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Clebsch-Gordan Coeflicients for % (s4(1, 1))
and %,(s/(2)), and Linearization Formula
of Matrix Elements

By

Youichi SHIBUKAWA*

Abstract

The tensor product of two representations of the discrete series and the limit of the discrete
series of %, (s«(1,1)) is decomposed into the direct sum of irreducible components of %,(4#(1, 1)),
and the Clebsch-Gordan coefficients with respect to this decomposition are computed in two
ways. In some cases, the tensor product of an irreducible unitary representation of %,(s«(2))
and a representation of the discrete series of %,(s4(l, 1)) is decomposed into the direct sum of
irreducible components of %,(s7(2)), and the Clebsch-Gordan coefficients with respect to this
decomposition are calculated, too. Making use of these coefficients, the linearization formula of
the matrix elements is obtained.

§0. Introduction

The real form %,(s2(2)) of the quantum universal enveloping algebra
U,(£(2)) has been studied in Mathematical Physics. In particular, the finite
dimensional unitary representations of %,(s«(2)) have been considered so far.
Jimbo [4] constructed the finite dimensional irreducible unitary representations
of %,(s2(2)), and proved that the tensor product of two irreducible unitary
representations of %,(s«(2)) is decomposed into the direct sum of irreducible
unitary representations of %,(s«(2)). Further, Kirillov and Reshetikhin [5]
calculated the Clebsch-Gordan coefficients for %,(s#(2)) with respect to the
above decomposition. Ruegg [9] generalized the s«(2)-invariants theory to
U, (s242)), which van der Waerden has used. Making use of this method, he
also calculated the Clebsch-Gordan coefficients for #,(s2/2)). Masuda et al.
[7, 8] studied the quantum group SU,(2), and expressed the matrix elements
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associated with the irreducible unitary representations of %,(s«(2)) by the basic
hypergeometric series ,¢, l:all; az; q, z:|.
1

On the other hand, the study of the real form %, (se(1, 1)) of %, (s£(2))
has just started. Masuda et al. [6] constructed the series of the infinite dimen-
sional irreducible unitary representations of %,(s«(1, 1)) (cf. [10]), and proved
that the matrix elements associated with the irreducible unitary representations
of %U,(s2(1, 1)) are also expressed by the basic hypergeometric series ,¢;.

In this paper, we prove that the tensor product of two representations
which belong to discrete series and the limit of the discrete series of %, (a«(1, 1))
is decomposed into the direct sum of irreducible components of %,(s«(1, 1)),
and compute the Clebsch-Gordan coefficients for %,(s«(1, 1)) with respect to
this decomposition in two ways. Moreover we prove that, in some cases, the
tensor product of an irreducible unitary representation of %,(s«(2)) and a
representation of the discrete series of %,(s«(1, 1)) is decomposed into the
direct sum of irreducible components of #,(s#(2)), and compute the Clebsch-
Gordan coefficients for %,(s£(2)) with respect to this decomposition. Making
use of these coefficients, we obtain the linearization formula of the matrix
elements associated with the discrete series of %,(s«(1, 1)).

The plan of this paper is as follows. First, in Section 1, we define
the real form %,(s2(2)) and %,(s«(1, 1)) of the quantum universal enveloping
algebra %,(s/(2)), and introduce their irreducible unitary representations,
1 1

W, (le NUN + %) of %, (s2(2)) and ¥, (l € {_f’ 0, 7 1, }) of %, (se(1, 1)).

1
Wecall V{leNUN + 2) discrete series, and call V_;,, the limit of the discrete

series. In Section 2 we study the decomposition of the tensor product ¥, ® V,,
of %,(se(1,1)). The result is as follows:

Theorem 2.1. V, ®V, =~ l L(—(:{l—)”V, as unitary representations of
€Liliy, iz

1
U, (sei(1, 1)), where Ly(ly,1;) = {le NUN + ill >L+L+14L1-1,-1Le N}.

In Section 3, we calculate the Clebsch-Gordan coefficients for %,(s«(1, 1))
with respect to the decomposition in Theorem 2.1. For e L,(l;, l,) we define
L={+11+2,..}, and let {E.\mel,} (resp. {:,E,',}llm1 el }, {Efn’zlmz el.})
be an orthonormal basis of ¥, (resp. ¥, ¥;,). From Theorem 2.1, &' is denoted

as
= l l . =
1 1 2 1 1
¢n= X [ in®&z,
myel  myel, | My My M

L L, 1
where all |: vz :|e C but finite are zero. Then we compute the Clebsch-
m, m, m
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m, m, m
Section 4, we generalize the s«(2)-invariants theory to %,(s«(1, 1)), and calculate
the Clebsch-Gordan coefficients making use of this method. Let V be a represen-
tation of %,(s/(2)). The vector I € V is %,(s£(2)) invariant if kI=1, el = fI=0.
Using that the dimension of the subspace of the %,(s/(2)) invariant vectors
of some representation V is less than or equal to 1, we obtain another expres-
sion of the Clebsch-Gordan coefficients. At the end of this section we express
the Clebsch-Gordan coefficients for %,(s«(1, 1)) by the basic hypergeometric

. L L 1 . .
Gordan coefficients [ o2 j| by solving the recurrence relation. In

series 3¢, [al’ %2, a3; q, z:I. In Section 5, we first consider the decomposition
of the tensor product W, ® V,, of %,(4£(2)), where |, — I, <1 and , e NUN +

1
3 The result is

Theorem 5.1. W, ® V}, ~ @  V, as representations of U, (£ (2)), where

le La(ly,13)

1 1
Lz(ll, lZ) = {le {—5, 0, i, 1, }

Next we calculate the Clebsch-Gordan coefficients for %,(s£(2)) with re-
spect to the decomposition in Theorem 5.1. Let {&!|m e I,} be an orthogonal
basis of ¥, and {)E,’,,‘llm1 € J,, } be an orthonormal basis of W, . By Theorem 5.1,
&' is denoted as

E'In= Z [[ll lZ li]jlf:'L@g’l:z,
mieli myel, || My My M

l l 1
where all [[ ! 2 ]:| e C but finite are zero. We call these coefficients
m, m, m

I+1,—1,eN, —ll+lzslsll+lz}.

L1, 1
|:|: 1o m:|:| the Clebsch-Gordan coefficients for #,(s£(2)). Then we cal-

my m;
L 1
culate the Clebsch-Gordan coefficients H: o l]:l in the same way as
m, m, m

Section 4. At the end of this section we express the Clebsch-Gordan coeffi-
cients for %,(s#(2)) by the basic hypergeometric series 3¢,. Finally, in Section
6, we introduce the matrix elements p{} associated with the representation
1 . . 1 1

|44 <le NuUN + 5) and w{ associated with ¥ (le{—z,o, 7 1,...}), and
prove the linearization formula of the matrix elements w{?. In particular, we
show the three-term recurrence relation of the matrix elements Ww{.

The author expresses his deep gratitude to Professor Yoshiyuki Shimizu
and Professor Kimio Ueno for inviting him to this area, useful advices and
constant encouragement.
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§1. WU oe{2)), ¥ (0e(1, 1)) and Their Irreducible Unitary Representations

The quantum universal enveloping algebra %,(s/(2)) is the algebra over
C with a complex parameter q (g # 0, +1) generated by k*!, e, f with the
following relations [2, 4]:
k2 _ k—2
kk*=k'k=1, kek=gqe, kfk*=q7'f, [e,f]= FEres

This algebra has a Hopf algebra structure. The coproduct 4: %,(4£(2)) —
U, (o£(2)) ® U,(s£(2)) is defined on the generators as

Ak =k @k*, dl@=e®k+k'Qe, Af)=fQk+kT'QFf.
The counit &: %,(s£(2)) > C is defined by
ek*)=1, ele=¢e(f)=0.
The antipode S: %,(4£(2)) — %, (s£(2)) is defined by
Sky=kT", Sle)=-qge, S(f)=-q7"f.

In the sequel we assume that g™ # 1 for any integer m.
A = structure Asa—a*e A of a Hopf algebra (4, 4,¢,S) over C is a
morphism satisfying the following conditions [6]:
* is a conjugate linear, anti-automorphism of A such that

%2 =id.
Aos=(+®@4)od.
g(a*) = e(a) .
(x08)?=id.

We regard a pair of 4 and = structure as a real form of 4. Then, for
—1<qg<1 (g#0), we define %, (s2(2)) and %,(s«(1,1)) as real forms of
U,(s£(2)) with the following * structures:

Uou) k* =k, e*=F, fr=e.
Ufou(l, 1)) K* =k, e*=—f, f*=—e.

Let V be a representation of %,(s/(2)). For any aeC\{0}, we set
V(o) = {ve Vlkv = av}. Whenever V(x) # {0}, we call it a weight space of V
and call « a weight of V. We additionally assume that ¥ has an Hermitian
inner product <-, ->. If this inner product satisfies the condition

{av, w) = (v, a*w) for ae U, (£(2)), v, we V,

we call V a unitary representation of the real form of %,(s7(2)).
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1 o ) .
Let 0<g<1. ForleN+ 5 we introduce the finite dimensional irreduc-

ible unitary representations W, = @ (Dx} of Uy s2(2)) [4,5], where J =
jed
{—L —1+1,...,1}. The action of %,(s«(2)) is given on the generators as

1 ol
kx; = q’x; ,

ex; =q [ — j]x}+1 ,
fxb= a0+ IxL
2m

1— . L
where [m] = 1 qqz for me Z. The Hermitian inner product on W, is given

on the basis by

<x;, x}) — 5dl

LAt

(A—j)(A+j) [l - ]]'[l + ]]'

with dj =g Pl , where [m]! = ﬁ [i] for me N\{0} and
[0]! = 1.

Next, for [ e {—%, 0, %, 1, } we introduce the infinite dimensional irre-
ducible unitary representations ¥; = @ Ci} of U, (se(1, 1)) [6], where I, =

jel

{I+1,1+2,...}. The action of #,(s«(1,1)) is as follows.
k& =q7¢;,
g} = —q*PHALj — 1 - 108,
fE ="+ 1+ 108,

The Hermitian inner product is given by
<£:9 é]l> = 61]le >

i—1—17! !
~u-og-n L = .1]'[21 T We can VilleNUN +1 dis-
L+ 2

crete series, and call V_;,, the limit of the discrete series.

where ¢; = ¢

Remark. Masuda et al. [6] have constructed all series of irreducible uni-
tary representations of %,(s«(1,1)) (0 < g < 1) (cf. [10]).

1
Let /e C and I, be a subset of Z or Z + > We define a representation
Vi= @ C¢ of %,(s£(2)) with the action

jel
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(kg = a7,
1 - qZ(j—l-l)
r__ (5/2)+1—2 1
J eéj = —q =2 1— qz éj—1 5
_ a2(j+1l+1)
fff = (1/2)—11 1 i 2 _¢?+1 .
J 1 _ q J

¥, is an irreducible unitary representation of %,(s«(1, 1)) in the following
cases.
The case of I, = Z:

(1) leN,and [[={I+1,1+2,...} or [={—-1—-1,—-1-2,...},

1
@ 1=—5+J/-11 (0313275—}1) and I, = Z,

1 J=1
@ I=—5+ 2h”+s(s>0)and1,=z,

@ —%<l<0and L=7.

1
The case of I, = Z +§:

1
1) leN+§, and [, ={l+1,1+2,...} or [, ={—-1—-1,—-1-2,...},
@ 1=+ y—1a(0<i<™)and =7+

T2 SASop) ME AT

1 J—1=n 1
(3) l——§+T+S(S>0)andI,—Z+§,

, 1 13 1 3
(1) l__i’ and Il—{i’i’”'} or I'—{_i’ —5,...},

where g = e™® For each family, an Hermitian inner product on ¥, is defined
by
1 1 1
s C,) = 6ijcj
with
[ 1 —g2tn .
—W for the family (1), (4), (1),
1
c’(':# =<q %1 for the family (2),
i
o1 —2s+2j+1 .
q2s—21—1% for the family (3).
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Further, any irreducible unitary representation of %,(s«(1, 1)) is isomorphic
to one of the above families.

Let ¥; and ¥, be representations of %,(s/(2)). The tensor product of the
representations ¥; and V, is a representation of %,(s/(2)) on the vector space
Vi ® V, with the action

a-{ = A4(a) for aeu (4(2)), (eVi;®V,.

We denote this representation by V; ® V,. If V; and V, are unitary representa-
tions of %,(s«(1, 1)), then the tensor product ¥; ® ¥, becomes a unitary repre-
sentation of %,(se(1, 1)) with the Hermitian inner product

E@nE®n'>=LK,E XMy  for §, eV, n,nel,.

§2. Decomposition of Tensor Product of Two Representations of Discrete
Series and Limit of Discrete Series of #,(s«(1, 1))

In the sequel 0 < g < 1. To the end of Section 4, we fix [, [, €

1 1 ... . .
{——5, 0, 7 1, } We have the decomposition of ¥} ® V,, into the direct sum

of irreducible components of %,(se(1, 1)).

Theorem 2.1. V, ®V,,~ @ V, as unitary representations of U (s«(1,1)),

leL,(l1,15)
1
where Ll(ll,lz)={leNuN +§‘lzll +L+1,1-1 —lzeN}.

To prove this theorem, we first construct the basis {&! |l e L,(l;, 1,), me I,}
of @ WVinV,®V, ForleL,(,,I,) we define ¢t (mel) as follows.

leLy(ly,15)

-1,

1 1
(i = Z amlém‘, ® 513—1—».1 >

my=Il;+1
where
-1, —1,-1
— _1 m;—1l;—1 _(m;—1;-1)(2m;—1+1,+l,) 1 2
ap, = (—1) q [m1—11—1
and
[n]! .
- fO<m<n,
ml_ Jmlin—mp " OSTST
m
0 otherwise .
Form>1+2

th= { T @i+ 1+ 1) }fm-’-lc:ﬂ .
J

j=1+1
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Lemma 2.2. The vectors (!, are non-zero for all le L(l,,1,) and me,.

Proof. By definition, it is trivial that {},, # 0. Making use of the formula

m=l-1 i _ 4—J m—l-1 g1=jf2 _ =(A=)} =2
@.1) em-'-lfm—'-1—< 11 2 q_1>< a 1_ >e”llq(4/(2))-e
i oa—q i q—q

i=
for m>1+ 2, we have em ""1fm71¢] 0. This implies the result. |
We note that (!, satisfies
klm=a",
ely, = —q®P" 2 m — 1 — 1]{p-
fon=q""""Im + 1+ 11041,

and consequently, Y C{, is a representation of #,(s£(2)).
mel,;
Proposition 2.3. The set of vectors {(L|le Li(l;,1,), mel,} is linearly
independent over C.

Proof. Suppose that

Lyl __
‘mem - 05
leLy(,13)
mel;

where all «}, € C but finite are zero. Then, for any m > I, + I, + 2 we have

17l
Unlm =0,
L+l +i<l<sm—1
because

V,@V,= @ ,®V,)4a7).

j=lFl+2
For the proof, it suffices to show the following.

If Y alll =0, then oaf=0 forl,+l,+1<%I<m-—1.
L+l +i<lsm-1

We prove this by the induction on m > 1, + [, + 2. It is trivial in the case

of m=1,+1,+2 Applying e to both sides of Y bl =0, we

Li+l,+1<l<m
obtain

Uy (= 1)g 22" m — 17, = 0.
L+l +i<l<m-1

The induction hypothesis leads us to a),; =0for [; + [, + 1 <I<m— 1, and
hence o}, =0 for [+ L +1<I<m. O

Moreover we use the following lemma.
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Lemma 24. (l) <Crlm C:y;’> = 511’5mm’crln<Cll+ls Cll+1> .
(i) @ Cip ~V, as unitary representations of U, (sz(1, 1)).

mel;

Proof. (i) We first note that the formula (2.1) shows that
(2.2) LE>=0  unless m—I=m'—1.

Suppose m—1l=m'—1" and [ #1', then m # m’. This means that the
weight of (!, is not equal to that of (', and, as a result, {{}, (%> =0. From
(2.1) and (2.2), one can show the result.

(ii) From (i) one can show this easily, then we omit the proof. O

Now we prove Theorem 2.1. For n>l,+L,+2 (n—1; -1, eN)

dim(Vzl®V}2)(q—")=dim< @ @Cil)(q”"),

leL,(;,l3)
mel;
and consequently, ¥, ® V;, = @ C{,. Making use of Lemma 24, we
leLy(ly4,15)
obtain Theorem 2.1. meli O

§3. Clebsch-Gordan Coefficients for %,(s«(1, 1))

In addition to I, and [,, we fix e L,(l;, ;) to the end of Section 4. Let
& = (enClives (D) D0, (resp. &y, = (et )80, &0 = () 2652 The set
{ELime L} (resp. {&y|m;el,}, {éf,fzmzel,z}) is an orthonormal basis of ¥,
(resp. ¥;,, V;,). By Theorem 2.1, &L is denoted as

> l I Il N
G.) By [1 2 kg®m,
myel ,myel,, m

my my
LI, 1 . .
where all € C but finite are zero. We call these coefficients
m, m, m
L L, 1
I: v :l the Clebsch-Gordan coefficients for %, (s«(1, 1)).
m, m, m
The next proposition is the key to obtain these coefficients.
Proposition 3.1. We have
L
my my

(3-2) [ e = IZ ) r[

where

l
22
m, m, m

— 5"”” m (___l)ml—11—1q(1/2—12+m1)(m—l—1)q(m1—ll—1)(2m1—l+ll+12)
My tmy

1
]¢®¢,
m
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kot [m —1— 171 [m; + I, ]!
_ 1\k,3k2+k(21-4m,—2m+3)
x X (-1 K m—I—1—k]'[m, + I, —K]!

[m, =1, —1 =K'\ [(m, +1,)—(m—1—1)+k]'[(m, — 1, — 1) —(m—1—1)+ K]V
The sum over k is taken such that none of the factorials could have a negative
integer.

Proof. The weight of f™ 71}, is ¢™™, and, as a result,

L, 1
r[1 2 ]=0 unless m; + m, =m.
m, m, m

Applying f to both sides of (3.2), we obtain the recurrence relation of
[ll I, l]
r :
m1 m — ml m
I I, l
3.
(3.3) rl:ml m—m; +1 m+1:|

l l l
— 4~ (1/2)=1l;+my—m l 1 2
1 Lmy + 1]r[ml—l m—my; +1 m:l

I l [
+ q(lll)—lz+m1 [m —m, + lz + l]r[ 1 2 :I
m1 m — m1 m

. q—(1/2+m,—12)(m—l—1) ll lz
Putting a(m,,m) =

I
Im, + L1m —m, + L1 m] (33) turns

ml m — ml
out to be

Phth=2man . — 1, m) + a(my, m).

a(mla m+ 1) =4q
Solving this recurrence relation under the condition
a(ml’ l + 1) — (_ 1)m,-l,—lq(m,—11—1)(2m1—l+11+l2)
y b-un-1,L-17
[my, =1, =111 =1, —m ! [my + LD+ 1, —my + 1]V

we get

a(ml, m) — (_ l)ml—ll-—1q(m1——l,—1)(2m1—l+11+12)

% — 1)k g2l 4m; —2m+3)
&, V4 0L+, + 10

x m'—l'—l l+ll+12+1 l_ll—lz_l
k m1+ll—k ml—ll~1—k

Hence Proposition 3.1 is proved. |

m—l-1 1
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Moreover we use the following lemma.

Lemma 3.2.
(i) s M D

—(m+l—1)(m—1—1)[m —I—-1]![m + 17!
2+ 17!

(ii) kio g?krm=h) [Z:I |:h T k:| _ I:m ;_ ni| .

(i) (G, Chiyy = g 07h bt
L 200 — 1 — 1 — 10020 + 1002, + 10!
=05+ L1+, — L+, +1, + 17!

Proof. We omit the proof of (ii) (cf. [1]). One can easily prove (i) by
(2.1) and (iii) by (ii), and then we also omit the proof. O

=q <Cll+1s Cll+1> .

By the definition of r[l‘ L l]
m, m, m

l:ll L l:| _ r[ L 1 ,f,,:l (Ci,tl)uz(c,lnzz)llz<fm—l_1C11+1s il Y

m; m, m m; m,
and hence we obtain
Theorem 3.3. The Clebsch-Gordan coefficient is expressed as
(34
[11 L z}
m;, m, m

— 5m,m1+m2(_ 1)m1-11—1q2m1(m—l—1)+(m1+11)(m1—ll—1)

( =L +L1 0+ L L0, L, =110+ + L, + 17121+ 1] >”2
[m—1—-11[m+1]'[m, -1, —13'[m, + [} [m, — 1, — 1] [m, + 1, ]!

X __1 k 3k2+k(21—4m;—2m+3)
kZO( ) q
[m—1—171[m, +1,]'[m, — I, —1]1[m, + 1,11 [m, — 1, — 17!

TR Im—1—1—K]'[m; + 1, —kJ\[m, — I, — 1 —kJ[m, + L) — (m == 1)+ k]!

1
“Tmy—L—D)—(m—I—1)+k]!’

where the sum over k is taken such that none of the factorials could have a
negative integer.
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§4. Another Way to Calculate Clebsch-Gordan Coefficients

We first define %,(s/(2)) invariant vectors.

Definition 4.1. Let V be a representation of %,(s/(2)). 1€V is a %, (+/(2))
invariant vector if I satisfies the condition

kI=I, el=fI=0.

Let ¥ be a set of complex valued functions which are defined on the
Cartesian product I; x I}, x I,. V is a representation of %,(s#(2)) with the
following action on the generators: For FeV,

(k£'F)(my, my, m) = g= ™™™ E(my, m,, m),

(eF)(my, my, m) = —q /D mmmdmTyy 4 | +1][my —1,1)V?F(m, + 1, my, m)
—qArmImtn ([, + 1, + 1] [my —1,1) 2 F (my, my + 1, m)
— gB¥Frmtmem( Ty [ 1][m + [))Y2F(m,, my, m — 1),

(fF)(my, my, m) = g@27m=m*™([my —1, — 1] [my +1,1)2F(m, — 1, m,, m)
+ O Oy 1, — ][y + 1) (g, my— 1, m)
+ qArmtmemm (T 4 4+ 1] [m — 1])Y2F(my, my, m+1).

The following proposition plays an important role in this section.

Proposition 4.2. The dimension of the subspace of U,(s/(2)) invariant vec-
tors of V is less than or equal to 1.

Proof. Let I, and I, be %,(s£(2)) invariant vectors such that I; # 0 and
I, #0. To prove this proposition, it suffices to show that there exists a € C
such that I, = al,. By the condition kI,=1I;, i=1,2)

I,im,,m,,m)=0 unless m; + m, =m.

We set I,(m,, m) = I(m,, m — my, m). The condition el; = fI; = 0 turns out to
be

4.1) @*([my + 1, + 11[m, — LY (m, + 1, m)
+ ¥+ 2 ([m — my + L] [m —my — I, — 1)1 (m,, m)
+q'?([m —1—1][m + 1) I;m;,m — 1) =0,

(4.2) g ([m, — I, — 13[m, + [,DV?T(m, — 1, m)
+ g2 ([ — my — 1L, [m — my + 1, + 1)1 (m,, m)

+ @ ([m + 1+ 1][m — 1) (my,m+ 1) =0.
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Since I; # O, I(,+1,1+1) # 0 by (4.1) and (4.2). Then we put o =
T, + 1,1+ 1)
L, +1,1+1)
ol,(m;, m) by induction on m; and m. O

Making use of (4.1) and (4.2), one can show Tl(ml,m)=

We define two vectors I, JeV:

I(my, my, m) = 6m,m1+m2< Iv,a,ﬂ>r1(ml:m2’m)5

(v,a,B)eS(my,m)

P l l
J(m19m29m) = (_1)m—l lq m|: ! 2 :|a
m, m, m

where

Iv,a,ﬂ = (__ 1)V+“+ﬁq-(1/2)(1‘*‘11+12+3)—v—(a2+ﬁ2)—2(1+1)(1+ﬁ)q-2(11—lz)(a—ﬂ)'*'a(l—l:—lz—l—ﬂ

(=1 ~ly—1—v)(—1+1; —ly—1—B)+a(— 1+l —1,—1—B)

xq

F~h—b—1r+h—h+qv—h+g+q
X ,
v o B

Smy,m)={v,e, )eN3la+pf=m—1—La+v=m — 1, — 1},
rimy, my, m)=ri(ly, m)ri(ly, my)ry (L, m),

and

ri(l,m)=(— l)m"l'lql/2('"~'-1><m+31+z>(Em — l[:nli!l[]?;l + 1]!)1/2 )

Proposition 4.3. The vectors I and J are %,(s£(2)) invariant.
For the proof, we use the following lemma.

Lemma 4.4.

(1) —'q(3/2)—m([m +0m—1- 1])1/2[11 I, 1 ]

my m, m-—1

I l l
— _ (1/2)=my—m; _ 1/2 1 2
q (my + 1 + 1][m, - 11]) l:m1 +1 m, mil

— g ([, + 1, + 1] [m; — 12])1,2[11 E l]-
m, m,+1 m
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m; m, m+1

(i) q(llz)—m([m—l][m+l+1])1/2[11 L 1 ]

= g, — 1 - 0w 1 0

ml‘—l m2 m

l l l
(3/2)+my—m 1 12| 4 2
+4q X([my — 1, — 1][m; + 1,]) I:ml my, — 1 m] .

Proof. Applying e and f to both sides of (3.1), we have the above
formulas. (|

Proof of Proposition 4.3. 1t is trivial that kI = I and kJ =J. By Lemma
4.4 (i),

(eJ)(mls my, m)

l I, 1
= (— 1y lg(1/2)—my—m; _ 1/2 1 2
(=1)""q (my + 1 + 1][my — L1]) [m1+1 m, m]

! l l
_{ym—l,(1/2)+m;—m; iz b 2
+(=D)""q ([m; + 1 + 1][m; — 1, 1) [m1 my + 1 m:l

L 1 l
+ (_ l)m—l—lq(5/2)+m1+m2—2m([m —]—- 1] [m + l])1/2|: 1 2 ]

m; m, m—1
=0.

In the same way as above, one can prove fJ =0 by Lemma 4.4 (ii), and
then we omit it.
Next we show el = fI =0. Making use of the formula

VRN
ri(l,m)= —qm*! <@W—+—Ij—> rn(l,m—1),

we have

(el)(ml’ m;, m)

=6m,m1+m2+1r1(m1= mj, m) {q(5/2)+"'l+ll[m1 - ll]( zﬁ Iv,a,ﬂ)
(v,a,8)

eS(m;+1,m)
+ q(3/2)+m1+M+’2[m —my — 12 — 1]< Z Iv,a,/?)
(v,a,8)
eS(my,m)
Ty T 1]< Y Im,,,>}-
(v,a,p)

eS(my,m—1)
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We calculate the each term in the above equation as follows.

q(s/z)+m1+h[m1 — ll]< Z Iv,a,ﬂ>

(v,a,8)
eS(my+1,m)
5/2)+v+a+2l 2
= ) g (o] + ¢**[VD)
(v,a,)
eS(m;+1,m)
712)+v+at2l 7/2)+v+3a+21
= Z q( [2ytvia 1[“ + l]Iv,a+1,[i + Z q( [2y4vi3a l[v + 1]Iv+1,nz,ﬂ .
(v,a,B) (v,a,B)
eS(my,m—1) eS(my,m)
q(3/2)+m1+m+12[m _ ml _ 12 . 1] Z Iv,a,[i
(v,a,8)
eS(my,m)

S q(7/2)+"+21+ﬂ+l+11+’2([l _ ll _ 12 _ 1 - V] + q2(l—ll—lz—-1-—v)[ﬁ])IV,a,p
(v,a,B)

€S(my,m)

— Z q(7/2)+v+2a+ﬂ+l+ll+ll[1 _ ll _ l
(v,a,B)

€S(my,m)

2 —1- v]Iv,u,ﬁ

+ Z q(5/2)'v+2¢+ﬂ+3l—11—12[ﬂ + 1]Iv aftl -

(v,a,B)
eS(my,m—1)
1/2)-m—1
g [m+l]< ) Iv,a,p>
(v,a,B)
eS(my,m—1)
—(3/2)—a—p-21
— z q (3/2)—a—p
(v,a,B)
eS(my;,m—1)

X[+ —L+1+a]+ @ B0+ L+ 14D, .,

= Y g A0y L+ 1+ all,,,
(v,a,8)

eS(m;,m—1)

+ Z q(1/2)+a—p+211—212[l _ ll + 12 + 1 + ﬁ]Iv,a,ﬂ .
(v,a,B)
eS(m,,m—1)

Thus we get

(el)(mla m25 m)

7/2)+v+a+2l
=5m,m1+m2+1r1(m1’ my, m){ Z (g2t 1[a+1]Iv,a+1,ﬁ
(v,a,B)
eS(my,m—1)

+q—(3/2)—a—ﬂ—21[l+ 11 _12 +1 +“]Iv,a,ﬂ) + ( Zﬂ) (q(7/2)+v+3a+21,[v+ 1]Iv+1.a,ﬂ

€S(my,m)
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+q(7/2)+v+2t1+ﬂ+l+h+lz[l _ ll _ 12 —1-= v]Iv,a,ﬁ)

+ Z (q(5/2)—v+2¢+ﬁ+3l‘11“12[ﬂ + l]Ivaﬂ+1
v.2:B) ”

eS(my,m—1)

FqUIII ] 4 1+ ﬁ]zm,,,)} .

By straightforward computation, we can show that the each term in the above
equation is zero. Thus we obtain el =0. Moreover

(fl)(ml’ my, m)
= m+1,m,+mz(_ Dry(my, my, m) {qu/z)_ml_h[m1 + l1]< ( Zﬂ) Iv,u,ﬂ)
v,a,
eS(m;—1,m)
+ q—(1/2)+3ml—m—lz[m2 + 12]< z Iv,a,ﬁ)
St
+ q(5/2)+m+l[m _ l]( Z Iv,a,ﬂ)} .
(v,a,B)
eS(my,m+1)
We calculate under the condition m + 1 = m; + m,.
q(1/2)—m1—11[m1 —+ ll]( Z Iv,a,ﬁ>
(v,a,B)
eS(m;—1,m)
— Z q—(3/2)—v—a—211([l + ll _ 12 +1+4 0(] _ q2‘2+”+”‘+2")
(v,2,8)
eS(my—1,m)
X[I—=1 =1, —1—=v])I,,g
= ¥ gL L+ 14a]l,,,
(v,a,B)
eS(m;—1,m)
_ 2 q(5/2)+v+a+211[l _ ll _ 12 _ 1 _ v]Iv,a,ﬂ .
(v,a,p)
eS(m;—1,m)
q—(1/2)+3m,—m—lz[m2 + 12]< Z Iv,a,ﬂ)
(v,a,B)
eS(my,m)
= z q(3/2)+v+2az—ﬂ—l+311—lz([l _ ll + l2 + 1 + ﬂ] _ [V])Iv,a,p
(v,a,p)
eS(my,m)
= Z q(3/2)+v+2¢—ﬁ‘l+311—12[1 _ ll + lz + 1 + ﬁ]Iv,a,ﬁ
(v,a,f)
eS(my,m)

_ q(5/2)+v+2‘l_ﬂ“l+311—12[v + 1]1

(v,a,B)
eS(my—1,m)

v+1l,a,8 *
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q(5/2)+m+l[m _ l]( Z Iv,a,ﬂ>

(v,a, )
eS(my,m+1)
= Y @] + g [BD)
(v,a,p)
eS(my,m+1)
— Z q(7/2)+a+ﬂ+21[a + 1]Iv,a+1,ﬂ + Z q(7/2)+3a+ﬂ+21[ﬁ + 1]Iv,lz,ﬁ+1 .
(v,a,8) (v,2,8)
eS(my—1,m) eS(my,m)

Therefore we obtain
(fl)(mls m29 m)

= 5m+1,m1+m2(_ 1)rl(}nls mj, m)

N { Z (q_(3/2)—v—a—2h[l + ll — ZZ —+ 1 + a]lv,rx,ﬂ
(v,a,B)

eS(m;—1,m)
e PR B )
_ Z (q(5/2)+v+a+211[l _ ll — 12 —1— V]Iv,a,ﬂ
(v,a,B)
€S(m;—1,m)
N e At T NS § ) SR
by (@R ] 4 1+ B,
(v,a,B)

€S(my,m)

+ q(7/2)+3a+ﬂ+21[ﬂ + 1]Iv,a,/}+1)}

=0.
Hence the proof of Proposition 4.3 is completed. O
... I I, l
Proposition 4.2 and the value of lead us to the
ll + 1 m — ll - 1 m

following theorem.

Theorem 4.5. The Clebsch-Gordan coefficient is expressed as

4.3)

Lo,
m; m, m
— 2(1+1 —=1-1)— =1;-1
_6m,m1+m2q (A +1) {(m )=(my—1;—1)}

§ <[m—l—1]1[m1 1 =171 my — Ly — 1[I =1y =1, — 1[I +1, +1, +1]1[21+ 1])1/2
[m+101m, +1, 11my + L, N+ 1, — L[ =1, + 151!
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X Z ( v v2+v(411+3)

[m+D—(my+1,)—1—=v]i[m,+1, +v]!
[v]'[l—ll—12—l—v]'[ml—ll—l—v]'[(m—l—1) (my—1,—1)+v]\’

where the sum over v is taken such that none of the factorials could have a
negative integer.

There is a simple relation between the Clebsch-Gordan coefficients and
the basic hypergeometric series.
Let 0 < g <1 and re N\{0}. We define basic hypergeometric series ,é,—,

Q1,035+, & (als q) (aZ, q) (ar; q) i
r¢r— [ ' 2 > 49, ] J i 4 z’ i
! bla LR br— q Z q’ q)}(bla q), (br—l; q)]

by

where

]:
(@ 9); = {(1 Al —ag)...(1 —ag™), j=1,2,...,

and it is assumed that the parameters by, ..., b,_; are such that the denomina-
tor factors in the terms of the series are never zero [3]. Then the Clebsch-
Gordan coefficient (3.4) is expressed by the basic hypergeometric series ;¢, as
follows.

B4y I (my—lL,—1)—(m—-1-1)=0,
L, oL, 1
ml m2 m
=8 mtm.(— 1)m1—l,—1q2m1(m—l—1)+(m,+t,)(ml—11-1)

< O—-L+L10+L L0, =L -1+ + L, + 1] [21+ 1] >1/2

(m—1—11[m+ 0! [m, =1, = 1] [m, + 1, N [m,— 1, — 1]/ [m,+ 1, ]!
[m,+1,][my —1,—1]!

[(mz+lz) (m—1—-1)]'[(m;— 1, —1)—(m—I-1)]!

—2(m=1-1) ,—2(my+l;) ,—2(m;—1;—1)
q > q > q
X 30, q2{(m2+12) (m=1-1)+1} q2{(m2—12—1) (m—1— 1)+1}>q q

G4y I (my—1,—1)—(m—1-1)<0,

Lol 1
m; m, m
_1)t+t,+12+1 2my(m—I1—1)+(my+1)(m;—1;—1)

q

% q{(m—l—l)—(mz—lz—l)}(—3m+mz—l+ 31,+3)

=6m,m,+m2(
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g [m—l—1]![m1—ll-1]![m1+11]![m2+12]![l—ll+12]![1+11+12+1]!)”2
[m+0![m,— L, -1+, - L1, —1,—1]
N [21+ 1742
[m—1—1)—(@m,—1,—1)]'[21, +1]!
=2(+1,-1y) ,—2(0-1—-1,-1) ,,—2(my—1,—-1)
q > q >q )
3¢2|: gPlmi=D=mamlam D+ p221+2) 54, qz].
On the other hand, the Clebsch-Gordan coefficient (4.3) is also expressed by
the basic hypergeometric series ;¢, as

@3y (m—1—1)—(@m —1, —1)>0,

L L 1
m, m, m
=5 g2 D{em=1=1)—my —1~1)}
m,m;+ mz

( [m—1—1]1m, + 1,11 [my — 1, — 1[I+ 1y + I, + 171 [21+ 1] )1/2
“\Dm+ 0my + 1, 00my — 1, — 1= — L, — 10+ ] — =T, + ]!
[m+1)—(m, +1,)—17!
[(m—I-1)—(m,—1,—1)]!

—2(my—1,—-1) —2(my+ly+1) —2(-1,—I,—-1)
X 34 q > q > q
X393 q2{(m 1-1)—(m;—1;—-1)+1} q—z{(m+l) (my+13)— 1}’q q

@3y I m—1—1)—(m, —1,—1)<0,

L 1, 1
m, m, m
=9 . q{(m—l'l)—(mx—11—1)}{(m—l'1)—(m1+h)}

m,m;+m;

( [my—1, — 1[I =1, — L, — 1[I+ 1, + 1, + 11121+ 1] )1/2
[m—I1—1][m+0![m, +1,1[my — 1, — 11 [m, + L[+ 1, — 1, ]!
[my+1)+(my—1,—1)]!

[ =1l —1)—(m—-1-1)]

—2(m=1-1) _—2(my—l~1) - 2(—l;+l;+1)
¢ q »q »q
X309, g2+l ) g2 (om k=)= (m—1- 1)+1}’q 9

§5. Clebsch-Gordan Coefficients for %, (s/(2))

1
We fix l;,,e NUN + 3 such that [, — I, < 1. The tensor product W, ®

V,, is decomposed into the direct sum of irreducible components of %,(a#(2)).
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Theorem 5.1. W, ®V,, ~ 6—) V, as representations of U ,(s£(2)), where

Le Ly(l4,l3)

1
Lz(ll, 12)2{16{"‘5,0,%, 1""}‘l+ll _lzeN, _ll +12£lsll+l2}-

Proof. We define the set of vectors {{}|le Ly(ly,1,), me I} in W, ® V,
as follows.

Iy

1 11 1
{1 = Z bmlxmll ® £m1+2l+1 >

my=—1+l,

m—1
c,’n={ [T @270+ 1+ 7m0y for m=1+2,

j=1¥1

where bl =q_‘”2’"1_"'1"2”“'2’2*3'"1”’[l+ll—IZ:I. Making use of these
! IL—m
1 1

vectors, this theorem is proved in the same way as Theorem 2.1, and then

we omit the proof. O

In addition to I, and I,, we fix le L,(I;,1,). Let & =(cl)™"/%¢}, and
Zn=(dn)""?x,. The set {&lmel,} is an orthogonal basis of ¥ and the
set {X,!|m,eJ,} is an orthonormal basis of W,. By Theorem 5.1, & s
denoted as

. l l ) =
6.1) B- ¥ [[ b ﬂ ® &,
myeJy ,myel, m; m, m
L L, . .
where all e C but finite are zero. We call these coefficients
m, m, m

l
[[ ho b l]:l the Clebsch-Gordan coefficients for #%,(s7(2)).

m, m, m
Let V be a set of complex valued functions which are defined on the
Cartesian product J; x I, x I;. V is a representation of #%,(s¢(2)) with the
following action: For FeV,

(k*'F)(my, my, m) = gt™mm2*mEm,  m,, m),
(eF)(my, my, m) = g~ ™2 L* W2 —m + 1101 + m ) V2F(m, — 1, my, m)
—qmTmatmt A2 ([m, 41, + 1][my — 1, 1) 2 F(my, my+ 1, m)
—q Mt G2 ([ — 1 —1][m+1])?F(m,, my, m—1),
(fF)(my, my, m) = g~ ™m0+ QD[ 4 my +1][1, —m, ])V?F(m, + 1, my, m)
+q MMM 12 ([, — [, — 1] [my +1, 1)V F(my, my—1, m)

+ g mtmamt 2 ([ - [+ 1] [m—1])Y2F(m,, m,, m+1).
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Proposition 5.2. The dimension of the space of U,(s£(2)) invariant vectors
is less than or equal to 1.

Proof. We omit the proof, because one can prove this in the same way
as Proposition 4.2. O

We define two vectors I, Je V:

I(m19 m27 m) = 5m,+m,m2 < Iv,a,ﬂ>r2(m1’ mzs m) H

(v,a,p) € T(my,m)

J(ml,mz,m)=(__1)m—l—1q_m|:|:ll I, l:|],
m; m, m

where
Iv,a,ﬂ —(_ 1)v+ﬁq(1/2)(ll+lz—l—2a)+(1/2)(l+11—12—2v)—2(l+l,+lz+2)ﬂ
X q—ﬂ(ﬂ—l)—(I/Z)(H-h+12+2+2ﬁ)+a(l+ll—lz—v)
x gt =WEI-li=l=2=f)ta(-I-1=1,=2=f)
X[11+12~l][1+11—12][l+11+lz+1+ﬁ]
o v B ’
Tmy,m={vopf)eNat+tv=I] —m,a+B=m—1—1},
ra(my, my, m) = ry(ly, my)ri(ly, my)ri(l, m),
and

raly,my) = (U + m U — my Q)2
Proposition 53. I and J are %U,(4/(2)) invariant.
For the proof, we use the following.

Lemma 5.4.

(i) ‘“‘1_"'+(3/2)([m+l][m—l—1])1/2“:11 L, 1 ﬂ

m;, m, m—1

=gy gm0 2]

—q MmO ([my + 1, + 1][m, — L]Y? |:|: ; : l:|:|

m, my+1 m
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(ii) q_"'+“/2’([m—l][m+l+1])1/2[[11 L o1 ]]

m;, m, m+1

= g ML 4wy + 1[0 — m,])Y? I:l: I l, I:I:I

m+1 my, m

) l l
—my—my+(3/2) I 1/2 1 2
+a TS e | |
Proof. Applying e and f to both sides of (5.1), we have (i) and (ii). [J

Proof of Proposition 5.3. 1t is easy to see that kI =1 and kJ = J, and,
by Lemma 5.4, we get eJ = fJ =0.

We show el = fI =0. Making use of the formula
[ +m]

1/2
_th Tl -1
[, —m, + 1]> ra(ly, my )>

ryly, my) = (
we obtain

(eI)(ml’ my, m)

= 5m1+m,m2+1 rz(mu my, m) {q _Ml—ll+(3/2)[11 —my + 1]( Z Iv,a,ﬂ)

(v,a,8)
€T(m;—1,m)
Fq MmO [y o — ], — 1]( Z Iv,a,ﬂ>
(v,a,8)
eT(my,m)
+qMP™ m + l]< ) Iv#vﬂ>}'
v,0,8)
€T(my,m—1)

We continue the calculation of the each term in the above equation.

g MO —my + 1]< ( Zﬁ) Iv'a'p)

eT(my;—1,m)

= Z qa+v—21+(1/2)([a] + an[v])Iv’a’ﬁ

(v,a,B)
eT(my—1,m)
+v-21 3/2 3a+v—21;+(3/2
D ] I U ) SPPIPE D S A R} S
(v,a,B8) (v,a,8)
e€T(my,m—1) €T (m;,m)
q—m1+m+lz+(3/2)[ml +m— 12 _ 1]< z Im’ﬂ>
(v,,B)
€T(my,m)
— Zﬂ q2¢+V+ﬂ+l—11+lz+(5/2)([l + ll _ lz _ V] + q2(l+ll—lz_V)[ﬂ])Iv,a,ﬂ
(v,a,B)

eT(my,m)
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S Y A AR A CIC Ty Ry Ay RO, ) S,

(v,a,p)

€T (my,m)

T Y el a U T A G ) S

v,a,8) B
€T(m;,m—1)
g2 =m 1y 4 l]< ) IW"’)
(v,a,B)
€T(my,m—1)
_ qa_ﬂ_211_2’2_(3/2)([l + ll + 12 + 2 + ﬁ] - [ll + lZ - l — a])Iv,a,ﬂ

eT((":l,la:’ﬁ)_l)

_ z qa-ﬂ—211‘2’2—(3/2)[1 + ll + l2 +2+ ﬂ]Iv,a.ﬂ

(v,a,p)
ET("H ,m—1)

_ (Zﬁ) qo PR ) — 1 —a]l,,,.
V,&,

eT(my,m—1)

Thus we get
(eI)(ml, ms, m)

= O +mmy+172 (Mg, My, m)

y { Z (qa+v—2h+(3/2)[a + 1]Im+1,ﬂ A
(v,a,B)

eT(my,m—1)

X[l +1,—1—oall,,y)

+ Z (q3a+v—2h+(3/2)[\’ + 1]1v+1,a,ﬂ + q2a+v+ﬂ+l—ll+lz+(5/2)
(v,a,8)

eT(my,m)

x [+ =1, — VI, .,

+ Z (an—v+ﬁ+3l+ll—lz+(7/2)[ﬁ + 1]]v a,B+1
(v,a,8) -

eT(my,m—1)

4 quP G L 4, 4+ 2 4 ﬁ]lv,a,ﬂ}

=0.
Further
(fI)(ml’ m2) m)
= 5m1+m+1,m2r2(m13 m,, m) {q_ml—l‘_(”z)[ll +my + 1]( Z Iv,a,ﬂ)
(v,a,B)

eT(my+1,m)
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_gTImmh= 2y, 4 12]< y Iv,a,p> — gty —

(v,a,p)
x < Z I v,a,p > } *
(v,a,8)

€T(my,m)
eT(my,m+1)

We calculate the each term under the condition m; + m + 1 = m,.

gD 4 om, + 1]( > Ivmﬂ)
(v,a,p)
eT(my+1,m)

= Z qaz+v—2h+(1/2)((12(l+ll—12—v)[l1 + lz _ l-— 0(] + [l + l1 _ lz _ v])Iv,a,[i

(v,a,B)
eT(m;,+1,m)

= Z qaz—v+21—2lz+(1/2)[l1 + lz _ l _ “]Iv,u,ﬂ

(v,a,B)
€T(my+1,m)

+ z qa+v—211+(1/2)[l + ll — 12 — V]I

v,a,f *
(v,a,B)
eT(my+1,m)
=3m;—m—1,—(1/2
] 1P lz]( Y Iv,a,ﬂ)
(v,a,8)
€T(my,m)

z qre L[ 4 ] 4 1, + 24 P11 — VD) 0p

€T (my,m)

( q2a+v—ﬂ-—l—3ll-—12—(3/2)[l + ll + lz + 2 + B]Iv,az,ﬂ
v,a,pB)

€T (my,m)

_ Z q2a+"_ﬂ_’_311_12_(1/2)[v + 1]Iv+1,a,ﬁ .

(v,a,B)
eT(m,+1,m)
+1+(5/2
qm G )[m_l]< Z Iv,a,ﬂ>
(v,a,B)
eT(my,m+1)

Y @R ([o] + q** (B,

(v,a,8)
eT(my,m+1)

_ +B+21+(7/2 3a+p+21+(7/2
= (Zp q**t T2 [ + 111, 4415 + (Zp gPeHErr g 4 11, 4 5+1 -
v,a,8) v,a,8)
eT(m,+1,m) €T(my,m)
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Therefore
(fl)(mla m29 m)

= 5m1+m+1,m2r2(m17 m;, m)

X { (Zﬂ) (qu—v+21—212+(1/2)[l1 + lz _ l _ a:”v,a,ti

eT(m,;+1,m)

_ qa+ﬂ+21+(7/2)[a + l]Iv,a+1,ﬁ)

N Z (g™ 2* D 4 1, — 1, — V1,
(v,a,p)
eT(my+1,m)

+ q2a+v—ﬂ—l—3’1_’2_‘1/2)[v + 1]Iv+1,a,ﬂ)

_ (Zﬂ) (q2a+v_ﬂ—l_3l‘_12—(3/2)[1+ll +12 +2+ﬁ]Iv,u,ﬂ
v,a,

€T(my,m)

+ q3a+ﬂ+21+(7/2)[ﬂ + 1]1",1’”1)}

=0. O
From Proposition 5.2, we have

Theorem 5.5. The Clebsch-Gordan coefficient is expressed as

Lo, 1

=4 (1/2)(my —1+1)(my +1=1,+1)+2(1; —my )(I+1; = 13)— 21, (m—1—1)
m,+m,m2q q

([11 1L —my my — L — 1] [m—1— 121, + 1121+ 1]!)1/2
% [my+ L 11m + 11021, ]!

=ly(m+1-15+1)

x Y g 2 2hlmm U+ =L + L= Imy+ L+ 14+ v]!
VS0 D+ = =] —my — V]I [(my + 1) —(m+ D) +v]!

1
“Tm—I— D)=, —m)+ v+ +,+2]

where the sum over v is taken such that none of the factorials could have a
negative integer.

This coefficient is also expressed by the basic hypergeometric series ;¢,:
S22y Ifm+L)—m+l)=0and m—-I1—-1)—(, —m;)=0,
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L ]l

=4 (1/2)(my—=1+15)(my +1—1+1)+2(1y —my)(I+1; —15)— 21 (m—1—1) , —1;(m; +1—15+1)
- m,+m,m2q q

<[11 my 1L —my my —ly— 171 [m—1— 120, + 11121+ 1]!)1/2
X [my+ 1, 1iIm + 021, ]!

[y + 1, — IQi[my+ 1+ 1]
[l —m J[(my +1,)—(m+ D [(m—1—1)—(1,—m )] +1, +1,+2]!

=2+l - =2(ly—my) 2(my+i1y+2)

q 2, q . q
x3¢2 q2{(m2+lz) (m+1)+1} qZ{(m 1-1)—(,— ml)+1}’q q

(2 I (y—m)—(m—1—1)>0 and (I, +my)—(my — I, — 1) >0,

||

=4 (1/2)(my —1+1)(my +1—1,+1)+2(l; —my)(1+1, —15)— 21, (m—1-1)
- m1+m,m2q

=ly(my+1=1,+1)=2{(l; —m;)—(m—1-1)}{(I; =m,)+(my—15—1)}

xq
( [, +m, 101, —m, 021, + 120+ 1! 12
“\my—L,—17[m, + L1 Im—I—1J[m + 1)1, ]
y [+ 1, — L[ +1,—1]!
[y —my)—(m—I1-D)1[({ +my)—(my—1,—1)]!

—2(m—-1-1) —2(my—1-1) 2(1+1;+1,+3)
.q . q
3¢2 2{(11 my)—(m—1— 1)+1} 2{(l; +my)— (m2—12—1)+1}’ q q
q .q
(52)" If (m+1)—(my+1,)>0and (my, — I, — 1) — (I + m;) >0,

[

=5m mm q(1/2)(m1—l+lz)(m1+l—12+1)+2(ll—m1)(l+11—12)—211(m-l—1)
1 312

1y(my+1=13+1)— 41, {(m+1)—(my+13)}

X q-
) ([ll—ml]![mz—lz——l]![m—l—1]![212+1]![21+1]!>”2
[y +m P [my+ L] m + 17120, ]
[m+ 1+ 1[0+, —1,]!
[(m+l) (my+ 1)1 (my— L, =)= +m) 0+ 1 + 1, + 2]

=2(l;+m =2(+1y—-1 2(m+1+2
q (G 1) q Li+hL-D) q ( )
3¢2

qZ{(m+l) (my+15)+1) qZ{(M2—lz—1) (3 +m1)+1}’q q
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§6. Linearization Formula of Matrix Elements

Let o/ be a full dual space Hom¢(%,(s/(2)),C) of #,(s/(2)). We in-
troduce the weak * topology in & [6]. A sequence {@;} converges to ¢
in o if @j(a)=0(a) (j»1) for any ae%,(s/(2)). o is complete with this
topology. Moreover we introduce the weak * topology in Hom¢(%,(s#(2))®", C).
The algebraic tensor product 2/®" is dense in Hom¢(%, (4/(2))®" C), and conse-
quently, one can identify the topological tensor product .« on = of ® k-4 ®
®wd with Hom ¢(%,(s£(2))®", C). Then « is a topological associative algebra
with the following multiplication o ®, o — .

U (D) (a) = O(4(a)) for be o ®, o, ae€ U (2).
We note that the unit 1_ is the counit &.
1
For leNUN + = 5 We define the matrix elements p{? € o (i, je J;) asso-

ciated with W, (cf. [7, 8]) as

ax} = Z X; pfj’(a . ae %4(4/(2)) .

ied;
In particular, we define coordinate elements x, u, v, y € .o/ as follows.

— n(1/2) — p(1/2) — n(1/2) (1/2)
X = P1/2,1/2 5 U=Ppip3,-12> UV=D-4)3,1/2 > Yy=DP2,-12-

The elements x, u, v, y satisfy the relations
gxu = ux, qxv = vx, quy = yu, quy = yv, u =ou,
xy—q tuv=yx —quvo=1,.

We have a basis of the ring A(SL,(2)) which is generated by the coordinate
elements:

ASL(2)= Y©® CxtuM™@ Y © CuMMyt

O0<L,M,N O<L,0<M,N

Then we define the set of formally analytic elements in o/ by
A[[SL,2)]]
= Y x""C[[{]] + ¥ x™u"CL[{]] + Y, CLLLD]u™y™ + ¥, CLLLTTo™y™
where { = —q 'uv. This is a subalgebra of .

1 1
For ¥ (le{—i,o,i, 1,...}), we have the clements w{)e (i, jel))

determined by

afj= 3 Gwi@, e ol2).

iel;

We regard w{) as the matrix elements associated with ¥, [6].
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The matrix elements p{; and w{; are expressed by x, u, v, y in A[[SL,(2)]]
[6, 7, 8].

Theorem 6.1. (i) The matrix elements p{) (i, j € J,) are

oo [ 1= ]
(i+j=0,i>j) pP= xHvu!‘Jq(1/2)(1—1)(l+1)+(1—l)(1—!)[: J

i—J
=2(1—i) ,2(+it+1) 7]
q »q )
X 2¢1|: qz(i—j+1) 47, —quu |,
P P W) — yitipy =i (1/2) =)+ +A=)G=J) I+
(i+j=0,j=i) pj=x""q .
J— 1]
=2(0-j) ,2(1+j+1)
q >4 .2
X 2¢1|: qz(j_i+1) 97, —quu |,
(+j<0,j=i) p¥= q<1/2>(i—j)(i+j)+(i—j)a+i>l:l + J]
< > i .
J—1
—2(+i) ,2(-i+1)
q , q L PP
X 2¢1[ qz(j_,'+1) »q°, —quu d ly ' Jy

R I
i+ ji< 0,i> ]) PS-’ — q(1/2)(l—1)(1+1)+(1-t)(l+1)[:i _ j:]

2(1-j+1)

g 2+ g , o
X 204 Peilaey 5q% —quo [uy™.
(i) The matrix elements wi} (i, j€I,) are
20+1-0). g2y
(+j<0j<i) wl= qu—:)aﬂ)(q - 2"1 )i J o —i=ipi=i
(a%q )i—j
20-j+1) ,-20+))
q »q
x 2¢1 I: qz(i—j+1) 5 qz’ _quv] »
2041+ g2y
(+j<0,i<j) w;j.):q('—n(”w—(q Dt
(a% 4%)j-:
2(1—i+1) ,—2(1+i)
q »q
X 2¢1|: qz(j_i"‘l) , qz, _un:I 5

. i @D %),
(i+j=20i<j) wh=gqgi-nZ__ %I
/ (a% 4%)j-:

q2(l+j+1)’ q—Z(l—j) 5
. i i
X 2¢1 qz(j—i+1) »q7, —quu u 'J" J s
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(g2, qz)i—j
i+j>0,j<i) : q(J Yt D I B
0+ ! (qz; qz)i—j

g2uritn g2
) ) i i+
X 204 q2(i—j+1) 347, —quu jvm Ty

We define pj) and w{; as follows:

ﬁz(Jl) (d /d )1/2p(l) ~(l) (C /C )1/2 U] .

ij

- - I l I» 1 1
Si kL L — [ r2 ] !ofor I, I e{——,O,—,l,...}, we
ince ¢! @& zez,,z(z“l,zz) m, m, m ¢ 1 by 203

mel,;

easily see the linearization formula:

v“",(’l) W(IZ) L= Z ll 12 ! ll lZ ! W(l)
TR LT LMy my omy +my [ my omy omy +my | TR

On the other hand, by Theorem 5.1, %,; ® &2 (I; — I, < 1) is denoted as

6.1) @l = Y n[[h I, l]}',“
leLy(y.12) m; m;, m

mel,

where all n[[ b b I:H e C but finite are zero.
m, m, m

1
Proposition 6.2. If [ = —5 then

4B I | e
my m; m m; m, m

1
and if 1# —~, then

"[L’; )]

— (___ 1)m1+l—lzq2(l—ll—12)(l+ll—12)

U—1 + LI+ 1, + 1, + 17021, ]! [[11 l l]]
2025, + M+ 1 — LI, + L, — 0 my, my m]]|

For the proof we use the following.

L, L, 1
m;, m, m

Lemma 6.3. (i) nli{ ]} =0 unless my + m = m,.
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(if) —q_m+(3/2)([m+l](m—l—1])”2n[|:ll . ’ﬂ

m, m, m
l l [
= g m2"h+1/2 _ 1/2 1 2
g ([ — my 0Ly + my -+ 10) n[[m1+1 - m—1:|:|

l I
— g T,y + 1] [y — Ly — 1])”2”[[ . ]

ml m2—1 m—’l

(i) q‘"‘*‘”z’([m—l][m+l+1])%;[[’1 L ZH

m, m, m

= q (L 4 om, [, — my + 1])1/2n|:|: L I l ]:'

m -1 my, m+1

{ l l
—my—my+(1/2) _ 1/2 1 2
+4q ([my — L1m, + 1, + 1]) n[[”h my+1 m+ 1]]

. Lo, lﬂ [[ Lol T ﬂ
° = 5 ’6mm’ .
(iv) " 5-’112'”25112 |:[m1 m, m n m o m,; m i

n [a— 1+ kJ'[c — 1]'[n]! .

V) XY i = e - L e R e
_fe—a+n—1][c—1]" ,
“le—a—1c+n—1717

where ¢ +n—a > 0.
Proof. Applying k, e and f to both sides of (6.1), we obtain (i), (ii) and
(iii). The formula (iv) is trivial by the definition of n[[ll b l]] We
m, m, m
get (v) by the g-Vandermonde sum [3]:

s [q’“, " qz] _@ i
S I @*; 4%, ’
where ¢+ n—a>0. O

Proof of Proposition 6.2. Comparing Lemma 5.4 with Lemma 6.3 (i), (ii)
and (iii), we get

ho Lol = my+l-1, Lol
n[|:ml m, m]] - ( 1) O((l, ll, lz) m, m, m s
where
l l l l l l -
(Nt 1 2 . 1 2
#bll) = (=1) "[[11 L+1+1 l+1ﬂ [[11 L+1+1 l+1]] '
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1 1
Ifl= —3 then I, =1, — 7 By definition, we have

n[[h Iy —(1/2) —(I/Z)H_[[ll Iy = (1/2) —(1/2)]]_1
I, L+(1/2) 12 L L2 12 -
1

1
—> = 1. We assume [ # — and then I — [, +

1
and, as a result, OC(—E’ I, 1, — 3

[, >0. By Lemma 6.3 (iv),

'Zx I L, ELIT I, E
mh-t L my my+14+1 141 m, my+Il+1 1+1 )

Thus

. 1+l —1, il l1 12 l 2
a(l, 1, 1) = Z o (=)™ 2 .

my+Hi=ly= m, m +1+1 1+1

Making use of Lemma 6.3 (v), we obtain

I+, -1, l l l 2
Z (_ 1)m,+l—lz 1 2
m;+I1—1,=0 ml m1 + l + 1 l+ 1

1+, -1,
= Z (_ 1)"‘1+l—lzq(m1+l—12)2+(m1+l—lz)q—2(l+ll—12)(m1+l—12)
my+1—1,=0

y [l + my 0+ 1, — L7120, + 17! }
O+l — 0y — m'[my + = L1 [my + 1+ I, + 17!

oy L+ L = LI + L, — 1!
PN

ottty iy I+ I = LI + L — 12, + 10!
U—1, + LI+ 1 + 1, + 1721,

X q

=q

Hence we get the result. O
We have the linearization formula.

Theorem 6.4.

(1) ~(12)
pml,m'lwmz,m'z

_ L L l ) L1 l ~ )
- Z n ’ ’ ’ ’ sz—ml,m’z—m’l .
leLy(y,ly) LMy My My — My mpy m; m;—m
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Proof. For ae U, (s£(2)), let 4(a) =) ;a'®a;. We have
aFn ®&2) =Y a'%) @ aly,

= Y % 0%, (Z Pt (@)W (0 ))

my,my

— =l Ely (1) ~(1 )

- Z l émzz(pmi m} mz mz)(a)
my,my

On the other hand,

. Lo 175
ast ot =a(Tal[n 2 1]a)  oyen
L L l ~(z)
ol e w]Jow00)

ll 12 l . ll lZ I ~
" "”;'"’[[’”1 m; mﬂ n[[mi m; m]] d (a)>

Hence we obtain Theorem 6.4. ]

I
g
e
s —~

VRS

Il
g
=
kY
®
)]
35

Putting I, =1 and m; =mj; =0 in Theorem 6.4, we get the three-term
recurrence relation: For />0

(1 + g ' [2Jur)w

G+T+10+T+1] gy
[200[20 + 12l + 27 Vi
—q R G — 1 - 1] + g [+ 1+ 2Dl — 1= 1]+ q7'[j+1+2])

G+1+ 10 +1+1]
X W
200020 + 2][21 + 3] ¥

= —q 2N -G+ 00 - 100 + ,])1/2[

— g DG — L+ D+ 1] == 1][j + |+ 1])V?

210G+ 1+ 210 + [4+2] oy
[20 + 17[21 + 2][21 + 4] ¥
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