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An Inclusion of Type III Factors
with Index 4 Arising from
an Automorphism

By

Yoshihiro SEKINE*

Abstract

We consider an inclusion of type III factors with index 4 arising from an automorphism. It
has the extended Coxeter-Dynkin diagram A or A, . as the principal graph. We show the
equivalence between classification of automorphisms and that of the corresponding subfactors,
and compute conjugacy invariants for the subfactors. As an application, we show the existence
of a pair of type III; factors which does not split into a type II; inclusion.

§0. Introduction

We shall consider an inclusion of type III factors with index 4 arising

from an automorphism. More precisely, we consider the following inclusion:
M=P®M2(C)DN={[x ]; x€ P},
of(x)

where P is a type III factor and o is an automorphism of P. The main
purposes in this article are to show the relation between classification of
automorphisms and that of the corresponding subfactors, and to study the
correspondence between the four outer conjugacy invariants of the
automorphism and conjugacy invariants of the subfactor. As an application,
we shall show the existence of an inclusion of type 111, factors which does
not split into a type II; inclusion.

In §1, we shall consider the relation between the outer conjugacy of an
automorphism and the conjugacy of the corresponding subfactor, and show

the “equivalence’” of them. In §2, we shall show how the four outer
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conjugacy invariants of an automorphism appear as conjugacy invariants of the
subfactor. In the index theory, the tower of the higher relative commutants
1s known to play important roles to study the structure of subfactors (see
Ocneanu [20] and Popa [23]). In type III case, we need two towers of
the higher relative commutants arising from type III inclusion and the
associated type II inclusion. In particular, the latter contains many
informations for the study of type III inclusion. Furthermore, we compute
the mirroring introduced by Ocneanu [20] and the dual action which makes
sense only type I1II case, and show that these systems include all informations
of the four invariants of the automorphism. In order to calculate them,
the canonical extension of automorphism in the sense of Haagerup-Stermer
[4] is used.

In §3, we deal with inclusions of type III; factors as an application of
this example. In this case, the known result on classification of subfactors
is that if an inclusion of approximately finite dimensional type III, factors
arises from a finite group action, then it splits into a type II, inclusion. In
particular, all inclusions with index 2 and 3 split into type II, inclusions
(Izumi [9] and Kawahigashi-Sutherland-Takesaki [13]). On the other hand,
it has not been known, at least in the literature, whether there exists a pair of
type I1I, factors which does not split into a type II; inclusion. We shall
show the existence of such an inclusion. (In the case of type III,, A1#1,
see Hamachi-Kosaki [7], [zumi-Kawahigashi [10], Kosaki-Longo [17], Loi
[18], [19].) The essential argument of the proof is to show the gap of the
two towers of the higher relative commutants. It is characterized by the
non-triviality of the dual action.

For type III; case (0 <A<1), inclusions of factors containing the above
one have been considered in Loi [19], and their two kinds of derived towers
have been computed.

The author would like to express his sincere gratitude to Prof. Hideki
Kosaki for many helpful suggestions and to Prof. Fumio Hiai for fruitful
discussions. He is also grateful to Prof. Toshihiro Hamachi, Prof. Motosige
Osikawa and Prof. Jun Tomiyama for useful discussions and constant

encouragement.

§1. Relation between Automorphisms and Subfactors

We recall the way to construct an inclusion of factors from Jones [11]
(see also Pimsner-Popa [21] and Popa [22]).
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Let P be a type III factor and a an automorphism of P. We set a,=1id.
and o, =0o, and denote by {e;}!;_, the usual matrix units in M,(C). Then
we define a factor M and a subfactor N by

M=PQM,(C),
1

N={ z ai(x)eii|xEP},
i=0

and define a faithful normal conditional expectation E by

1

1
E( Z xijeij)z Z o(x)ey;,
i=0

i,j=0

1
where x=5(x00+0€— H(x11))-

Since the following lemma follows from a standard argument, we leave

its proof to the reader (see Hiai [8] and Kosaki [15]).

Lemma 1.1. With the above notations, we have

(i) M and N are isomorphic to P,
(1) Index E=4 and E is the minimal conditional expectation for M > N.

Remark 1.2. Let M >N be a pair of factors of type III with non-trivial
relative commutant and let E:M — N be a faithful normal conditional
expectation with index 4. Then it follows from the proof in Pimsner-Popa

[21; Corollary 4.8] that there exist a type 111 factor P and an automorphism
1
« of P such that Mo N is conjugate to PQM,(C)>{ Y, a(x)e;|xeP}.

i=0

Let P be a type IIl factor. For automorphisms o and f of P, we
define the corresponding subfactors N, and Ny, respectively.

Proposition 1.3. The following conditions are equivalent.
(i) M>N, is conjugate to M > Ny,
(ii) o is outer conjugate to B or 1.

Proof.
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(i) = (i1): Suppose that there exists an automorphism ® of M such that
®(N,)=N;. Then there exists an automorphism 0 of P such that

1 1
(D( Z <xi(x)eii)= Z ﬂl( O(x))eii) xEP.
i=0 i=0

13

Since ®(N,nM)=NpnM, after a suitable perturbation by an inner
automorphism of NynM we may assume that there exists a bijection ¢ of

{0, 1} such that

D(e;)=e =0, 1.

(o)
We deal with the following two cases separately.

(1) The case of ¢(0)=0.
We compute, for any x€ P,

1
D(xeqo) = (D(eoo ( Z o(x)e;;) eoo)

i=0
1
=ego"( Y. BiO())ew) eoo
i=0

=0(x)eqq

and

1
(I)(oc(x)e1 1) = (D(el 1 ( z oi(x)e;;) ey 1)
i=0

1
=611'( Z Bi(0(x))es) €11
i=0
=ﬂ(9(x))311-
Since there exists a unitary u in P such that ®(e,,)=ue;,, we also compute

(D(oc(x)el 1) = (D(e 10 (x)ego " €g 1)
=ue, o 0((x))eqo u*eoy

=ub(u(x))u*e, ;.

Hence we get
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B(0(x)) =ul(o(x))u*, x€P.
This means that a is outer conjugate to f5.

(2) The case of @(0)=1.

A similar calculation shows that « is outer conjugate to 1.
(i1) = (1): It is sufficient to prove it in the following three cases.

(1) The case of f=0-x00"! for some automorphism 0 of P.
If we set ®=0@)id., then ® is an automorphism of M and

1

(D( z oci(x)eii)= H(ai(x))ei,-

i=0 i=0

ﬁi(e(x))eii, xeP.

I

i

(2) The case of f=Aduca for some unitary u in P,
If we set ®=Ad(ego+ueyy), then

1
O( Y ai(x)e;) =xeqo +ua(x)u*ey
i=0

1
= Z Bi(x)e;;, xeP.
i=0

(3) The case of f=a"1.
If we set ®=0a" '@ Ad(eq; +e,0), then

1
(D( Z ofi(x)eii)=3“300‘*"7‘—1(”)911

i=0

1
= Z Bi(x))es;, x€P.
i=0
q.e.d.

Remark 1.4. In general, an automorphism of a type III factor is not
outer conjugate to its inverse. Therefore we can not distinguish them in
the subfactor level. But we may consider that classification of automorphisms
up to outer conjugacy is ‘‘equivalent’ to that of the corresponding subfactors

up to conjugacy.
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§2. Conjugacy Invariants for Subfactors

In this section, we shall show how the four outer conjugacy invariants
of an automorphism of a type III factor appear as conjugacy invariants of
the corresponding subfactor.

Let P be a type III factor and o an automorphism of P. Let Mo N
be as in §1 and let M >N be the canonical inclusion of type II_ von
Neumann algebras with the dual action ¥ (Kosaki [16], see also [5], [6],
[14]). We set, for a non-negative integer k, P,=M,(C) with matrix units

{efj}il,j=0. Furthermore, we set

M=PQQPy,Q@P Q- QP k=0,
M—1=N)
and

M=PRP,@P,® - QP,, k>0,

1
M‘l={ Z &i(X)e,-,-leP}.
i=0

Here P means the crossed product PX],» R for some weight ¢ on P and
& is the canonical extension of a in the sense of Haagerup-Stermer [4] (&,
id. and G, =d). We denote the dual action on P by 7. We embed M,,_,
(resp. M,,) into M,, (resp. M, .,) by

0 2k—1
Z igioizk~1J26—1 tolo ik—172k—1 2k—-1

0 . 2k—1 2k

Z“'Zk(x’ofo'”'zk—lfzk—l e‘olo e‘Zk—UZk—l L2kt2K’

0 2k
X i€ eers . €My —
Z iojoizkiak Ciojo """ Cizkiak 2k
-1 0 2k 2k+1
Z ai2k+ 1 (x‘OJO""Zk-’Zk) e‘olo D2kJ2k P2k + 102K+ 17

Replacing the automorphism o« by the canonical extension &, we embed
M, _, (resp. M,,) into M, (resp. M,,,,) as above. We define faithful
normal conditional expectations E,,_: M, — M,,_, and E,: M, . — M,,

by

0 2k
Eg- 1( Z ®igio-izkizk Cigio” eiijZk)

1 1
_ -1 1
_EZ aiZk( IZO o ( Xigio gk 1i2k- 1”))eiofo Cigkiar
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E X . . 0 ., g2k+1
2"(2 igjor-iak+ 126+ 1 €iodo '2k+112k+1)

1
=_ -1 S 0 . g2kt
) z Finget 1( l;) O(’(x'olo‘"'2k12k”))e‘olo ikt tizk+1

Similarly we define conditional expectations E,: M,,, = M, k>—1, by
using & instead of a.

Lemma 2.1. With the above notations, there exists an isomorphism @
from M onto M, such that ®(N)Y=M _, and

oM = (0P ® id.)o®D, teR.

Proof. 'Taking a state (or weight) 7 on P such that toa=1, we set
P=PoxR. We define a state ¢ on N by

o( i a(x)e;) =1(x), x€P,

i=0

1
and set Yy =@oEeM,. Then we have y=1 ®5Tr, where Tr is the usual
trace on M,(C). Since M =Mo ¥R is generated by
x@1®1, xeP,

1. ®eij®1) i) ]=0: 1)
A'®1Q® 4, teR,

and M0=13 Q) M,(C) is generated by
x®1Q1, xeP,
A"® 1, X1, teR,
1 ® 1 ®eij) l.9 ]=0) 1>

we get a natural isomorphism ® from M onto I, which is given by changing
the second and the third components. From the definition of the canonical

extension and the dual action, it has the desired properties. q.e.d.

Proposition 2.2 (see Bisch [1], Loi [19], Popa [24]).
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() {M ) _y is the Jones tower of type II1 factors arising from M>N
and {E}% _, is the sequence of the canonical conditional expectations.

Furthermore, the Jones projection e, _  arising from E,_:M, — M, _ is given by

1 1
k k+1
S Z €ij€ij -
2 =0
(11) {Mk},f‘L_l is the canonical tower of type 1l von Neumann algebras
arising from M>N and {E,}* _, are the canonical conditional expectations.

(i) The dual action 0% on M, is given by
PFRid®id. ® - ® id.

Proof. The assertion (i) follows from the characterization of the basic
extension [7; Theorem 8]. From Lemma 2.1, we obtain (ii) and (iii) as a

consequence of (i) qg-e.d.

For the indices iy, jo, '+, %, fx, We set

=1+t —tGi+ig—Jot+ii— " Hk—1 Tk

I(igy Jor s ks J)= if k: even,
ety =~ Fio—Jo i~ —Jk-1Hk

if k: odd.

Lemma 2.3 (see Bisch [1], Loi [19], Popa [24]). The relative
commutants are given as follows:

ko
ek

) NoMe={ Y c

al(tglg, -+, Ji)eInt P

0
igdo: il WTtig.dg.+-~igeig) Cigig ~"" €

[ ¢ eC},

igJo ik
where urg o ...i.jy means an implementing unitary of ofGodor i) iy P, In
particular, the inclusion M >N has the extended Coxeter-Dynkin diagram A
or A, . as the principal graph,

o0

. ~., r _ ~ 0 . k
(i) N'nM,={ o Z ) Cigigigix $lliguig.igii) Cigio " Cirix
I(ig.jg. i Ji)eN@)

eZ(P)},

' Cigio ik
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~ . . . “’I(!' ,j .---.i .J) . -~
where Un(ig,jor ) means an implementing unitary of & '070 "I i P,

i

Proof. We remark that the canonical extension o is free in the sense
of [12] or inner ([4] or [25]). Thus the assertions follow from direct
computations. q.e.d.

Theorem 2.4. (i) Let (P, H, J, P%) be a standard form of P and v
the canonical implementation of a. We take and fix a cyclic and separating
vector ¢ for P in P,

We represent M, in BHHRXC*QRC*®---®Q C?) by

{Z . (x )6 e k+1 s p2kt+1
'2k+1 ‘2k ’k+1 iodo iy’ “igdo ik ‘k+1k+1 DDk+1i2k+1
|xioj0---ikjkEP}
if k: even,
(Yo ety ()€l gk Tl L g2kt
’2k+1 'Zk Ye+1 Yook TtoJo Yk e+ 1+ 1 Dk+1i2k+1
|x"01'0""'k1'keP}
if k: odd.

We define a wvector &, in the Hilbert space HRC*QRC*®--Q@C*=
?({0,1} x{0,1} x --- x {0,1}, H) by
&

Cilios 1y, Tos )= 5;0 ok 5i1.i2k"'5ik,ik+1
Here 0, ; means the Kronecker symbol.

Then &, is a cyclic and separating vector for M and the modular conjugation
operator J, arising from & is given by

* 0 1 2k+1
= ! . 7) L e .
k Zv'2k+1v’2k v J ’0 2k+1e'1’2k ik+1i0

(i) Let (P, H, J, P" be a standard form of P and © the canonical
implementation of G. We take and fix a cyclic and separating vector & for P
in P*.  Similarly we represent M, in BHR®C*QRC*®---QC?) by using d

instead of o and define a vector &, in HRQC*QRQC*R--QC? by using &
instead of &.

Then &, is a cyclic and separating vector for M, and the modular conjugation
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operator J,, coming from &, is given by

J. =Y o% Dy 0¥, T e 1 g2k+1
k z De+1 2k '1 Je‘o'2k+1e’1‘2k i2k+1i0°

Proof. We use the usual notations in modular theory ([26]).
(i) Let us assume that k& is even.

0 .k k+1 L2kt

c e . @: .
iodo "l iy ik + 1 Dak+102k+1

For X=Y o ! &’

i+ 1%k ’k+1( iodo™ ’kfk)

€M,, we have
-1
(X&) (o, 11,77y igpsr) = “;Zkﬂ“iZk"'“ikﬂ(xi0i2k+1i1i2k---ikik+1)5~

Hence &, is a cyclic and separating vector for M,.
From the definition, S, (=S¢k) is the closure of the operator Sp:
X& - X*¢, XeM,. Since we have

% . . . -1 -1 *
(X*&)Gos J157s Jar 1) =%y O 0y Gy s doiagdy it 1) <,
it follows that

Sy=) vk v, v S v; Ui,
=X i1 Viak T Vi 100 0, 8 Ve P8 P Vi i

0 el g2kt
'ol2k+1 *1t2k Dk+1i0°

Thus we obtain

— Q%
Ak—Sk Sk
% *
= U ;e QY A V;: °* v v
Z 10‘011 i vik+1“.uf2kvi2k+l€’ vy, u”uloé i iy %o
0 1 2k+1
e; ; e i e}
L2k+ 102k +1 2k'2k igip
and
Jk=SkAk %

* 1 2k+1
= 4 V; e .
Zv‘2k+1 i v v J ioigk+1 l1 2k irk+1io,

For any other case, we also get the consequence by a similar calculation.

g.e.d.
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Now we shall compute the mirroring (and the canonical shift) introduced
by Ocneanu [20] (see also [2] and [3]). We have two kinds of mirrorings
{Vitkso and {J}iso arisimg from type III inclusion and type II_
inclusion. From the definition, the mirroring y, is an anti-automorphism
of NnM,,,, given by

nx)=Jx*J, x€N'OMyyyy,

and the canonical shift I is a *-endomorphism of U (N'nM,) given by
k=-1

T'(x) =Y+ 1(0(%)), xe NOMy, 4.

Similarly, the mirrorings {Ji}xs0 of {N'NM 5, }ks0 and the canonical shift

[ of U (N'nM,) are defined.

k=—1
Let ¢ be a dominant weight on P such that goa=¢ and for the
continuous decomposition P=P, X, R,

800,=0,08, teR,

{ o(x) = a(x), xeP,,
(M) =At), teR,

where & is the automorphism of P, induced by « (Sutherland-Takesaki [27;
Lemma 5.11]). Then each of the invariants is calculated as follows: The
module mod a of o is given by

mod o =G| 2,

Expressing o = Ad u,,o a¢m for he N(x), we have
wu, = u(h, Ryuy, h, ke N(o),
o™(uy) =A(m, h)u,, meZ, he N(o),

0(u,)=c(h, t)u,, teR, he N(x).

Corollary 2.5. (1) The canonical tower {]\7[,(},?’:_1 of type 11, wvon
Neumann algebras arising from M >N is given by
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Mk=P¢®P0®P1®'”®Pk9 k>0,
1

M_1=N={ Z G(x)e;|xe P},

i=0

and the embedding is given as follows:

2 Xigioizk— 1zk- 1800 Chai1izk—1 € M-y —

Z &iZk(xinoluiz"‘ 2k- 1)6‘90"0 meizzkk_—lﬂzk— 1ei22kk"2k ’
L xinO"'iZkJ'Zke?ofo o eizzkkuk € My~

Z é\("_21:+ 1(x"0f0""'2k1'2k elpofo " e"zzkkizke"zzk;+11i2k+1 :

(11) The tower of the relative commutants {N’mM,‘}&_l is given by

N ’ Y == O e k
N ﬂMk—{ o Z . Cigio-igiIlig-ig- i) Cigio """ Cir
I(ig.jgsigsdi)eN(@)

eZ(P,)}.

’ Cigio itk
(1)) The mirrorings {J,}i=o are calculated by

- 0 2k+1
v"(}: Cigjo ok + ik + 1 1Ggudg ik + 142K+ 1) Cigio " Cigk+ 1izk+ 1)

—jat =t
=) (mod a) Jo "1 k(3o it tiana 1)

’1('—].0’*'].1—' +j2k+1) I(fzkﬂ, i2k+1,"‘, Jos io))

Uyps . Lo e(.) . coog2ktl
TUgk + 1082k + 1 Jorl0) “Jak+1i2k+1  “Jolo

and the canonical shift T is given by

l: C: . Ury:  : . . ep.e.l. vkl
(Z igjo izk+1J2k+1 ~1lg-do-igp+1-d2k+1) “iojo 11 '2k+112k+1)
—-Zc. o , Ure + ) e2 . 3. ... g2kt3 .
igjo fak+1J2k+1 ~Tlgiioriak+ 12K+ 1) “loJo 11 Dk+12k+1°

(iv)  The restriction of the dual actions {0*}° _ to the tower of the relative
commutants {N'nM )} _, are calculated by
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o @ i)

c . w, e’ el
1oio 1k Hligeig: ki) todo ik

. . .. 0 k
=Z Bz(Cinon-ikjk)C(I(lo, Jos™*s Udi)s t) Ul(iguigigei) Cigig " Cird? teR.

Proof. By [25], we may identify P, with P. Then (i) and (ii) follow from
Proposition 2.2 and Lemma 2.3.

(111) From Theorem 2.4, we compute

ot 0 2k+1
y"(z i0doizk+ 172k + 1 ¥Tliguigr-izk + 12k + 1) Cinio ik+ 12K+ 1)
— . Jod k. e * *

Z io%ix vJZkvlzkHJ iodo ik + 1iz2k+1 “lliguor ik 142K+ 1)

~ s ~ ~x~ F 0 1 2k+1
D} ;. - 0F0; Je; ; e i e
Dr+1 2k 117007 TJ2k+1'2k+1 J2Kt2k Jo'o

IR vy o~
=Y v¥ov, -} . C;: . . Uy s . .
Z Jo%i1 " ViakYink+ 1 Cigdoink+ ik + 1 Wlligig-rizkt 12k + 1)

~ % ~ ~%

ord 0 1 2k+1
V5 V;: *VTUV; €
J2k+1 T2k

J17Jo T2k +1'2k+1 J2k'2k Jo'o

_ —lotiy Ttk (e, L
Y. (mod a) + (61010"“2k+112k+1)

}'(—j0+j1_"'+j2k+1) IGok+15 taks15 Joo io))

Ures . e ) coog2ktl
TG+ 1082k + 1000 10) “2k+102k+1 Jo'o

Furthermore, we get

0 ... 2k+1 )

= o C: . . Ur;; . . é;: - : .
Vi y"(z i0Jo  tak+ 12k + 1 " Tgior iz + 12k + 1) “ioJo Dk+1i2k+1

ce. g2kt3
Dk+172k+17

=Z(;. L . Up i . . g.z .
igJo ok +1d2k+1 ~ 1Cgo-izk+ 172k +1) “ioJo
(iv) follows from Proposition 2.2.

q.e.d.

Corollary 2.6. The mirrorings {Vi}izo of {N'NMy41}i=o are given by

0 ... 2k+1 )

C: s . Ure: . . e’ . n .
y"(Z igjo iak+ tJak+1  Tlgioiak+ 1-J2k+ 1) “loJo iok+1J2k+1

zzciojo--~i2k+1j2k+1 '1(_].0+"'+]'2k+1: IGok+ 15 taks157"7s Jos io))

Uy . . e(.) . skl
TG+ 1-i2k+ 100+ 10) T2k + 112k + 1 Joip
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and the canonical shift I of U (N'nM,) is calculated by

k=-1

I

Zc. . . . Uy . . ep. g2kt )
ioJo ok + 192K+ 1 Tlgiioizk+ 1+d2k+1) “iodo Dk+1d2k+1

= 2L g2kt3

—Zc"oiomizkﬂfzulu’(io’fo""v"z“1Jzk+1)eioio Cigk+1izi+1”

Remark 2.7. A simple computation shows that the condition given in
Sutherland-Takesaki [27; Theorem 5.14] corresponds to the commutativity
of the mirroring and the dual action.

Remark 2.8. In general, it is known from Kosaki-Longo [17] that the
relative commutant N'nM, is expressed as the fixed point algebra of the
relative commutant N’nAZ, by the dual action. Moreover, since the
mirroring y, of N'nIM ,, ., commutes with the dual action, it induces the anti-
automorphism of N'nM,,,,. Then it is exactly the mirroring y,. (For
our example, these facts follow from direc computations because we know
all of them explicitly.) Therefore all informations of the tower of the relative
commutants {N'NnM;}Z _; and the mirrorings {y,}i>, are included in
{(N' a3y, {;k}l‘:;O and {0} _,.

Remark 2.9. Assuming that M > N are approximately finite dimensional
(equivalently so is P), we can show that the system consisting of the tower
of the relative commutants {N'nI}# _ |, the mirrorings {y;}i%, and the
dual actions {#*} _, is complete (see [13] and [27]).

§3. Application

At first we remark that since the tensor product of a type II factor and
a type III factor is of type III, inclusions of type III factors contain the

following inclusions which are completely reduced to type II; inclusions:

RQOM>0QM,

where R>Q is a pair of type II, factors and M is a type III factor. An
inclusion of the above form is said to split into a type II, inclusion. In
this section, we shall show the existence of an inclusion of type III, factors
which does not split into a type 1I; inclusion.

Lemma 3.1. Let M>N be type 111, factors. If it splits into a type
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11, inclusion, then the two canonical towers of the higher relative commutants
arising from M >N coincide.

Proof. Let M=RQ®L>N=0QQ®L, where R>Q are type II, factors
and L is a type III factor. If we denote by {R,}> _; the Jones tower
arising from R>Q (Ry=R, R_;=0), then the canonical towers {M,} and
{i1,} are given by

Mk=Rk®L:
Mk=Rk®E’

where I is the crossed product LX,,R for some weight ¢ on L. The
assertion follows from this. qg.e.d.

In order to show the existence of a type III, inclusion without splitting
into a type II; inclusion, it is sufficient to construct a pair whose two
canonical towers differ. For our example, we have only to take an
automorphism that makes a gap between the two towers. In type III; case,
since the module is trivial, the outer conjugacy invariant of an automorphism
is parametrized by (n, 4, t), where n is a non-negative integer, 1 is an n-th
root of the unit and ¢ is a real number. From Remark 2.8, there is a gap
between the two towers if and only if the dual action is non-trivial, namely,
the modular invariant is not trivial.

By the above arguments and Proposition 1.3, we have

Proposition 3.2. Let P be a type III, factor and let N, ,, be the
subfactor arising from the automorphism o, ;. of P whose invariant is (n, 1,
t), t=0.

(1) MDN('H-M-H) is conjugate to M:)N(,12

outer conjugate to Uy ayuty)-

dgty Y and only of ag . s
(i) For mnon-zero t, M> N, ,, does not split into a type 11, inclusion,
and has A , as the type 111 principal graph and A,,_, as the type 11 principal

graph.
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Note added in proof. After submitting this manuscript, the author received a preprint of
M. Izumi “On type II and type III principal graphs of subfactors’”. In it, the existence of
a gap of their graphs for type I11I, case (A#0) has been characterized in terms of Longo’s sectors.






