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Projection Maps for Tensor Products
of 4/(r,C)-Representations

By

Georgia BENKART*, Daniel BRITTEN** and Frank LEMIRE***

Abstract

We investigate the tensor product 7 =V(A)®---®@V(A™) of the finite dimensional
irreducible ¢=g¢(r,C) modules labelled by partitions A*,---,A" of m not necessarily distinct
numbers ny,---,n,, respectively. We determine the centralizer algebra Endg(Z ) and the projection
maps of  onto its irreducible ¥-summands and give an explicit construction of the corresponding
maximal vectors. In the special case that n;=1 for i=1,---,m, the results reduce to the
well-known results of Schur and Weyl.

§ Introduction

The finite dimensional irreducible polynomial representations of the
complex general linear Lie group G=GL(r,C), or equivalently of its Lie
algebra & =g/(r,C), are in one-to-one correspondence with the partitions 4
having at most » nonzero parts. Let /(1) denote the irreducible %-module
indexed by A. The natural representation of 4 on C" corresponds to the
representation V({1}) labelled by the unique partition of 1. The tensor
product of finitely many irreducible polynomial representations is a completely
reducible ¥-module, and determination of its irreducible summands has long
been a problem of interest. Classically, this problem has been tackled by
two quite different approaches. In the first, the decomposition of the tensor
product V(A)® V(4?) of two arbitrary irreducible %-modules has been
described at the character level by the Littlewood-Richardson rule. In the
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second, the M-fold tensor product T= @™ 1/ ({1}) of the natural representation
has been decomposed by showing that the centralizer algebra Endg(T) of 4
in the space End(T) of transformations on T is a homomorphic image of
the group algebra C[S)] of the symmetric group S, The Young
symmetrizers y, give primitive essential idempotents in C[.S;;] which afford
a decomposition C[Sy]= @) .y, C[Sy] of C[Sy] into minimal right ideals,
and hence they determine the projection maps of T=@Z,er onto its
irreducible summands 3y, 7. The maximal vectors for the irreducible
summands can be explicitly constructed using the corresponding Young

symmetrizers.

In this paper we investigate the tensor product V(A')®:-® V(i™) of
the %-modules labelled by partitions A!,---,A™ of m not necessarily distinct
numbers n,,--+,n,, respectively. Although the characters of the irreducible %-
summands of V(A)®---&@ V(A™) are known from the Littlewood-Richardson
rule, the explicit submodules corresponding to those characters are not. We
identify this tensor product with a summand eT of the M-fold tensor product
T=Q@MV({1}) of the natural representation for M=n,+---+n,, by using a
certain idempotent ee C[S),]. It follows then that eT'=) ey, T where the y.’s
are the Young symmetrizers in C[S);]. The submodules ey, 7" which are
nonzero are irreducible, but the sum is no longer direct. (See the example
after the statement of Theorem 1.13.) In this paper we describe a
distinguished set of labels 7 such that the corresponding ey,’s are essential
idempotents, the sum of the irreducible modules ey, T over this set is direct
and gives eT. This enables us to determine the centralizer algebra
Endy(VIAH R ---Q V(A™) = Endg (eT) and to explicitly construct the maximal
vectors for the irreducible summands occurring in the decomposition of
eT. Our methods generalize the classical ones of Schur and Weyl, and
indeed our results reduce to their well-known results when A!'=1*=...=
A"={1}. Encoded into our description of the distinguished labels 7 is the
Littlewood-Richardson rule.

In the special case that each partition A’ has only one part, the idempotent

e equals the idempotent |&| 1 Z,,Ey o corresponding to the Young subgroup

y=S,1 X - xSy of Sy where I;={n;+--+n;_;+1,---n;+---+n;}. When-
ever r>M, the centralizer algebra of ¥ on V()X ---@V(A™ is the
Hecke algebra eC[.S)/Je. Thus, we obtain by our investigations a description

of primitive idempotents in the Hecke algebra eC[S)Je. (Compare [C] and
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[K], Theorem A.)

§1. Centralizer Algebras

In this section we begin with a few generalities about centralizer algebras
and then specialize to study g£(r,C)-modules. Initially we suppose that % is
a Lie algebra and T is a ¥-module. The centralizer algebra Endgy(T) of 4
on T is the set {¢p€End(T)|¢p(xt)=x¢(t) for all xe¥ and te T} of linear
transformations on T commuting with 4. When T is assumed to be a
completely reducible ¥-module, the projection maps of T onto its irreducible
summands belong to Endg(T), and the %-submodules of T are the spaces
eT where e 1s an idempotent in Endgy(T). Thus, the centralizer algebra is
significant for understanding the decomposition of T into irreducible
constituents. Similarly, for a submodule eT of T, the centralizer algebra
Endg4(eT) plays a critical role in analyzing its irreducible summands. As the
next result indicates, these centralizer algebras are closely related.

Proposition 1.1. Let 9 be a Lie algebra and T be a completely reducible
Y-module. If e is an idempotent in Endy(T), then

Endy(eT)=eEndg(T)e|,r-

Proof. The elements of eEndy(T)e when restricted to eT clearly belong
to Endgy(eT). 'To prove the reverse inclusion, let fe Endg(eT) and let &
denote the identity map of T. Extend f to a linear transformation (denoted
f)on T=eT@® (¢ —e)T by having f map (s —e)T to zero. Since (¢ —e)T
is a -submodule of T, we have fxu)=0=xf(u) for all ue(;d —e)T and
x€%9. Thus, fe Endyg(T). IfuceT, then f(u)=et for some te T. Therefore,

(¢d —e)f(u) = (:d —e)et=0.

Since (¢ —e)f is zero on (id—e)T as well, (¢ —e)f=0 on T, and f=
efeeEndy(T). Thenon eT, f=fl,r =efl.r =efel.r to show fe eEndg(T)e|.,r. B

We suppose now that ¥=4£(r,C) and T=®"V({1}) of n copies of the
natural representation V({1})=C" of ¥, which is a completely reducible
%-module. There is an action of the symmetric group S, on T given by

o(u; @ Quy) =tts- 11y QU - 1n)s
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for g€ S,, which extends to a representation of the group algebra C[S,] on
T. The action of the group algebra C[S,] commutes with that of ¢, and
thus, the group algebra can be used to decompose T into %-submodules.

Let A={4;>1,>-->1,>1,,, =0} denote a partition of #, and let £(1)=7¢
be the number of nonzero parts of .. We write 1 # to signify that 1 is a
partition of n, and use || to denote the sum of the parts of A, which is just
n. Associated to A is its Young frame or Ferrers diagram £ (1) having =
boxes with A; boxes in the ith row for i=1,--- /. A standard tableau of shape
A is a filling of the boxes in the diagram of A with the numbers 1,---,# in
such a way that the entries increase from left to right across each row and
down each column. Associated to the standard tableau 7 are two subgroups
of S

an entry in the same row, and the column group €, of permutations moving

the row group . of permutations which transform each entry of 7 to

n

each entry of 7 to an entry in the same column. These subgroups of S,
enable us to construct the following element in the group algebra C[S,]:

s,=< > sgn(v)v> (Z p>= Y. sgn(y)yp.

ye€r peRt pERL
ve€e

There is some ke Z* such that s?=ks, (see [W], p. 121), so that s, is an
essential idempotent. 1f §,=(1/k)s,, then 5?=5, and 5, is a Young
symmetrizer. The idempotents §,, for 7 in the set #J (n) of all standard

tableaux over all partitions A of n, are primitive idempotents which afford
a decomposition of the group algebra C[S,,]:Zteyy(") §.C[S,] into minimal
right ideals. Correspondingly, they determine a decomposition of T=

®"V({1}). Thus, T=@®) . ys7q 5T (see [W] and also [BBL]).

The representation of C[S,] on T gives a surjective homomorphism
V:C[S,] = Endy(T) with kernel equal to @.&/,, where &/, is the minimal
two-sided ideal of C[S,] corresponding to the partition 4, and the sum is over all
partitions A of n with £(A)>r. Hence,

(1.2) Endg(T)= Y o,

Abn
((A)<r

Each ./, is the sum of all the minimal right ideals §,C[S,] where 7 has 4
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as its underlying partition. (Compare [Bo] Theorem 4.6.) Thus, when 1
has shape 1 and /(1)>7r, then §,T=(0). Otherwise, §,T =V(4). Therefore
when £(1)<7, V(L) occurs as a summand of T with multiplicity equal to
the number of standard tableaux of shape A.

For each partition 4 we choose a standard tableau {, obtained by filling
in the diagram of A with the numbers 1,---,n in succession beginning with
the first row, then the second, and so forth and proceeding from left to
right. We let 5, denote the Young symmetrizer defined by the canonically
chosen standard tableau {, and identify V(1) with §,T.

Example. When n=2, there are exactly two partitions of n, 1={2}
and n={1%} ={1>1}, and just two standard tableaux (the canonically chosen
one for each partition),

- nd 4= 1.

The associated symmetrizers are §;=Y2(¢< +(1 2)) and §,= Y%(sd —(1 2)).
Thus, T=V({2}))@V({1?}) is the decomposition of T into irreducible

summands. In this case the elements in V({2}) are just the symmetric

tensors, and those in V({1?}) the anti-symmetric tensors.

Since our eventual aim is the study of the tensor product V(1')® - &
V(A™), we assume that A! is a partition of the integer n;, and let M;=n, +---+n;
for i=1,---,m. We let {! denote the canonically chosen standard tableau
obtained from filling in the diagram of A\, However, rather than inserting
the integers 1,---,n;, we use instead the values in I;={M;_; +1,---,M;} (where
M,=0). Let ¢;=5,; denote the associated Young symmetrizer. Then the
idempotent e; belongs to the group algebra of the group S,i of permutations
on I;, which we identify with a subgroup of S, for M=n,+---+n,=M,.

def

Clearly the idempotents ¢; commute, and e=e, e, e, 1s an idempotent in
C[Sy]. Moreover, if T=@MV({1}), then
(1.3) eT=TV(AHR - RV(IA™.

Throughout this work we identify the tensor product V(AH)® - @ V(™)
with eT. As a consequence of Proposition 1.1 and (1.2) we have:

Proposition 1.4. For i=1,---,m let n; denote a positive integer and assume
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A is a partition of n;. Identify V(A)® - @ V(A™) with eT=e@YV({1}) as
in (1.3). Then Endg(eT)=eY 1 um o elor=e) wm e.
C(A)<r f(A)<r

Remarks. Observe that if f=ede where ¢ ez;ﬂ')M & ; and if f|,=0, then
<r

f=0. Indeed, ede|,;=0 implies e¢e=0 on T, and hence, epe€) 5 ,.

f(u)>r

But then ed)ee(Z AFM M}L) ﬂ (Z UM .qu)=(0).

(A <r Zu)>r

One of our main objectives is to describe the projection maps of eT

onto its irreducible summands. By Proposition 1.4 these maps are primitive

idempotents in eZ arm elr. In our description we find it helpful to
(Ay<r

reverse the order of the row group and column group for every standard
tableau 7 except for the canonical ones attached to the partitions A\, The

element

y,=( D p) (Z sgn(v)v) =) sgn(y)py.

PER ye€r PERT
Y€TT
is an essential idempotent in C[S,,], and the essential idempotents y, afford
a decomposition of C[.S),] and T just as the s.’s and §,’s do. If the underlying
partition of 7 is 4 we have y, T=TV(A) whenever £(1)<r.

The character of the irreducible ¥-module V(1) is the Schur function
s, (see [Ma]), and the product of the two Schur functions s, and s, is just the
character of the tensor product V(v)Q V(4). The Littlewood-Richardson rule
(see [J], [S], [T], and [Ma] for proofs) provides an algorithm for decomposing
the product of two Schur functions into a sum of Schlur functions:

¥4
$,'S, = Cv,4 Sps
kv +|A].¢(m) <r

where the coefficients c,2 are the so-called Littlewood-Richardson coefficients.
Therefore,

VoQ@Vi)= Y & V(m).

kv +|A].4(r) <r
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The Littlewood-Richardson coefficients have a combinatorial description as
the number of lattice permutations of shape n/v and weight 4. If & and v
are partitions with x;>v; for all 7, then we write 72v and say v is contained
in t. 'The diagram obtained by deleting the boxes of % (v) from the diagram
F(m) is the skew shape n/v. The coefficient ¢, is zero unless 72v,A and
7] = [v]+14].

A lattice permutation is a word w=b,---b, of positive integers such that
for each integer k>0 the number of occurrences of k is greater than or
equal to the number of occurrences of the integer k+1 in b,---b, for
p=1,---,q. If 1, denotes the number of occurrences of k in w, then
A={Ay=A,>---} is a partition, termed the weight of w. Suppose n12v and
[n|=|v[+|A. If w=b,-b, is a lattice permutation of weight 1, then one
inserts the b;’s into n/v by filling in the rows from top to bottom and right
to left. For example, if v={2,1%} and n={3?%2}, then the word w=1212
is a lattice permutation of weight A={22?}, which is inserted into n/v as
pictured below:

The coefficient ¢§,2 records the number of lattice permutations of weight A
which give semistandard tableaux when inserted into n/. By semistandard
we mean that the entries in the tableau are weakly increasing across each

row from left to right and strictly increasing down each column.

There is a procedure for determining the coefficients ¢}, which we
illustrate with the simple example v={3,1}, 2={2?}. Insert 1’s into the first
row of the diagram of 4, and 2’s into the second. Take the boxes with the
1’s from Z (1) and append them one by one to the frame % (v), in such a
way that each lies in a different column and the result at each step is the
frame of some partition. Next take the boxes with the 2’s and adjoin them
to the frames just formed. Again, no two of these boxes should lie in the
same column and the result at each stage should be the frame of a
partition. The 2’s should be added in such a way that if the frame is read
from top to bottom and right to left, the number of 1’s at each step is greater
than or equal to the number of 2’s; that is, the result of reading the 1’s
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and 2’s in this fashion should be a lattice permutation. Therefore, the
algorithm vyields the following which we term the components when the
Littlewood-Richardson process is applied to vQ® A or simply the components of

v A:

1] 1]
11 ] 1][1] | !
—i @22}_ 15 @22
1] 11
@ 1] 2 ® 1
2 l2]2
11]
S} 2 @ 1] 1
1 2 2
L2
1 |
O173

If a component has shape n and if £(n) <7, then V(n) occurs as a summand
of the tensor product. Consequently for r>4,

V3 1h®V({2*h)=V({53) @ V({5,2,1) D V({4,3,1})
DV({4.2°H@V({4.2,1’h D V({3,2})
@ r({3,2°,1}).

In this work we interpret the Littlewood-Richardson algorithm as a
process to produce a collection of standard tableaux, which we term
Littlewood-Richardson tableaux. To describe these tableaux we use the
phase the northeast corner (NE corner) of a position (a,b) or its entry in a
tableau to mean all positions (a',0') in the tableau with a>a’ and & >b.

Lemma 1.5. Let v and 1 be two partitions and suppose that 0 is a
component of VQA. If i+1 is the entry in row a and column b of 0, then
there ave at least as many i’s as (i+1)’s in the NE corner determined by (a,b).

Proof. Assume that the lemma fails at row a and column & of § and
that a is minimal with that property. Then we may suppose that in the
NE corner determined by (a,b) there are more (i+1)’s than i’s and that the
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entry in position (a,b) is i+ 1. The lattice permutation and semistandard
properties of the Littlewood-Richardson procedure insure that 7 is the (a',d)
entry of 0 for some a'<a and b'<b. The semistandard property also
guarantees that the entry in position (a—1,b) is ;. Moreover, if i4+1 is in
position (a,c) for ¢<b, then 7 is the entry in position (a—1,c). Since the
({+1)’s in row a of the NE corner determined by (a,b) are paired with ’s
directly above them, there must exist some 741 in the NE corner determined
by (a,b) for which the property fails. Necessarily 7+1 occurs in some row
higher than row a, but that contradicts the minmality of a. Thus, the
lemma must hold. B

We now describe our procedure for filling in the boxes of a component
to yield a standard tableau. Suppose v and A={A;>--->1,>1,,,=0} are
partitions. We assume that the boxes of % (v) have been filled with the
numbers 1,:--,|v| in the canonical way and insert the numbers |v|+1,---,|v|+|4]
into & (4) from smallest to largest by proceeding from left to right and top
to bottom. If @ is a component of v A we substitute the symbol «; « for
each 7 in 0 and refer to the result 0. We change the * on each a;. in 0.

to some j with 1<j<J,; according to the following steps:

Algorithm 1.6. For 1<j<A,, let £; be the length of the j-th column of
A Set j=1.

(i) Set i=¢;. Locate the leftmost unlabelled «, , and label it o, ;. If
i=1, proceed to step (iti). ’

(i1) Locate the leftmost unlabelled o;_, + in the northeast corner (NE
corner) of a;; and label it o;_, ;. Redefine i to be i—1 and repeat this step
until 1=1.

(i) If j<A,, then redefine j to be j+1 and repeat step (i). Otherwise,
quit the algorithm.

At the conclusion of this algorithm we replace «; ; with the entry in the
i-th row and j-th column of % (A) which is |[v|+4,+---+4;_; +J, and then fill
each empty box of § with the corresponding entry in & (v).

We show that this procedure can be accomplished in one and only one
way for each component of v@XQA. Moreover, the net effect is a standard
tableau with underlying partition 7 where 7 is the shape of the
component. Before addressing those issues, perhaps it is instructive to
consider the following example.
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Let v={3,2,1} and 1={3%1} so the diagrams of v and A are filled

according to:

1 [2]3] 718719
415 1011 [12
6 13

We assume that 6 is the following component of v®)A:

1.7) 1]

1] 2

213

After Algorithm 1.6 has been performed, the component 6 has been
transformed to:

(1.8) %1,2 0‘1,3]

®2,1

%.2]%3,1

and the end product is the standard tableau

1] 2]3[8]9]
4[5 [7]12
6 |10

1113

Lemma 1.9. Let v and A={A;>-->1,>1,,,=0} be two partitions.
Suppose that 0 is a component of VR and that each i in 0 has been replaced
by a;« to give 0+. Then Algorithm 1.6 can be successfully performed to change
each o;x in O« to o; ; for some j with 1 <j< A, and at its completion each pair
of subscripts (i, j) with 1<i<{ and 1<j<)A; occurs exactly once.

Proof. Step (i) of Algorithm 1.6 can always be carried out, so that if
the algorithm fails to label all a;4, then at some point step (ii) cannot be
performed. Assume for ¢>1 that the algorithm has assigned the indices
(i, k) for 1<k<j and as well as the indices (¢}, 7), (/;—1, j),=-,(i, j) from the
J-th column. Denote this partially labelled version by . Let (a, b) be the
location of «;; in #. We argue that in the NE corner of # determined by

(a, b) there remains at least one unlabelled o;_; « so that step (ii) can be
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performed. Assume to the contrary that all the o;_;.’s in the NE corner
of (a, b) have been changed to a;_,, for some t<j. Let K={t|oa;_,, is in
the NE corner of (a, b) in n}, so that all the elements of K necessarily are
less than j. Since 0 contains an 7 in position (a, ), Lemma 1.5 tells us
that 6 contains at least one i —1 in the NE corner of (a, b), so that K#@. For
each te K, let (¢, d,) denote the location of a;, in #, and let ke K be such
that d,<d, for all te K. By the semistandardness of the entries of 0, we
have that either (¢, d;) is in the NE corner of (a, ) or (a, b) is in the NE
corner of (¢, d,). In the first case there are at least |[K|+1 ¢’s in the NE
corner of (a, b) in 0, so there must be at least that number of (:—1)’s in
the NE corner of (a, b) in 0 by the lattice permutation property. Only |K]
of the a;_, +’s in the NE corner of (a, b) of n have been assigned a second
subscript, so one remains, contrary to our assumption. Hence, we may
assume that (a, b) is in the NE corner of (¢, d;). Since 0 contains at least
|K|+1 ¢’s in the NE corner of (¢, d;), Lemma 1.5 implies that there are at
least |[K|+1 (1—1)’s in the NE corner of (¢, d;) in 8. By assumption exactly
|K| of those (z—1)’s lie in the NE corner of (a, b). Since k is in K, o;_y,
is in the NE corner of (a, b). However, by the semistandard property of 0,
there exists some «;_, » in the NE corner of (¢, d,) of n further to the left
than o;_,,. But this is impossible since the algorithm requires k to be the
second subscript in the leftmost o;_; « in the NE corner of (¢, d,) inn. We
conclude that Algorithm 1.6 can be performed to label all the «; . in 0+. [

Lemma 1.9 insures that for each component 8 of v(X)A we can carry

out the steps in 1.6 in a unique way. This motivates the following definition:

Definition 1.10. Let v and A be two partitions, and suppose that 0 is a
component of vQQA. Replacing each i in 0 by a;« and then performing the
steps in Algorithm 1.6 gives the slant labelling of 0.

For the component depicted in (1.7) the slant labelling is the one shown
in (1.8).

Lemma 1.11. Let v and A={A,>--->21,> 2,4, =0} be two partitions,
and suppose that 0 is a component of VR A that has been given the slant
labelling. Replace a;; in 0 by |V|+Ay+--+4;_+] and fill the empty boxes
of 0 with the corvesponding entries in a standard tableau { of shape v having
entries in {1,---,|v|}. The result is a standard tableau 1.
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Proof. Suppose that 1t has underlying partition 7. We need only
consider the skew portion of 7 of shape n/v. The Littlewood-Richardson
process guarantees that that it is semistandard. Now if ¢ occurs in location
(a, b) of 0 and ¢ in position (a+1, b) then i<i. Therefore if 7 is not
standard, then in the process of creating 7, for some ¢ and some k<j, a;;
occurs in position (a, b) of 0« and «;, in position (a, b+1). We may assume
1 1s as large as possible with this property. If the length of column k& in
A is 1, then the length of column j, which is less than or equal to ¢, is forced
to be 7 as well. But then a; ,

been labelled «;, by the algorithm. Thus, we may assume that the length

which occurs to the left of o;,, should have

of column k is bigger than i. Then «;,,, is to the left and below a;,.
If o;1 14 is in column &' of 6+ for & <b, then the algorithm would have
labelled o;; with & instead of j. 'Thus, it must be that o, , is in column
b+1, and by semistandardness it resides in the (a+1, b+ 1) position. What
is in the (a+1, b) location of 0+ By semistandardness and the maximality
of 7 it must be «;,, , for some p with p<k<j. But then o;; should have
been labelled «; , by the algorithm. Consequently, 7 is standard. B

We now want to extend these ideas to the tensor product of arbitrarily
many partitions.

Definition 1.12. Let n,,---,n, denote positive integers (not necessarily
distinct) and for j=1,---m fix a partition } of n;. Let M;=ny+---+n;, and
set M=M,,. A tableau t of shape m, for n some partition of M, is said to be
a (AY,---,A™)-Littlewood-Richardson tableau (a (Al,---,A™)-LR tableau for short)
provided the following conditions are satisfied:

(i) For each integer j=1,---,m, the boxes of T containing the numbers
1,---,M; form a tableau v’ of shape v/ where V' is a partition of M;.

(ii) The tableau 1! is the canonically filled tableau of shape A'.

(i) For 1<j<m assume that & is a component of V" '@V of shape
V. The tableau v is obtained from the slant labelling of ' by substituting
M;_(+ X+ +HN,_+] for the entry a;; and then filling in the empty boxes
of OV with the entries of v~ in the corresponding positions.

Remark. It is apparent from Lemma 1.11 that a (1',---,A™)-LR tableau
is a standard tableau. By the Littlewood-Richardson rule the number of
them is precisely the number of summands when the tensor product
VAR -+ ® V(4™ is decomposed into irreducible %-representations.
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Example. Suppose that A'={3,1}, A*={2?} and A3={1%}, and
n={5,3,2,1}. Then M,;=4, M,=8, and M=M;=11. The tableau

1]2]3]6]9]
415110

718

11

is a (4!, 42, 43)-LR tableau of shape 7.

The ultimate goal of this paper is to establish the following theorem. In
its statement the vectors v; for i=1,-:-,7 denote the standard basis elements
for C" viewed as a r x 1 matrix, so that v; has a 1 in the i-th row and zero

everywhere else.

Theorem 1.13. For i=1,---,m let n; denote a positive integer and assume
A is a partition of n;.  Identify the 4= 4/(r,C) module V(IA")® ---® V(A™) with
eT=e@MV({1}) as in (1.3). Let T be a (A',---,A™-LR tableau of shape m,
for m some partition of M=n,+---+n,. Then:

(i) ey, (and hence ey.e) is an essential idempotent in C[S,], and thus
e,=C¢.ey.e is an idempotent for some scalar &..

(ii) When t has shape n and {(n)<r, then ey, T=e,/T is an irreducible
%G-module which is isomorphic to V(n). A maximal vector for ey, T=e,T is the

vector ey B, =& teyy B, where Bo=u; Q- Quy is the simple tensor constructed
according to:

Uu;,=v

;=v; if jis in the ith row of t.

(i) eT=@®Y.ey.T=®DY e, T, where the sum is over all (A',---,A")-LR
tableaux t of shape  for all partitions m of M with {(n)<v, is a decomposition
of eT into irreducible G-representations.

The proof of Theorem 1.13 constitutes the remainder of the paper. The
next section develops the necessary ingredients for establishing that ey, is
an essential idempotent in C[S,,] and for showing that the vectors ey ff, are
maximal. The final section is devoted to the proof of part (iii) of Theorem
1.13. We conclude this section with an example to illustrate the main ideas
behind Theorem 1.13 and with some remarks.

Example. By the Littlewood-Richardson rule V({2})® V({1*})=
V({3, 1)@ V({2,12}) for all >3. For the tensor product V({2})® V({1%})
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the corresponding idempotent is
e=(id+(1 DYid—(3 4).

There are three standard tableaux belonging to the partition {3,1} of 4:

T:LM, 7= 1 2 ] 4 l and ‘c":lI 3 )
2

4 3

and hence, three corresponding summands y,T®y, TPy, T in T=
®*V({1}). It is easy to verify that ey,, =0, but the other two Young
symmetrizers survive multiplication by e, and there is a collapsing of the
direct sum y, T@y,,T into a single irreducible module when e is applied. Our
method selects 7 as the distinguished label for the submodule belonging to the
partition {3,1} and gives the maximal vector of ey, T as

ey b =1lid+(1 D)3~ Hyb,
= %(23}1: - 2yrl(3 4))ﬁt = %(.ytﬁt - yt’ﬂﬂ)

=%(J’r('01 Rv Qv Qvy)—y.,(v1 Qv v, Q®vy))
=4(v, ®v1 Qv Qv,— v Qv Qv ®vy).

As is shown in ([BBL], Chapter 2), the vectors y,ff, and y.f, are maximal
vectors for the summands y, T and y,T respectively, and the calculation
above gives the maximal vector ey ff, as an explicit linear combination of them.
A similar computation shows that ey,f,="%0.B8.,—y.p.)=—ey.f,. The
tableau labelling the summand corresponding to the partition {2,1%} is

2 |
T* = 3 )
4

and hence, the centralizer algebra is given by Endy(eT)=ey.eC[S,le®
ey ~eC[S,]e.

Remarks. When A'=-..=2"={1}, every standard tableau of shape 7,
for m some partition of m, is a (A!,---,A")-LR tableau. In this particular
case the idempotent e is just the identity, and (ii) reduces to the decomposition

R"V{1}H=T= (—theyg.(m) y.T encountered earlier. Thus, Theorem 1.13
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can be viewed as the natural generalization of that classical result.

When the partition A’ has just one part, the row group attached to the
canonically filled tableau (' is the group S; where I;={n;+ - +n_;+1,-,
ny+---+n;} and the column group is trivial. The idempotent ¢; associated

to A' is the idempotent (1/n,!) ZpES, p defined by S;. Thus, when all partitions

)i have just one part, the idempotent e is the idempotent ||t zdeya

determined by the Young subgroup & =S;, xSy, x --- xSy of Sy. For all
r>M, the centralizer algebra Endg(eT) equals the Hecke algebra eC[Syle
determined by &, and Theorem 1.13 provides primitive idempotents e, in
eC[S)Je. In this special case, for each (A',---,A"-LR tableau 1, the entries
in {1,---,ny+---+n;} comprise a subtableau 7 which is obtained from t'~!
by adjoining a horizontal strip (no 2 boxes in the same column) having n;
boxes. The slant labelling requires that the numbers in the interval I; be
placed into the boxes of 1/7'~! beginning with the leftmost box on the bottom
and proceeding to the rightmost box on the top. For example, when M ={3},
and A2={2} =13, the idempotents e,=¢; 'ey.e in the Hecke algebra eC[Syle
correspond to the (1!, A2, 1%)-LR tableaux 7 where 7 is one of the following:

AT T3 F[5[e7] Ll2l3lelsl7]

‘ ‘ L6 |

112]3]4]5] 1t 2]3[s5]6]7]

6|7 4
1231517[1213[5]7' 1[2[3]5]
4 5 41617
15”51 t]2]3]6]7] | 1]2]3]7]
3 415 415706

1[2]3]7] 123 1 3]

N
w
S
w1
N
S
w
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There are many other ways that the labelling of the second subscript
in o; « could have been performed to yield a collection of tableaux satisfying
the conclusions of Theorem 1.13. We have chosen the slant labelling because
it facilitates the proof of Theorem 1.13.

§2. ey, is an Essential Idempotent

Recall that we are fixing certain standard tableaux {!,---,{™ corresponding

™ and are assuming that the idempotent ¢; is the

to the partitions Al,---,1
symmetrizer associated to (. Suppose that ; and £; denote the column

group and the row group of (', respectively, and let

C=F x--xEC,
R=R XX R,

Observe that e is some scalar multiple of

(Z sgn(g)g) (fZﬂ f)= Y sgn(e)ef.

ge€ fex
ge¥

As before, let M;=n,+---+n; where A'tn;, and write I,={M,_,+1,---,M,}.
Then for ge® and fe Z we have g({,)=I,=f(1,) for k=1,---m.

Assume now that 7 is a (A!,---,A")-LR tableau of shape n with row group
R. and column group #,. Then

yr=( > p) < 2 sgn(v)v> =), sgn(y)py.

pERT yebr PERT
ye€r

The subtableau t? of 7 consists of the boxes containing the entries in
{1, M} =1,0---UI,.

Lemma 2.1. Suppose ye€, and peR,, and assume that py(l)=1I, for
all k=1,---;m. Then p(I,)=1I,=y(l,) for all k.

Proof. Let J,=I;U---Ul,. It suffices to show that y(J,)=J, for all
p=1,--;m. Let Ky=0 and for c>1, let Kc={erp|x is in the first ¢ columns
of t}. Assume that y(K_ )< K, for all ¢'<¢, but y(K.)EK,. Then there
exists x€J, in column ¢ of t such that y=y(x)¢J,. Then x is an entry in
the subtableau ¥, but y is in 19—1? for some g>p. Thus, y is in the same

column as x but is below x. Assume that y is in row a of 7, and let 4
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denote the set of elements in row a of t. Then p(y) = py(x) eJ,NnA=K, _,nA4A

as portrayed below, where the shaded portion depicts 7.

c

a () y

However, p(K._,)=py(K._,)=J,, and hence p(K._inA)sJ,nA=K,_ N
A. Thus, p(K,_nA)=K,_;nA as p is a bijection. We have reached a
contradiction, for y¢ K,_ N4, yet p(y)e K,_,nA. Thus it must be that Jp,
and hence I,, are preserved by y and by p as well. [ ]

Lemma 2.2. ([Mi], Lemma 4.2) Let { be a standard tableau of shape
A where Arn.  Then an element g€ C[S,] can be written 6 =RC where Re %,

and Ce%, if and only if no two entries in the same row of { lie in the same
column of a({).

Theorem 2.3. Let T bea (A',---,/™)-LR tableau. Then in ey, the identity
cd occurs with coefficient equal to |R.NR| |€,.nE).

Proof. Write y.=y,+y,+y; where

(i)  y; is the sum of all py such that pe Z,n# and ye¥.n%.

(i) y, is the sum of all py such that py(I;))=1I; for all j=1,---,m, but
either p¢# or y¢%.

(ii1) y; is the sum of all py such that py(I;) &1; for some j.

We consider the products ey;, Each summand of ey, is, up to sign, a
term of the form gfpy, where ge¥, fe ®, peR,, and ye¥,. Observe that the
identity ¢ cannot occur in the expression for ey;. Indeed, each summand
of eys is +gfpy, where for some I; there exists an x€ I; with py(x)e I, #1;. But
then gfpy(x)el, and so gfpy#:d. Next consider ey, and suppose that
sgn(g)sgn(y)gfpy= tid for ge¥, fe#. Since peZ.NR and ye¥.Nn¥, this
implies fp=g 'y 'eRnG={id}. Thusp=f'eR,y=g €%, and sgn(g)=
sgn(y). Consequently, /& occurs in ey, with coefficient equal to |Z.N4%|
|€.n%|. The proof of the theorem will be complete once we show that
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no summand of ey, is a multiple of ¢«.

Suppose then that gfpy=<d where py(I;)=1I; for all j, and either p¢ %
or y¢%. By Lemma 2.1 p(I;)=1I;=y(I)) for all j, so that all the permutations
involved preserve the intervals I;, Take k& minimal with the property that
either pl,k¢§‘2k or yl,k¢‘gk. We show that it is impossible for gfpyl;, =¢4|;,.

k=1 We assume that the entry in

Thus we focus on the skew tableau t*/1
row 7 and column j of ¥ is a; ;- Since 7% is obtained from t*~! by taking
the slant labelling of a component 0% of v~ !®1*, we may assume that the

1

entries of the skew tableau t*/7*"! are also the a;’s.

First assume that there exists (a, ; ®; ;) €6 such that y(, )=a; ;. Then
a,; and @;; lie in the same column of 7, and multiplying both sides of
py=f"'g"! by (w,; a;;) vields py'=f"'g'"' where y'=y(%,; % )e%, and
g =gt (a,j % )€ C. By replacing y by y" if necessary and g by g’ we may
assume that no such transpositions exist. Similarly, by making suitable
replacements we may assume that there does not exist a transposition

(0.5 04 5) in &, with p(e; ) =0, ;.

Since either pl,k¢,%k or yl,kqé(gk, the permutation py is not the identity
permutation when applied to (*. Take the bottommost row of (¥, (say row
p) on which py does not act as the identity. From all the a,, with py(,,,) #,,,

choose the one, say a,,, which occurs leftmost in t*/t*~!. Suppose that

P’
py(; )=a,,. Then i<p by maximality of p. We consider the positions of

«;; and a,, in 7. Suppose that «,, is in row a and column b of 7. If o;;

ij
is in a column to the right of column b, then necessarily it occupies some
row a with a'<a by the semistandard property. Then y moves «;; to

some entry o, in row a to the right of a,, as pictured below,

b

P9

and s>p>i must hold by semistandardness. Now if s=p, then p(x,,)=1,,
to contradict the reductions made above. Hence, s>p>7 and py(a,,) =0,

holds by maximality. It is impossible for y to displace o, to a different
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row of 7, because then p would not bring it back to «,,. Thus y must fix
%, and so must p. This contradicts the fact that p(a,,)=a,,.

Thus, we may assume that g, ; lies in column 4" where 5" <b. Consider
first the case that column j of {* has length at least p so that o, exists. We
claim that o, ; must lie in column ¢ where ¢<b. Indeed, if b'=b, then by
semistandardness no other entry of the form «,, for ¢'#q¢ lies in column b,
so that i<p. Then «,; which is to the left and below g;; because of the
slant labelling, must be in column ¢ for some ¢<b. Similarly if ' <b, then
a,; is in column ¢<b' by the slant labelling. Then «,; is fixed by py by
our choice of . Thus in the j-th column of py({¥) both o, ; and o, = py(e; ;)
occur. By Lemma 2.2 py cannot equal f !g~! and have that property.

Thus, we may assume that column j of {* has length less than p. Then
7>2% where 1% is the p-th part of A*. In each of the first 1% columns of
py(L*) there must occur a term of the form o,; because by assumption
Y=g '((*) and £~ 1g" (") has that property.

r .
ly 7

p-.q

py((H =

But since a, , lies in column 7> 2% one of the first 1% columns must be missing
such a term. This contradiction shows that it is impossible under the
assumptions placed on the permutations for py to equal f 'g~!. Thus, no
identity terms occur in the expression for ey,, and the identity terms in ey,

come only from ey, and so <& has the coeflicient claimed. B

Corollary 2.4. Let 1 be a (A',---,A")-LR tableau. Then ey, is a
nonnilpotent element in C[.Sy].

Proof. Consider the map Leyr:C[SM]ﬂC[SM] which is left multiplication
by ey,. Relative to the basis {g€ Sy} of C[Sy] the transformation L,, has
a matrix with x=|%Z.NZ%| |€,N¥| as its diagonal entries by Theorem
2.3. Thus, the trace of LEY: is kM! which is nonzero, so that Lgyt, and
hence ey,, cannot be nilpotent. ]
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Proof of Theorem 1.13. (i) ey, is an essential idempotent in C[S,,] for
7 a (A',---,A")-LR tableau of shape n={m;>->m,,>0} and

(i1) ey, is a maximal vector of the irreducible module ey, T=e,T.

To avoid detailed computations inside C[S,,] we use the Lie algebra
% =4/(r,C) where r>M and its action on T=Q@MV({1}) to establish
(i). Since e commutes with the action of ¥ on T, and since y,T is an
irreducible %-submodule of T, the space ey,T is (0) or isomorphic to
v.T=V(n). If {v;}i=1 denotes the standard basis for V({1}) as in statement
of Theorem 1.13, then ey (v;®---Qwvy) is nonzero by Theorem 2.3, as
Q- Quvy occurs as a summand in it with coefficient equal to
|R.NR| |€.N€|#0. Thus, ey, T=V(n). Likewise since ey,e commutes with
%, we have that (ey,)?T is (0) or isomorphic to V(n). By Corollary 2.4
(ey.)*> =Y 4¢,0#0, so that (ey,)*(v; Q- ®vy) #0. Thus, (0)#(ey,)*T<ey, T,
and irreducibility forces (ey,)*T=ey,T.

Relative to the Cartan subalgebra of diagonal matrices in %, the simple
tensor B=vi1®---®‘v,-M has weight p,e;+---4pe where g; denotes the
projection of a matrix onto its (j, j) entry and p; records the number of
subscripts 7, equal to j. (See for example, [BBL], Chap. 3 or [Be].) In
particular, the vector B, in the statement of Theorem 1.13 has weight
n.&; + -+ 7, (where if j>£(n), then by convention n;=0). As a shorthand
notation we write n for the weight m6,+--+7e¢, and say f, has weight
7.  Any other simple tensor f§ of weight 7 is obtainable from f, by applying
a permutation ¢ to f,. Since ey, commutes with ¢, and since ey, T l/(n),
there must exist some f§ of weight n with ey f#0. We may assume
f=0(B,). Now if 6¢¥,, then y,6(f,)=0. Thus, it must be that ce¥,. But
then

(2.5) 0 #ey f=ey.0(B,) =sgn(o)ey.p..

By completely analogous arguments, (ey,)?f,#0. Now in the %-module
(ey.)>T=ey,T there is a unique vector (up to scalar multiple) of weight =,
as 7 is the highest weight of that module. Therefore

(2.6) (ey)*B.=Ceyp,

for some nonzero scalar £€C. The vector ey fi, is a maximal vector for ey, T
and so every vector in that module can be achieved by applying an element

of the universal enveloping algebra # =% (%) to ey, ;. Therefore for each
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veT, we have ey,v=ueyf, for some ue%. Now if we apply ey, to both
sides of that relation we see that

Consequently (ey,)? —Eey,=0on T. If (ey,)? — ey, =ZUESM d,o, then applying

(ey)*—¢ey, to v, @~ Quy shows that d,=0 for all ¢, and hence that
(ey,)?=CEey, as desired.

In the process of establishing of Theorem 1.13 (i) we have also shown
that ey ff,#0 is a maximal vector of weight n in ey, T= /(1) whenever the
rank 7 of ¢ satisfies r>M. When £(n)<r<M, we can imbed C" in CM and
view % as imbedded in 4/(M,C) in the natural way. Since the factors in
the simple tensor f,, and also in ey.f§, are v; for j=1,---,£(n), ey B,, and hence
ey. T, must be nonzero when viewed relative to 4. Thus, these additional

results hold for all »>/(n), and (i1) of Theorem 1.13 follows. B

§3. The Linear Independence of the Vectors ey, fi,

In this section we show that the set {ey,f.}, where T ranges over the
(A',---,7™-LR tableaux having no more than r rows, is linearly independent
and use that result to complete the proof of Theorem 1.13. Our approach
is to impose a certain ordering ‘>’ on the (1!,---,A™)-LR tableaux with the
property that

3.1 T>1=ey.ey,=0.

The independence of the set {ey.f.} will follow from (3.1) and the essential
idempotent property of the ey,’s. We begin with a useful observation.

Lemma 3.2. Let 1 and 7 be two tableaux (not necessarily standard)
assoctated with partitions of M. If there is some transposition (a b)e € .NA,,,
then y.y,=0.

Proof. 1If y is any element in the column group of t, then y_y=sgn(y)y,,
and if p is any element in the row group of 7', then py,=y,. Thus, if
(a b)e¥b.NZ,,, then

YVe=y{a b)y,= —yy,
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to imply .y, =0.

Suppose now that A'bn; for i=1,---,m, and let © be a (A,---,/™-LR
tableau. Recall that M;=n,;+---+#n;, and the boxes of T containing the
numbers in {1""’Mp} form a subtableau ¥ of shape v? for vZ some partition
of M,. 'The tableau 7” is obtained from the slant labelling of some component
07 of v~ 1) AP having shape v?. (See Definition 1.12.) The order we define
on two (4!,---,A™-LR tableaux 1, 7" of the same shape searches for the first
two subtableaux t* and t* which differ and compares the locations of numbers
in the corresponding components 8% and 0*. In this procedure, as in the
slant labelling process, we assume that each entry 7 in a component has been
changed to «; «.

Definition 3.3. Let t© and v be two (A!,---,A™-LR tableaux of the same
shape gotten from components 0 and 07, j=2,---,m respectively. Then t>1
provided that for some k and ¢ the following three conditions hold:

()  l=1*1 pur TR

(i) Fori=1,---,£—1, the location of the o;.’s in 0% and 0¥ are the same
and { is the largest integer with that property.

(iii) If the rows of 0% and OF are read from top to bottom, in the topmost
row where the number of «,’s differ, 0¥ has more.

The pair (k, ) is termed the ordering pair of t and 7'.

Since for any (A!,---,A™)-LR tableau t, the first subtableau 1! is the
canonically filled tableau (! associated to A!, the ordering pair (k, £) necessarily
will have k>2.

Lemma 3.4. If 1 and v are (Al,--,7™)-LR tableaux of the same shape
with 11", and if ge€=€, % -+ X, and fER=R X -+ X R,,, then

Y:&fy.=0.

Proof. Assume that the conditions of the lemma are satisfied, and write
g=g,8m wWith g,€¥, and f=f,---f,, with f,eZ;. Let (k,/) be the ordering
pair for 7 and 7'.

Our first observation is that if ye¥,n¥, and peZ%,N%, then

(3.5) V&fve=v" vgfop " 'y, =sgn(y)y.&f'y.,

where g'=yge® and f'=fpe#. Therefore,
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yrgfytlz i_ytg’.flyt/= ig’(g,)_lyrg,f,yrr(f,)_ lf/= ig’y(gl)_lryfltlf"

Thus, y.£fy,=0 if and only if y,g'f'y,=0 if and only if y¢,-1.y,,=0, for
g =vg, f=fp, ye¥.n¥, and peR,NA. In particular since t'=1"={!, by
taking y=g, '€¥4.n¥, and p=f, '€R,NR, we can assume that y gfy,=
+v.8fy., where g’ and f act as the identity on {1,---,M,}.

Suppose then for some p with 2<p<k that y,gfy, = ty.£f'y,, where

(3.6) g'e(¥4.n¥)g and g’ restricted to {1,---,M,_,} is the identity;

(3.7) fef(R,NnR) and the location of each value in {1,---,M,_,} is the same

in T as it is in f'7'.

As discussed above, elements g’ and f' satisfying (3.6) and (3.7) can be
found when p=2. We assume pe{2,-:-,k} is maximal with those properties.
From the collection of all possible such g'e(%¢,n%¥)g satisfying (3.6) pick one
such that |{a€l,|g'(a)#a}| is minimal (where I, is, as before, the interval
{M,_,+1,---,M,}). We claim that this g’ has the property that it does not
map any entry of 7 coming from I, to another entry in the same
column. Indeed if g'(a)=b#a where a, b are in the same column of 7,
then (a b)e%.n¥. Since g'€¥, and the elements of & preserve the interval
I,, we have bel, The permutation (a b)g' satisfies (3.6) but fixes more
elements in I, contrary to the minimality assumption on g'. Thus, g has
the desired property.

Let & denote the set of entries in row s of the standard tableau (?
associated with A?. Suppose that ¢ is the topmost row of {? such that the
entries in &, occupy different positions in 7 and f't’. If no such row exists,
set t=/(AP)+1. Now if t</(AP), and if the ith rows of 1 and f'7’ contain
the same subset of elements of &, but ordered differently, then there is some
¢ €R;,.,N%, which permutes just those elements, so that T and ¢f't" agree on
the locations of the values from &, in their ith rows. But,

QS E'%flr/m‘%xﬁb(p’ =(fl)_ 1¢f' e‘%t/m'@p

and hence, f'¢' € (R,NX). We could then replace f' by f'¢p’ and assume that
t and f't’ agree on the entries from &, in their ith rows. Thus, we may
assume that for our choice of f'€ (#,N%) satisfying (3.7) that either T and
f't' agree on all entries from I, (in which case we set t=¢(1")+1) or else
there is a smallest value of t with t</(A?) such that the entries from &,
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occupy different rows in t and f't’. In the latter case, assume that the
elements in &, in the first i—1 rows of T and f'7" are in precisely the same
positions, and i is the largest integer with that property. When t=£(A)+1
set 7 equal to one more than the number of rows of 7.

We claim that if the restriction of g’ to the elements in §=6&,uU---U&,
in first i—1 rows of 7 is not the identity map, then 0= tv.2f v, =2V,
(and the proof of the lemma would be finished in this event). Indeed,
suppose that #<i—1 is the smallest integer such that ¢’ moves an element
in & that resides in row h of T. Let a be the leftmost such entry so that
g(a)=c#a. Since g'€¥, a and c are in the same column of {?. Therefore,
by the slant labelling of 7, it must be that either ¢ is in the NE corner of
ain 1, or a is in the NE corner of ¢. The first possibility can be eliminated
by the minimality of 4. Thus, ¢ is in a row strictly below that of a in 7,
and since g’ does not map a to another entry in the same column of 1, the
element ¢ must be in a column strictly to the left of a. Hence, if a is in
position (%, 7) in 7, then ¢ is in location (', j) in © where A'>h, and
j<j. Let b denote the entry in position (4, j') of 7 as pictured below.

J J
1
]
T=h b a
h c

Then b occupies location (k, j') in both () !t and in f7. Thus, the
transposition (a b) belongs to both %,-1, and #;,. Lemma 3.2 when
applied to the tableaux (¢') 't and f't’ gives

ytg’-f’yt’ =g’y(gr)"tyfrt/f, =0.

Thus, we can assume that g’ restricted to the elements in & which lie in
the first i—1 rows of 7 is the identity map.

If the locations of all the values in I, are exactly the same in the two
tableaux 7 and f'7’, then it follows from the argument just given that g’ is
the identity on {1,---,M,}. We would contradict the maximality of p unless
p=Fk. But when p=~k, the location of all the values in I, cannot be the
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same in T and f'7’ by the definition of the ordering pair, so that this situation
cannot occur.

We claim that by similar reasoning we can also assume that g’ when
restricted to the elements in &' =&,U---U&,_; in row i of 1 is also the
identity map. Suppose that g'(a)=c#a for some a€e &’ in row ¢ of 7, and
let a be the leftmost such element with those properties. Then ¢ and a lie
in the same column of {?. If a is in location (7, j), then ¢ must be in
position (¢, j') for some ¢'>7 and j'<j since g’ restricted to elements in &
in the first 7—1 rows is the identity. The entry b in location (i, ;') belongs
to {1,---,Mp_1} or to &', and so is fixed by g’. Thus, (a b)€ € y)-1.NAy,y, and
consequently, y.g'f'v., =gv,)-19f =0.

By our choice of f’, the ith row of 7 and the ith row of f't' contain
different subsets of elements from &,. Since 7)>1", and since f' permutes
the entries coming from the o, .’s among themselves, there is an a€d, in
position (7, j) say of f't', but not in the ith row of 7. Since 7 and f'17’ agree
on the entries in &, contained in their first i—1 rows, a must be in a lower
row in 7. Assume that a is in position (i, j,) of 7. If j,>j, then by the
semistandardness of the component, the entry d in position (7, j,) of T must
come from {1,---,M,_,}ué’. However, d would have the same position in
f'T' by our assumptions, which is impossible. Hence, we can assume that
Ja<Jj and 7,>1. Suppose that g'(a)=c#a. Then since a and ¢ are in the
same column of {?, we have by the slant labelling that either ¢ is in the NE
corner of a in t or a is in the NE corner of ¢. If ¢ is in the NE corner
of a in 1, then ¢ comes from labelling some «, . with s<t. Since 7 and f't'
agree on the entries in 8', then ¢ must have the same location in t and f't/,
call it (¢, j.). Necessarily 7,>7,>7 must hold, since g’ fixes the entries of
&' in the first i rows of 7. Let b be the entry of 7 in position (i, j,) as
pictured below:

Ja Je
|
|
7 b
1. c
1, a

Then be{l,-,M,_,}Ué&,U---UE,_,, and so b has the same location in both
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t and fv'. By our reductions in the previous paragraphs g'(b)=b. Thus
(a b)eb 1. Ry, and we conclude from Lemma 3.2 that y.g'f'y.=
gY@y 1y suf =0. Hence, the assertions in the lemma are true in these
circumstances. On the other hand, if a is in the NE corner of ¢, and c is
in location (i, j,), then i,>i,>1i, and j,<j,<j. Let b be the (i, j,)-entry of
T as displayed below:

Je Ja
1
|
t b
1, a
7 c

Since the entry in location (i,, j,) of T must belong to {1,---,M,_,}U&, we
must have be{l1,---,M,_,}ué’. Thus, b occupies the same position in f'7,
and (a b)€b,)-1.0%y,.,- As before, y.g'f'y., =g'Vn- ¥ =0, so the lemma
holds in this situation. Finally, we suppose that g'(a)=a. The entry b in
position (z, j,) of T is forced to belong to {1,---,M,_;}ué’, and so b is the
@, j)-entry of f'©' as well. Then (a b)eb, 1.N%,,. once again, and
V& Ve=8Ygy VS =0. In each possible case we have shown that
v.2fv.,=+v.8fy.,=0 as claimed. <]

Since e is the sum of terms +gf where g€ % and fe #, Lemma 3.4 allows
us to conclude the following:

Corollary 3.8. If © and v are (A',-++,A")-LR tableaux of the same shape
with t>>1" then ey.ey,=0.

Corollary 3.9. Let & be the complete set of (AY,---,A™-LR tableaux
having no more than v rows. Then the set {eyplte L } is a linearly independent

set.

Proof. If the tableau T has shape =, then the vector ey, has weight
n=m,e,+ - +me relative to the Cartan subalgebra of & of diagonal
matrices. Since vectors of different weights are linearly independent, it

suffices to consider the relation



PROJECTION MAPS FOR ¢/(7,C)-REPRESENTATIONS 1009

Z arreyr/ﬁtr = 0)

Tr

where the sum is over all 7' €. of shape 7, and the coefficients a, e C. Sup-
pose T is the largest tableau relative to the “>"’ ordering which appears in
this expression with a,#0. Then applying ey, we get

0= eyf(Z aey,p.)=aley)*p.=xaley.pB.)

for some nonzero ke C by Corollary 3.8 and (i) of Theorem 1.13. Since
ey.B.#0 (see Remarks 2.8), a,=0, contrary to assumption. Thus, the vectors
must be linearly independent. ]

Conclusion of the Proof of Theorem 1.13. We have from Corollary
3.9 that the set {ey.f|te ¥} is linearly independent. We know from
Section 2 that each ey, T is an irreducible %-module. Hence, the sum

Y .yev. T<eT is direct. Since the number of summands is that given by the

Littlewood-Richardson rule, @) _g ey, T=eT, to give (iii) of Theorem

1.13. This completes the proof. ]
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