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Asymptotic Stability of the
Relativistic Maxwellian

By

Robert T. GLASSEY* and Walter A. STRAUSS**

Abstract

Solutions of the relativistic Boltzmann equation are studied for all initial data which
are periodic in the space variable and near equilibrium. An equilibrium is a relativistic
Maxwellian distribution of momenta. Under appropriate conditions on the scattering kernel,
this equilibrium is asymptotically stable in a variety of function spaces.

Introduction

Although the classical (non-relativistic) Boltzmann equation has been
heavily studied, the relativistic version has received scant attention. The rela-
tivistic Boltzmann euqation is

V-¥x F = —C(F, F). (RB),

Here the dot represents the Lorentz inner product (+———) of 4-vectors,
0=(Dy, U, V3), V=(vy, V1, Uy, V3), X=Xy, Xy, X3, X3), X=(X1, X5, X3), Xo=—1 and
C(F, F) is the collision integral. Normalizing the speed of light ¢c=1 and the
particle mass m=1, we have V-V=I1 or v,=+/1+ 9|2 For our purposes it
is convenient to separate the time and space variables and to divide (RB), by v,
to obtain

9, F+9+7, F = Q(F, F) (RB)

where Q(F, F)=v;! C(F, F) and
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p="=__2 0.1)
7% V1+]|o|?

The collision integral has the form

O(F. F) (v) — Ei;_ SS) 5(UP—1) 8(U—1) 8(V"*—1)

0

ONUHV—-U —V") s0(s, 0) [Fu') F(v)—F(u) F(v)]d* Ud* U'd*V  (0.2)
where U?=U-U=u —u?, wl=ué+ui+us, & is the delta function in one vari-
able, 8@ is the delta function in four variables, and all the F are evaluated at
the same space-time point (¢, x). Furthermore o(s, 6) is called the differential
cross section or the scattering kernel; it is a function of variables s and 8 which
will be defined later. The delta functions express the conservation of momen-
tum and energy:

uw+v'=u-to, (0.3)
V1H[d 2V 0|2 = VIt [u[+ V14 o] (0.4)

Of course, the 12-fold integral (0.2) defining Q may be reduced to a 5-fold
integral by carrying out the delta function integrations (see Section 1).
A relativistic Maxwellian is characterized as a particle distribution ()

which minimizes the entropy subject to constant mass, momentum and energy.
It is an equilibrium solution of (RB), since Q(«, #)=0, and it has the form

#(v) = exp (@+b-v—c\/1+27) (0.5)

where a, b and ¢> |b| are five parameters (constants). We consider a solution
F(t, x, v) of (RB), which has period 2z in each x variable and satisfies an initial
condition F(0, x, v)=Fy(x, v). We shall assume that the initial distribution
Fy(x,v) is close to a Maxwellian #(v). The 5 parameters a, &, ¢ are chosen so
that F® and « have the same total mass, energy and momentum:

0— sS (FO— ) dxdv — 55 o (FO— 1) dxdv — SS 10t (F— ) drdo
(0.5a)

where the integration is over x&£2=(0, 2z)® and v< R® (See Appendix I).
The following is a special case of our main result.

Theorem 0. Let o(s, 0) satisfy (1.16)-(1.18) below. Let F(x, v) be a non-
negative continuous function which has period 2z in each x-variable. Assume
that u(v) is a Maxwellian (0.5) and c, is a positive constant such that
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sup | F(x, 9)—4(0)| <c(1+191)7 v/ (o) 0.6)

where a>%(3—'r B) is fixed. If ¢, is sufficiently small, then there exist constants

¢, and h>>0 and a unique global continuous solution F(t, x, v) of (RB), for 0<t<
oo such that F(0, x, v)=F%x, v) and

sup |E(t, x, v)—2(@)| <e, e (140" / u(o) 0.7

for all ve R? and t [0, o).

Furthermore we prove that if the x-derivatives of F° satisfy similar esti-
mates, so do the x-derivatives of the solution F, and hence Fis smoothin x. We
also prove analogous results using L2 norms in x. As is well-known, the peri-
odicity condition in x implies that we have solved (RB), in a box with specular
boundary conditions.

The classical Boltzmann equation was first solved in the spatially homo-
geneous case by Carleman [4], and more generally by Grad [15] locally in time,
and by Ukai [22] [23] and Nishida and Imai [19] globally in time near a Max-
wellian. Important contributions to the global problem have also been made
by Caflisch [3], Shizuta [20], Iliner and Shinbrot [17] and many others. More
recently, global weak solutions with arbitrary initial data have been constructed
by DiPerna and Lions [8]. All of the proofs of stability are based on the fact
that the linearized equation possesses some dissipation, due to the decrease of
the entropy.

In the relativistic case, we write the linearized equation of (RB), as

0 f+0-V . f+v(v) f+Kf =0 0.8)

where K is a certain integral operator in v, and »(v)>0 is a scalar function
of v which represents the dissipation. In order to prove dissipation on the
operator level in the sense of spectral theory, some compactness property of
the solutions of (0.8) is required. Some compactness in the v variable follows
from the form of K, while some compactness in the x variable follows from the
fact that v-averages of solutions of transport equations tend to be x-smoothing.
The precise condition we use is a kind of relative compactness of operators,
called A-smoothing. To a certain extent we follow the abstract approach that
Shizuta [20] applied to the classical Boltzmann equation.

For background on the relativistic equation we mention the books of Ste-
wart [21] and deGroot et. al [7]. There are some analyses of (RB), by Cercig-
nani and Majorana [6]. The linearized relativistic equation (0.8) is solved by
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Dudynski and Ekiel-Jezewska [9].

In §1 we explicitly write the equation and derive the collision invariants
and entropy inequality. Then we linearize the equation, and we formulate the
function spaces Y and the main theorem. In §2 we essentially show that the
(nonlinear) collision integral is bounded on Y. The relativistic energy plays an
important role here.

In §3 we estimate the kernel of the linearized collision operator. The
relativistic estimates, which are related to those of Dudynski et. al. [9], are
quite distinct from the classical ones of Grad and others. The smoothing
property of the linearized equation is proved in §4, following in part the ap-
proach of Shizuta [20]. Finally in §5 we solve the nonlinear problem by itera-
tion by making use of the exponential decay of the linearized problem. In
particular, we get a classical solution of (RB), where each term is at least a con-

tinuous function.
In a succeeding paper we shall use the methods developed here to solve a

relativistic Vlasov-Boltzmann system near equilibrium.
We thank R. Caflisch and A. M. Anile for providing us with several refer-
ences on the mathematical theory of the Boltzmann equation.

§ 1. Formulaticn

We begin by defining the remaining variables in the collision integral (0.2).
We define
s = (U+V)* = (ytvof—|utv|?
= 2uyvo—2u-v+ug— |u|?+vs—|v|?
=2(V 1+ u|2 V 1+ |v|?—u-v+1) 1.1
42 = —(U—V) = —(uy—vo)*+ |lu—v|?
= 2uy Vog—2uv—ug+ |u|?—vf+ | v|?

=2(V1+u]* V1+|o]*~uv=1)

=s—4, (1.2)
and
cos § = X=0)-(r"' =0 (1.3)
(V—-Uy
Furthermore, we define the Meller velocity as the scalar v,, given by

s(s—4)

2 A 2 A 2 __
oy = |o—8|*—|oNA|? =
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or

y—2VI+e

Yp Uy

(1.4)

The two expressions for v% are equal because
%s(s—4) = 5g% = (uy vo—u+v+1) (uy vp—u-v—1)

= |ul®+|v|*+|ul|®|v]|*—2uy vy u-v+(u-v)
= ul|v|*+vi|u|?—2uy vy urv— |uAv|?
2 2 2
— [@Jr@_zﬁ.ﬁ_l_u_,\zl ] _
Yo Uo U vy |4y 7|
In deGroot et al. [7] the delta functions in the collision integral are car-
ried out, resulting in the equation

8, F+4-V, F = Ls Lz oy 0(g, 0)-[F(') F(v')—F(u) F(v)] d2 du  (RB)

where df is the element of surface area on S% and we have written ¢ as a
function of g and 6. The variables u, v, u’, v’ are related by the equations
(0.3) and (0.4). These equations allow #’ and v’ to be written in terms of # and
v and a pair of variables # and ¢ which run over the unit sphere S Equa-
tion (RB) is the result of one such representation. A slightly different repre-
sentation is given in Appendix II.

We remark that in the center-of-mass coordinate frame where u+v=0,
\/ s is the energy, —2g is the relative momentum, and @ is the scattering angle.

In the classical limit, where |u| -+ |v| <1, we have s~4- |u—wv|? so that
vy~ |u—v| and (RB) is the classical Boltzmann equation.

Invariants

Next we discuss the collision invariants and the entropy. While the main
discussion is standard, there are some differences from the classical theory.
Define the symmetrized collision operator

0*(£,8) = {{ 0w oL@ )4/ @)~ (0) )~ ) g(@)] s d2 .
(1.5)
The collision operator in (RB) is Q(F, F)=Q*(F, F).

Lemma 1.1. For any functions ¢(v), f(v) and g(v), sufficiently smooth and
small at infinity, we have the four identities
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2[ 0t 99 do = (] ou o1/ ) /W) 8(0)~1(0) 80
?(v)
—f(w) g()] —Zgz)') du dv d@ . (1.6)
—o(u’)
The proof is given in Appendix II.

Lemma 1.2. For f, g as in Lemma 1.1, the collision operator satisfies
@ [othod =0 (o0 (fede =0, | vitr o (fg)d 0.
(b) [ orn 108 do0.

Proof. For (a) we choose successively ¢(v)=1, ¢(v)=v; (j=1, 2, 3), and
@(v)=+/1+v%. The identities follow easily. For (b) we choose ¢(v)=1-log f
and add the four identities in (1.6) to get
{ewnn atoen do = [{{ ow otrw) )10 s

+[log f(u)-+1log f(v)—log f(u")—log f(v")] dudvd®
= (] ou o0 70) 100 £ o 1) £ @} —log /@) £(0)} dudode.

This is non-positive because the logarithm is increasing.

It follows from Lemma 1.2 that, for the solutions of (RB), the mass
J Fdvdx, the momentum [ vFdvdx, and the energy [ \/1-+v? Fdvdx are invari-
ants. Furthermore [ F log Fdvdx is a non-increasing function of ¢.
Linearization

We shall now state our stability results in greater generality. First of all, we
may normalize the Maxwellian to be

#(v) = exp (—V/1+2? (1.7)
See Appendix I. It is convenient to change variables from F to f by
F=pt~/puf. (1.8)

Substituting (1.8) into (RB), we have

8, f+oF, f= 7—17 O+ 7 f, utES)
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1

[0, v/ & ) +ONE £, ) +—— QT /i ES)

Y NI
or
8, f+07.f = —v(v) [—Kf+0(f, f) (LRB)
where
5 1 —
off) = T O u i uf)
~{(* Vu " o(g, 0) /) 1) [@) —f@) [@)] dudg , (1.9)
v(v) = U ‘5%1—;3-2 o(g, 6) u() du d@ (1.10)
0 Y0
and

K7 = [[ £ 158 o, 00/ iy [ V@) )/ 0 S
+V u(v) f(u):| dud? . (1.11)
If F is a solution of (RB) and (0.5a) and (1.8) hold, then we have
= H V& fdvdx — SS o/ & fdvdx = SS VI[PV afdvdx. (111a)

The entropy implies the following dissipative property of the linearized op-
erator —v—K.

Lemma 1.3.
S (—v—K) f(©)-/(v) do<0 (1.12)
Sor any function f(v) which satisfies (1.11a).

Proof. We notice that

(—v—K) f = 2 [0,V E )T QN T f )] = —— QX VES) -
Vo Vou

In (1.6) we substitute p=x""2f and add the four identities to get

4 [ (-1 1-f do

— ({1 o otv/a@) 40 f@)+v/ ) ) 100~ ) 40 1)

v [0 | fa)  f@) _ fa) o
VG () S]] LD+ e \/ﬂ(u,)] du do d
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| f@) |, SW) S SO T g aa
SSS k2% ﬂ(u)ﬂ(v)l:\/ﬂ(wr)+\/u(u') \/ﬂ(u) \/'u(v)jl o

<0 since u(u") u(v") = u(u) u(v) .

This integral vanishes if and only if f(v) has the form

f@) = {a+b-v+c/TToR Vo) - (1.13)
Because of (1.11a), this integral is strictly negative.
Spaces

Now we define the spaces to which f will belong. In the x variable we use the
spaces C* of periodic functions whose k-th derivatives are continuous, or the
Sobolev spaces H* of periodic functions whose k-th derivatives belong to L2
Let X denote either C* for k>0 or H* for k>2. Let p,(v)=1+|v|?)*2
Define G,(X) as the space of continuous functions f: R3*—X for which

L1l = sup Pu(0)| f(0)| x<oo. (1.14)
Furthermore define G3(X) as the closed subspace of G,(X) for which
lim o, (2)| /(®)] x =0,
furnished with the same norm. Let
Y =either GYH') or GY(C¥ (1.15)
where >0, k>0 and />2.

Hypothesis on o.

We now state the hypothesis on the collision cross-section o (g, 6). It should
satisfy

B+1
a8 sin0<o(g, 6)<c,(gP+g%) sin?0 (1.16)
1+g¢
and
l 60 ‘ /7 ’ . ’
'—*Scs(gﬂ 42 %) sin Y6 1.17)
og |
where ¢, ¢, and ¢; are positive constants, 0£6<%, 0<8<2—-20, 0<0'<4,

B'>0, r'>—2, and either r >0 or

I7| <min{2—4, %—a, % 2—26—p)}. (1.18)



RELATIVISTIC MAXWELLIAN 309

Now we can state the main theorem, which is more general than Theorem

Theorem 1.1. Assume that o(g, 6) satisfies (1.16) and (1.17). Let Y be
either of the spaces (1.15), where a>%(3+ﬂ). If f°E€Y satisfies (1.112) and

|y is sufficiently small, then there exists h>>0 and a unique global solution
f(t, x,v) of (RB) which is periodic in x and satisfies f(0, x, v)=f"(x, v),f €
C([0, =); Y) and

Oy <cillflly e, 0<t<oo. (1.19)

§2. Estimates on the Collision Operator

We have seen in (1.9) that the nonlinear collision operator has the form

0 = [ o ole, 0 e f(w) f0)~f @) f(0)) du d
= Q~gain_Q~loss (21)

where the “gain” term contains the primes; the loss term does not. The ma-
jor result of this section is the following.

Theorem 2.1. Assume o satisfies (1.16)—(1.18) and consider any of the
spaces
GY(H") or GY(C?)
fora>p[2,1>2,k>0. Let||:||, be the norm in any one of these spaces. If
FEGS, then O(f, f)E G gy, und

WO (s NMla-prnZcIfIIZ. 2.2)
The map Q is continuous from GS into GS_g,,; in fact,
NG (£, /) —0 (g &)ll-sr < f1latlgll) 1 f~Ells - (2.3)

Here are two lemmas to be frequently used below.

Lemma 2.1. There is a constant c, depending only on the parameters in
(1.16)—~(1.18), such that

SSl e~ W2 g(g, 0) dR du<coh? 24
2l=1

Proof. Using (1.16) we have
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2z
gl _alg,0) dl)ScS (g-34g®) sin'~" 6 df
2l=1 0

<c(g~%+g%.

From its definition, g?<cu, v, and from Lemma 3.1, g> %z—l. Thus

8/2 ,8/2
S sd@<c [,"_o_”o_ﬂglz vg/z]
121=1 |lu—ov]?®
so that
ug/?. e—-uolz

gS e~ W% 6dQ du< colil?4covll? S .
121=1 lu—v]?®

The remaining integral certainly converges; the only question is its growth
I_'v_l’
2
and thus the contribution of these sets to the second expression is bounded.

On the set {I—Z—lﬁ |u| L2|v|} we write

in |v]|. On the sets {u: |u|>2|v|} and {u: |u| <%} we have |u—v| >

vg/zg ug/ze—-uolz < g ug e~ %2
Wiesluls2lel |u—v|® T ) |u—ov]?®

This expression is bounded as we see from breaking it up at |u—v|=1.
Lemma 2.2,
0, 0, (v)>c, 0, (V) for some c,>0. (2.5)

Also, for |v| large, say |v| >4, either |u'|>|v|/4 or |v'| > |v|/4. Here c,
depends only on a, and u’, v’ are defined in (0.3), (0.4).

Proof. Energy conservation implies

VI1H |92V 1+ u' |2 V1|22

and hence

I+ [0 2201+ [ |21 o' |7 = 4+2(|u’ |*+ [0'])
<AQ+|u' |4+ 0 ) <AQ+ W 1) (0]

Taking the @/2 power, we get the conclusion, where o, is defined in (1.13).
For the second statement, consider the invariant energy

e =V 1+ [ul?+V1+]v]2 = VI1+|u' [P+ VIF[V]?- (2.6)

Thus e>+/1+ |9|>>|vl. Let |v| >4. If the assertion were false, then
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2
e= \/1+|u’|2+\/1+|v'|2<2x/1+%

<2«/2 '”'

2 o] <|ol,
a contradiction.

Proof of Theorem 2.1. We consider the gain and loss terms separately.
From Lemma 3.1 below, we know that v,, is bounded. Thus in the represent-
ative case k=2,

S 10 QNI e || e[l 0 1@+ 1 £ /)]
1AI<2 121=1

+ 1 @) f(0) | + | fes@) f@) |+ | [2@) fo(@) | + | f@W) f2a(2) |1 42 du
=LA L+ +L. 2.7

The gain term satisfies the same bound with u, v replaced by u’, v’ in each
argument of /. Thus we write

331D} Gyain | <ClGo Gyt + G 8
where e.g.
G = || oem @)l s@)) duae, 29)
G, = {{  veo | )| f@)] duag,
etc.

We begin with f € Y=GJ(C¥). Consider the loss terms. For instance,

| Lel = ¢l £ur®)! {{ oCe, 0) e | )] 42 d

<co7'®) lou) 1) le-5up Lo 1) [ %2 .

Oo

By Lemma 2.1, the last integral is O(| v |#/?) so that

Pu(®)| Ls| <c [0]P2- || flla- pu(@) | f(0) ] 2.

Hence 0, (®) | Ls| <c||flla*0a(v)| f(@)|c2. Clearly, each of the loss terms
satisfies the same bound, so that we get directly

Pa-@(®)] Oross 1) (@) 2= || fllu* 0(®) | F(@)] 2 (2.10)
for f€Y=G(C?). It follows that Q. (f, /) EGS-(s2(C?) and
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1010sfs a=cary < I1.f 1l - (2.11)

Now consider the gain terms, still with Y as above. A representative
term is G, for which we have the estimate

1Gol <[ ve=ro | f@) frs0) | du a2
<03 [[ 0e= [0, S 1 ou(@) | fur@) 1 didl 2.12)
where we have used Lemma 2.2. By Lemma 2.1, we get
0u(0)| Gy| Seopn(®)-[5up )] /)| ci-sup £u@)| /@) (213)
Each of the gain terms is so estimable. Thus we get
Pu- @) Ggun /1) | <l 5uP 2u(w)| )| [ 58P pu(@)] f@)] e (2.14)
It follows immediately that
1Qgainlfe Nlla-carm e IS 1z - 2.15)
It remains to show that

00-21(0)| Qgain £1.) @) [ 2> 0 a5 [v]—> 0. (2.16)
Returning to (2.12), we assume |v| is large and partition the integral for
Gs.
p,(?)) I GGI S
f § | Jemwirmidee) eiaded.

{11191/} {1'1210174) 2.17)

In the first integral, the expression p,(u')| f(u')|,2—0 uniformly in (u, £2) as
[v|—o0 by Lemma 2.2. The second factor

00| f(¥)|c?
is bounded above by || f|ly, and the remaining integral is O(|v|?%) by Lemma
2.1. Thus we have
Pu-e2(©) | Gg| = 0o(1)-|| flly >0 as |v]—> oo, (2.18)

As noted above, each of the gain terms is estimable exactly as is Gg in (2.17)

and (2.18). This observation together with the estimate (2.11) for Q~,m( )
prove the theorem in the case Y=G%(C?), a>pg/2.
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Now we turn to the more complicated case f € Y=GY(H?), a>p5/2. We
begin with the typical term G,:

Gz | § €2 0 fuatt 5, ) £t 3, ) s a2
2
<0770) || { e 00u0) f1st, 5,0 0,0 £, %, ) s a2 dx
<o77(0) | ({ e awt) 2t 3,0 du a2
(S e~ ap%(v") f4t, x, v') du d!J) dx
<0;%(v) B e /% gp%(v") S&lpfz(t, x,v) dud.Q:l
SS e=%/2 6 p2(u’) f2:(t, %, w') dx du d2
<en22@) | e 002@) 11, 0)lhe du a2
| e a0t 11, w)llge du ag
1/2
<coz2(o) ([ o odua@ ) ({ e ouie’) 1, )l du 2 )
1/2
([ e oot 117Gl duae )™
Thus we have by Lemma 2.1,
2u(®) G l12<
1/4
elol? ([ e ool 17 o)l dud)
1/4
(S e aoh(u) | (-, w)lip du d@) . 2.19)

Similarly the term Gz admits the same estimate, since its integrand in-
volves f(u’) f,,(v"); thus the sup over x is taken on the f(u’)-term. Moreover,
terms G, G, and G; also satisfy the same estimate as that for G,, since they in-
volve only one derivative.

Hence we need only bound G, for which we have

6= | [ e o) 0 dudte | ax

_dudo
0u(u") 04(v")
<077 || | @ emrtty @ e o, ) 10

2
(@ e 0, (@) f0") dud @ | d

= | [ e putw) 1) 0@ 1.7



314 ROBERT T. GLASSEY AND WALTER A. STRAUSS

<03%(0) g (S el o dy d!)) (S ce"l? pMu’) f4u) du d!?)llz
([ o emeo oi) ricon d dQ)m dx

<c|v| 2 p3¥(v) US o el p(u') f4u’) dx du d!?:lm
[SS o e~ pi(v") f4(0") dx du d.@]m

<clv|? 03%(v) [S o e ph(u’) || £+, u')|| 2 du d!)]

[foemos@ s, ol duae ]

1/2

Therefore for G; we have the estimate
1/4
0u@) Galliz<c 012 ([ o e o4 1, )l du )
’ 1/4
([ o e 1@ 110, 0t du @) (2.20)

which is the same as the estimate (2.19) already obtained for G, Since all
of the gain terms are so estimable, we have now shown that

2u-p10(0) 33 1D} Qguial 1) @)l
<c (5 o el oA’y || (- )2 du d.Q>m
(S o e~ pk(@") || f(+, v")||42 du d!2>1/4 . (2.21)
The first of the integrals appearing here can be bounded as follows:
(§ o e o2y 17, w0t du a2}
<sup ) 1, )l (§ o o2 au a2) "
<clIflly191P2<c og,e@) 11 flly »
as can the second. (2.21) then yields
2a-311®) 311D} Oguinl £,.1) @)ll2<c |1 71I¥ 2.22)
ie.
1 @gainlfs Nla-pr<e I £112, (2.23)

which is one of the two estimates desired.
It remains to show that, for f € GY(H?),



RELATIVISTIC MAXWELLIAN 315

-0 | Qgasn o f) @lz— 0 as  [v]— .

This is achieved by partitioning each of the integrals as was done previously,
and by using Lemma 2.2. Explicitly, consider again the term G,, and let |v|
be large. By Lemma 2.2, we can write

+ D ‘ SWIZM €Sl (@) d.ledx]m. 2.24)

Each of these integrals is bounded in exactly the same way which led to (2.18).
In this manner, we obtain the following estimate, analogous to (2.20):

04(0) |Gyl 2<c|v|P#

. 1/4
et 0l(o") |1+, 0" dud@ )
{lw/1=121/4)

1/4
(] e antan s, wlte duag)
(l1=101 14}

14
+( | e okl il dude)

(1912101 /4)

( S et vpi(u’)Hf(',u’)llﬁzzd“d‘g)lq

(12101/4)
L A

+[o]P®- sup ,P,(v’)IIf(-,v’)IIHZ'lvl'a’sllflly]

{112101/4
<c|o|#2]|flly-o(1) . (2.25)
Therefore
Pau-pr() |Gll2— 0 as  [ov]—> oo
Now we recall that all other gain terms can be estimated as G, and G; can.

We partition G5 as we partitioned G, above, and proceed similarly with each
integral.

For the continuity of Q, we write Q~(f, f )—Q(g, g) in terms of /g and
f—g. By repeating all the preceding estimates, we obtain (2.6). The cases
1%2 and k=2 follow in the same manner. This proves the main theorem
completely.

§ 3. Estimates on the Integral Operator

Recall that the equation for the perturbation f (using F=g+#"%f) can
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be written as

fit o0 f = —v(0) f—Kf+O(f, f) (LRB)
where
v(0) = SS 8V 148298 0) iy dyae G.1)
Uy Uy
and

k7 — [ 8/ 15£7@ 0 Vit

Uy Vg

V@) @)+ u@) @)~ @) fWl dud? .  (3.2)
Here uy=+/1+|u|% %=1+ |v|% We define

1= uto) and j=l¥A%l (.3)
2 2g
Then from [7], [9] we know that K /=K, f—K, f, where K, , are integral operators
Koft%0) = | kwo)fxude (=1,2) G4
R
with the symmetric kernels
T3 ol
k(u,v) =¢ g_\/_lj_gz_e S‘ o(g, 6) sin 6d0 ; @3.5)
Uy Vg 0
ky(u, v) = &1+ SW e Mg (—~ E_ 1/’)
gy vy Yo sin (¥/2)
YA+V143%
o————I(jy) d, 3.6
Vi, () dy (3.6)
where
NCAY V'2g
i (3) = oo G

and I, is the Bessel function of imaginary argument of order zero.
We begin by collecting several elementary inequalities.

Lemma 3.1.
. [{uAv|*+ |u—o |72 1,
(l) 2"5/2 Y)élz Sgs? lu_vl
(i) oy =28V 1+g <9
Uy ¥y
2
(iii) [ PR
4g
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(iv) P—jtzmax {g+1, o [u—ol}
——g(1+ 21/4< <(g2-+-1)Yx(1 1/4
v) \/2 g(1+)% (w/2) (E+DY*(1+»%)
(vi) cos - 1‘0 >V
2 T2/ 1492

Proof. (i) The bound g£~2—|u—v[ is equivalent to 4g?< |u—v |3, i.e. to

2uyvy—2u-v —2<|u—v|? i.e. to
Uy Vg <u '0+1-|— lu—'vlz“l-‘- (lu|*+]2v]?).

Squaring both sides, we obtain the upper bound in (i). For the lower bound
in (i), we write

A+ [u]®) A4 ]2])—1+u-v)?
Uy Vyt-u-v+1
> lu|?+ o] 2+ | ul|?|v]|?*—2u-v—(u-v)
2u, v,
_lu—o|*+|uAv|?
- 2u, v, |

2g* =

(i) We have
2g/ 1+ g2+1<2(g%+1) = 2[ U, ‘vo~% u-v-+ ]<2u0 V-
(iii) From their definitions (3.3) we have

2 2
Pt = & oo~ — T+ v Ty - A2k

4¢’ 4g?
_ 82+ u*+v])+28" V14 [u]? Vit [o]* [uA0|*
4g?
Thus
4¢%(P—j") = A—|uNv|?
where

A =g 2+ ul*+ o> +2v/ 1+ [u|2V 1+ | v|%] -

Using the definition of g% we can write 4 as

4 =é—(\/1+|u|2\/1+|v12—u—v—l)(2w+1u12\/1+lv|2+2+lu|2+lvlz)
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R+ [ul?) A+ 2 1)+ VI [uP VIt [o[? @+ [u]*+o])

-1
2
=2V 1+ [u[AV1+[o|? @o+1)—Q+[ul*+]v]|?) (@-v+1)]

=%HuI“rIvlz+2|ulzl-vl’+\/1+|u|2\/1+!v|2(|u|2+|vlz)

— () @/ T TaPV T [oP+2+ |2+ 0] 2)]
= [l 191 (VTR [l T [o P02 ul o]

—2(u-v) (V1 |u|2V 1+ |o|2+1)]
=%[(|u|2+|fa|2)-—;—+2|u|2|v12—2<u-v><§+u-v>1

= lul*|o )" —(u-of+- L|ul*+|o|*~2u-0]
=|u/\7)|2—|——fT |lu—ov|2.
Hence
4¢P —j?) = A—|uNv|? =% lu—v|? = (g%+1)|u—v|?

as claimed in (iii).

(iv) In (iii) we use gsi] u—ov| from (i) to get 2—j2>g?*+1. Combining this
with (iii), we get (iv).

(v) From definition (3.7) we have

g \/gz~1+(gz+1)\/1+y2.

sin (¥/2) NE)

Now
-1+ +DV1+y*<g+1+(g+ 1)V 1+)?
<2g+DV1+)2.
This gives the upper bound in (v). For the lower bound we write simply
E—1+(@+DV 14y = (VI1+y2 =D+ 1+y*+1)
> g (v 1+1*+1).

(vi) The last inequality in (v) above can be restated as

S 2O TR

so that
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Viipi—1
c052£=1—sin2£21— 2. Y oiy
2 25 14V VigAtl

— b > )
I CVA TSR ) Ry TR,

and this completes the proof.

Lemma 3.2. Assume (1.16)-(1.18). Then there is a positive constant c,
depending only on r, 8 such that

c 1 B2 < y(v) < coll

for all vE R?, where vy=+/1+|v|?%
Proof. The lower bound from (1.16) gives us

v(v)=c S L V 1+e Vi S¢ sin'* 6 d6 .
(1+8) up v 0

The angular integral converges and has a positive value since 7> —2 in (1.16)-
(1.18). Hence

-y
v(v)>copt S g2 2y,
Uy

; luNv] .
By Lemma 3.1 (i), we have gzm, hence
lu/\.v]5+2 e %

V(‘Z))ch(,' 1 S _—
Uy u(()ﬁ+2)/2 .USB+2)/2

o . VT2 .
— coyBm-2 S S" PP 0| P+ sinft2 g e~ 142 p? sin ¢ dp dp
0 Jo (1+p2)(5+4)l4

— cogPm-2, || P42

for some constant ¢>0. For |v| bounded away from the origin we have
|v| >cv,. This gives the lower bound of the lemma in that set. When =0,
we have

VI 1]"

g:goE[: 5

and v,=1. Thus from the above formula we have

() >c S g8+ €™ g0
Uy

and this establishes the lower bound.
For the upper bound we write, using (1.16),
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wv)<c S 8V EH1 pn(g-t 1 gf) S"siny+1 0.d8 du.
Uy Uy 0
The angular integral converges since [7|<<2 if 7<<0. Recall that 0<d <%.
By definition, g*<cu,v,, Hence
g\/ﬁ-g“s =g v/ g+ 1=ty 0o) (1 1y vo) P < cuty v, -

Thus the contribution from the g=? term is bounded. As for the g? term, we
estimate

ﬁ B+2)/:
S_M& e du<c S o 2) TP oy s — O(B) = O(|0|P)
Uy Uy Uy Vg

as desired.

In Section 4, we will need the following addition information about the
function »(v).

Lemma 3.3. p,v(v) is locally bounded.

Proof. By explicit computation, for j=I1, 2, or 3,

i v(v) = i (@eh- SS L___.ng"*_l o(g,0)e " dudR
61;1. avj

+{f=> 9 [g\/gzﬂa(g,a)l dudﬂ

Uy vy 9
Since 52—(7)0 )=0(vy?), the first term is O(v®') by the previous lemma,
v

i
For the second term, we note that by definition

a A 5 .1 19
4g%gj = 0,7/ 1+ |u|® —u;
_ VI[P @;—u)+u (VI [ul =V It [o])
V1t[o]? °

The function x— /14 |x|? (from R3—R") has Lipschitz constant bounded

by 1, hence

agl (V14 ul?+u])|u—v|
= 1+ o] '
We use Lemma 3.1(i) to bound |u—v| <2uj”? vy g. Thus lg—g—l <c(1+|u|®*
v,
J

(a+loly™
Next we compute the middle term in the second integral
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I—(g\/g +19)|=|Vg+1 +\/—+—+g\/g +10]

S2\/—gz—l_ o+g \/g-—l ag‘

<ev/g+1(g7 4¢P sin’ 0+-g/ g2 1(g"' +¢%) sin” 6 .
We need only check that this produces a locally integrable expression. Firstly,
if 7 and/or 7’ is negative, both |7| and |7’'| are less than 2 from (1.18);
therefore the angular integrals converge. Those terms invelving g with positive
exponents are easily bounded using gS% |u—v| from Lemma 3.1 (i). The two
terms which may be singular in g are

g

If 0 <1, the above reasoning applies to the second expression. We use Lemma
3.1 (i) again to write

and g%,

z clu—v|
T uil ol

Since 6<%, the first term g~ is clearly locally integrable. The second g'~%
is as well since 0'<<4 by (1.17). This completes the proof.
Next we estimate the “easy” kernel k,(u, v) given by (3.5).

Lemma 3.4. Assume (1.16)-(1.18). Then there is a positive constant c
such that

1/2
ky(u, v) <.
lu—v|®

Proof. From its definition we have

ky(u, ) = BV 148 \;;Jrgz e S:a(g, 6) sin 0 d .
0 “0

Applying (1.16) and noting that the angular integral is again bounded since
7> —2, we have

ki(u, v)<ce ' (g~*+gP)
where we have used Lemma 3.1 (i) to bound v,,. Again we use g° < (u3/2 v3/2)P
<c(uy+v,)P<cl®. From Lemma 3.1 (i) we also have

g <c w§Pv c(uo+vo) cl® '
N Iu—’0|8 lu—o|® — lu—-vl“

This proves Lemma 3.4.
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Below we require estimates on special integrals involving the Bessel func-
tion Iy(x) of imaginary argument. Here we collect several such results.

Lemma 3.5. Let R>r >0 and consider

oo - o —RV—‘_z
SR, 1) = So e B x Irx) dx; SR, 1) = So e ® 1+ x Irx) dx

V14x
Then
R 1 v, . e -r-12
L(R:r)=m[1+m]€ B JZ(R’r)—_—\/_RiT—rZ'

Proof. With u=+/1+ 2 J, becomes

R, 1) = [ e 1 /i=1)
1
which is a known integral (cf. [16], p. 722, No. 2). The J;-result follows by

noting that, at least formally, %‘;—;z —J;.

Corollary 1. For I, j defined in (3.3) and 0 <2, let

7{ = S: X eXp (““l\/—l—m) I(jx) (14+-x2)~¢% dx .

Then
T <cP-52 g-l—viz

Proof. After the identification R=/, r=j we apply the Lemma. Since

PP—j*>1 and l"’—-jz_>_% |u—v|? we obtain the stated results for I, and 7, im-

mediately. For I itself we write

I = 5“ [x572 Iy(jx)%"% exp (—IC\/T+x2/2) (1-+x3)~5/4
0
<[4 I, jx)= %" exp{—I[1 —¢/2]/ 14-x2} ] dx
and use the Holder inequality with indices p=2/¢, p’=2/(2—C) to get

I <R TE-Or L [co=WDIuvI|l2 [plo=WUDlu-vIL=L/2 L p[1=L/2 o= lu=0if2
as claimed.

Corollary 2. For I, j defined in (3.3) and 0<¢ <2, let
Rett) = [ exp (—13/TH3) 51,(j3) (143967 ds

Then
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Ryl j)<cl+in eme-nre,

Proof. Since K,=I,, the bound is clearly true for {=0. For K,, notice

that
Sw exp (—I/1+x? xIy(jx) dx

0

by Lemma 3.5. Differentiating with respect to / and setting Ry=+//*—;

g" R(R,j) dR —
1
-V ,2_1-2

we get
Ry, j) = R3® e~Ro[(R2+3Ry+3) P—R:—R3]
Again we use R,>1 and Roz—l— |u—v| from Lemma 3.1 (iv) to obtain

K, j)<Lcl emlu012

For K;, 0<¢ <2 we write
R S” [xg/z -V 1422 Io(jx)g/z(l+x2)g/4],[x1—§/z e-la sV 147 I(Jx)l :IZ] dx
0

and apply Holder as before with indices p=2/¢, p' =2/(2—{) to obtain
Ry SRR RS2 <L co=1n=0\E(PLL2 . (IY1=4R L c[1+E12 g lu—sll2

as desired.
Lemma 3.6. Let |7| <2 and let 1, j be as in (3.3). Then there is a constant

¢>0 such that
L= Sl X e~ e I(ix) dx<cy e~ PP <oy e~ UDelul
0
Proof. Since |r|<2 the integral converges near x=0. Using the in-
tegral representation of the Bessel function I(x) we write
! cosh (jxt) dt dx

e |
I, = — 1-1Y] Vi+x
L ox ¢ a4 Vi

1 1 1 —

<c S [S xt=1 ot 1422 +ix dx] dt
-1V1—¢2

<cymax [e-1V 1 +ir) |
0<z<1

By elementary calculus, the maximum of the function

8(x) = —IV14+x+jx
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occurs at x=0, 1 or when g’(x):%—i—jzo, i.e. when x=xo=\/—%.
x —J

If x,<1, gx)<g (\/12—)
creasing on [0, 1] and hence for x&[0, 1]

g0 <e(l) = —/ T <—(vVZ D IS (V2 —1) VP

as desired.

—+/[F—j? for any x€[0, 1]. If x>1, g is in-

Finally we estimate the complicated kernel k,.

Lemma 3.7. For the kernel k, we have the estimate
C(l + '7) I )[3|1|+ﬁ+28]/2°e—clu—v|
HuAv*+ |lu—o |2 lu—o| ¥+

provided |v|+B8<2, | 7| <2 if r<O.

ky(u, v) <

Corollary. The kernel k, satisfies the same bound as k,.
The Corollary follows from Lemma 3.4.

Proof. From (3.6) we have

57 (= _ (VTR .
= (e TR o (G ¥) T W9 d

Since s=4(g?+1) and gS% |u—v| by Lemma 3.1 (i), we have

kz(u, v

532 c[14+ |u—v | P (3.8)
g v, uil v [|uAv|*+ |u—v | '

Then by (1.16) we get

A

c[14 |u—v|P? S“ ) -1V 17 2 gin?
Kl O) S o Ao 4 [u—o [ J D € sy

o{g (sm1/’> +gﬂ(sm32”> }dx.

Now sin y=2 sin (¢/2) cos (v/2). If r>0 we simply use |siny|<1. If
7<<0 we use (v) and (vi) of Lemma 3.1 to write

g L X cgx
(EHD A+ VIR (e
Thus whatever the sign of 7 may be, we have

e[+ |u—o| 7"
W o uA o]+ |u—o] 7

sin ¥ >c¢

ky(u, v) < SN xIy(jx) e~ 1+
0
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_{(gz—Fl)('g"":lz(;l;{l—xz)a”'ﬂ} {g=3(14-x0) 31 (2+1)P2(1+x2)P1) dx

where we have used Lemma 3.1 (v) again. We rewrite this as

c[l+|u—v|P”

ky(u, )< E,+E 3.9
2( ) uélz‘v(l,/z[lu/\-v]z—i—|u—-v|2]1/2 { 1 2} ( )
where
E, = (82‘18‘ nmz S” X I, (jix) e~ 1 (14-xB) BN -02 gy
g o
E, — (& DEHmE r X1 I (jx) €117 (1) C+Bs gy
g 0

Both of these integrals are broken at x=1. By Lemma 3.6, the integral over
[0, 1] is O(e~¢!*~*!) for some ¢>0. In the integral over [1, c0) we can replace

x~" by (14x%)~1/2 and can then replace Sm(---) dx by Sw(---) dx. In this man-
1 0
ner we get

171/2 o0 —
EIS—C(g;:Fr—Ily). [e-f'u-vuLS0 X jx) e+ (14 X200 dix] 5

(B+1Y1)/2 o _
E,< ﬁi&ll [e—clu=0! _|_S xI( jx) e~ T+ (1 x2)UN+BIA dx] |
g 0

Since |7|+£<2 and |r| <2, the first integral here is bounded by a multiple
of the second, for which we have the upper bound

CIMFADAYI+B) o= lu-vl/2

by Corollary 2 to Lemma 3.5. Hence

—clu=vl J(IYI+B)/2+1
g6+WI

PARSPARS [ DM gd (g 1P

In the last factor here we use gS% |u—w]| ; the positive powers of |u—wv| which

result are absorbed into the exponential. As for the denominator, we use Lem-
ma 3.1 (i) again to get

e clluA D]+ [u—p| O+

4
uBTIYI/2 gy(3+1¥D/2

It follows that
B | 1| B, <CQs ol [mep gelems
[uAv|*+ |u—o|}E+02
clGII+B+28)[2+1, p—clu—v]

lu—o|3*+M
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Now l=~;—(\/1+|u|2+\fl+|v|2). We write |u| <|u—v|+ |v]| and replace

|u| by /in this estimate. Then we have (with a smaller constant ¢>0)
YOIN+BH2IL2, |, p=clu]

c(1+|v]
|E|+IE] < PR

Using this in (3.9), we get

] (1+ I’” ] )(3I'i|+5+28)/2,,e—c|u—a|
ko, 0) < < . (310
)= ué’zvé’z) [HuAo|*+|u—o |2 |u—o| >+ (3.10)

The first factor

e | _ 1 JITTP+VITD
\/”0710 2 (4 |uld0+ 0P

can be dropped for the following reason. ¢ is clearly bounded in the set
%IuISIvISZIuI. In the set |v]|>2|u|, é<c(1+|v]|D¥ and |v—u|>

i|fal. Thus
2

f.e—clu-vl — (5,e—clu—v|/2) e—clu—u[/Z
S(C(l-f— I v I 2)1/4 e—ﬂlvll4).e—(clz)!u—vl < ce—eDu-vl

A similar argument works in the set |v]| <%|u |. Thus we have finally proven
Lemma 3.7.

Lastly we deduce several integral properties of k(u, v)=ky(u, v)—k,(u, v)
which will be used later.

Lemma 3.8. Assume (1.16)-(1.18). Then k(u, v) is a symmetric kernel which
satisfies

(@) sup, [|k(u, v)|du<oo

(i) sup, [ kX (u, v) du<<oo

(i) Sk 2)|(1+|u|H)™" du<c(14|v| Y12+
Jfor any >0, where

7= 1—% B17|+8-+28]>0.

Proof. The fact that >0 follows from (1.18). We omit the proof of
(i). We do (ii) explicitly because the singularity is much stronger in that case.
Thus we have by Lemma 3.7
e %lu=vigy

[uAv |2+ |u—ov]?|u—o|2M+D

S K, v) du<c(1+ |v|)3m+s+zs$
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We write u Av=v A (v—u) and set po=|u—v|, |vA(v—u)| =|v|osin 6. Then
o S" 0?2 e~%P sin 6 df dp
o [|v]20? sin? 6+ p?] P*IM1+®)

“ * in 6 do
=c(l+v am+ﬂ+sz o-21TI+8) e_chS _ sinfdf
(+leh 0 o |v|?sin? 6+1

S K(u, v) du<c(1+ |v])Pi+p+2s S

0

By explicit computation, the angular integral is O(|v|~% In|v]) for large |v].

The remaining p-integral converges since |7|-+0 <% by (1.18). Thus we have

[ K 0) dueqnio]) a4 o pmepen-z,

Since the exponent is negative by (1.18), (ii) follows.
Turning to (iii) we note that k(u, v) decays exponentially in |v| on the set

[u] <% |2|. On the complement, using Lemma 3.7 we have

g| 1> 1l lk(u,v)](1+|u|2)—w/2du£c(1+|7)[z)—w/25 | k(u, v)| du
ul>1vl/2

—clu~v| du
<c(l+ 9321+ | (1/2)(3I7I+28+5)S e
A+ o]~ (1+]v]) oA G a7

<c(1+4 | o |2)-@D+EIN+B+EA = (*0*sin e~ db dp
<c(l+1vl|9 - i
o Jo|v|posinf-p

<c(+|v| 2)—(w/2)+(3l71+28+5)/4—(1/2)
— c(l + | b | 2)-(1/2)(w+’7)

as claimed.

§4. Smoothing

In this section we prove that the linearized operator X is smoothing relative
to the rest of the equation. The precise definition of smoothing is as follows.

Definition ([20]). Let 4 generate a strongly continuous semigroup e~*4 on
a Banach space Y. Let K be a bounded linear operator: Y—Y and define

U@ =K, Uy0) = | Uyeils) Ue—9) ds @.1)

for n=2, 3, ... We say that K is A-smoothing if there exists an integer / such
that

(i) U,() is a compact operator for each >0

(i) 2+ U,(¢) is continuous from (0, o) into -L(¥, Y) in operator norm.

Lemma 4.1. ([24]) Let A and K be as above and let
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W(tD cee tl) = e"hA Ke-sz K"'e—tl‘q K.

If there exists a positive integer | such that

(a) W, -, t)) is compact for each positive t,, t,, -++, t;, and

() (ty, ==, t)=>W (1, -+, 1,) is a continuous function from (0, o) into L(Y, Y),
then K is A-smoothing.

Proof. By definition,

t £S,_ S,
o) = [ (7 [ W si—s s s ) dsedsyn, @2)

040

from which the lemma easily follows.

Theorem 4.1. Let K be the integral operator (1.11) and let A=%-V .+v(v).
Then K is A-smoothing in each of the six spaces

LA(HF), LA(C*), Go(H"), Go(C*), G,(H*), G4(C*) “4.3)
for any integer k>0 and a>3/2.

These spaces are defined in §1. We shall prove this theorem via a series
of lemmas.

Lemma 4.2. If A=9-V-+u(D), then e~*4 is a bounded linear operator on each
of the six spaces (4.3) with norm at most Ce™"*, where v,—=min, ¥().

Proof. The operator generates the group
(e7f°) (x,v) = f(t, x, ¥) = e™*® fox—1D, v) .

Let X=either H* or C%*. Then

£, -, 0)| x = e (-, 0)| x . (4.4)
Therefore
17 -5 i = 4] 0" 1%, 0)  dop
<e ™ || fl 20 4.5)
and

L@, =5 sty = sUp u(0) e | f°(-, 0) | x
<e ™" || fleux - (4.6)
The conclusions follow easily.

Lemma 4.3. Let K be any integral operator with a kernel which satisfies
the conditions of Lemma 3.8. Then for any Banach space X
(@) K: Gy(X) = Gyrn(X)
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(b) K: LX) — Gy(X) N LAX).
Proof. For (a) we have
KN @) < 1 )| (-1 | £ da
<{ Ik o)1+ du 1l
Multiplying by (1+2%)«*+"/? we deduce that

1K Nlowsn=<c Il /lc -

The continuity of Kf(v) follows similarly.
(b) For fel)(X),

| KF@)—Kf o) <A 1k, 0) —kGa w12 iy 11112

It follows that Kf(v) is a continuous function of ». Also ||Kfl|g,=sup
|Kf(@)| <c||fll;2. In order to prove that Kf € L2, we use Schwarz’ inequality:

| K/@)12<A] 1kt ot 4] 1G] 170012 i

Integrating over v and taking the supremum of the first factor, we get
&7z <4sup | 1kl dup ([ 1kt 0)1do | £ 12
<{fsup | Vil {sup | 1K1 de} 1171152

Lemma 4.4. Let X be either H*=H*2) or Ck=C*(2). Letp, q=C7(R®).
Let Q be the operator of multiplication by q(v); that is, (Qh) (x, v)=q(v) h(x).
Let P be the integral operator

) (0 = |, p(0) hx,0) do.

Then t— Pe~*4 Q is a continuous function of t with values in L(H* H*Y) and
also with values in L (C*, C**Y), for each integer k >0.

Proof. For any hE X, we have
(Pe4 O1) () = | p(@) =14 4(@) hao

- S P(0) &Y% (o) h(x—1b) do . @4.7)
Let
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4 -t4
hy(x) = —— Pe~*A Qh
ox ;
— S P(©) q(2) YOO ) (x—1) dov .

Let 9=v(1+ |v|?) Y2 or v=0(1—|9|?)~¥2. Changing variables in the integral,
we have

h;(x)=SA pge™ (@ ;h) (x—13) (1—|9|%)~>* db

lv1<1

= L{. 2t 1619 hx—r6) do
191<1 6

-~

67)

—|dv.
8

- $ h(x—tv) 3o [pqe-*”(1+ |-v|2)5/2]

In this integrand appear the factors

99; 59| _ (5,,—, 0;) (14 [0 |91+ |0 |95
az;,. 0v

By Lemmas 3.2 and 3.3, v(v)>c|v| P for large |v| and 8v/0v; is bounded on
bounded sets. Hence

llallx<C@)llhllx  for t=0 (4.8)

where X=H* or C* and

Cw = [ 1ntpgeroa ol | AL <o

because both p and g have compact supports. Inequality (4.8) leads to the
conclusion.

Lemma 4.5. By a degenerate operator, we mean one of the form
N
K= ;;,: Q;P; 4.9)

where Q; and P; are defined as in Lemma 4.4 with functions q (v) and p (v) in
C7(R?), for j=1, ---, N. Then, for any positive integer I,

J = Ke 14 Ke~t24 K-.-Ke™ 44 K (4.10)

is a compact mapping of LA(H*) into L H*"*-%) for all 6>0. Also J is a conti-
nuous function of (t,, -++, t;) with values in that space.

Proof. We write J as the finite sum
J=310;[Pj e " Q- [Pj, e 4 Q;, 1Pj, .. 4.11)
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The operators in each square bracket map H* into H**!, according to Lemma
4.4. Furthermore the extra factor P;,  maps LH*) into H*, and the extra
factor Q;, is simply multiplication by a test function. Therefore, J: LA HY—
H(H*), which is compactly embedded in LA H**!-%).

Lemma 4.6. Let K be any integral operator with a kernel which satisfies the
conditions of Lemma 3.8. Then there exists a sequence of degenerate operators
K, (in the sense of the preceding lemma) such that ||K,,—K||—0 as m—> oo where
[| || denotes the operator norm in L(Y, Y) and Y=LXX), X being any Banach
space.

Proof. Let Z,(v) be the characteristic function of {|v| <m} and let M,
be the operator of multiplication by x,. Then
K=M, KM,+M, KI—M,)+(I—M,) K. 4.12)

The last factor is estimated as at the end of the proof of Lemma 4.3:

=) KIP< {sup | (12, @) k(w 0)| - fsup | (1—2,(0) (e, 0) | o}
<c(l4+mH)"? -0 as m— oo,
Similarly,
M, K(I—M)|<||K,(I—M,)|| >0 as m— oco.

Secondly, we approximate the square integrable kernel ¥,(v) k(u, v) ¥,,(u) by a
degenerate kernel 33Ym ¢ ,,(v) p; »(v) where p,, and g, belong to L R®).
Finally we approximate each p;, and g;, by test functions in Cr(R%. The
conclusion follows easily.

Lemma 4.7. If K is any operator satisfying the conditions of Lemina 3.8,
then K is A-smoothing in LX(H*) and in L*(C*).

Proof. By Lemma 4.6 there are degenerate operators K,, which approxi-
mate K in operator norm. For fixed m we apply Lemma 4.5 with /=1 to de-
duce that K, e~#14 K,, is compact from L*(H*) into L*(H*) and is a continuous
function of t. Therefore, by Lemma 4.2, e~%4 K, e7%14 K, is also compact from
LX(H¥) into L*(H*) and is a continuous function of (%, ?) with values in
L(LAH*), LXH*). Now let m—oco. It follows from ||K,,—K||—0 and Lemma
4.2 that

lle~*4 K,, e~ K,,—e~ "4 Ke 14 K|| — 0 (4.13)

uniformly for (¢, #,) belonging to any compact subset of (0, oo)2.. Hence
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et Ke~*4 K is also compact and is a continuous function of (%, #;) with values
in -L(LYH¥), L2(H%). By Lemma 4.1, K is A-smoothing in L*(H*).

For the case of L*(C¥), the proof is similar. Let K,—K in L(L¥C?),
L2(C¥). We apply Lemma 4.5 to get

K,e 4 K, K, e 14K,

compact from LA(H*) into L2(H**!-%), as well as continuous in the #’s. Hence

e tA K, et K, K, e 14 K, (4.14)

is compact and continuous from L*H*) into LA(H*"-%). Now LXC*HC L¥(H*)

and L¥(H*'-%)C L*C*) since the domain of the x variable is bounded and we

can use the Sobolev embedding with />3/2. Therefore (4.14) is also compact

and continuous from L*C*) into L*C¥) by choosing /=2. Letting m—>co as
above, it follows that

e~td Ke=h4 Ke 24 K 4.15)

is compact from L%C*) into L*C*) and a continuous function of (z,#, 2,).
This proves that K is 4-smoothing in L%(C#).

Proof of Theorem 4.1. The first two spaces in (4.3) have already been taken
care of. Let X be either H* or C*. By Lemmas 4.2 and 4.3(b), the operator
e ™ K maps LYX)—>G,(X)—>G,(X) continuously. So by Lemmas 4.2 and
4.3(a), the operator

D =e 14 Ke 24 K -eee7"04 Ke™4 K (4.16)

maps LE(X) continuously into Gy,(X). Hence D also maps LX) into GY(X)
for N>a/s. On the other hand, by Lemma 4.7, there exists an integer M such
that

E =e 1" Ke™*2A K---e™*u4 K 4.17)

is compact and continuous from L% X) into LA(X). So the composition DE is
compact from L*(X) into G3(X) and is a continuous function of (r,, «--, ry, 7,
Sy, o0, §y) into LILHX), GY(X)). Since GH(X)CT G, (X)CLXX) for a>3/2, it
follows that DE has the same properties from G,(X) into GY(X). Therefore K
is A-smoothing in G,(X) and also in G3(X). This completes the proof.

8§ 5. Proof of the Main Theorem

First we quote the abstract perturbation theorem of Vidav-Shizuta ([20],
[24])).
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Theorem 5.1. Let Y be a Banach space; A, K as above. Assume that
@ e ™|<Me ™ (all t =0, some v, real)
(ii) K is A-smoothing on Y. Then

(a) A+K generates a strongly continuous semigroup e *“+5) sych that

o(e ) (1 {2: 2] <e

consists of isolated eigenvalues of finite multiplicity.
(b) o(—A—K) consists of a finite number of eigenvalues of finite multiplicity in
each half-plane {A: Re 2> —v,+06} for every 6>0. These can be labelled by

Re 24,>Re 4,=>--=>Re Ay> —y,+90 .

Let {¢;}?_1 denote the corresponding eigenfunctions. Assume for simplicity
that these eigenvalues are simple. Then there exists a constant cg>0 such
that

n
He—t(A+K)_i§1 e (Proj. on ¢j)||_L’(Y,Y)£c3 e(~Votdt

Sketch of the Proof. A sequence of operators {E,(¢)} is defined recursively
by

E@)=e*K
B = [ Eu) Bt—5) ds (=23, ).
0
By induction we get
MIK|" ey ey
E,@)||<—"—"1t ¢,
L TR

Once —A—K has been shown to be a generator, two additional sequences are
defined by

H,(@) = St E,(s) e~ (~9(4+E) gy,
0

R,(1) — j‘ E,(s) H,(t—s) ds .
0

The map ¢— H,(t) is easily seen to be continuous in norm for ¢ >0. The ope-
rator R,(¢) is shown to be a uniform limit of

Ri(t) = S’ E,(s) H,(t—s) ds

as e—>07. Since E,(s) is compact by assumption, so is R,(t). Now set



334 RORBRERT T. GLASSEY AND WALTER A. STRAUSS

14
Fi(t) = S E(s)e~¢-24ds.
0
Then using the identity

t
e HATE) e—tA+S =S4 Ko~ (t=)(A+K) Jo
0

one gets by induction

et — O ()+R,(t) n=1,2,3,

where
0.(1) = e+ 5 | Bs) eme-0t s
i=1 J0

Using the above estimate for ||E,(¢)||, we get
M K"
n!

t" e Vot

IF@I<

from which it follows that

-1 Jri+1 i,
O, e vt E]IM H
i=o j!

The key step is to apply Weyl’s Theorem to conclude that the essential spectra
of 0,(t) and e~*“4*% coincide, since R,(t) is compact. By the bound on Q,(z),
the spectrum of e~*“4*%) outside of the circle with radius e~*"o must be discrete.
Then, after appropriate use of the spectral mapping theorem, the result follows.

Lemma 5.1. Let X be either C* or H', 1>2. Let Z={f<=G%X): f satis-
fies (1.11a)}. Then for every t>0, a>3/2,

e MAYE) . 7 — 7 withnorm <c,e™" for some h>0.
Proof. Let
e™™ =max {|e?| (j=1,:+,N), e ¥4}
ie.h=min {Re2;, (j=1,-,N), v—0}.

By Lemma 1.1(a), for all functions g which are sufficiently small at infinity,
we have

[ 0w 8 do = [ 00*(w, £ do = [ v/ T ToP 0¥ 8) 0 =o0.

Hence for f satisfying f;+ (44 K) f=0,
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SS Vi (A+K) fdvdx — SS v /& (A+K)fdo dx

= || viTr va utm s as =o.

Therefore e~*“*X) f is orthogonal to the five-dimensional null space if f; is.

Now we convert the L’-statement of Theorem 5.1 into an assertion in
the space Z. It suffices to take X=L?%. We claim that, for @>3/2, there is no
point spectrum in the region Re A>0. Indeed, if (4, g) were an eigenpair with
03=geZ, we would have

V. g+v(v)g+Kg=—2g (5.1)
for some complex number . Now
GYX)CLXL* whenever a>3/2.
Indeed, for any H €GY(X),

<y = 1117 do dx = | o70) [ 020) | 17117 a5 | do<c i
since p 2 L! for a@>3/2. Therefore we have
SS lg|? do dx < oo

ie. geGIC [X(L?. Multiplying (5.1) by g and integrating, we get, since

g*(@+b-v+c 1+ [9|) V u(@),
0<{(v+K)g,g> = —Rea<g, 2. (5.2)

Here we have used Lemma 1.3 to get the strict positivity. Thus for each j,
1<j<N, we have Re 1;<<0. Therefore #>0 and the proof is complete.

Lemma 5.2. Let X=either H* or C™ and write ||-||=||-||x. Assume (1.16)
and choose any h such that v(v)>v,>h>0. Let fC([0, o), GAX)) with the
property that

[1f1ls,5 = sup e [l f()lla<oo .
o<t
Let F, , be the linear space

F,» = {f€C(0, ), Gx(X)): | flls,s <} . (5.3
Then

g@) = S: ve~ =94 f(5) ds
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belongs to F, ;, and ||glls,s<c || f|ls,4 for some constant c.
Proof. We see that
g(t, x,v) = S: e~YOE-9) y(v) f(s, x—0(t—s), v) ds
and hence

t
gt -, D<) [ e 1165, -, )] ds (54
0
for either choice of norm. Thus

t
0

lig@, -, )| <v(v)-sup {e" || /s, -, V)Il} S = (=M@ =hs g
s<t

<ﬂ.e—ht-sl§ {e™ || f(s, =, D)} -

" v(v)—h
Since the first factor is bounded by choice of 4, we get
0u(®) llgts -, )| Sce™™ sup {ou(@) e || /G5, -, )]} (5.5)

Now we claim that for f €F, ,,
pw(v)ehs”.f(ss '97))”_>0 as I‘(')l—><>0’

uniformly in s for 0<s<¢. For if not, there exists ¢,>0 and sequences {s,} C
R, {v,} C R® such that 0<s,<t, |v,|—>cc and H(s,, v,)=0,(v,) €"*|| f(s,, *,
v,)||>¢. By compactness we choose a subsequence {s, } for which s, —se
[0, £] as k—>co. Then

IH(Sn;,! 'vn;,)l < IH(Suks 'vnk) —H(S, 'vn,,)l + | H(S, vnk)l
SS}lp lH(Sn,,a 'Z))—H(S, 7)) | + I H(Sa ‘Unk)l .

As k—>oo, | H(s,v,,)| can be made arbitrarily small, because f, as a function
of v, belongs to G°. For such a large choice of k, the first term also can be
made arbitrarily small, since H & C([0, o), C,). This contradiction proves the
claim. Returning to (5.5) then and multiplying by e", we see that

gEF,, andthat [lgllss=<clflls,-

Lemma 5.3. With the notation of Lemma 5.2 in force, let B=A+K and for
O<h<vylet fEF, ,={fEC(0, ), Z): || flla,s<0}. Set

g0 = | e 500 1) 5.

Then gEFy, , and ||glls,s<c || flls,4 for some constant ¢, provided a>(3-+ B))2.
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Proof. From the definition of g we have
Igla-p < lle¢=2711 e di-max {6 |1 Flla-13 -
Now choose A;, with 0<<h<<h;<v,. By Lemma 5.1, we know that

lle™2||<ce™* (120)

for @—(4/2)>3/2 and some constant ¢. Here the norm is the operator norm
from Gg/(X) into itself. Since

3 e—ht
S e-—hl(t—-s) e—hs dSS
0 h—h

we get from the upper bound in Lemma 3.2

lg@Olla-pra<ce ™ Uflla,n-

Thus we have gEF,—gy,,5 and ||glls-gr2,s < || f1la,» provided a>(3+4)/2.
Next we derive a simple representation for g. From its definition, g(0)=0
and

g+Bg =vf.
Since B=A-K, this is the same as
8:+A4g = vf—Kg
so that
g(r) = S: -9y fds—S: et K g ds= 111 (5.6)

By Lemma 5.2, ||I||, s <c ||f|ls,5» Term II is rewritten as
- —gz e=t=94 ,(,-1 K g) ds . G.7)
By the first part of the proof, gEF, g, ;. Using Lemma 3.8 (iii), we get
Kg EFypppins
where 77=1~—% (B|7r]|+204+£)>0 from (1.18). Then with the lower bound
from Lemma 3.2 we have
V1 KgEF, 10, CF, ;.

Lemma 5.2 can now be applied to term II. Lastly, from the proof of Lemma
5.1, g is orthogonal to the five-dimensional null space if fis.
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Proof of Theorem 1.1. The perturbation from equilibrium f, defined in
§1 by (LRB), satisfies the equation

fi+Bf =0 f)

so that formally we have
S0 = e 1o+ [ e QUL e
0

where f|;,o=/°. By Lemma 1.2(a), Q preserves the orthogonality conditions
(1.11a). Define the operator Q) f by

0f@) = e o+, e 6(, 1) dr 58)

Here we take X=either H*(k>2) or C"(m>=0), Y=GX), a>(B-+5)/2, f’°=Z
and f€F, ; for 0<h<y,. We will show that Q) f has a unique fixed point
provided || /7|, is sufficiently small.

Firstly, from Lemma 5.1, we have

lle=*2 fOlly <ce™™ || flly -

Secondly, from Theorem 2.1, we know that for f €F, , we have a constant
¢ independent of ¢ for which

10U/ @), fE |- Il FOII2 (5.9)

for each fixed  >0. Applying Lemma 5.3 to
t ~ t ~
(e B(fryds = || ememm i G 1 s, (5.10)
0 0
we get the bound

”Qf”a,hgco I|flly+a ”f”azuh (5.11)

for a>(344)/2.
Consider the closed ball B of F; , given for §>0 by

B=A{fE€Fsu:lIfllas=<} .

We take f°=Z with norm

)
o< 9
Wl =<—

0

Then
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0
0 s +e 2.
Choosing 0 <1/2¢; we get
d , 0
<—+— =90
1O flla, TS

so that () maps B into itself for such 8. From Theorem 2.1 (equation (2.3)),
for f;, ,EGS we have

10Cfe /) — 0> Mllapre <l Alla+1 folla) il - 23)

Taking f,, ,EF}, , we compute Q f; —0 f, and use (2.6) to estimate the nonlinear
terms in (5.10). Tt follows that Q is a contraction, so that () has a unique
fixed point, and the proof is complete.

Appendix I: Determination of the Maxwellian Parameters

We are given a smooth non-negative function F%(x, v), periodic in x and
decaying in v. We seek 5 parameters ¢>0, a= R and b R® such that the
function

u() =exp (a+b-v—c /14 9|9
satisfies

0— SS (F'— 1) dx do — SS o(F— ) dx do — SS IF [o[HF—u) dx do .

We write e*=a. Then we need to solve

A = Sg Fodx dv = (275)3 a S eb-u—c“ 1+1%2 o , (1)
B = SS oFdx dv = (2n)® a Sve""’“le"lz dv, Q)

c=||vizrradw=ceya| vizppe e @
for @=¢" and b and c.
Theorem. The nonlinear system (1)-(3) always has a solution a, b, c.
Proof: First we show that the relation
A*+ | B|*<C?

among the given parameters must hold. For this purpose, consider the mea-
sure
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de = pyexp (bev—c/1+|v]|?) do
where bE R®, ¢>0 and g, is a constant for which [z dz=1. Then 4>+ |B|*<
C? is the same as the inequality

(Sdﬂ>z+ |§vdM|2<(§ VIFToP du)z,
ie.
t+1{ o du*<({ o101y du)
where ¢(s)=+/1-Fs2 is strictly convex. Since |[fvdu|<[|v|dn, it suffices to

show that
M1+-<S Ivldu)2< S o(lv|) du.

This is just Jensen’s inequality, and we are done. Now we show that the
condition 4% | B|?2<C? is sufficient for existence.

Define I(b, ¢)=(2x)® [ e~ 1+"® dy. Then I depends only on |b| and
c; we write I(b, ¢)=I(|b], c¢) and calculate

T -
I(1bl, ) = (2”)35 § o sin BelbIPeos 0~ 15 46 dp
0

0
0

3 0 SE—
=2—(2—”)—§ o sinh (o]b|) e~ ¥ dp .
|b] o
The 3 equations can be rewritten as
4 =al(|b],c) (1"
b oI
B—apl=a? @)
" |51 8]b]
c=—all_ 8% 39
dc oc

We choose b parallel to B. Then (2’) becomes a scalar equation, and we are
reduced to 3 equations in 3 unknowns @, |b| and ¢. Then by (2’) we have

b-B=a|b| or , Or
91|

o

Bl=a—. 2
+1Bl=a g @)

Now we can evaluate 7 in terms of Bessel functions. For fixed || and
¢>|b|, consider

do

lbl Sw 7 Sw : -V 2
———\ I(b,r)dr = h b 142 90
(b,r) dr 0psm (elb])e Vit

1677.'3 c
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w . VT

_ 32| p iz Sinh (,0|b|). e”c e 12(1 1 p?Y\/4 dp
Iy 1o i g

e ol R

=V[b] CSO (1_}_—102)1,4[112(ﬂlb|)1<1/z(0\/1+p2)dp

oo

) o 302 ) -
=B VBT || e 015 Ko/ T do

If the argument of the function Jj,(:-+) here were real, the integral would
be known (cf. [16], p. 706, #7). Under the assumption that ¢>|b| (to be
verified below at the solution) we can justify an analytic continuation to com-
plex arguments, and get for the right-hand side

S 7 o
—i(nl4) . ot (T/4) «/l—.i[{_ 2__ 1.2
€ \/‘blc e c m 1(\/C b )
15|
— K(\/c2_ B2
m 1( C lbl)
since K_,=K,. Now call x=+/c*—[p|2 Differentiating with respect to c,
we get
—1b] 0 [Kl(x)}
I(|b|,c) = |b|=—| 2L
6 (16],¢) = | lac .
— 161 L b o1& = — 12l ki
X x X
and hence

1(16], ¢) = 167° Ko @)
x
We abbreviate this by

I(15], 0) = ce(v/ b1
with g(y)=162° y~2 K,(y). Thus

o7 , dx —|blec
a1b| g()dlb| . g'(x)
o7 e 4 2
2 = g()+eg' () =g+ g ().
oc dc x
d , _; 2 a7
We know that d—(x Ky (x))=—x"2 K;(x)<0. Hence a1b| >0 so that
X
equations (1')-(3") become
4 =acgx) 1)

1B] = =218l gy @)
X
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2
¢ =—a(g+S g®). 3)
x
Dividing the last two equations by the first, we get
| B] _ ___lﬂ,g'(x) . &)
A x g(x)’
_C_ 1, cgW 6
A c + x g(x) ©

Now solve (5) for g’/g and put the result into (6):
C_1yef xIB]
A4 ¢ + |bl4ad’
so that

2 Bl

bl =|b(c)| = SIBl 7

16]=1b(c)| A1 Co )
Since A>0 and C>|B]|,

lbe)| = <1BL 1Bl .
A+Cc Cc —
Thus any sloution ¢ generates a solution |b|=b(c)| for which the condition
[b] <c holds.
It remains to solve for ¢. By recursions for the Bessel functions,

g _ PR xPK(x) _ _ Kyx)
gx)  x72Ky(x) X7 Kyx) Ky(x)
Therefore (6) can be rewritten as
x Ky(x) _  Ac? . ®)
Ki(x) A+Ce

Since |b|=|b(c)| is known from (7), (8) is an equation in ¢ alone. In fact,
by definition and (7),

X2 = cz—lblz = ?— C'4|B|2
(A-+cC)?
so that
= z 7.2 9
x =x(c) = A+C vV ((A+Ccl—|B|%c )
Now consider (8) rewritten as g(c)=0, where
2
q(c) = Ac®  x(c) Ky(x(c)) . (10)

A+Cc Ky(x(c))
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From (9) we see that

tim X9 _ 1, jim X9 _ VC—I[B]

>0t ¢ >0 C

From the series definitions of the Bessel functions, we have near y=0,

YEG) V'l <%>—2=<y)2.

K{(») ( y )_3

Thus as ¢—0%,
3
c)~ . 2 2
glc)~c? 1 x(C) 7€

and therefore g(c)>>0 for small ¢>0.

For large arguments, both K,(y) and K,(y) have the asymptotic repre-
sentations \/z/2y e™. As c—oo then,

A [A V' C*—|B|? |B|2]
o)~ c—x(c)~c s Ll
q(c) C (c) C c

As was shown at the beginning of the proof, this is negative. Since ¢ is con-
tinuous in {c>>0}, we are done.

Appendix II: The Collision Integral

We derive an alternative form of the collision integral which is closer to
the classical form. We shall also prove Lemma 1.1. We begin by carrying
out the first three delta functions in (0.2) to get

O(F, F) (v) = 2+Uo SSS SO(U+V—-U—V")

50 [F(u") F(v")—F(u) F(v )]E'u_udul/l ds/’

b 0 Yo

where uy=+/1+ [u]|? etc. Next, we work out three more delta functions to get

0E P © = || L duto—ui—o)
Uy Uy Ug VG
‘[F(u') F(v')—F(u) F(v)] &*v'd’u .
Because of (0.3) we may write

v =v—ro,u =utro
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where ® €82 and r €[0, <o) are spherical coordinates. Then

ug vg

a=_1 8 (Uh+vb—uy—vy) & v’ = 2—(@,—‘_—?"2 O((uh+08)—(uy+v)H) &° v’
Up Do
using the identity 8(2—a)=2a 6(2*—a?) for >0, a>0. Noting that
(U3 +08) —(uy+vo)? = 2u V3 +ul’+ 08 —(Up+20)°
and using the identity again, we have

A= 2___("2_",””) 2uf v4 8(4ul? i —[(uy+vo): —us?—vlP) d*v’ .
Ug Do

Using the coordinates above, we see that the argument in this delta function
is
p(r) = —(uy+vo)*+2(uy+vo) Ue?+v8) —(u*—e 6,
which is a polynomial of degree <4. Because
uit—of? = lutro|*—|v—rol|? = |u|?—|v|*+2r(u+v)-o,
it is merely a quadratic. It is also easy to see that r=0 is one of its roots.
The other one is denoted by a=a(u, v, ®). Thus p(r) has the form
p(r) = Dr*—2Nr, a = 2N/D .
It follows that
A = 4uy+v,) 8 (Dr(r—a)) r dr do
= 4(uy+v,) | Da| 1[0 (r)+0(r—a)] v drdw .
Here we have used the identity for a=b

1
la—b|

The first delta function drops out because of the factor r%. Thus, putting
r=a=2N|D,

0((A—a) 2—b)) = [0 (2—a)+0d(2—D)] .

A = 4(uy+vy) 2|N|D?(r—a) drdw.
From [13],
N = (uy+2) 4y vy @+(0—24), and
D = (uy+vo)*— (@ (u+v)).
Hence

— (uo+‘7)o)2 Uy vol - (‘f) —)|
A=28 S e .
[(uo+7)o)2—(a) (o)) (r—a)ydrdo
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Thus

_ 50 (uytvo)’ tg 0| @ (O—R)| ' 2 .\ 13
o, F)@) = 4| i (F F—F D) &'

- SS 4, v, ©) [F(u') F(2")—F(u) F(v)] do du

where

Wt | o-(b—0)]
[Gto+-09— (@~ (u-+ )P

4(u, v, ®) = 4sa

This kernel has the properties
0<qlu, v, ) <s0(uy+ve? | @+ (D —B)|
because D>2, and

9w, v, ©) = q(v, u, @).

In the classical limit

A+ |o-—uw)| _

U, v, w)~4so >~ 2 " = dyo|w-(v—u)|.
4w, v, ) L o+ (@—u)|

Proof of Lemma 1.1. We must prove that (1.5) implies (1.6). In view of
the above calculation, we may replace v,0d £ by gdw in both (1.5) and (1.6).
Now the first of the four identities (1.6), with ¢(v), is equivalent to the defini-
tion (1.5). Next we switch 4 and v. Then

U =utau,v, ) —>vta(v,u,o)o =v—au,v,v)v =v’

and similarly v'—u’, because a(u, v, ) is antisymmetric in # and . So

2{ 0909 do = ([ 460, 0) @) s@) 17 )
/) 8@) /() g W] 9 W) du do do,

which proves the second of the identities in (1.6). Next, we change variables
(u, v)—(u’, v") in the last identity:

o(u, v)

2{ 0G99 do =[] 4t 0. 0) W) 801 p 0| 2

adu' dv' do .

On the right side we rename (i, v) <> (u’, v’) to get

o', v")

o(u, v) |

[ 400 0 @ g@+-19w) ddo do

- SH q(u, v, ®) [f(u) g@)+ ] ¢ () du dv dw
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where we have used the property

or

or

o', v")
ou,v)

q(u9 v, &)) = q(u,; 1)’, w)

Uy vy q(u, v, ®) = uf v§ qu’, v', ®),

IN@wv,0)| _ INW, 2, )|
Do, o D9, o)

Since D(u, v, »)=D(u’, v’, ») and a(u, v, ®)=—a(u’, v', w), the last equation is

true.

This proves the fourth identity in (1.6). We get the third identity in (1.6)

by switching u and ».
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