ()=, u®° =), ge R\{0} (¢ >0 for B,).
Remark 3.
R=R, 2.13)

where ﬁq is given in Section 1.4 of [RTF].

Proposition 2.3. Consider situation from Examples 2.1-2.2. Let B=
diag(e,,...,ey), 62 =1,i=1,..., N. In the case of series B,, C,, D, we assume
& =¢,i=1,..., N, =1 for i=1i'". Then there exists a unique CQT *-Hopf
algebra structure (A, &) on A such that

a) u is a corepresentation

b) w*Bu= B, uBu* =B

¢) R*“=R
where {R”}, ,crepa iS the hermitian braiding corresponding to #. Moreover
A is CR.

Proof. B = B*e GL(H). We shall check the assumptions of Thm. 1.4.6.
First notice that E (cf. [W3, page 63]) and C are nondegenerate. Next,

R*=R, (2.14)
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hence (1.40) follows. Moreover (B®N)E =¢,...eyE, (B® B)C = C,
(B® B)R = R(B® B) (2.15)

and also (1.32) holds. Combining (2.14) with (2.15), we get (1.39). By con-
struction R € M(u?% u?). It remains to prove (1.36)—(1.37).
In the case of 4, we need
(RQ®idy)(idg @ R)(R @ idy) = (idg ® R)(R ® idy)(idg ® R),  (2.16)

idy ® E = Ry (E ® idy) , @.17)
E® idy = Riyym(idy ® E), 2.18)
(idg ® E*)Rpyy, = E* ® idy , (2.19)
(E* ® idyg)R 1) = idy ® E* . (2.20)

By (2.6), equation (2.16) follows from (4.16) of [W3] (and also from [RTF]).
Moreover, (4.34)—(4.35) of [W3] imply (2.18)—(2.19). Next, multiplying the last
equation on page 69 of [W3] from left by (id ® E*) and using (4.32)—(4.33) of
[W3] we get (2.20). Its hermitian conjugation gives (2.17).

In the cases of B,, C, and D, we need (2.16),

id® C = (RQ® id)(id ® R)(C ® id), 2.21)
C®id=(id®R)(RQid)(id® C), 2.22)
id® C* = (C*®id)(id ® R)(R @ id), 2.23)
C*®id = (id ® C*)(R ® id)(id ® R). (2.24)

Due to (2.13) and [RTF], (2.16) holds. Next, we shall prove (2.21)-(2.22). Ac-
cording to [RTF], R— R ! =(q — ¢ 1) — K), where

K = 0CC*, (2.25)

0 =1 for B, and D,, 8 = —1 for C,. Hence, using [Re], we get

(id ® R)(R ® id)(id ® K) = (K ® id)(id ® K),

(R®id)(id ® R)(K ® id) = (id ® K)(K ® id) .
Using that, (2.25), (C* ® id)(id ® C) = 0-id, (id ® C*)(C ® id) = 0-id and surjec-
tivity of C* we get (2.21)-(2.22). Their hermitian conjugations give (2.23)—

(2.24).
Now using Thm. 1.4.6 we obtain the desired result. O

Remark 4. Except 4, with N odd, we can replace R by (—R) and Prop.
2.3 still holds (by the same proof).
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Remark 5. Let us consider 4, and admit all g € R\{0} and all N values
of gV in the expression for R. Then Prop. 2.3 still holds, but with the
wider definition of CQT =-Hopf algebra, which was presented in Remark 2
after Def. 1.1 (braiding is now hermitian in some wider sense).

Remark 6. 1. Let ge R\{0} (g >0 for B,). In the case of A, consider
relations

u®NE = Eu®° (2.26)
wru=uu*=1. 2.27)

Let o/, be the x-algebra with unity generated by (2.26)—(2.27) and C(S,U(N))
be the unital C*-algebra generated by (2.26)-(2.27) (see [W3]). We claim that
o, is equal to A. First assume (2.26)—(2.27). Then (2.1)-(2.2) hold. By re-
mark 2 after Ex.2.1 we also get (2.3). Conversely, assume (2.1)—(2.3). Then
(2.26) is satisfied and putting B = id we obtain a =-structure on A, in which
(2.27) holds. Therefore we can identify A with 7, and (see [Ro]) with
Fun(SL,(N)) of [RTF]. Moreover, by Thm. 1.4.4 (its assumptions have already
been checked) the natural *-homomorphism p from A4 (with * defined by
(2.27)) into the unital C*-algebra A, generated by (2.1)-(2.3) and (2.27) is
faithful (this is not generally true for an arbitrary set of relations). Similarly
as before, we can identify A with C(S,U(N)). Thus

A= Ay = sy = Fun(SLy(N)) , (2.28)

where the last but one object is the dense unital *-subalgebra of C(S,U(N)),
generated by all u;.

2. Therefore the *-Hopf algebra structure on A (q € R\{0}, ¢ > 0 for B,)
is the same as in [RTF] (for 4,, ¢, =¢, = - =gy =1, also the same as in
[W3]). It is called Fun(SU,(N;e;,...,¢ey)) for A,, Fun(O(N;e,,...,é&y)) for
B, and D,, Fun(Sp,(n; €y, ..., &,,)) for C, (in [RTF] the symbol SO, instead of
0, is used; Fun(Sp,(n;e,,...,&,,)) are not explicitly defined there). Let us
notice that, according to Thm. 1.4.4, for ¢; = -~ =gy = 1 each of these *-Hopf
algebras can be completed in maximal C*-seminorm giving a compact matrix
quantum group G = (4, u), where A4 is the unital C*-algebra generated by u;
satisfying (2.1)-(2.3), (2.27) (then we have A = C(S,U(N)); see [W3]) or (2.7)-
(2.9), (2.27) (then A = C(O,(N)) or A = C(Sp,(n))). Similar compact matrix
quantum groups (for B,, C,, D,) were described in [Ro].

Remark 7. Let Y be the set of Young diagrams consisting of at most
N rows (we identify Young diagrams which can be obtained from one another
by adding or subtracting a number of full columns consisting of N boxes).
Then due to Thm. 1.5 of [W3], there exist u®, o € Y, such that {u*},.y is the set
of all nonequivalent irreducible corepresentations of A=Fun(SU,(N;¢,, ..., &y)),
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qe(0,1] (A as a Hopf algebra doesn’t depend on ¢, ..., gy). We have
uB = u. Moreover, dim u* and multiplicities of u* in u®* @ u*’, o, o, a" €Y,
are the same as for SU(N).

Remark 8. By virtue of [RTF], (2.6) and (2.13) we obtain R™!=
SuuR(@™)syy, where R(q™!) is given by (2.5) or (2.11) with g replaced by g
Therefore using B € Mor(uf, ), (1.7) and (1.19) we get

(Rﬁu)ij,kl = sksj(Rucu)ij,kl = skszk—i}lj = 8k6jR(q_1)ik, jl- (2.29)

This formula will be used in Section 3.

§3. Real Complexifications of Quantum Groups

In this Section we describe a procedure which, when applied to any
CQT =-Hopf algebra (A, #), produces an object (B, &) of the same kind. If
A is commutative and £ = 1, this procedure can be decomposed into com-
plexification and then realification. Thus we call (B, &) the real complexifica-
tion of (A, #). Its properties are described by Theorems 3.1 and 3.3, which are
the main result of the present paper. In the case of (A, #) from Examples 2.1-
2.2, B corresponds to quantum groups SL (N, C; ¢, ..., &y), O)N, C; ¢4, ..., &y),
Sp,n,C; ey, ...,85,). For g =1, the dependence on ¢, ..., ey disappears and
we get relations, which are fulfilled for the classical groups SL(N, C), O(N, C),
Sp(n, C).

Let A = (A4, *, ¢, k, e) be a =-Hopf algebra. Omitting =-structure we obtain
a Hopf algebra H = A® = (H, ¢, , ) called the complexification of A (as alge-
bras H = A). According to the Appendix we have moreover the conjugate
Hopf algebra H’ = (H/, ¢/, i/, e’) (k! = #x* exists). Put W=H® H’. As we
will see (Thm. 3.1 for Z = 1)

W=W,("®js(id®s®id)4®¢), k® K, e ® e’)

(cf. (0.2)) is a =-Hopf algebra. If 4 is commutative then there exists a unique
homomorphism of *-Hopf algebras 7: W — A4 such that t(x ® I) = x, x€ A = H.
Thus t defines a canonical ‘embedding’ of the quantum group corresponding
to A into the quantum group of W. We call W the realification of H and
write W = H® (W doesn’t depend on the #-structure of A). But for a non-
commutative A, such an ‘embedding’ doesn’t exist (otherwise, for x, y e A4,
x*=1((x@D*) =t(I @ x/),x*y =t(I Q@ x)1(y ® I) = 1(y ® Nt(I ® xI) = yx*).
Nevertheless, if A has CQT =-Hopf algebra structure, then using it we can
‘twist’ the definition of W in such a way that the obtained quantum group
will contain the quantum group of A. It occurs that this construction depends
not only on H but also on the #-structure of A. Thus we have a procedure,
which for commutative A (and % = 1) can be decomposed into the com-
plexification and then the realification. It is called the real complexification
and is described as follows.
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Theorem 3.1.
1) Assume that (A, R) is a *-Hopf algebra with compatible hermitian element.
Let A= (A, %, ¢,x,e), =1, H=A, H=(H, ¢, x, e), HI = (H’, ¢, k/, ') be the
Hopf algebra conjugate to the Hopf algebra H, j: H — H’ be the corresponding
antilinear bijection,

i=id:H—- A4, 3.1
i'=%cjoj LiH 5 A4 (3.2)
(these are canonical isomorphisms of Hopf algebras),

$=([dRs,,Rid)(¢RP): AQA=A,>A4,® A4,,

C = suu@ @ idy, ® A)(idy, ® b)bs: Az — A, (3.3)
p=({"®iC(iI'®i):H®H->H®H, (34
B=H® H’ as a vector space, (3.5)

my = (my ® my,)(idy ® p ® idy,): B& B> B, (3.6)
*p=(j"' ® )Sun B~ B, G.7

@ = (idy ® sy, ® idy,) (¢ ® ¢'): B> B® B, (3-8
E=e®e:B-C, (3.9)

K =pk/® K)Syy,: B— B. (3.10)

Then mg endows B with the structure of an algebra with unity
Iy=IQI. (3.11)

Moreover, B = (B, x5, @, E, K) is a *-Hopf algebra.
We define a homomorphism of Hopf algebras y: A — B by

Yix)=x®IF, xeH. (3.12)

Let {u®},.; be the set of all corepresentations of A. We put u** =u* @ u?,
o, fed. Set

we, =ys,), mmn=1,.., dimu* aeJ. (3.13)

Then w®, o€ J, are corepresentations of B. Moreover

Sw*=wfS if  SeMoru® uf), (3.14)
wrl =wr @ wh, (3.15)
RP*(wf @ w?) = (w* @ wP)RP=, (3.16)

where o, peJ and {R**}, ;. is the compatible hermitian family corresponding
to # (we sometimes identify u® with a).
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Denote w*P = w* @ wP. Then

woP = st (W) 5,5, (3.17)
w*P @ w”? = D s(w* " P)\D,p.5, (3.18)

where D,g,5 = (id, ® id, ® s5;)(id, ® R’ ® id,).
Let {u*},.; be the set of all nonequivalent irreducible corepresentations of
A. Then

wb a, Bel, (3.19)

are nonequivalent, irreducible corepresentations of B.
2) Moreover, if A is CR, then B is also CR and (3.19) gives all nonequi-
valent, irreducible corepresentations of B. Let

u*Quf = ,;C—?I mbuf,  mfeN, o, fel. (3.20)
Then
wl Qwr? = p@l me,miwe* (3.21)
o B, y, 6el.

Corollary 3.2. With the assumptions of Thm. 3.1.1
1) B can be identified with the universal %-algebra generated by the symbols
a’' (a e A) satisfying I' = 1,

a+b=(@+by, (3.22)
Aa' =(A-ay, (3.23)
a'-b'=(a-by, (3.24)
RP((uP) @ @*)) = (Y © WP))R™, (3.25)
where A €C, a, be A, o, feJ,
@y =@y, ij=1,..,dmu (3.26)

and the identification is given by

a =y, aeA. (3.27)

2) Let (u™);, i, j=1, ..., dim u®, generate A as an algebra (for some o, € J).
Set u=u%. Then B can be identified with the universal =-algebra generated
by the symbols a’ (a € A) satisfying (3.22)—(3.24), I' =1 and

R*“(@@y Qu') = w @ (@)R™, (3.28)

where the identification is given by (3.27) and v, u' are defined by (3.26).
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3) Let N, PeN\{0}, H=CY,s,, r,eN, C,eLin(H® H®), m=1, ..., P,

and A be the universal algebra with unity generated by uy;, i, j=1, ..., N,
satisfying
Cu®m=y®~C,, m=1,..., P. (3.29)
Assume that u is a corepresentation of A. Then B can be identified with the
universal x-algebra with unity I, generated by wy, i, j=1, ..., N, satisfying
C,,wOm = wOrmC, m=1,..., P, (3.30)
R™W @ w) = (w D w)R™, (3.31)

with identification w; = Y(uy;), i, j=1, ..., N.

4) Suppose that A is CR. Then B is the universal x-algebra generated
by wg, i, j=1, ..., dimu® aeJ, satisfying (3.14)~(3.16) and w° = (I) (where
u® = ().

Theorem 3.3. Let (A, #) be CQT =-Hopf algebra. Assume the notation
of Thm. 3.1.1. Then

R* € Mor(w® @ wh, w? @ w?), a, feld. (3.32)

There exists a unique homomorphism of =-Hopf algebras 1: B — A such that
W =id,, ie.

1(x ® IY) = i(x), xeH. (3.33)
We define
S =R )1 R 3R24 Ry 310:((® I ®iI®i') € (BR BY (3-34)

(the linear functional in the square bracket has the value Z7'(x, ® x,)R(x] ®
X3)R(x, ® x3)R(x5 @ x3) on x, ®x, ®x;® x;s ®x; ® x5 ® x3 ® x; € A%8).
Then

FYRY)=2. (3.39)

Furthermore (B, &) is a CQT -Hopf algebra, denoted by (A, Z)® (CR is one
symbol) and called the real complexification of (A, R).

Remark 1. With the assumptions of Thm. 3.3 we have the following
chain of CQT Hopf algebras

(A, 2) 5 (A, D5 (A, B)RRSL (3.36)
and the following chain of %-Hopf algebras

(A, &) < (A, R)°F < (A, B)RR& - (3.37)
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Remark 2. In his unpublished notes [Ko] T. H. Koornwinder considers
any *-Hopf algebra A with a unitary corepresentation u € My(A4) such that u;
generate A as algebra. Then he introduces B in the same way as in Corollary
3.2.2 but instead of R* he deals with a hermitian matrix R € My2(A4). Then
he proves that B is a =-Hopf algebra (with @(a’) = ¢(a)®’, which corresponds
to (3.8)) and (for R € Mor(u @ u, u @ u)) the existence of the homomorphism
of #-Hopf algebras 7: B— A4 such that t(a’) =a, ac A.

Remark 3. Let uf be a unitary corepresentation of a CQT *-Hopf algebra
(A, #). Put T =wF, T=wF, R =sp-(RFF)"'. Then relations (1.18) of [RTF]
(provided in another context) hold in B (note that R = sFF(R‘_7 -1 R=
(RFF) ' sgp).

In order to prove Thm. 3.1 we shall need

Lemma 3.4.

C®4py@w) = (R™)'(w® v)R"™, (3.38)

v, we Rep A (cf. (0.3), (0.7)),
Cm®id) = (id ®m)(C®id)({id® C), (3.39)
Clid®m)=(m® id)(id ® C)(C ® id), (3.40)
CUI®x)=x®1I, xeA, (3.41)
Cx®N=1I®x, xeA, (3.42)
%,C = Cx,, (3.43)
e,C=e,, (3.44)
$,C=(CQ ()¢, (3.45)

(m denotes multiplication in A).
Proof. We use Einstein’s convention. Let u, v, we Rep A. One has
G20 @ Wija = 0 @ W)ij,mn @ (0 @ Whpn,ia (3.46)
(id ® ¢,)¢:(0 @ W) 1 = (V @ Wy, mn © (0 Q Whpup, pg @ (V @ W)pg it -

Using (0.7), (1.16)—(1.17), one gets (3.38). Setting v =1 (w =1, resp.) in (3.38)
and using (1.15) ((1.18), resp.), we get (3.41) ((3.42), resp.). Using (3.38), (1.10)
and (3.38) twice, we obtain

[Cim® id)]®*(u® v @ w)
= C®¥(uDv)®w)
= R*®*) (w® (u @ V))R*®"*
= (id @ m®*{[id ® (R"™)'][(R™)™'® id](w ® u ® v) [R*" ® id] [id ® R™]}
= [([d@m)(C ®id)(id ® C)]*“u®v @ W)
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and (3.39) follows. Similarly, using (3.38), (1.11) and (3.38) twice, we get (3.40).
Moreover, applying ¢, to (3.38) and using (3.46), (3.38), one has

(32000 ® Wy = (R™)5as(W ® D), mn @ (W ® V), rs(R™ ) 5,1
= C(v @ W)jj,pg ® C(v ® W)pg. 1t
= (C® C)g,(v ® W)yt
and so (3.45) is satisfied. Furthermore
@200 ® W)y = (R™);5mn€2[(W ® 0)mn, pg ] (R™)pg e
= (R™) 55 mnOmpOng(R”™ ) pg, i
= 030 = e2[ (v @ W)yj,u]
and so (3.44) follows. In virtue of (3.38), (1.13) and (3.38)
Cxy (0@ Wl = C(W @ 8)ji, ik = (R™)jum(B ® W), p(R™) gp, 1
= #[(R™)5mn(W ® V), pg(R™) g 11
=%,Cv® w),-j,k,
and so (3.43) holds. O
Since i, i’ are Hopf algebra isomorphisms, Lemma 3.4 yields

Corollary 3.5.

o241 ® w) = (R™)(w ® v/)R", v, we RepH, (3.47)
p(my; @ idy) = (idg @ my;)(p @ idy;)(idy; @ p) (3.48)
plidy; @ my) = (myg ® idy,)(idy @ p)(p ® idy), (3.49)
pP®x)=x@I, xeH, (3.50)

PN =1® x7, xeH, (3.51)

(j7' @ Nsunsipsans =PI ®j71), (3.52)
(e®e)p=e®e, (3.53)

(idy @ sups ® idys) (¢ ® ¢7)p = (p ® p)(idys ® spin ® idy) (P’ @ ). (3.54)

Proof of Theorem 3.1. Denote id = idy, m = my, id; = idy,, m; = my;.
1) By virtue of (3.48), the associativity of m, m; and (3.49), we get

mg(mg @ idg)
=mm)(m® p(m; ®id) ® id;)(id ® p ® id; ® id ® id})
=mAm)Mid@®m;®id;)(idRid® p ® id; ® id;)(id ® p ® p ® id;)
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= (m@m)(d ® (m® id)(id ® p)(p ® id) ® m)(id ® id; ® id ® p ® id)
=m@m)(id® p ®id;)(id ® id; ® (m ® m)(id ® p ® id;))
= my(idg ® mp)
and so B is an algebra. Moreover, by virtue of (3.50)—(3.51)
myl @ R@x®y)=mOm)I QxR ®y)=x®)’,
mpx @y ®IQF)=mOm)xRIRY @) =x®y’,
hence (3.11) follows. Obviously *5 is an antilinear involution such that
3p(x@y)=y®x/, x, yeH (3.55)
Next, let x, y, z, te H and let a,, b,, m=1, ..., E, be elements of H such that
p(y"®2)=§am®b.i-
Applying (3.52) to z® y’, we get
P ®Y) =0 ® Dsump(y) ®2) = L by @ ay.

Therefore
mp(xp ® *5)spp(x @ ' @ z ® t/)
=Mm@m)(d®p®id)(t®z' ®y® x’)
=(m®m,-);t®bm®a,’;,®x"=;tbm®(xam)"

=45 X, ® bit! = +5(m @ m)[x ® p()’ ® 2) ® t']

= #pmp(x ® ¥y ® z @ tY)

and it follows that (B, 5) is a =-algebra with unity.

Now we shall investigate properties of linear mappings @, E, K. Ob-
viously @, E are unital. Let v, w, z, te Rep H. Notice that v/, wi, 2/, tie
Rep H/. Therefore using (0.3), (3.8) and (0.3), we get

PO W )gpa = ; O W) ® 0 ® Wy a» (3.56)

Ew® Wj)nb,cd = 04cOpa (3.57)

One easily checks that (A.1)-(A.2) hold on (v ® w/),, 4. Since elements of
this form span B, (A.1)—(A.2) are satisfied. Moreover, using (3.56), (3.10), (3.49),
(3.51), (3.57) and (3.11),
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mp(K ® idp) P(v,e ® Wiy) = ; my(K ® idp) (Vg ® Wi ® vy ® Wi))
= ; (id ® m;) [(m ® id;) (id ® p)(p ® id) ® id;]
X [wW)e' & (071)ae ® e ® W]
= ; (id ® m)(p ® id;) (W) ® Gl @ Wiy)
= ; (id ® m;) (S, ® W)y ® W)

= 5acI ® ébdlj = E(Uac ® ijd)IB

and hence mg(K ® idg)®(x) = E(x)Iz for all xe B. Similarly, using (3.56),
(3.10), (3.48), (3.50), (3.57) and (3.11), one gets my(ids ® K)D(x) = E(x)I5, x € B.
Due to (3.50)—(3.51) and (3.6),

NIy =0x®Y), (3.58)
(x® F)(x'® I) = (xx' ® I), (3.59)
I®NI®y)=1I®yyy), (3.60)
I®Nx®F)=p(y®x), (3.61)

x, x'€H, y, ye H. We have also
PxR@MPIRy) =d(x®Y), (3.62)
O(x ® I)d(x' ® I') = B(xx' ® I'), (3.63)
IR YPURY)=DU®yY), (3.64)
(I ®y)P(x® )= S[p(y®x)] . (3.65)

Namely, if ¢(x) =), 6, ® b,, ¢'(y) =Y ,c,®d,, then using (3.8), (3.58) and
(3.8),0ne gets (3.62). Similarly, by virtue of (3.8), (3.59) (or (3.60)), multiplicativ-
ity of ¢ (or ¢’) and (3.8), one checks (3.63)—(3.64). Furthermore, using (3.8),
(3.61), (3.54) and (3.8),

(I ®y)P(x @ I') = [Z I®c)®UI® dn)] [Z (@, ® ) ® (b, ® If)]
>

p(c, ® a,) ® pd, ® b,)

m,n

=(p®p)id ®s®id)(¢' ® §)(y ® x)
=P[p(y®x)],
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s0 (3.65) is fulfilled. Let
py®x)=Y f,®g,. (3.66)
P

By virtue of (3.62), (3.65), (3.66), (3.62), (3.63)—(3.64) and (3.62),
P(xQY)P(x' ®Y)=Dx® )P y)P(x' @ )P ® ')
=) dxQ@F)P(f,®9,)PUIRY")

=), O(x®)®(f,® )P ®g,)P( ')
=) D(xf, ®9,)).

Similarly, using (3.58), (3.61), (3.66), (3.58), (3.59)—(3.60) and (3.58), one has
x®NE'®Y) =Y xf,®4g,y - (3.67)

p

Therefore @ is a homomorphism. Moreover, in virtue of (3.67), (3.9), (3.66),
(3.53) and (3.9),

E[x®@y(x' ®y)] =Y Exf,®4g,))

=) e(xf,)e(g,y")

7
=e(x)[(e®e)p(y ® x')1e’(y")
= e(x)[(e’ ® e)(y ® x")]e'(y)
=ExQ®yEX ®Y).
Let v, we Rep H. Due to (3.55), (3.56), (3.55) and (3.56),
¢mw®wmﬂ=@M@Nmﬂ=§w®wmﬁ®w®wma

= (x5 ® *p) ; v® wj)ab,kl ®@v® Wj)kl,cd

= (¥p ® *5) (v ® Wj)ab,cd s

and hence B is a =-Hopf algebra.

According to (3.59), (3.8) and (3.9), the mapping Hox—>x®'eB is a
homomorphism of Hopf algebras. Hence y: A —» B is also a homomorphism
of Hopf algebras (but due to (3.55), Y=, # =gy for A # CI). Consequently,
u*e Rep A (x € J) yields w*e Rep B. Moreover,

W @ W mn = YUY W)* = U ® I)(I @ (uhY) = uf ® WhY ,
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and so
w D wf = u*® (ufy . (3.68)

Let S € Mor(u® u?), o, BeJ. Applying y®“ to the relations Su® = u”S, u*# =
u® @ u?, we obtain (3.14)—(3.15). Next, by virtue of (3.61), (3.47) and (3.68),

WP @ Wit mn = W) () = (I ® (ul,Y) (g, ® F)
= (kY ®ui) = 3 (RP*) L [u2, ® (uf, V1R .,

= Z a (Rﬁa)l.c—l,lab(wa ® W)ab,cdRcE;mn s

a,bre,
and so (3.16) follows. Eq. (3.17) is a consequence of (0.6). According to (3.16),
(id, ® RP @ idy) w* @ WP @ w’ D w?) = (w* D w* O w? @ w?)(id, ® RP @ id)
while due to (0.6),

(id, ® id, ® 555)(W* D W’ D WP D w?) = (W* D v’ D w® @ wP)(id, ® id, ® 555) .

Therefore (3.18) holds.
Since the elements (A.6) are linearly independent, then (see (3.68))

W DO Wamms km=1,..,dimu*; Ln=1,.., dmu?, « Bel,

are also linearly independent. Therefore the last statement of Thm. 3.1.1 is
true.
2) If A is CR, then the elements (A.6) form a basis in 4. Thus using (3.68),
matrix elements of (3.19) give a basis in B. Using Prop. A.2, we get the first
statement of Thm. 3.1.2.

Assume (3.20). Then by (3.13),

w* Qw2 @ miw?, a, Bel.
pel

Combining that with (3.18), we obtain

wob @ W e pa B — e Ow D wo ) wh = (@ mgywﬂ> ) ((_D m;,,v?) ,
pel

tel

a, B, y, 0€l, and (3.21) follows. O

Proof of Corollary 3.2. 1) Let B’ be the universal x-algebra under con-
sideration. Since Y is a homomorphism and (3.16) holds, then ¥(a), a€ 4,
satisfy relations (3.22)-(3.25). Therefore there exists a x-homomorphism 6:
B’ — B such that 6(a’) = Y(a). Due to (3.25)

WhY* @y = (RP);,(us) (uf,)y *RE:
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and thus
each element of B’ is a combination of ajaj...a,b*...b*, (3.69)

Ay, ooy Gpy by, ..., b€ A, myneN. Let {¢},.x be a linear basis in 4. Then
by (3.69) and (3.22)—(3.24), elements e;e;*, k, | € K, generate B'. But 0(e;e;*) =
e, ® (e, form a basis in B and therefore 0 is a *-isomorphism which gives
the desired identification.
2) We define B’ and #-homomorphism 6 as in 1). Put v; = u;* (they also
generate A as algebra). Then any element of B’ is a combination of products
of elements uj; and vy,*, i, j, k, [=1, ..., dimu. Using (3.28) we can assume
that in each such product all uj; are to the left of all v,*. The rest of the
proof is the same as in 1).
3) Let B’ be the universal #-algebra under consideration and let B, be the
subalgebra of B’ generated by all w; and I. According to (3.31), B' = B, B§.
Since (3.30) has the same form as (3.29), then there exists a unital homo-
morphism of algebras I: A — B, such that l(u;) =wy, i, j=1, ..., N.
Applying ¢ to (3.29) and using (3.16) for u®=uf =u, we get that the
matrix w' = y(uy)Y;-, satisfies relations (3.30)—(3.31). Therefore there exists a
unital *-homomorphism 6: B'— B such that O(w;) = y(uy), i, j=1, ..., N.
Thus

Bol=y (3.70)

(it holds on u;). Hence, if {€},.x is a linear basis in A, then {l(e;)}i.x is
a linear basis in B, (I(4) = B,) and l(e,)l(e,)*, k, me K, generate B'. But
using (3.70),

0l l(en)*) = V(e (en)* = & ® (e,)

form a basis in B. Therefore 6 is a *-isomorphism, which identifies w; with

Yy, i, j=1, ..., N.

4) Let B’ be the universal =-algebra generated by zf, i, j=1, ..., dimu®
a € J, satisfying (3.14)—(3.16) and z° = (I). But (3.14)—(3.16) and w° = (I) hold
in B, thus there exists a *-homomorphism 6: B'— B such that 6(z}) = wj, i,
j=1,...,dimu% aeJ. Let xeB. Then x is a combination of products of
zf and zf%, i, j=1, ..., dimu% k, I=1, ..., dimu’, o, feJ. Due to (3.16)
one can assume that all z are on the left of all zf*. Next, according to
(3.15), each product can be written as z},,(z},)* for some y, 6 € J. Decomposing
w”, u® into irreducible corepresentations and using (3.14), we obtain correspond-
ing decompositions of z?, z°. Therefore we can assume that (in the expression
for x) y, e l. Hence z},(z5)* m, n=1, ..., dimu’, p, g=1, ..., dimu’, y,
6 € I, linearly generate B'. But

0(zmn(2pa)*) = Win(Wpa)* = Wiy »
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which, due to Thm. 3.1.2 and Prop. A.2, form a linear basis in B. We
conclude that 0 is a *-isomorphism, so we can identify B’ with B and z{ with

a

Wij- O
Proof of Theorem 3.3. Since (A, #) is a CQT =*-Hopf algebra, then
R*u* @ u?) = (u’ @ u*)R*, (3.71)
a, BeJ. Applying y®4 we get
R (w* D wh) = (wf @ w*)R*# (3.72)

and so (3.32) follows. Moreover, (3.71) implies that equations (3.22)—(3.25),
with a’ replaced by a, a € A, are satisfied. Therefore, by Corollary 3.2.1 there
exists a *-homomorphism 1: B— A4 such that

tW(@)=a. (3.73)
Hence (3.33) holds and t is unital. Using (3.73) for a equal to uf, i, j=
1, ..., dimu* aeJ, we get 1(w) = uj. Consequently,

(t®1)Pw; = Zk: (t ® 1) (Wi ® W) = Zk: uf @ ug; = puj; = r(wj) .

Moreover, et(wj) = e(u) = 6; = E(w]). Since wj, i, j=1, ..., dimu® aeJ,
generate B as x-algebra and 1, @, ¢, E, e are *-homomorphisms, then 7 is a
homomorphism of *-Hopf algebras. Since x ® I/, x € H, generate the x-algebra
B, then uniqueness of t follows.
According to (3.1)—(3.2) and (3.68),
(i ® VWit = Wi ® Uy, o, Bel.

Therefore, for «, B, 7, d € J,

S (W:l’,enn ® Wgzlf’rs)

= Z [(@)Z%@rs@m'@z's']

a,b,c,d
X (uka®uﬂlb®upc®u qd®uam®uﬁbn®u ®u ds)
3 7
Z (R a)qk adRpa mcRdl bsRcby nr >

a,b,c,d

and so
$*P73 = (id, ® (R™) ! @ idy) (R” ® R?)(id, @ R @ id;),  (3.74)

where {S""}, ., reps is the family corresponding to & by (1.16).
In particular §%%7"° = R (where u° = (I)). Thus by (3.13),

y(‘/’ ® l//)(u; ® ulfl) = y(wl Jj ® Wkﬂ 0) = Iac‘l(;lﬂ 0= kz il = = ‘%(uu ® ukl) s
a, pe€J, and (3.35) holds.
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By (3.68), L = {w**},,., is a sufficient set of corepresentations of B.
Thus in order to prove that (B, #) is CQT =*-Hopf algebra, it suffices (see
Prop. 1.3.1. b) d)) to check (1.15), (1.10)—(1.13) for v, w, v, w'eL. We will
denote these equations (in case of $”*, v, we L) by (1.15), (1.10y—(1.13).

Putting « = f =0 in (3.74) and using (1.15), (1.18), we obtain (1.15). Ap-
plying *, to (3.72) and using (0.6), we get sR*s € Mor(w? @ w®, w® @ wP). Thus,
by (1.13), we obtain

RP ¢ Mor(wP @ W&, w® @ wh). (3.75)
Combining this with (3.16) and (3.32), one has
S%87:3 ¢ Mor(w® @ wP @ w? @ w?, w? © w® @ w* @ wh)

and therefore (1.12) holds.
According to (3.74),

S — (id, @ (R** )™ ® idyg) (R*"? ® RFPP)(id,ye ® RFPY @ idy) .
Using (0.6), (1.7) and (1.10)—(1.11), we obtain
Sw‘@w“'@ﬁ@ﬁ;w”@;’
= (id, ® (R***) ™ ® idyy ) (R*"? ® RP¥)(id,,, ® RPF" ® id;)
= (R%)™1(R%')~1 Re*R**RPSRFIRFIRFY |

where in the last step we omitted identity operators acting in various spaces.
But due to (3.16),

id, ® R* ® idy € Mor(w* @ w? @ w* @ w?, w* @ w* @ w? @ w”).
Using that, (1.7) and braid relations (see (1.14))
R*"RP'RP — RB*RBIRY (RSa')—lRﬁﬁRﬁa' — RE“'R’_’E(RS“')"I i
we get
(id, ® id; ® id, ® RF @ idj) SO+ OWHOw D) wDw?
= (R%)~1(R%)~!R*R**RPE RFRFRF R«
— (R%)"LR®/(R% )~ RFRFI[ RF~ RF*R<7 RF"
— (RSa)—1Ray [RE“'RES(RS“')_I ] RFSRBYRYREY
= (id, ® id, ® id, ® R ® idy)S%P:5% 79
and so (1.10) holds. In a similar manner one proves (1.11).

Let 5(x®y®zQ@)=t®z®y®x. By virtue of (L7) for s,e€
Mor(w”?, w>?), (1.8) for s,z € Mor(w®?, w?%), (3.74), (1.13) and (3.74), we get
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Ve

w9, wa B _ —1,-1¢Qd,y;8,a
N Sap,y5 = Sap,y55ap S35 S SapSysSap,yo

= 3(id; ® (R®)™ ® id,)(R* ® R%)(id, ® R” ® id,)§

Sap,yé

= [ld.y ® (SaaRiaslh)—l ® idﬂ] [SayRﬁs,y ® SﬂaRaﬂstM] [ida ® SﬂyRyﬁSﬂ.y ® lda]

= Subiv.o

Thus (1.13) is fulfilled and by the previous remark it ends the proof of
Theorem. O

We denote
Fun(SLy(N, C; &y, ..., &y)) = Fun(SU,(N; &y, ..., &y))°%,
Fun(O,(N, C; &y, ..., &y)) = Fun(O,(N; ey, ..., &) %,
Fun(Sp,(n, C; ¢y, ..., €,)) = Fun(Sp,(n; €y, ..., €,,))°® .

The description of these CQT *-Hopf algebras is given by Theorem 3.1, Corol-
lary 3.2 and Theorem 3.3. In particular, combining Corollary 3.2.3 with (2.29),
we get

Proposition 3.6.

1) Fun(SLy(N, C;é¢,, ..., ¢ey)) is the universal *-algebra with unity generated
by wy, i, j=1, ..., N, satisfying

wONE(q) = E(@@w®°, E(@*w® =w®°E(@)*, R(@wDw)=wDwR(q),
R (g)(w D w) =(wD W)R'(g), (3.76)
where
R' (@) = &&RE@ et » i jyk1=1 .., N,

E(g), R(q) are given by (2.4)—(2.5) and w = (w;);=;, ¢ > 0 (for N odd we admit
also q < 0).

2) Fun(Q,(N, C;e,,...,ey)) and Fun(Sp,(n,C;e,, ..., ¢&,,)) are the universal
*-algebras with unity generated by wy, i, j=1, ..., N, satisfying

w @ w)C(g) = Clgw®,  C@*w D w) =w®Clg)*,
R(@w O w)=wDOwWR(), R(@QWODOw)=wODWRI(),
where
R' (@) = &&R@ et » i, j, k,1=1,..., N,

C(q), R(qg) are given by (2.10)—(2.11) and w = (w;)};=;, g € R\{0} (g > O for B,).
3) In both cases w = yY®4(u), 1®9(w)=u, where u is given in Ex. 2.1 or
Ex. 2.2.
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Remark 4. FOI‘ q= 1, jo,kl=Rij,kl=5il ks i, j, k, l= 1, ceey N, thllS
dependence on ¢, ..., gy vanishes and we get relations, which are satisfied
for the classical groups SL(N,C), O(N, C) (taken in a suitable form) and
Sp(n, C).

Remark 5. An explicit form of (3.76) is given by

Wi Wy = wywg™ , i#k j#I, 3.77)
gwi*wy = wywi* + (1= g%) 3 eigwywa* i#k, (3.78)
i<j
witwy + (1 — q) Y egwyFwy; = qwywy* j#k, (3.79)
=

wii*wij +(1 - ‘12) lZ:i Eislwlj*wlj = wijwij* +(1— qz) ij SkEjWikWik* , (3.80)

i jok,1=1,..., N. Letg =¢,=-=¢y=1Then after applying 7, (3.77)—
(3.80) coincide with (4) of [Br].

Remark 6. Combining Thm. 3.1 with Remark 7 of Sec. 2, we get the
representation theory of Fun(SL (N, C;e,,..., ey)), g€ (0, 1].

Remark 7. Consider A = Fun(SU,(2; 1, 1)) = Fun(SU,(2)), g € (0, 1). There
exists an invertible Q € Mor(@i, u). Then (see (2.29)) R'(9)=R™ =(id®Q )R(Q®id)
and (3.76) is equivalent to R(W D w)=(w D W)R (where W = QwQ!), which
coincides with (1.5) of [PW] (g, R, W are, in notation of [PW], u, u'?4, w).
Therefore Fun(SL,(2, C; 1, 1)) can be identified with the =-algebra of SL,(2, C)
given by relations (1.9)—(1.25) of [PW] (in the present paper we assumed g > 0
in the case of 4;). The CQT =-Hopf algebra structure on that object is given
by Thm. 3.3 (it would be interesting to compare it with the structure presented
in Appendix of [Ta 2]). Let us consider the representation T =w*@w of
Fun(SL,(2, C; 1,1)). After some calculations one finds the corresponding R-
matrix

STT = (id®R®id)(R®R)(id® R ®id).
The same matrix (up to a scalar multiple) was provided by eq. I1.38 of [CSSW].

Remark 8. Some notions similar to those of this Section, but on the
dual level, were investigated in [RS]. Using some element Re B® A, the
authors define the twisted product Hopf algebra A ®; B of two Hopf algebras
A and B. They notice that A ®z A4 is (under some condition) quasitriangular,
with universal R-matrix given by relation (2.26) of [RS], which is similar to
(3.34) (cf. also Remark 7 and [Sch]). The paper [RS] doesn’t use the conjugate
Hopf algebras.
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Remark 9. S. L. Woronowicz noticed already in 1990 (the abstract of
the lecture ‘Non-compact quantum groups’, ICM-1990) that ‘In principle (at
least on the *-Hopf algebra level) there exists the third one parameter deforma-
tion of the Lorentz group that can be obtained by applying the double group
construction to quantum SU(1, 1) group’

A. Appendix

Here we recall the basic notions and facts concerning (x-)Hopf algebras
(cf. e.g. [Abe], [Swe], [W2], [Dr], [Ta 1], [So]).

Definition A.1. We say that A = (A, ¢, k, e) is a Hopf algebra if A is an
algebra over C with unity I, 9: A>AR® A and e: A— C are unital homo-
morphisms, k: A — A is a linear mapping and

(pQid)p = (d® ¢)¢, (A1)
e®id)p=(d®e)p = id, (A2)
m(k ® id)¢(x) = m(id ® k)p(x) = e(x)I , (A3)

where m: A® A — A denotes the multiplication map.

It is known that e and k are unique for given A, ¢. Next, for any Hopf
algebra, x is a unital antthomomorphism such that

Sk @ K)g = K, eKk=e (A4)

(cf. (0.2)). Moreover, if a linear mapping k,;: A > A satisfies (A.3) with m
replaced by mos,,, then x, = k™%

We say that v = (v;)fj=, € Mk(A) is a corepresentation of a Hopf algebra
A if

K
¢Uij = kzl Uy ® ;5

e(vij) = 5ij )

L, j=1,2, ..., K, KeN. We write dimv =K. Using (A.3) for x = v;, we
get that v is invertible (as a matrix) and (v™!); = k(v), i, j =1, ..., dimv. Let

(UC)U = K(Uﬂ) ’ i, j = 1, ceey dim v. (A.S)

Due to (A4), v° is a corepresentation, called contragradient to ». One-dimen-
sional corepresentation 1 = (I) is called trivial.

We say that S e M x(C) intertwines corepresentations v = (v,-j)ffj=1 and
W= Wy ,=1 if Sv=wS. Then we write Se Mor(v,w). If Mor(v,w)c
M, , x(C) = Lin(C¥, C*) contains an injective (invertible, resp.) element then v
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is called a subcorepresentation of (equivalent to, resp.) w. We write v = w if
v and w are equivalent. Direct sums and tensor products (0.4) of corepresenta-
tions (treated as matrices) are corepresentations.

A corepresentation v is called irreducible if dim v > 0 and v has no sub-
corepresentations w such that 0 < dim w < dim v. We say that a corepresenta-
tion is completely reducible (CR) if it is equivalent to a direct sum of irreducible
ones.

Let I be the set of all nonequivalent irreducible corepresentations of
A. Then

{Uij}i,j=1 ..... dimv,vel (A6)

are linearly independent (use the argument in the proof of Prop. 4.7 of [W2]).
On the other hand, matrix elements of corepresentations linearly generate
A. Therefore, if A is CR (ie., all corepresentations of A are CR) then the
elements (A.6) form a linear basis in A. Moreover, we have

Proposition A.2 (cf. Prop. 4.1 of [W5]). The elements (A.6) form a linear
basis in A<>A is CR

Proof. ‘<=’ has been already shown.
=: Let ve Rep A. Then the matrix elements of v are linear combina-
tions of the matrix elements of u® oel,, where I, is a finite subset of I.
Therefore the mapping ¢: @ M, (C) > M,(C) (d, = dim u% d = dim v) given by
I

aelg

@ [ @ p®"“(u“)] =p®w), ped, (A7)

aelp

is well defined. One easily checks that ¢ is a unital homomorphism of alge-

bras (cf. algebra structure of A’ below). Hence qo(@ xa> = Q((—B x,-(s)> 0!
seS

aelg

for some finite set S, mapping i: S — I, and bijective linear map Q: @ Cw —
seS

C?’. Comparing that with (A.7), we get v = Q<(—D u“”)Q'l. |
seS
Let Rep A be the set of all corepresentations of A. We say that a subset
L < Rep A is sufficient if the matrix elements of the corepresentations belonging
to L linearly generate A.
Let L = RepA. We say that ve L if ve Rep A and there exist a finite
set D and I,€L, a, e Mor(l,, v), b, € Mor(v, l,,) (me D) such that

id,= Y anb, (A.8)

meD

(cf. [W3]). Clearly L=L and L contains all direct sums and equivalent
corepresentations of corepresentations belonging to L.
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Proposition A.3. Let A be a CR Hopf algebra and L < Rep A be sufficient.
Then L = Rep A.

Proof. Decomposing elements of L into irreducible components we obtain
a set I' of irreducible corepresentations such that I' ¢ L and matrix elements
of all weI' linearly generate A. Thus I'=1, I c L. Let ve Rep A. Then
v is equivalent to a direct sum of elements of I and ve L = L. d

For a given Hopf algebra A we can define several Hopf algebras related
to it.
1) Tensor power A, = (A,, ® Kp»€,) (n=1,2,...) is constructed as follows:
A, =A® -®A (n times), k,=k® @k (n times), ¢,=e® "-Re (n
times),

where x;, ..., x,€ A and q; , ..., a

12

i Diy» ---» b;, are elements of 4 such that
px)=> a;, @b, k=1, ..., n (finite sums). It is straightforward that A, is

23

a Hopf algebra.

2) Let A =(4, ¢, x, e) be a Hopf algebra with bijective x, 4’ be the conjugate
algebra of A4, j: A — A’ the corresponding unital antilinear antiisomorphism
(if ae A then we denote a’ = j(a)), ¢ = (j® j)gj !, ki = jx™j7!, el = —~gj!
(~ is the complex conjugation in C). Then A’= (4’ ¢/, k/, ¢’) is a Hopf
algebra and is called the conjugate Hopf algebra of A ([Ko]).

3) Let us notice that A’ (the dual vector space of A) is in a natural
way an algebra with unity (1, =e, x'y=(x® )¢, x, ye A’). Set 4 =m/,
S =«', e =7 (where 5: C - A is a linear mapping such that n(1) =I), 0 = s,
In general A’ = (4,4, S,¢) is not a Hopf algebra Imdc(A® A) 24’ ® A’
for dim A = o). Nevertheless, A’ satisfies all conditions of Definition A.1 with
® replaced by ® (see (0.1); instead of m we use M = ¢ (M, is the multipli-
cation in A'); 4, ¢ are homomorphisms in the following sense:

AM=MIM(dR®cRid)(A® M), c¢Re=¢cM;
id®o®id=(id ® 5., ® id)).

In particular, we can consider A,’, n=1, 2, .... In that context we use
the following notation. Let Le A,’ =(A® A)Y. Then L,,, L,5, L,; € A5 are
defined by L1,(x® y ® z) = L(x ® y)e(z), L13(x ® y ® z) = L(x @ z)e(y), Lp3(x ®
y®z)=e(x)L(y®z), x, y, z€ A.

Definition A.4. We say that (A4, *, ¢, k, €) is a =-Hopf algebra if (4, ¢, k, e)
is a Hopf algebra, (A4, *) is a x-algebra and ¢ = (* ® *)¢.

In that situation e is a *-homomorphism (€ = «~ o e o * also satisfies (A.2),
hence € =¢) while koxokxox=id (KR =%*okox satisfies (A.3) with m re-
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placed by mos,,). Moreover, conjugations of corepresentations (see (0.5)) are
corepresentations.

If A is a =-Hopf algebra, then A, is also ((x; ® ' ® x,)* = x}® - ® x¥,
Xy, ..., X, € A). Moreover, A’ is in this case a x-algebra and (in an ‘extended’
sense: A%, = (*, ® *,)4) =Hopf algebra (we have two choices: #,(x)=
~0XO0KO* OI #4(X)=w oxoxok, xe A).

Let A = (4, ¢,, x4, ¢4) and B = (B, ¢z, kg, eg) be Hopf algebras. A unital
homomorphism of algebras y: A — B is called a homomorphism of Hopf alge-
bras A and B if ¢z = (Y @ ¥)d,, egy =e,. Then gy =Yk, (it can be
checked on matrix elements of corepresentations). Moreover, if *, and *g
endow A and B with the structure of x-Hopf algebras and #zy = y*,, then
¥ is called a homomorphism of *-Hopf algebras A and B.
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