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General Integral Representation of the
Holomorphic Functions on the
Analytic Subvariety

By

Shu Jin CHeN*

§1. Introduction

Henkin!"! and Ramirez!?! obtained an integral representation of
holomorphic functions for strictly pseudoconvex domains in C". Range and
Siul3! gave a generalization of Henkin-Ramirez’s formula to the domains in
C" with piecewise smooth strictly pseudoconvex boundaries Sommer!* proved
an integral formula of Weil type for analytic polyhedra in C". Sergeev and
Henkin!3! also obtained an integral representation for the strictly pseudoconvex
ployhedra. Stout!®! and Hatziafratis!”! have respectively proved integral
formulas for strictly pseudoconvex domains in codimension-one and
codimension-m complex submanifolds of C". The formula which was given
by Stout is valid not only for nonsingular hypersurfaces, but also for certain
subvarieties which may possess sufficiently restricted singular points. Hatzi-
afratis’ work is based on the results of Stout.

In this paper we derive integral formulas which include all the above
([1]1-[7]) integral formulas for holomorphic functions. The papers of Stout!®],
Hatziafratis!”! and the author!®! are most relevant references to this work.

§2. Definitions, Symbols and Terms
Definition 1 (Polyhedral domain!®!) Let Q be a domain of holomorphy

in C". An open set Dc cQ is called a polyhedral domain if there is a
neighbourhood Uj of D and holomorphic mappings:
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N
X, Us— C"y 0=1,2,---,N, Z m, = n,
a=1

and D,c <« C™, a=1,2,--- N, such that
D=X1_1(D1) ﬂﬂ X;I(DN)-

If P,,---,Py are differentiable functions in the neighbourhoods 0,,---,0y of
0D,,---,0Dy respectively, and

de 0a={zE0¢:Pa(z)<0}’ a=172)"')N;

then 8D < X7'(0)))--J X5'(6y) and a point ze Xy '(O)J---(JXx Oy
belongs to D if and only if zeX,!(d,) and P[X,(2)]<0 for some
w:l<a<N. D is called a non-degenerate polyhedral domain, if we can
choose the functions X, and P, so that

(P, X )@ A Nd(P,, - Z,)(2) #0.

Whenever P, [X, (2)]=-=P,[X,(2)]=0, for all 1<a;<--<oy---<N.

In this paper we only consider non-degenerate polyhedral domains.

A nondegenerate pohyhedral domain will be called a strictly pseudoconvex
polyhedron if P, (x=1,2,---,N) are strictly plurisubharmonic functions; and
called a holomorphic polyhedron (including Weil polyhedron) if the mapping
P, (x=1,2,---)N) are pluriharmonic functions (or usual harmonic functions
when n=1), i.e. P(x=1,2,---,N) are twice continuously differentiable and
0*P,/02;0%,=0, jk=1,2,---,n. There exist continuously differentiable sup-
port functions for the nondegenerate polyhedral domains, support functions
holomorphic in z for strictly pseudoconvex polyhedrons, and holomorphic

support functions for the holomorphic polyhedron.

Definition 2 (Space with slits’®)) A compact metric space R is called
a slit space or a space with slit S if S is a nonempty closed subsed of R
each point of which is an accumulation point of R—S and R—S is
homeomorphic to a topological product X x Y, where X is a connected
m-dimensional differential manifold of class C2, called the base space, and
Y is a compact set, called the side space. The homeomorphism
P:Xx Y->R—S is called the coordinate function.

Example. The closure R of any bounded domain in a #i-dimensional
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Euclidean space E™ can be considered a slit space with the boundary as its
slit. Y is then a set consisting of a single point.

Definition 3. A sequence of spaces RyDR,>--->R, is called a chain
of slit spaces, if each R, is a slit space with R, ; asits slit (v=1,---,k—1).

Firstly, we consider the following two types of bounded domains D<Q
in C™:

(I> Its boundary 0D consists of a chain of slit spaces, and this chain
can be written as:

dD=0">50P>5..5¢P =06 Vo6l Vo...00f "V

where 0%V is the slit of ¢® ™Y, ¢* 1 is the slit of 6@, 6¥ V= () ¥},
Jj1<-<jy
o1 is of real dimension 2n—fB—v+1; 6®@= ) o2, and i@ ,, is of
ky<---<ki

real dimension 2n—i. ¢~ 1 is called the distinguished boundary of D.

Example. The closed bicylinder R={(z1,2,): |z,|<1, |z,/]<1} can be
considered a space with the boundary R;={(zy,2;): |z;]=1, |2,/<1 and
|241]<1, |z,|=1} as slit. Moreover the boundary R; can also be considered
a space with slit R, ={(z,,2,): |z,|=1, |z,|=1}.

{IT) 1Its boundary 0D consists of a chain of slit spaces, and this chain
can be written as:

0D=06V>5...26950"5...06" 560 = Vs6f V>...006fV,

where ¢® is slit of ¢, and the dimensions of ¢" may be at least one
dimension greater than the dimensions of ¢®. ¢¥~! is also called the
distinguished boundary of D.

Example. The closure of all invariant subspaces of the classical
domain!®! consists of a chain of slit spaces mentioned above.

Secondly, if Fy,--,F,, are holomorphic functions in the neighbourhood
Uj of D, and set

Z(Fy, -, Fp)={z€Up: Fy(z)="---=F,(2)=0}.

We asume that Z(F,,---,F,) meet 8D transversally. We set D=Z(F,,---,F,,)
ﬂD, and consider
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I D=6V 56?>... 3&"”:&&”“”:5‘{’”:---:&;cf"l),
AIY D=V5..5695605...0050=¢f V5.5,

where 69=Z(F,,---,F,)(\¢? and 6¥~V=Z(F,,---,F,)( o~ V.
When m=0, {I') and {II') coincide with {I) and {II) respectively.
According to Hefer’s theorem, we have

F()—F\(2)= Z Ci—=zphjl,2),l=1,2,---,m, where hj; are holomorphic
j=1

functions on a neighbourhood of D x D.

§3. Some Lemmas

In what follows let D be a nondegenerate polyhedral domain.

Lemma 1. Let M, be a continuously differentiable support function

for D, then we have

— N (N (N
aCdet(n)<l_‘4'_1‘; hl [ )hk:hk-l- 1 :aL'(M—l'))' * ')a{<ﬁll>>
1 1

l“l ~ l'l l'l))
=F det _’h ’...,h ’6 - ’...,a - 1
k+1(C) ¢ (n)<M1 ! k {<M1> C(Ml ( )

on D—Z(Fy /).

n n N, .
Proof. Since My=M,((,2)= Y, ({;—=)N1,({,2), i.e. ¥ (gj—z,.)-ﬂfﬂ,
j=1 j=1

J 1

we obtain ), ({ j—zj)a_c(N 1#M;)=0. Thus we have the following determi-
i=1

nant of (n+1)x (n+1):
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=0, (2)

Nln Nln
ar, M e e a‘(%) a‘(Ml)

on Z(F,,--,F,)—Z(F,4,). Taking it into account that F,,---
holomorphic functions and 9,0,(N,;/M,)=0, by (2) we have

N =[N,
—1)F*HF, det )| —Lhy,- -k ,a( ) a( ))
(=1 +1(0) e()<M1 1 (7 ;Ml CMI
-(N (N
= det(n)(hl:‘ . yhk)hk + 1,(3;(?),' : ',ag(ﬁl>)
1 1
N N N
=(—1)"*'det,| 0 ‘)h,-h ,a( ‘) a(‘)
( ) e()< ;(M 1 k+1 ng CM,
— N (N =(N
= ( - 1)k+ lagdet(n)<M1:’hla o )hk +1 :a((xfll_>) o ’a((ﬁl;)>

,F,, are the

Thus we obtain (1).
Since

3 (N u) 0Ny _ Ny oM,
M, M, M, M,
we can apply the properties of the determinant and write (1) as:

— 1 - —
a(MTI__[ det(n) (Nl!hlr"')hk)hk+ l)a{le"')aCNl)
1

— Fk+1(€)
M¥

detyy (N by, Ny, 0N ). 3)

Especially when k=0, we have
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5§det(n)<j‘\; : hl,a;‘jl i ‘3;4‘]4\2 1) I;}"(O detoy(N 13Ny, 0Ny @)
on D—Z(F,).
Lemma 2. If
(n—k—1)!

Bf+1(€)=

'Vk+ I(C)lz 15j1<-<jk+1$n

a(FI)"'aFk+1) A dcl,
a(é’jl"“’cjk+l) I# i+ 1

(_1)1'1 Fo et

where

o(F,, - F, 2
v o=y 2B

1<j1<-<jr+1Sn a({jly"')Cij)

#0

(especially BE()=n! w({), o()=d{;A---Ad(,), then we have

( )n+k

Bii (O AdFyy = Bi(0) )

on D.

OF,|?
1 , so (5) may be written as

i

Remark. When k=0, as |Vi())|*= Z

j=1

(n—1)!
BY(QOAdF,= 11_d A= AN[dCIA--- NdL, N\
(AP, =G D 2( '3 Fig, [dz;] L,
oF,
—d
le 34’ C
n _(=D" o
=(—1)"(n—1)dl; A--- Ndf, = Bo(0).

The proof of Lemma 271, First of all, Notice that |V}, ,({)|#0 implies
IVE(0)]#0. Since we can assume that
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a(FI)"':Fk)

— (L) #0,
a(Cn—k+ 15°° ')Cn)(CO)

where { € Z(F,--,F}), according to the implicit function theorem, restricted
to Z(Fy,--+,F;) locally at a point {,, we have

C" —k+j =F~f(€(k))’ ]= 1 P 'kxg(k) = (Cl 't :Cn—k)
such that
Fj(c(k), F ((®),- F((®)=0, j=1,--,k,

therefore, the following equations are true,

aFJ g& . +3F1.5F~k= aF] Z:l,.’n_k.

(%) - )
0Cu-k+1 0L 0, 0 oL,
For a fixed sequence 1<j,; < <j,<n, let us assume that

1</ < <gp<n—k<n—k+1<j; < < <n.

Then it follows from (*) that

a(ﬁly"'lﬁ+1)“')]1;(;'")F~k)___(_1)16 a(FI)"'ka) ( B(Fla'“,Fk) )—1
a(le)"':le) 16(Cj1;'“,£jk) a(Cn—k+1)"')Cn) ’

where 0,=(— 1)"(k—l)(_ 1)jz+1+-~-+jk(_ 1)(k“l)(k—l— /2.

So we have
A dCi=dC1 A jljl Ad{n—k/\an—kﬂ A ]At+1]”k /\an

=4 a(F~1"":]‘?I+l""’]’;c)"',F~k) n/—\—kdc
— Y2 i
a(le)"'stl) i=1

where §,=(—1)*"M(— 1)1+ +iy(_1)-V/2

From the above we obtain
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(00) (=Dt AL,

'—1
i# 1y

56(F1,...Fk)< AFy, - Fp) >—1 n/(dei |
Cn’ ’ ’Clk On—r+1,Cw)

i=1

where §=(—1)Ft"0B(_1)k+1i2

It follows from (%) that

(n—k)o O(Fy,+,Fy) . O(Fy,-+,Fy)
IVEQI? isin hesn 8w Ca) 04850

< O(Fy, -+, Fy) )_1 n/Ide.
a((n—k+1s"';£n) i=1 '

(xxx)  Bi()=

=5(n—k)!< O, B )_1 N

Al L A dl .
6(Cn-—k+1:"'nd) i=1

Using the above expression, we obtain

(n E—DI(— 1)n+k z (_1)j1+"'+,ik

B A dF,
ki e Vi1 (O 1<ji<<ju<n

6Fk+1 O(F -+, Fk,Fk+1)] A" dr,
=1 6 i a((}p ")Cjk,ci) L i=1

E# 1y i

___(11—1%—1)!(—1)"+"<s 5 & OFy O(Fy, Fi,Fiiq)
IVE+ 1 (O jei e 51 G i (CTRER AR S)))

a(Fl,---F,,)< Y
(C_“; : Clk) a(Cn k+1s"" Cn) i

i=1

—1)"*k5(n—k)! [ O(Fy,--,F -1 -k 1)ntk
_(=1) ) (o, k)) U e,
n—k 6(Cn—k+1:'“:Cn) i=1 n—Fk
Lemma 3. Let D,=Z(F,,,F)(\D, Do=D, D,=D and M, a
continuously differentiable support function. If f(z) is a holomorphic
function on D, and |VE, ({)|#0, then
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fO

Ak det, (N, g,y 1:6—§N1,"‘,54N1) ABE (D)
0Dk + 1 1

Cr+1

—¢, j O ety (N, BN -3 N ABEQD), ©)
0Dk M

—k
1
where ¢ =(— 1)K+ D(— 1)+ D2/ By (2mi)n=k,

Proof. Let (0D,),={{€0Dy:|F\,,({)]>¢}. By lemma 1 and lemma 2,
taking account that ¢, ; =(—1)""*(n—k)2nic,, we obtain

CkJ‘ &E,‘detw(Nl,hl,- : ',hks5;N1a"'s5§N1) ABE(0)
(

aDk)t 1
AQ) 5 5
= ij q [Wdet(n)(lehl)' P+ 1,0(N1,7++,0(N 1)
(aDk).: 1

dFyy

k+1

A=) n—k)Bi (O A ]

n fC 5 5
=(n—k)(—1) +kckf WZ‘—I det)(Ny,hy, Pyt 1,0(N 1, ,0(N 1)
8(8Dr)e 1
dF,
ABL (DA
k+1
Cr+1 A0
= ————— det,(Ny,hy, ks 1y
2mi J;t|=s [-I;Ceabk:Fk+1(C)=r) ]m—k_l e(n)( m e
= = - dt
alNl)"',agNl) AB"+1(C)]—‘C_. (7)

Let 5q=0D, 4, ={(€0D}:F;,,({))=0} and v({) be the normal direction
at {€sy. We consider the smooth mapping f:({,7)={+1v((), so % {|t|<e}—
Vo={{e0Dy:Fi;1({)=1}|<e- Since sy is compact and the Jacobian Jf] o) #0
for every (£,0) in R*"~2*~! there is the inverse f~!. Here ¢ is chosen to
be sufficiently small. From the above, we conclude that {{€0D,:F,,,({)=1}
is (for t€C, |1|<¢& and ¢ a small positive number) diffeomorphic to 0D, .

When ¢—0, the left side and right side of (7) tend to the right side
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and left side of (6) respectively.

Corollary 1. Let f(z) be a holomorphic function on D, then when
zeD,, and |V{({)|#0 on 6D,, we have

f(2)=01j f(C_)1det(n)(N1,h1,5;N1,---,6—CN1)/\Bf({). 8)
oDy JV-"{

Proof. Applying remark for lemma 2 and (6), we have

le LC—)fdet(n)(Nl:hl’gCNl’."’ggNl)/\Bf(C)
oDy My

1

AD 5 5
= —“det (N 1,0,N,,+,0,N,) Anlw(()
6°LDOM';C” P AT

1 = -
- (27[1)" -f(WC)dEt(")(Nl ’agNla v ,a;Nl) A (.U(C) (9)
oD 1

By Canchy-Fantappie formula, the right-hand side of (9) equals to f(z), and
(8) is obtained.
Remark. In fact, representation (8) is more evident than that in [6].

Corollary 2. Let f(2) be a holomorphic function on 5, then when ze D
and |VE(0)|#0 on 0D, we have

f(z) = cmf l%det(n)(lehlf * 'yhm3a_§N1)' : ‘,6_;N1) A Bi(C)' (10)
ap M7
Proof. By lemma 3 and its corollary 1, we obtain (10).

Lemma 4. Let TP =) ({;—z)S{({,2) #0({ #2) for some continuous
=1

J

functions Sg}(i=1,2) on D, and let T,= Z Ci—=z)si((,2)(1=1,2,---,;n—k—1)
i=1

be continuously differentiable support functions for D. Then we have

S =S = Sk
det(n)(ﬁ)hh'"’hk)ag(Fl)"")ag(T k 1))
0 1 n—k—1
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S@ ~Si =S,
=det(n)( 0 hl:"')hk,a;(Fl)a"':a;(T u 1)) (11)
1

2)
T(O) n—k—1

on D,.

Proof. Since ) ({;—=2)S;/T;=1, then
j=1

J

Z(Cj_zj)a—;(slj/Tl)=O, =1, n—k—1. (12)
j=1
Since
n S8 s@
Loz - o) @
and on D,
O=FI(C)_FI(Z)= Z (Cj_zj)hlj(C,Z),l:'1,"',k, (14)
j=1

thus by (12)-(14), we obtain

Sy S§Y 551, 5 Sn-k-1
det(n)(ﬁ - ﬁ,hh'“,hbag(i),'")ag(Tn_k_1) =0,

on Dy, i.e. we have (11) on D,.

Lemma 5. Let T;= Z (¢;—=2))S,/((,2),l=0,1,2,---,n—k—1, be continu-
j=1

j
ous differentiable support functions for D, then

SO ~ Sl 2y Sl A Sn-k-l
det(n)(—z—.,;!hly"')hk:a((i):'")a{(E)yn')a{(T )

n—k—1

S - S =S = Sy
—det(n,(F",hl,--~,hk,ag(F‘),---,ag(}{>,---,a¢(T l)) (15)

0 1 n—k—
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is the exact differential form of d on D,. Here S, and T, are of the same

properties as S, and T respectively.

Proof. Since

- S = S, e
agdet(n)(a?l’hl [ hk)a{(_)s ) ~ 3t :ag(},—“k‘l))
! n—k—1

_ S S, =.S,_.-
=det(,,)<6§(?l),h1, . hk,ag( ) T,"',ag(T x 1))
1 n—k—1

S S
+(—1)'"1detn<—~l,h, o ,3( ) 5( ), Oy "_k_l))
ol e et ¢ {7

n—k—1

S _ =S - S
— (= 1) dety | 2L by B(l), o U2Y), oy n—k—l)
(—1)det, )<T1 1M ;(Tl) ;(Tl) g(T )

n—k—1

~ S S,
+(=1) ‘det(m(?’,hl,' h,,,ac(-), a;( ), , (T—"—‘)), (16)
1 n—k—1

by lemma 4, replacing S;/T, and S,/T, by So/T, in two determiants of the
right-hand side of (16), we can conclude that (15) is a exact differential form

of 0.

Corollary. With the identical assumptions of lemma 3,

S ~Si =S,
det(n)(FO!hls'")hk:ag(']Tl)""aa;(T £ 1))
o 1

n—k—1

S S,
—det(,.)<}%,h1,- hk,ac( ), ;(T u 1)) (17)

n—k—1

is a exact differential form of 0. Here S8 —k—y and Ty, Ty_s_ are
of the same properties as Sy, -,S,_,_y and Ty,---,T,_,_, respectively.

§4. Main Theorems

Let {U;})_, be a finite open covering of an open neighbourhood U of
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oD, and let X;;U;—»R(1<j<N) be C' functions, such that

(i) D(\Usp={z€U: for 1<j<N either z¢ U; or X;(2)<0},
(i) for 1<i;, <---<§<N, dX;
1
every point of ﬂ U,,.

1

y=

,»+»dX;, are linearly independent over R at

For every ordered subset {j,---js} of {1,---,N}, define

Ji--Je

0
o\? ,,={zedD ﬂ U;:X; (2)="=X,;,(2)=0}
a=1

0)
Ji---Je

symmetric in (j;,--+,j,) and the following equations hold when D is given

and choose the orientation on ¢ such that the orientation is skew

the natural orientation:

. o areejert Y grje T J1---Jej*
i=1 j1<:-<je

N N
oD = U 0-5.0),0(9): U d® . 0@ . — U A
. i=1

50) 5 &9 960
Giirejor OD, 67, 0G0 ;

following (cf. [3]):

. is defined as above, and it is easy to verify the

AT (—1)%69 x AP) =Y 6@ x A®~ VG x AQ), (18)
] ]

where @®={j,,---,js} is a ordered subset of {1,---,N}, j; <---<jg;

N
A={u=(po,pt1, - uy) ERY* 1:pt; >0, Y py=1}, (19)
ji=0
A, jo={ne Aipo+pj, + -+ pjo=1,A0 =(1,0,---,0), (20)
AP= U A A7P= U ARTE 1)
J1<:-<jo ’ J1<:<je

Theorem 1. Let D be a nondegenesate polyhedral domain in C"
whose boundary can be written as a chain of slit spaces;

Vo o...50¢P, (22)
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Assume that Z(F,,---,F,,) meets 0D transversally yielding a chain of slit spaces;
0D=6V>56Y>... 267, (23)

and that |VE(()|#0 on éD. Then

f(Z) = cmz f(C)det(n)(Q:hl 7" ')hM)aZ'uQ)' * :a{_uQ) A B;)::(C) if B> 1

0 J50 xAG-1)
(24)

and

f(z)=c,,,f)j ]é(f_)mdet(,,)(No,hl,---,hm,agN°,~--,6§-N°) A BE(©Q) if =1,
. 0

(25)

for any holomorphic function on D and zeD. Here

)

on AP,

Ny(,2) N,z
=(0,,0,), 0,= P53 ip\5»
0=(QuQ2's Qp=to— ot T
where Mo= Y, ({,—2,)N2(,2)#0 (when {#2), M;= Y. (£, —2,)N,({,2) 0
p=1 r=1
(when { #2), i.e. M,,, M are the continuously differentiable support functions;
and Q,= Zuijp(C,z)/Mj on AC®™D,
je®
Proof. Since Y. (€;—=2)Qi(¢,z,u)=1 on AP, then Y ({;—z)05
j=1 i=1
Q(,z,u1)=0. According to Hefer’s theorem, we have 0=F,{)—Fy(z)=
Y (i—2ph(,z) on 8D x D, I=1,---,;m. By (+++) we have §,B5(()=0. As
j=1
a result we obtain
d[det(n)(Q)hl)'")hm9a(_qu"')a{_uQ) A B;;(C)]
=det(n)(a{_uQ’hly'")hm:aEnQ""yag—uQ) A BZ(C)=O (26)

on 6@ x AP. Using Stokes’ theorem and taking account of (18) and (26),

we obtain
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sz f(C)det(n)(Q:hly'":hm:af‘tQ: : CuQ) A B (C)

® J 50 x A6 1)

=Cp J f(C)det(n)(Q)hl [ ':hm!ac_uQs o :a{_uQ) A BZ(C)

511 x A©)
N° N° N°
=CmJ‘ f(C)det(n)(—]‘I_!hlx'”)hMJaZ( ) _( )) A B (C)
ab ]
o[ SO ]
—c, oy (N g+ BN, -+ O2N®) A BE(D). @7)
oMo ™

Applying corollary 2 of lemma 3 to the right-hand side of (27), we obtain (24).
Remark. Obviously, (24) includes the generalizations of Range and
Siu’s formulal®, and of Sergeev and Henkin’s formulal® on the analytic

subvariety.

Theorem 2. Let f(2) be a holomorphic function on 5, then, for ze D,
we have

S Y S n m—
f(z)=cmLﬂf(C)det(,.,(Fz,hl,---,h,,,,a;<T) ag(T ) A BE©). (28)

n—-m—1

Remark 1. When m=0, c,,=1/n! 2ni)", B5()=n!w(() in (28), and (28)

can be rewritten as:

A=2)=

= S,
J SO det,(: 05;( ) ﬁg(T" ) A o). (29)

n—1

(2m)"

This is the generalized Cauchy-Fantappie formula for the bounded domains
in C". In fact, let S;=---=8,_,_1=8,, (29) is the Cauchy-Fantappie
formula.

Remark2. IfSy=--=8S,_,_,=So,thenT;=---=T,_,,_=T,. Thus
(28) is the generalization of the generalized Cauchy-Fantappie formula on
analytic subvarieties.

Remark 3. For fixed ze D, we consider the following surface in C2"~ 2™

M, ={(,w): ‘Z ((;—=z)w;=1, {edD}.
j=1
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We make the following assumptions: w;=w((,2), ¢2)edDx D, j=1,--n,

which belong to C'(0D) in {, and the condition }, (—zpwi=1 is
i=1

fulfilled. €, denotes a cycle on M, and cycle C, represents a homology

class Y€ #5,_ym—1(M,). Then, for any holomorphic function f(z) in D and

any cycle Ceb, we have

Sy

S
f&)=cy f A det (2 °h1, A0, —2=m=1y) A BEQ). (30)

1 n—m—1

Proof of theorem 2. According to the corollary of lemma 5, we have

S A S n m—
J;ﬁ f(C)det(n)(FZ)hl [ )hm’ag( T ) a(( T ! )) A B (C)

n—m-—1

r

S, = So
=1 ADdet G2y, 0y (D), a;(—~)) A BE©)
J oD TO T
[ 8,8, 0,8
=] f(C)deto.)( hl, - ?TO",---,{TO") A BE(©)
| T et (SoshyrrrimdSo5S0) A BEWD.
uaﬁT'(')

By further applying corollary 2 of lemma 3, we obtain (28).

Theorem 3. Let D be a bounded domain with piecewise smooth
boundaries in C", the boundary 0D of D consisting of a chain of slit spaces

0D=0">...569560>...56" >4,

Assume that ¢ be a 2n—f dimensional boundary chain, i.e. there is a
2n—f+1 dimensional chain 14, such that dty=0¢"®. Correspondingly

0D=6M>...25695605...56M 540,
01,,=6%, and when {€dD, |VE({)|#0 and

AN, Np

k
L)

—m— . 31)
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Then, for a holomorphic function f(z) on D we have

f(Z) = ch' f(C)det(n)(Q’hl P :hmyag_pQ" o )ag—uQ) A BZ(C)) fOT € D~

B x AB-1)

(32)
Proof. Let

c=0(tog X AL D) =¢® x A~V 4 g 1o x OAC~D,

E=0(ty x AC™V) =P x AP~V 4 g7, x OAP~Y),
where £y,6e=+1. Thus on A®~Y we have

det(n)(Q>h1 [ )hnuag_uQ’ ot aaqu)

=xo(Cm) + 211G+ -+ x5- 1 (1), (33)

where y,({,u) are differential forms, the degrees of du, and 7{: are r and
n—m—r—1 respectively. By (31), x,({,u)=0, if r<f—1, and by the degree
reasons, we have

f f(C)Xﬂ—l(C,H) A BZ(C)=0.

m X 0A(B—1)

Thus

f f(C)det(n)(Q:hl [ )hmsaqu’ o )aqu) A Bi(C) =0.
T X GAB 1)

Therefore we obtain

J\ f(C)det(n)(Q:hl P ’hm:ac_rlgy o ':aE"Q) A Bﬂ(C)
S8 x AGB-1)

= ch(C)det(n)(Q’h 17" :hmxag-uQ’ o saqu) A BZ(() (34)

On the other hand, let C;=08(D x AQ)=0D x AY. Since C and C, are the
cycles of real dimension 2n—2m—1, and
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d[det(n)(Q:hl [ "hm:ag_uQ a{uQ) A B (C)]

= det(n)(ag-nQ’hl PR :hm)aEuQ agpQ) A B (C) 0

on 6D =¢6", then

J; f(c)det(n)(thlx e )hm;ag_uQs o :a{_uQ) A Bﬁ(C)

r

= . f(C)det(n)(Q)hl)"')hmxaEuQ) ) aCuQ) A B (C)

r

= f(C)det(n)(Q’hla'"’hm)aqu) : B{uQ) A BE (C)

J oD x A
[

_ _f© T2 det (NO kg, 0N, -+, 02N®) A BE(D). (35)

oo MG

Applying (34), (35) and (25), we obtain (32).

Theorem 4. Let D be a nondegenerate polyhedral domain in C", such
that its boundary 0D consists of a chain of slit spaces

BD=00500 55050, 500,550,

where 6{,,---,05”) are the boundary surfaces of polyhedral type which is
defined by pluriharmonic functions. Let ®@; ({,2)= Z (€ —2p)0;.,((,2) be
p=1

the holomorphic support functions on ¢{®}, and H; ,=¢;,/®;. Let
0D=60>6D>- 5692602562, >6P

be the corresponding chain of slits of D and assume that [VE({)]#0 on
dD. Then for a holomorphic function f(z) in D we have

f(Z)-_—'CO Z 0 f(C) Z ( 1)k+1 pdet(n)(hly" ’hmijp"'y
0) x A p=1
(k+1<0<n m' Cag Ma-k

(H,,),+H;,., 0,050, .05.0) A By(), forzeD (36)



GENERAL INTEGRAL REPRESENTATION 529

mim+1) n-m
where Co=(—1)"(—=1) 2 /o™= Jo={j, -, jop {1, N}, jy<--- <
Jos Jo—x=11 s do-iy {1, N}, j1 <+ <Jo_p-

Proof. 1t is easy to verify the following

o Y (=1 xAg, )= Y NxA, . —

Jeo Jo
k+1<O<N) (k+1<0<N)
Y O XA (37)
J1<+<jk+1
Since
1 0 .. 0 1 1 0 0
Or hyy o b Hj11 ijHl a;'qu aqul =0
Qn hln hmn Hjln ij+1n a(_uQn ag_uQn

on 6 x Ay, (k+1<OKN), then
k+1
% (= ety Hyy oL L i, 0:05,057,060)
=dEt(n)(hly"')hm)Hjlx'"aij+paZ—uQ)'”)a§_‘LQ)'
Then

k+1

d[ Z( 1)k+1 pdet(n)(hh o ms Jji°° :[ ]; * Jk+1)Q;6§";Q:"':aZ;¢Q)

A Bfn(C)] 6§udet(n)(h1: o m)H“:"')ij+1)a§-uQ: : a{uQ) A B (C) 0.
(38)

It is from (37), (38) and Stokes’ theorem, that

k+1
Ca Z J f(C) Z (_1)k+1_pdet(n)(hl)'"yhmxHjly'”)
FO XA, P=1

Jo g
(k+1<0<n—-m)

[ ]a o Jk+‘7Q a{uQ! : a(_uQ) A Bﬁ(C)

k+1
=C?n Z J f(C)z (——1)k+1_pdet(n)(hl)'“)hm)Hjly'")
J1<-<ji+1J 5O p=1
Jyeedies 1 x4
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[HJP]) ot ]k...l:Q,a;y,Q: : ag-uQ) A Bgl(C)

0 o & K1
=Cm Z —m—-1 Z ( 1) pdet(n)(hly . Hjl)"')
J1<e<ljie+1 &"’) » My
[H;,1,-, JkH,NO a;NO aCN") A BE©. 39)
Since
1 0 0 1 1 G G
N
ﬁ: hyiy - Hj11 ijl 6;—N‘1’ ) a{—N(l) =0
N3
Ml hln hmn H.nn ij" aC—Ng ' aENS
(40)
where G= Z ¢;— J)(3;N° then
ji=1
PEN n—m—k
—IVI-’(’)__;”—" det(”)(hl," h _“, hlk’ 6§N0) M'n-m-k+1
GAdet(n)(hl,"',hm,Hjl," Jk,No a;NO ,ac—No)
k
= Zl(_l)k_p det(n)(hlx"') “s : y[ ]y o Jk)
N°
W,aENO,"',a'(NO). (41)

On the other hand, we have

N°
6;det(n)(h1, t m: It ’[ ]: o 1k+17Mn p— k,acNo,"',a;‘No)
- N° A
=det(n)(hl:"' ]1) ’ )[ ])""ij+pa (M" p— k) aCNO a;‘ )
1
Il — det(u)(hl)""hm)H' . )[H ], o .Ik+1’ No):ag—NO)

pp— Jj1?
My
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G Adet,(hy, -+ \hy,Hj,, -+, [H 1,00, H; , ,N°0:N°,---,0;N°)

Mn—m k+1
(42)
on dD.

k+ 1~ p =(0)
Moreover, since 06\ ~Lipl- ]kH—-U( 1) G jusrr and
Je

)

= b
<Ry (RED! 5 Dy

then by Stokes’ formula and (41), (42), we obtain

k+1

Cr(zl Z f(C) Z (—1)k+1_pdet(n)(hl;'"yhm,Hjl,"':
Ji<e<je+a 6110) i p=1
1o Jies t

N°
(L) s N, 2N A B

1 k+1

—1 k+1—p d h ’
(k+1)' ﬂgl jl,--~,[jp]z,...,jk+‘ % ) ( ) f(C) et(,,)( 1

Jydiea

Jk+1’M m—-k’

0

m: jott ’[ ]: T a;NO agNo) ABY, (C)

1 k+1
=Cp J dlf(Q)detyy(hy, - hm,Hj,, -,
(k+1)!p§1 j1,~--,[j§ Jr+1 J 810 R J

Jylipledpe g

N°

[ ]’ o 1k+1)M.n m—k’

9eN°,---,0eN°) A BR(0)]

=C$ . Z f(C)[ detn(h s"')hm)H' »"')H' )
L1 e e;(i)jk My ™k e i I

n—m—=~k
-m—k+1

N° 0eN°) ABE (C)— G Adet,y(hy, -k, H

jl’“"

H;, ,N°,0;N°,---,0;N°) ABL()
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"—"Cg. Z f({) Z (_1)k pdet(n)(hl) o m) [ ])"'aij’
J1 <o <ji &(jl:),..jk p=
N° OFN®,---,0zN°,--- 0zN°) A BF 43
W, Ve, 0F eN) m(0)- (43)

Using (43) repeatedly we obtain

k+1
Cv?l . Z f(() Z (_1)k+l_pdet(n)(h1)'“ _]p : )[ ]y"')
J1<-<jk+1 a;‘-:)mjkﬂ p=1
N°
ka+1’ m—m_k!afNo aCNO) A B}, (C)
0 N°
=Cm Z f(C)det(n)(hla'")hm’ATm:afNo 6§N0) AB (C)
Jj1 E}O) ]W'(I)
—Cp| L ety (N g 05N, - 8N) A BE(E 44
—%m Mnm e(n) y1, 7" 5, U 13 () ( )
ab Mo

Applying (25) to the right-hand side of (44), we have

f(z)zco Z f(C) kil( )k+1—pdet (h .o h
" j1<-<jr+1 o 5O ]W—m k (A>T
Iyt
Hj,, o [Hy, 1ok, oN°,GN®, -+, 0eN®) A Br(0). (45)

(39) and (45) imply (36).

Remark. When k=n—m—1, (45) can be rewritten as:

f(z)=ch Z f(C) Z( )n—m_pdet(n)(hl""yhmxij"',
J1<-<jn-m 5‘(;‘:))" MO p=1
(H;,),-+H;, . .,N° ABL(0)
= Cr?l Z f(C)det(n)(hl P !hm)
J1<:<jn-m G0
Jyeedp
Hj,--H;, _ ), /\BF(C) (46)



GENERAL INTEGRAL REPRESENTATION 533

Let D be a holomorphic polyhedron. Then (45) and (46) are

generalizations!®! of the integral representation formulas of holomorphic

functions for analytic polyhedrons!*! in analytic subvarieties (the generalization

of Weil’s integral representation in analytic subvarieties!”) is also included).
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