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The objective of the article is to show that the orbit space of a finite
reflection group acting on the complexification of the real vector space carries
naturally a complex vector space structure Q together with a nondegenerate
bilinear form J on it defined over the real number field. For details of the
results, one is referred to Theorems I, II and III in the introduction. This
structure on the invariants is called the flat structure.

Originaly, the flat structure (published later in [7], Oda [24]) is defined
on the deformation space of an isolated hypersurface singularity via
Gauss-Manin connection and higher residue theory in general. On the other
hand, the deformation of a simple singularity is described in terms of a
simple Lie algebra. Namely, the deformation space is given by the quotient
space of the Cartan algebra by the action of the Weyl group (Brieskorn [2],
Slodowy [33]). This suggests that the flat structure is described in terms
only of the Weyl group in that case. Actually, such a description is achieved
in the present article so that the above mentioned flat structure on the
quotient space of a finite reflection group is obtained. The key fact in the
construction of the flat metric is the regularity of the eigenvector for exp
(2n/—1/h) of a Coxeter element with the Coxeter $=h (cf. [6], [15], [34]).

Since the present article was written (cf. the Footnote *)), there have
been several developments in the study of the flat structure and its
generalization, as will be summarized below. Nevertheless the present article
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gives a systematic definition and a complete proof of the existence of the
flat structure for all finite reflection groups (including Weyl groups of simple
Lie algebras) which has not yet been covered by other articles. On the
other hand, the subject gets a new impetus from conformal field theory in
physics. Thus it seems to be of interest to publish this in the original form
without any changes, even though it missed a conceptual explanation at that
time.

The rest of this new introduction is devoted to give a brief review on
some subsequent developments. For more results on related subjects, the
readers are referred to the bibliographs in the papers quoted below. We
shall distinguish between the flat structures defined on the invariants of
reflection groups and those defined on the deformation spaces by calling
them flat invariants and flat coordinates respectively.

1. Definition of flat structure.

i) The definition of the flat structure on the deformation space of an
isolated singularity is given in [7], [24] (cf. [21], [27], [28] for the higher
residue theory).

ii) For a general reflection group, there is no definition of flat invariants,
for which a notion of a Coxeter element is necessary. At this moment, the
notion of flat invariants is established for finite reflection group in [9] and
the present paper, and for extended affine Weyl groups in [29].

2. Simple singularity and finite reflection group.

i) The flat coordinates for simple singularities from the view point of
the Gauss-Manin connection are carried out by several authors:

a) 'The A,type singularities can be treated simultaneously by a use of
generating function [18]. For the singularities of type Eq, E; and Ejg, it is
done in [37], [38] and [19].

b) A systematic determination of the flat coordinates for all simple
singularities by a use of §,-expansion is carried out in [22].

c) Another concrete and detailed description of their Gauss-Manin
system for the types 4, and D, is given in [13].

d) The subspace, corresponding to a folding of a Dynkin graph, in
the deformation space of a simple singularity is linear with respect to the
flat structure [40].

e) The theory of Brieskorn-Slodowy is reconstructed by using geometry
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of momentum maps, which leads to a construction of a primitive form [36].

i) The explicit case by case determination of the flat invariants for all
finite reflection groups except for the types E, and Ejg is done in [9]. The
flat invariants for the group E, are given in [39].

3. Simple elliptic singularity and extended affine root system.

1) Simple elliptic singularities are introduced in [26] and their primitive
forms are given in [7]. Tables of the flat coordinates for simple elliptic
singularities are in [20], [23].

ii) For a root system belonging to a positive semidefinite Killing form
of 2-dimensional radical, called an extended affine root system, one has a
Coxeter element with regular eigenvectors, which makes it possible to
construct flat metric on the invariants and to introduce the flat invariants
[29]. The modular property of the flat invariants is studied in [31] and the
flat invariants are being described by the Jacobi forms [32] (cf. [35]). A
survey is given in [30].

4. Unitary reflection group.

The concept of the flat structure can be generalized to a certain class
of unitary reflection groups [25].

5. Deformation of conformal field theory.

In the topological conformal field theory, one finds the same mathematical
structure as the theory of flat coordinates and higher residue pairings ([16],
[17] and [14]).

Introduction

Let V be a real /-dimensional vector space and W be a finite group of
linear transformations of V" generated by reflexions. Suppose that the action
of Won Vis irreducible. The group W acts also on the symmetric R-algebra
S of V. Let us denote by R=S" the subalgebra of S of all invariants of
S. Then R is generated by ¢ algebraically independent homogeneous
elements whose degrees m;+1,---,m,+1 are described by the eigenvalues of
a Coxeter transformation. This fact was shown by Coxeter using the
classification of finite reflexion groups. Then Chevalley, Coleman and
Steinberg gave other proofs without using the classification (see Bourbaki
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[1] Chap. 5).

Let us denote by Derg the R-module of all R-derivations of R. In
this note in §5 (5.4), we introduce canonically a non-degenerate R-bilinear
form,

J: Dergx Derg = R.

Then the main purpose of this note is to show the following theorems
(see (10.5), (10.6) and (10.7)).

Theorem 1. There exist an {-dimensional R-vector subspace QcDerg
such that

1) Q has a direct sum decomposition Q= POA™* Y such that any element
of QMY 45 homogeneous of degree—(m;+1).

2) Q generates Derg: i.e. Derg~Q@ gR.

3) Q is integrable: i.e. [6,,0,]=0 for any d,, §,€Q.

4)  The restriction of J on QxQ takes constant values in R. Hence we

get a non-degenerate R-bilinear form,

J: OxQ - R.

Theorem II. Conversely to the theorem I, if a vector subspace )’ < Derg
satisfies conditions 2)', 3) and 4)' (replace Q by Q' in the conditions 2), 3) and
4) of the theorem I), then Q' =Q.

Theorem III. Put Q*:={PeR*; PeR for V6eQ}.
Then, 1) QF* is naturally a dual vector space of Q.
2) The algebra R is generated by QF.

Corollary. Spec R has a structure of a vector space ) with an inner
product J.

In a previous paper [9], we studied such vector space Q*cR of the
above theorem. We called an R-basis of Q*, a flat generator system of R
and have shown the existence of a flat generator system for each type (except
E, and Eg) of groups separately. (See Theorem (1.14) and Definition
(1.15) of the note.) In this note, we give a systematic (including E, and
E,) proof of existence of Q by the use of a connection with logarithmic pole [8].

Originally this note was planned as a part of the theory of primitive
integrals [7], for the application to the study of universal unfolding of simple
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singularities (see Brieskorn [2]), from where the problem of this note has
started. Since the things treated in this note can be read relatively
independently of the whole theory, we publish this part separately. Never-
theless the whole idea of constructions are due to the theory of primitive
integrals, such as the use of a primitive vector field D® and the reduction
of the coefficient ring from R to T:=ker(D™) and the reductions of Derg
to 4 and Qg to Z in §2, computation of the multiplicity of the discriminant
A?=dim V in § 3, use of Derg(log A?), Qg(log A?) and several dualities between
them by the use of T and I* in §4, use of v and w and the comparison of
I'and J by J*=DWj and J=I(w('),’) in § 5 and § 6, the use of Euler operator
E in §7, study of a torsion free connection V with V/*=0 in §8, study of
a torsion free connection V/ with VJ*=0 and the integrability of V/ in §9
and the introduction of a linear space Q:=ker V/ in §10.

It must be noted that our construction of Q, A%, J from W, V, I is
just the reversed direction of the construction of Poincaré duality of vanishing
cycles of simple singularities from the duality of certain local cohomology
groups (for detail see §11 and [7]).

Contents
§1. Basic notations and results on finite reflexion groups
§2. D™ and the reduction of R to T, Derg to 4 and Qy to &
§3. The multiplicity of A% of R
§4. Derg(log A?), Qg(log A?) and dualities by I and I*
§5. Bilinear form J: Derg x Derg — R
§6. Graduation of Derg and Qg by the order of P,, v and w
§7. The Euler operator E
§8. Torsion free connection V with VI*=0
§9. Torsion free connection V/ with VJ*=0
§10. Space Q= @Qm+DH
§11. Concluding remarks

§1. Basic Notations and Results on Finite Reflexion Groups

In this paragraph we repeat basic notations and results on the invariant

rings of finite reflexion groups from N. Bourbaki [1] Chap. 5.

i) Let V be a real /-dimensional vector space and let ¥ be a finite subgroup
of GL(V) generated by reflexions. Then the isomorphism type of W is
given by one of the following symbols: 4,, B,, D,, Eg, E,, Eg, F,, G,, Hj,
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H4-! 12(p)

i) Let S be the symmetric algebra of ¥V with the natural graded ring

structure, S= @ S@. (i.e. Sis an R-algebra generated by V) An element
d=0

P of S@ is called homogeneous of degree d.

iii) The action of W on V is naturally extended to the action on the algebra

S. We denote by R the subring S¥ of S of all W-invariant elements of

2o}
S. R inherits a graded ring structure R= @ R@ from S, by R?:=RnSY,
a=0

d=0,1,2,--. Put R*=@ RY.

4>0
iv) As an R-module, S is R-free of rank #W.
v) As an R-algebra, R is generated by ¢ homogeneous elements
p,,.--.P,eS. P, P, are algebraically independent over R. Thus the
invariant ring R is isomorphic to a polynomial algebra R[P,,---,P,].

Note that this description of R is not canonical, since the generator
system P;,---,P, is not canonically determined.
vi) Let X be the set of reflexions in W which is not equal to 1.

Then there is an equality

'3
Y (deg. Pi—1)=#Z.
i=1

vii) A reflexion geX is described by g(x)=x+f,(x)e, x€ V, for some e,e
and f,e V*. Put A: =[]e,€S.

gex
viii) An element PeS is called anti-invariant, if g(P)=(det g)"!P for
geW. Then
a) The set of all anti-invariants of W coincides with AR.
b) By a choice of a linear basis X, --,X, of V, we identify S with a
polynomial ring R[X,,---,X,]. Let P,,---,P, be a system of homogeneous

P....P
generators of the algebra R. Then the Jacobian det.liM] is of the
6(X1:“')X/)

form AA for some constant Ae R*.
ix) Let ceW be a Coxeter transformation whose eigenvalues are

exp(2n/ —1 m/h), i=1,---/, where h is the Coxeter number of W and
mi=1l<m,<---<m,_;<m,=h—1 and my+m,,, _;=h for i=1,.-- /.
Then by a suitable change of the order,
deg. P;=m;+1, i=1,---7.
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¢
Hence, =) m;=(1/2)h¢.

i=t
x) Let IeR be a W-invariant form of degree 2, which is unique up to a

constant factor. By a suitable choice of a sign, I is a positive definite
symmetric bilinear form

I V*xV* >R,

where 77* is the R-dual space of V. Thus I induces an isomorphism
V*¥~7V. By this identification, one gets a W-invariant symmetric positive
definite bilinear form I*: 'x V — R.

§2. D and the Reduction of R to T, Derg to ¥ and Qy to &

(2.1) Definition. We define following graded S or R modules.

i) Derg:={deHomg (S,S): 6(PQ)=(6P)Q+ P(6Q) for all P,Qe S}
Qs :=Homg(Derg,S).

0

0
Then Derg and Qg are free S-modules of rank ¢/ with basis —,--,

X, oX,
and dual basis dX|,---,dX,.

An element deDerg is homogeneous of degree d, if 6S®cSk+9,

k=0,1,2,---. Hence we get graded S-module structures, Derg= @
d=-1
(Derg)® and Qg= @ (Qs)“.
d=1
ii) Derg:={6eHomg (R,R): 6(PQ)=(6P)Q+ P(6Q) for P,QeR}
Qr :=Homgz(Derg,R).
0 0
Then Derg and Qp are free R-modules of rank £ with basis —,---,—

and dual basis dP,,-:-,dP,.
An element deDerg is homogeneous of degree d, if SR® <R+,

£=0,2,--. Hence we get graded R-module structures Derg= @ (Derg)®
d=—h

and QR= @ (QR)(d).

d=2
(2.2) Let us choose and fix a generator D® of the one dimensional vector

0
space (Derg)™® (cf. §1 ix)), which is spanned by T
¢
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Definition.

T .= {PeR: D"P=0)

F := {weQg: Lymw=0, where Lyw is the Lie derivative of L®}
% := {6eDerg: [D®, §]1=0, where [ , ] is the bracket product}

Here, one recalls that the Lie derivative and the bracket product are related
by the relation: <L;w,0'>=0<w,0'> — <w,[§,0']> for any §, &' € Derg and
wefdp with respect to the natural pairing <#*,%> between Derg and Q.

(2.3) One may check easily the following assertions.

1) Tis a polynomial R-algebra generated by homogeneous elements, Py,---,P,_, of
(1) v). Hence R is a polynomial ring T[P,] with one indeterminate over T.
i) & is a graded free T-module of rank ¢, such that we have an isomorphism
F Q1 R~Qp.

We have an inclusiondF <« F ANF. (. Asa T-module, Z is generated
by dP,,---,dP,.)

iil) ¥ is a graded free T-module of rank ¢, such that we have an isomorphism

4 Q1 R~Derg.
The module % is closed under the bracket product. (' As a T-module,
% is generated by —a—,,i)

iv)  The canonical pairing Derg X Qg — R induces a T-bilinear form & x % — T,
so that each of & and % is a dual T-module of the other.

(2.4) Let us introduce an increasing sequence {F™*V},_, . of T-
submodules of &, and a decreasing sequence {4™*V},_, ., of T-submodules
of 9 as follows.

Definition.
) FtY .= Y TdP, =1,/
PeR
degP<m;+1

i) g™t = {§e%: §w=0 for ‘weFW, k<m}, i=1,--- /.
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(2.5) Let P,,---,P, be a system of homogeneous generators of the algebra
R of (1) v). Then we have presentations,

FO= @ T dP,

m+1<d
49= @ T i ,
mi+1>d aPi

so that we have the following assertion.

) 0gFVg...gFmt) g..g FW=F
is an increasing sequence of graded free T-submodules of % such that
FmitD/Fmit D) is q T-free module of rank equal to ${1 <k<{¢: m;<m, <m}

i) ¥4=9P3...29™Y 5.0 ¥gWx0
ts a decreasing sequence of graded free T-submodules of 9 such that
gmitD/gm* ) s g T-free module of rank equal to ${1 <k<{: m;<m <m;}.

(2.6) 1) The pairing F x% — T induces zero homomorphisms,
FUWx g 0 for dy <d,.

i) For de{m,+1,--;m,+1}, let us denote by d* the smallest element of
{my+1---my+1, o}n{d: d>d} and denote by d~ the largest element of
{0,m;+1,---;m,+1}n{d: d' <d}.

Then (FN'=%9") gnd (4D =F0@")
iii) As T-modules we have the following identifications,

(FN* ~ /499 gnd (9> = F/F,

The proofs of 1), ii), and iii) are almost evident by the presentation of (2.5).

(2.7) Note. From the presentation of (2.5), Gr.(F®)=@F9Y/F“” and
d

Gr.(g™W):= P%D/4“") are T-free modules of rank /. Later in (10.3), we
d

shall give canonical identifications,

F~Gr(F™) and %=~Gr.(4™)
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§3. The Multiplicity of A% in R

The main purpose of this paragraph is to show that A? is a monic
polynomial of degree ¢ in P, over T (cf. Lemma (3.1)).
(3.1) ASNR=A?R ('. If APeR for a PeS, then P is an anti-invariant
and PeAR by (1) viii) a).)

Let us develop A%e R= T[P,] as a polynomial in P,. Then the following
lemma is crucial for all what will follow.

Lemma. A? has the following development.
A2=CP5+A1P{£—1+"'A(.
where ¢ is a non-zero constant and A,eT, i=1,--- /.

Proof. Sincedeg.A>=24X=h{=¢deg.P,("." (1) ix)), we have the form,
A=A, P{+ A4, P{™'+ A, P{7 2+ + 4,

where A;€ T and deg.4;=hi, i=0,1,---£.
Thus all we have to show is A,#0. It is enough to show that
A?¢ T*Rwhere T*:=TnR™". Letusshow the following stronger assertion.

(3.2) Lemma. Consider the ideal TS of S generated by T*. Then,
Aé¢radical of T*S.

Proof. Let (e V*@gC be an eigenvector of a transformation ce W,
such that ¢ = A&, where A=exp(2n\/:—{q/p), p,qeZ, (p,q)=1. Let PeR be
a homogeneous invariant polynomial of degree d.

Then, P(§)=P(c&)=P(AE)=A"P({).

Hence if ptd, then P(£)=0.
Now let ¢ be a Coxeter transformation and £#0 be an eigenvector

belonging to the eigenvalue exp(2n\/j/h), Since 1<deg.P;<h for
j=1,---/—1 (. (1) ix)), we conclude P,(¢)=---=P,_,(£)=0. Since the
ideal T*S is generated by P,,---,P,_,, the vector é€ V*®zC is a root of
the ideal T*S.

On the other hand, ¢ is not contained in any hyperplane of a reflexion
of W (. [1] chap. V, §6, n°2, note). This means A(¢)#0. Hence A¢
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radical of T*S. q.e.d.

(3.3) Note 1. Since R=T[P,], the Lemma (3.1) is equivalent to the

following statement.

Assertion. R/A’R is a T-free module of rank ¢. In particular R/A’R
is integral over T.

Note 2. Let ¢',--- e R/A’R be a T-free basis. Let us present by a
matrix 4 the endomorphism of R/A?R defined by multiplication by P,.

£
Pe=Y Aid, AeT, ij=1,.1.
j=1

Then one may construct an R-free resolution of R/A%R,
0@ M, Ry N, R/A’R > 0,

¢
where N(Qi;"';Q[)=Z Qiei
i=1

¢
M(Rl:"':R() =( Z (P;(S;"‘A;)Ri)F 1,-0,8"
i=1

Then we obtain a presentation of A? by the determinant of M.

det.M =det(P,I,— A)=cA? for a non-zero constant ce R*.

§4. Derg(logA?), Qz(logA?) and Dualities by I and I*

In this paragraph, we introduce Derg(logA?) and Qg(logA?) and then
give a description of them by a use of I and I* (cf. Theorem (4.6)).

(4.1) Since I'* can be identified with its tangent space, and ¥ can be
identified with the cotangent space of I’* at anypoint of V*, we may extend
the bilinear forms I and I* on 77* and V¥ of (1) x), to the tangent bundle
and cotangent bundle of 7*. We shall denote the extended bilinear forms
by I and I*.

Thus we get symmetric S-bilinear forms,

o 0, ._ 3
30X, 0X; = XX,

I: Dergx Derg— S, I ( I for i,j=1,---£.
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¥ Qyx Q- S, f*(dX,-,de): =I(X;, X)) for i,j=1,--- /.
Since T and I* are non-degenerate, we get S-isomorphisms

I Derg— (Derg)* ~ Qg, 1(5): =1(5,") for 6 Ders.
I*: Qg — (Qg)* ~ Derg, *(w):=I*(w,") for weQ.

where JoI* and I*ol are identities.
Note that I and I* are homogeneous of degree 2 and —2 respectively
in the natural sense.

(4.2) For later purposes, we introduce a notation. Let M be an
R-module. We shall denote by M[A~?] the localization MR gR,: of M by A2.

(4.3) Remember that we have an inclusion R< S so that S is finite over R.
Then we obtain liftings of forms and vector fields,

4
Q= Q;, dP;—> Z Py dX oL

d ¢
DergcDerg[A™?], —
erg ergl 1 oP, 12‘1

which are injective R-homomorphisms.

Combining these liftings with the bilinear forms I and I* of (4.1), we
obtain symmetric R-bilinear forms, which we denote by the same notations
I and I*.

I Dergx Derg = R[A™?]

I*: QpxQpr - R
(. Since I and I* are W-invariant, the values of Ijperp xperg 3nd *|ap x g
are W-invariant.)
(4.4) Now we introduce the concepts of logarithmic one forms and

logarithmic vector fields along A and AZ2.

Definition.

i) QglogA): ={weQ[A™2]: AweQs, dAAweQsAQy)
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Derg(logA): ={d € Ders: A€ AS}

i) Qg(logA?):={weQg[A™?]: A2weQyg, A’ NweQr AQg}
Derg(logA?):={d € Derg: 6A*€ A’R}

(4.5) 'The general theory of the modules of logarithmic forms and logarithmic
-vector fields (cf. [8] §1) shows that the canonical pairing of one forms and
vector fields induces non-degenerate R- or S-bilinear mappings,

Qs(logA) x Derg(logA) — S
Qr(logA?) x Derg(logA?) - R

so that each of the modules is a dual S- or R-module of the other.

(4.6) Theorem. The R-bilinear forms I and I* of (4.3) induce the following
non-degenerate R-bilinear forms,
i) I Derg x Derg(logA?) - R

I*: Qp xQr(logA?) - R

so that we obtain R-isomorphisms

i) I: Derg~Qpg(logA?)
I*: Qp~Derg(logA?).

Hence we obtain formulas
ifi) Qa(logA?)=1(#9)® (R
Derg(logA?) =T*(#)R rR

iv) Qs(logA)=I(9) Q1S
Derg(logA) =I*(F)® rS.

Proof. We divide the proof of the theorem (4.6) in several steps.

Step 1. I*Qgc Derg(logA), I*Qy = Derg(logA?)

* For any weQg, I*w=I*(w,) is a derivation in Derg and Derg. By
definition *w(A)=TI*(w,dA). Since w and I* are W-invariant and A is
W-anti-invariant, I*(w,dA) is an anti-invariant, so that I*(w,dA)e AR by
(1) viii) a).

Then I*w(A)=I*(w,dA)eARcAS
and Fw(A?)=2AT*(w,dA)e A’R.



548 Kyoj1 Sarto
This means by definition I*we Derg(logA) and *we Derg(logA?).

Step 2. Let wy,---,w, be free basis of the T-module & < Q.

Then Mw,, -, *w, form free basis of the S-module Derg(logA) and
the R-module Derg(logA?).
"." By the use of basis X,,---,X, of V and a generator system P,,---,P, of

R, we have presentations,

Fo,

Lo ]
Z I*(w;,dX;)— €Derg(logA) i=1,-,/
i=1 0X;
0

f*(wi,dP,-)— € Derg(logA?) i=1,--- /.
1 OP;

and TI*w;

Il
ICR

J

Then due the general theory (cf. [8] §1 (1.5) iii)), it is enough to show,
*)  det.(I*(w,dX)); j=1,..,=unit A
**) det.(f*(w,-,de)),-,F1.,,,',=unit A2,
Since *) and **) don’t depend on the choice of the free basis w,,-:-,w,, we may
take dP,,---,dP,e ¥ as free T basis of &.

Then
~ oP; -
det.(I*(dPi,de))ij=det.(z — I*(ka,dX_,.)),-j
3 T an ,
e, der PP
X, X,
and
- oP, oP, .
det.(I*(dPi,de))i,j=det.(z ! XJ I(dX,,dX.,));
k,m k m
- P)\2
=L_2 (det a(Plx ) ())
a(le"')X{)

where ¢; and ¢, are non-zero constants. Thus from (1) viii) b), we obtain
the results. q.e.d.

Step 3. Combining Step 2 with (2.3) ii), we obtain,
Derg(logA?) ~ (%) ® rR~I*(F ® rR) ~ I*(Qy).
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Step 4. Combining Step 3 with (4.5), we obtain,

G@rR=Derx 2 [(Dery) = I(Qf) = (*@w)*
=(Derg(logA?))* =Qg(logA?)

Step 5. Proof of iv) of Theorem (4.6).
Using Step 2, we calculate,

Derg(logA)=T*(#)QS= HF)QrRQrS
=Derg(logA?) @ &S.

Since & and ¢ are dual T-modules ((2.3) iv)), *% and 1% are dual
T-modules. Thus

Qr(logA?) = (Derg(logA?)* = (I*# Q tR)* =1%® R

and
Qs(logA) = (Ders(logA)* =(I*F @ 1S)* =14 ® 1S

=fg® TR®RS=QR(10gA2)®RS'

This completes the proof of Theorem (4.6).

(4.7) Theorem (4.6) means that the identifications by I and I* induce the

following commutative diagrams.

Derg(logA?) < Derg

(-

Ql o Qg(logA?)

and

Derg(logA) < Derg < Derg®@zS

(I .

Q@ rS c Oy < Qglogh)

(4.8) Note. Let w,,:-,w, be a homogeneous free basis of the T-module
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% . We may assume, deg.w;=m;+1, i=1,---,/ ((1) ix) and (2.3) i1)).

Then the S-free basis *(w,),--,/*(w,) of Derg(logA) consists of
homogeneous elements with deg.[*(w;)=deg.c;—2=m;—1, i=1,---,£.

Then vii) and iv) of §1, imply the following equalities

a) z{: (deg.[*(w,) +1)=deg.A

i=1

¢
b) H (deg.*(w;) + 2) = #W =number of chambers of W.

i=1

These equalities are those which appeared in the general theory of
arrangements (cf. [8] (1.12)).

§5. Bilinear Form J: Derg x Derg — R

-~

In this paragraph we introduce a non-degenerate bilinear form J on
the tangent bundle of SpecR.

(5.1) Lemma. i) Let us restrict the R-bilinear map I*: Qg x Qg — R to the
T-submodule F x F. Then the values of I*|; .4 are polynomial in P, of

degree one.
i1) Let us define,
J*¥(w,,0,):=DP*(w,,w,)e T for w;,w,eF.
Then the T-bilinear symmetric map
J FxF->T
is non-degenerate.
Proof. i) Let dP,, --,dP, be a T-basis of #. Then deg.f*(dPi,de)=

deg.P;+deg.P;—2<2h=2 deg.P, for i,j=1,---/. Hence as a polynomial in
T[P,), I*(dP,dP)) is at most of degree one in P,. Hence DP*(dP,,dP) e T.

i) As in Step 2 of the proof of (4.6), we have,

*) det.(I*(dP;,dP)); ) =A*=cP;+ A, P5" '+ -+ A4,

where ¢ is a non-zero constant and A4;e T, deg.A;=hi (cf. (3.1)).
By comparing the leading coefficients of the two sides of the equality #),
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we get,
**) det(D(h)f*(dpl,dpl)l,j)=C5é0

This means that the bilinear mapping J*=D®* is non-degenerate.

g.e.d.

(5.2) Since the T-bilinear map J*: # x % — T is non-degenerate, we get
an isomorphism from &% to its T-dual space #*=%, which we denote by
the same symbol J*.

J* 7349

Then the bilinear form J* on & is transformed to a non-degenerate bilinear
form J on ¥,

T GxG T, J(5,,6,)=(T*(J* 16, J*715,) for 8,,6,€%.

We shall denote the inverse (J*)™! by the symbol J: 45 %, so that
JJ* and J*J are identities.

Note that deg.J*= —(h+2) and deg.J=h+2.

(5.3) Lemma. Let {F™*V},_  ,and {$™*V},_, ., be the filtrations of
F and 9 introduced in (2.4)

l) .T*I‘?_(a)xf(d:):-o fOV d+d/<h+2

Jlg(d)x [20) =0 fOV d+d>h+2

z
ii) J’*: gp'(d):g(h+2—d)

T . g0 xgtr2-d

Proof. i) Let Py,---,P,e R be a generator system of the algebra

0
R. Then the dP;, m;+1<d form a T-basis of F@ and the 3 m;+1>d

form a T-basis of 49,

- - 0 0
Evidently, J*(dP;,dP;) =0 for m;+m;<h and J(-—, —) =0 for m;+m;>h,
OP; OP;
since the degrees of them are negative.
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i1) Remember (2.6) ii). Then the above i) of (5.3) implies that the image
of @ by the morphism J* is contained in (F#+2~9 )lxgh+2-d  Thyg
J*: # - % is an anti-graded homomorphism. We have that rank;(#@)=
#{1<i<¢; mi+1<d} is equal to rank (%" 2" N={1<i</: h+2—d<m+1}
(" (2.5) ii) and (1) ix)). Since J* is non-degenerate, J*: F@Wgh+t2-d)

q.e.d.

(5.4) Since we have R-isomorphisms: Derg~9% @ R and Qp ~F @ R, we
may extend J and J*, R-linearly to Dery and Q. We shall denote them
by the same notations J and J*.

J: Derg x Derg » R
j*: QRXQR—)R

and
J: Derg 5Qp

J*: QrS Derg

§6. The Grading of Dery and Qp by the Order of P,, v and w

From the presentations Derg~% Q) ;T[P,] and Qr~F Q T[P,], Derg
and Qp have filtrations by the polynomial degree in P,. In this paragraph, we

introduce a somewhat finer structure in Derg= @ %, and Qr= P &, for
k>0 k>0

later purposes.

(6.1) Lemma. As T-modules, we have the following direct-sum decomposi-
tions.

i) Derg~%@ Derg(logA?)=9@® I*(#)® R
i) Qx(logh?)>I(%)DU=T$)DF @R

Proof. Because of Theorem (4.6) ii), the above statements i) and
i1) are equivalent.

Firstly let us show that ¥nI*(Qg)={0}.

Let weQy satisfy I*(w)e¥. By definition of %, this means [D®,
FFw]=0. Hence for any P,eR, i=1,---/
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0=[D",I*»)P;=D"*(w,dP,)— I*(w,dD®P))
=D®]*(w,dP;).
3

Put w= ) ¢' dP;, where ¢'e T[P,], i=1, -,/ are polynomials in P, of

i=1
degree less than or equal to d>0. Then,

¢
0=(D™)#* 1 ¥(w,dP,) =(DWY** ' Y F*(¢'dP,,dP;)
i=1

a8

+1

CiT (D™ 1+ y(D®YT*(dP,,dP))

Il
M-~

13

I
-
=

0

¢
= .Zl C1" (D™)'")J*(dP,,dP;)

Since (f*(dPi,de)),-,Fl‘,,_,, is non-degenerate ((5.1) ii)), we get (D®)p'=0
i=1,--- /.
By descending induction on d, we con¢lude ¢'=0, i=1,---,/.
Conversely let us show that Dergc % + I*(#)[P,].

¢ 0
Take any element =) o, P, of Derp where ¢;e T[P,], i=1,---,{ are

i=1 ;
polynomial in P, of degree d. If d=0, then 6€%. Suppose d>0 and let
us show the assertion by induction on d.

Let us decompose, ¢;={;+qa; P}, i=1,---,£/, where q;€ T i=1,---,/ and
Vi, W,eT[P,] are polynomials in P, of degree less than d. Since
(f*(dPi,de))i'FL._,,, is non-degenerate, one can find 4',---,6°e T, such that
aj=2(: b"D(")f*(dP,-,de), j=1,---£/. Put 6’=i b'Pi~11*(dP;). Then '€

i i=1

i=1
T4 : ’ i T -1 a 3 U
I*(#)[P,]. Since 6 =Z b'I*(dP,-,de)P‘} o the coefficients of 6 — ¢’ are of
i,j j
degree less than d in P,.
This completes the proof of Lemma (6.1).

(6.2) Let us introduce two endomorphisms of Derg.

v : Derg — Dery, 8—[D® 5] (T-homomorphism)
w : Derg — Dery, S (I*oJ)d (R-homomorphism)

Then we have the commutator relation, [v,w]=identity.
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¢
Proof. For an element € ). ¢, of Dery,
i=1

i i

owl®) =DV, FIEI=D, T g0 FIC)

- D o0
=Y (DWe)*J(-— [D®, P J_—
;( eI +2 ol p)

i i i

o -0
=TJ(DM 1)+ @J*J
( 1)} ; ® P

i

=w(v(d))+9
q.e.d.

(6.3) Put Yo =% and 9, :=w'9%, keN

fo:=.g'— and yk:=(f°f*)k.9*-o keN

i) As T-modules, we have the following direct sum decompositions.

Dergy =@ %, Derg(logA?) =@ %,
k=0 k=1

Q = F s QR(IOgAz) =@ Fui
k=0 k=—1

i1) Let us denote by Ry the T-submodule of R of all polynomials of P, of
degree less than or equal to N. Then

Y @ Giv1 D D Gv = YRRy
Fr @ Fror @ - D Fiun @ FiQrRy
Proof. We shall prove the statements on %«. The statements on %
are shown almost similarly by using Lie derivatives Lpum and JoI* instead

of v and w so that we omit them.
By repeated use of (6.1), we get decompositions,

N
Derg= @ %, @ w"*!(Derg)

k=0
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N
Derg(logA?)= @ % @ =»"*'(Derg(logA?)).

k=1

Thus Derp, o @ %, and Derg(logA?) > @ %,.

k=0 k=1

To show the converse inclusions, it is enough to show 1ii) of (6.3). By
shifting by w*, we have only to show, %, @@ Yv=%, R rRy.
Assertion. |y, =k(wlg, )"

Proof. Let us show the assertion by induction on k. For k=0, it is
trivial. For an €%, _,,

v(w(9)) =w(v()) + 4 (.7 (6.2))
=w((k— 1w~ 1)) +d=Fk5
(By induction hypothesis)

As a corollary of the above assertion, v**!|g, =0. Hence 4, @ @
4y S ker@™*H)=%, @ Ry. Conversely take an element & of ker(v¥*1!).
Since vV*'6=0, o"§ is contained in ¥=%, Put §=56—(N!)"‘w Ns.
Then by a repeated use of the above assertion, vV(§') =" — (N!) 1o ¥wVoVd =
0. Hence 6=+ (N!)"'w"o"sekerv¥ +%y. By induction on N, this proves
the ii) of (6.3). q.e.d.

(6.4) i) For any €%, w*(8) is the last direct sum factor of Psée %, @---@
Y.
it) [ (9),w™(8)] =w**t™([5,6']) mod Yy @ - D%im—1, for 6,0 €.

Proof. By ii) of (6.3) Pi6e%, @ ---@%, Using the assertion of the

proof of (6.3), we compute v*(P%—w*6)=Fk!6—k!6=0. Hence PL5—w*s
ckerv* =%, @--- DY, _,.

(6.5) By definition of w (6.2), we have a formula,
J(6,6")=I(wé,0") =I(6,wd’) for 8,8 € Deryg.

This formula is very interesting, since two bilinear forms J and T are

combined by the use of w. For instance, suppose we have informations of
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D™ and A’e Rand J but not of I. 'Then one may reconstruct [ as follows.

i) The divect sum decomposition Derg =% @ Derg(logA?) depends only on D®
and A?.
i) w: Fy— % cDerg(logA?) is well defined by using only the direct sum
decomposition above. i.e. w(0)=the second factor of P,0e€ %@ Derg(logA?).
iti) Since J|g g is non-degenerate, let 8,,---,0,€% and 6'*,--- 6°* €Y be dual
basis of 4 with respect to J.

¢
iv) Then I*=Y 6,Qwd™*.

i=1

1

In the application, J is described by certain duality of local cohomology
groups and I is describing the intersection form of certain vanishing cycles
of rational double points. Thus the above construction means that the
topological intersection form is described by algebraic local cohomology
groups and vice versa. This process is valid not only for rational double
points but for all isolated hypersurface singularities. For the detailed study
see [7] and (11.4) of the present note (cf. [42]).

§7. The Euler Operator E

In this paragraph we introduce the concept of an Euler operator E.

(7.1)  Let I be the W-invariant quadratic form of (1) x). Here we understand
I as an element of R.

Definition. We denote by E the logarithmic vector field I*(dI)e
Derg(logA?) and call it the Euler operator.

(7.2) (1) The Euler operator E has the following presentations

¢
E=Y X,-—;;—(— for X,---,X, basis of V,
i=1 i

¢
= (m-+1)P-a— for Py,---,P, a generator of R in (1) v).
i laP ¢
i=1 i

ii) EP=(deg.P)P for a homogeneous Pe S or R.

ii1) [E,0]=(deg.6)0 for a homogeneous 6 € Derg or Derg, where [ , ] is the
bracket product of vector fields.
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iv) Lpw=(deg.w)w for a homogeneous weQg or Qp, where Ly is the Lie
derivative of E.

v)  Euler operator is equal to hw(D™).
Proof. By definition of I*, T*(dI) is the identity on V'=S!.

~ )
ie. EX=PdlLdX)=Y ;7 I*(X;,X)=X for any XeV.

j=1 0X;

Then as a vector field in Derg, E has the following development

Then the assertions ii), iii) and iv) are easy consequences of these presentations
of E.

¢ ¢
On the other hand, J*dl)= Y, D"')f*(dI,de)i= y D(")(EPj)i=
j=1 6PJ j=1 an
h(D"”P,)E% =hD®. Then hw(D®)=hI*J(D®)=T*dIl)=E. q.e.d.
¢

(7.3) In the presentation E=hw(D®) of (7.2) v), we don’t need the
information on I or J. i.e. The Euler operator can be constructed only by

the informations of D™ and A2eR (cf. (6.5)).

§8. Torsion Free Connection V with VI*=0

In this paragraph we characterize the vector space IV by means of a
connection V for a later purpose. This whole paragraph may be considered
as a preparation for the proof of Theorem (9.4).

(8.1) A torsion free affine connection V is an R-bilinear map

V: Derg[A™ %] x Derg[A~2]—Derg[A™?]
(6,0 )V 0’
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such that i) Vp;6'=PV,6 for Pe R[A™?]
ii) Leibniz rule, V4(Pd')=(0P)§ + PV;6' for Pe R[A™?]
iii) Torsion free, V;0'—V;6=1[9,0']

Here, one recalls that the notation M[A~2] for an R-module M means the

localization M@ g Rj: (cf. (4.2)).

(8.2) The next fact is a standard result in Riemannian geometry. For the

sake of completeness, we give a proof of it.

There exist uniquely a torsion free affine connection V, with the property,
VI*=0.

ie. OI(5,0")=I(V,8 8"+ 18 V,0") for §,5,0" € Derg[A™2]

(This connection is often called the Levi-Civita or Riemannian connection.)

Proof. i) Uniqueness. Using the torsion freeness and Vi*=0, we

compute

1(V5,65,03)=0,1(2,03) — 1(6,,V5,03)

= 51f(52:53)"f(52»[51,53]) ‘f(az,vaa‘sl)

=6,1(8,,05) —1(3,,[61,05]) — 851(6,,0,) +f(V,,352,51)

= 51I~(52»53)—T(52:[51:53]) *53f(52»51)
+1([65,0,1,6,) + 1(V5,65,61)

=6,1(8,,63)— 1(0,,[6,,631) — 631(5,,6,) + 1([65,6,1,6,)
+06,1(85,6,) —1(63,95,6,)

=6,1(6,,05) — 1(6,,[61,65]) — 631(8,,6,) + I([63,6,1,6,)
+06,1(85,6,) — 1(03,[6,,6,1) — 1(63,95,6,).

Thus altogether we obtain the FORMULA
i) 2I(V5,0,,05)=06,1(6,,03)+06,1(03,6,)—051(5,,0,)

_T(él)[52:63]) +T(52)[53)61]) +.f(53,[51,52]).

Since the right-hand of i) is calculated only by the use of I, the left-hand
I(V;,0,,03) does not depend on V. Since I is non-degenerate over R[A™?],
V5,0, is uniquely determined by the formula.
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ii) Existence. Let us denote by f(d,,0,,0;) the right-hand of the formula
of i). Then one may check easily the following properties,

i) fis additive for each variable é;, d,, d5.

ii) f(P51,52,53)=Pf(51,52,53)
f(81,P03,03) = Pf(81,0,,03)+ 2(8, P)1(0,,03)
£(61,0,,P53)=Pf(51,0,,63)

for Pe R[A~?] and §,,0,,05 € Derg[A™2]

iii) f(51,52:53) —f(52y51,53) = 2f([51,52],53)
iV) f(51)52:63) +f(61:63»62) = 261f(52)53)'

Then i) and ii) imply that there exists an affine connection V such that
f(81,0,,03)= 2I~(V‘,152,53). The property iii) implies that V is torsion free and
iv) implies that VI*=0.

(8.3) The connection V 1s integrable.

i.e. VJIVEZ_V62V61=V[‘SIJZ] for 61,52€DerR[A-2].

Proof. Let us extend the connection V to the module.
Derg[A™2]~Derg[A™?]® gS.

This extension will be done in the following way. Firstly, note that we
may extend I to the module Derg[A™2]

I Derg[A™%] x Derg[A™2] - S[A™2].
Then as in (8.2) we define,
2T(V6162)53)=511~(52>63)+52f(53351)—'53f(61»52)

”‘f(51[52:53]) +I~(62’[53)61]) +I~(53:[51:62])
for 8,,0,,0;€ Derg[A™2]

so that we obtain a connection,
V: Derg[A™?] x Derg[A~2]— Derg[A™2]

such that VIDHR[A-z]:V. Since V is the Levi-Civita connection for the flat
inner product I on the vector space V, V is integrable and hence its
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restriction V=V|p., 1a-2 is integrable. q.e.d.

(8.4) The connection V is logarithmic in the following sense
i) V:Derg(logA?) x Derg(logA?)— Derg(logA?).

More precisely, for i,j>1,

V: gl@gz@'“@giXgl@gz@“'@g,’—’g1@g2@"'@gi+r
ii) V:Derg x Derg(logA2)— Dery.

Move precisely, for i>0,7>1,

V: 4,29 @ DY x99, DY, D DY > % DY D D%+
iii) V:Derg(logA?) x Derg— Derg

More precisely, for i>1,7>0,

V. 909, D DY x%.DY. D DY 2% DY D DYi+j.

Proof. Remember that, Derg =%,® 1R and Derg(logA*)=%, ® R, and
YD PY%=%QrR,and 4, P ---P¥% =%,Q rR;_,, where R; denotes the
T-submodule of R=T[P,] of all polynomials in P, of degree less or equal
than 7 (cf. (6.3)).

Then by using the Leibniz rule of the connection, one may reduce the

proof to the following simplest cases.
) V19, x% -9 DY,
i) Vi9,x%, -%, DY,
i) Vi 4, x %, -9, D %,

Proof of i). For 6,, d,, 63 of %, let us compute,

f(vw(a,)‘w(az),‘sa)
= w(51)f(w(52):53) + w(52)f(53,w(51)) - 53f(w(51),w(52))
- f(w(51)[w(52):53]) + f(‘w((sz),[és,w@ D)+ f(53,[w((51),w(52)])
=w(8,)J(0,,03) +w(0,)J(83,6,) —03J(81,w(9,))
—J(31,[w(92),031) + J(8,[03,w(8)]) + J(33,0([8,,0,]) + )

where [w(5,),w(6,)] =w?([6,,6,]) +w(d) (cf. (6.4) ii)). Thus f(Vw(al)w(éz),%)
€R, for 6,,0,,0;€%,.
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Denote ¢(63)=1(V,,%(8,),063) for fix 8,,0,. Then D®o(5;)e T for
03€%,. Thus there exist a §,€%, such that D®¢(d;)=J(,,6;) (cf.
(5.2)). Thus @(d3)— I(w*(,),03)€ T for 63€%,. Then there exist a §5€%,
such that ¢(83)—I(w?(8,),05)=J(05,65)= I(w(d5),05). Hence V,,;, w(d,)=
w?(0,) +w(ds)eY, +%9,.

Proof of ii). For 8y, 8,, 65 of %, let us compute I(V; w(5,),w(53)). As
in the case of i) one may check that I(V; w(d,),w(J5)) € R,.
By a similar argument to the proof of i), one may deduce that

Vs, w(d,)e%,DY;.

Proof of iii). For &y, d,, 3 €%,, let us compute f(Vw(51)52,63)eR1.
One may show that V,;,0,€%,@%,; as in the proof of i) and ii). q.e.d.

(8.5) Let us fix an element { € Derg(logA?). Then from (8.4), we obtain
R-homomorphisms,

V, : Derg— Derg : 6=V,

Derg(logA?) — Derg(logA?)
Assertion. VE is the identity.

Proof. Suppose that 6 and ¢’ are homogeneous, so that

[E,0]=(deg.0)d, [E,0']=(deg.0")d’
and

EI(9,0)=(2+deg.d' +deg.6)I(8,9).

From the formula (8.2) i), we compute

21(V;E,8')=0I(E,0")+ EI(&',6)— 6 I(S,E)
-—f(é,[E,&’]) + T(E’[él’é]) + —r((y)[éyE])
=21(6,6") + I(E,[6',6]) — 8 I(6,E) + 6 I(E,5").

On the other hand, since I(E) =dI is a closed form (cf. (7.1)), 6I(E,8') — 6 I(E, )
=80'I—0'61=[6,011=I(E,[6,6]). This means I(V,E ) =15, for any &
and §'. q.e.d.
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§9. Torsion Free Connection V/ with V/J*=0

In this paragraph, we introduce a connection V/and show the integrability
of it.

(9.1) There exists uniquely a torsion free connection,
V/: Derg x Derg — Deryg
with the property, VIJ*=0.
ie. 01J(8,,03)=J(V},04,03) +J(0,,V};,03).
Proof. Since the proof is the same as in (8.2), we omit it.
(9.2) Using the same argument as in the proof of (8.2), there is a formula,
f(Va,52»53)=51f(52,53)+5z-7(53’51)_53f(51)52)
—J(01,002,03]) + J(82,[03,0,1) + J(03,[81,8,))-
(9.3) From the FORMULA of (9.2) and (6.3), one may compute easily,
Vi: % @DD % x go@"'@gj - go@"'@gi+j-
Especially,
V: %, x %, - %,.
(9.4) Theorem. The connection V/ is integrable.

For the proof of (9.4), we prepare a lemma
(9.5) Lemma.
Vg (02) =w' ti(Vj,0,) mod % @@ %ivj-y
for 6., 0,€%, and i, j>1.
Proof. For 6, 6, and 05;€%,, and i, j>1, let us compute,

j(Vw'(al)wj(éz):as) =w'(8,)I(w'(8,),03) +w'(8,)1(83,w(5,))
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— 03 0('(9,),w'(8,)) — I(w'(8,),[%(8,),05])
+I(w(3,),[03,%/( 1) + (93, [W'(6,),2(8,)])

= wi(0)J(@™1(82),83) +w'(6,)J (83,2 (81))
—33J (@' 1(8,),7(8,)) — J(@'™ 1 (8,),[w/(8,),05])
+J (@' 71(8,),[05,2'(8 )1+ T(85,0" 71 ([64,0,]1) +9)

Pi+j—1{ 51'7(52:63)+52J~(53,51)'—53f(61;62) }
C = T(6,,[05,850) + J(82,[05,0,1) + J(83,[8,,0,])

mod Ry,,_, (Here 5%y @@ %y, cf. (6.4).)
= P;Y71J((V5,65,63) mod Riyj_,
= f(wi+j_l(V/al(52),53) mod Ri+j—2 (note that (V/‘slézego)

= T(ij(V/aléz),és) mod R;,;_,.

Since V,5,,2%(8,) € Derg(logA?) (cf. (8.4) 1)), Vs, %'(8,) —w' " i(V)5,6,) =
w(d,) for a d,€ Derg. Then the above computation implies,

f(w(64),63)=f(54,63)ERHJ-_Z for any ;€ %,.

Since J is a non-degenerate T-bilinear form on %, (cf. (5.2)),
54€g0 @T Ri+j—2=g0 @(‘B gi+j—2y and (Vw;(al)wj(éz)~w"+f(V/,,152)=
w(54)6g1 @"'@ gi+j—l' q.e.d.

The proof of Theorem (9.4). Put
R(51,52,63)=V/51V/,,253—V/,,ZV/,,153—V/[,,1,52]53.

It is enough to show R(§,,0,,0;)=0 for 6,,0,,0;€%,=% (cf. (2.3) iii)). Note
that R(6,,0,,05)€%, for 8,, 8,, 6;€%, (cf. (9.3) and (2.3) iii)).

w3(R(51,52,(53))
= Vw(bl)wz(V/6263) - Vw(az)wz(V/alés)

— Ve, 5w (03) mod ¥, D 9, (cf. Lemma (9.5))

Vi) Vs2(03) = Vi) Vs w(93)
—Viwey.we@(03) mod %, @ %,
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(cf. Lemmas (9.5) and (8.4) 1))
= 0 (cf. (8.3)).

Thus w3(R(6,,0,,03))=0 mod ¥, @ %, and w3(R(,,9,,05))€%;, and
therefore w3(R(8,,8,,05))=0. Hence R(8,,0,,0;)=0 for §,,6,,0;€%,.
This completes the proof of Theorem (9.4).

§10. The space Q=@PQm*D

In this paragraph we introduce an R-vector space Q of dimension 7,
with a non-degenerate inner product J, which we may regard as a scheme
theoretic quotient variety of 7* by the action of W. Our subsequent
development may also be regarded as a consequence of the fact that J is an
everywhere flat nondegenerate quadratic form on the quotient variety V/W.

(10.1) Let us fix a homogeneous generator system P,,---,P, of the algebra R
of (1) v).

0
Then V/g%- (51-)—)69("‘"“) for i,j=1,---4, where my is the smallest such that
i .
j
mi+m;+2<m+1.
. 0 . .
Proof. Since V/g% (5P—)edﬁ is homogeneous of degree (m;+m;42), it
! j

o 0
must be a combination of — such that m;+m;+2<m,+1. q.e.d.
k

(10.2) Corollary.
) W @xgmthgmtl) for j=1,...¢
i) V: D"x% -0, 4xD® -0

111) V/ . Exg(mr“l)_)g(mi'i'l)’ g(mi"'l)xE_)g(mrFl) for i=1’...,/
t.e. VE: 9> 9 is a filter preserving T-homomorphism.

Proof. Since ¥™*1 is spanned by 5(;— with m;>m; (cf. (2.5)) and
j

o ) .
D®W=¢ — for a non-zero constant ¢ (cf. (2.2)), i) and ii) are trivial.
¢
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Let us present the Euler operator in a form E=c¢P,D®+E’, for some
ceR* and E'€¥%. Then for any §e@m™* D,

V/E5 =CP( V/D(h) é +V/E'6
=V/.0 (.0 1))
e gm+y (.o 1)
and hence

V/,E=V/gd—[E,6]1e g™+ 1), q.e.d.
(10.3) Lemma. Asa T-module, % has uniquely a dirvect sum decomposition,
4= @Gmit1)

such that

i) g™+ 45 g T-free homogeneous submodule of % of rank equal to H1<j<t:
mi=m;} for i=1,--- 7.

11) g(ml+1)= G‘) g?'(mj+l) fOr i_-—_‘l,...’[_

mj<mi
iii) The restriction of VE on GV induces an endomorphism of it, so that

VE|Gom, + v =(m;+ 1) x identity, for i=1,---,£.

Proof. Since V/E is a filter preserving T-endomorphism of 4 (cf. (10.2)
iii)), let us consider the endomorphism of Gr.(4™)) induced by VE.

0 0
Vi E=[—, Vg —
i opy P1TVE 5p
a 2

=(m;+1) aPi+,-; (m;+1)P; V/s%; P,

=(m+1) aip mod @m+1) (cf. (10.1)).
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Thus
*) V4E = (m;+1)6 mod 4™ *1 for any deg™+ 1),
Now let us define,
Gmt . = {5 e G:V4E = (m;+1)d}

which is the eigenspace of the operator VE for the eigenvalue m;+1. By
definition, #™*1 is a homogeneous T-submodule of %.
Now let us show ii) by a descending induction on ;. Since % and

G are zero, we may assume that

gt = @ FGmtD for a 1<i</.
mj>=mi
Then by this induction hypotheses and the formula #), for any § of ¥™* 1,

we have a presentation

ViE=(m;+1)6+ Y §; where §;e§m*h.

mj>mit
1 .
Put 6§, =d6— 0;. One computes easily,
mj>mi MW;— M,
V45 E=VE— Y Vis,E
j my—m;
+1
=(m+10 + ¥ 0= ¥,
i i mp—m
1
j m;—m;
Thus 6=05;+), de @ @i+ D and the assertion ii) is proven. To-
j my—imy mj>m;

gether with (2.5) ii), one shows easily the assertion i) and the lemma is proven.
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(10.4) Definition. Put,

QmtD =5 4™+ 1.5 is homogeneous of degree — (m;+ 1)}

for i=1,---,/ and put

Q=@ Q™Y c g < Deryp.
1

(10.5) Theorem.

i) QM*Y is an R-vector space of dimension equal to # {1 <j<{; m;=m,}, such
that 9™+ V=Qm* D) . T. Hence Q is an R-vector space of dimension £, such
that =0Q® xT and Derg=Q® gR.

il) Q is integrable, in the following sense. For any 6, and §,€Q, the bracket
product [0,,0,]=0.

iiiy The restriction of the T-bilinear form J on the vector space QxQ takes
constant values in R, so that we get an R-bilinear form

J:Q x Q- R.

L 0 _
Proof. Take a projection of —e%™*1 to the factor 4™*1 and

denote it by D;. Since deg. <£J—>=—(mi+1), we also have deg.(D))=

—(m;+1) and D;eQ™*D  Because of the description of (2.5), one
may easily check that Q™™*1 is spanned by D; with m;=m; as an R-vector
space and that #m*D=Qm+*DR) T  Other statements of i) are direct
consequences of the above statement.

Proof of ii) and iii).

Assertion 1. V/Q=0.

Proof. Take an element §€ Q™+, Then V/d=V;E+[E,0]=(m;+1)d
—(m;+1)0=0.

Assertion 2. Q=ker(V/; : Derg — Derg).
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Proof. Since Qcker(V/j) is shown in Assertion 1, let us show the
converse inclusion.
Because of i) of (10.5); we may present any element d€ Derg, in the

¢
form ) ¢; D,, for some @,eR, i=1,-,/. Suppose that V;6=) (Ep,)D;=0

i=1
(cf. Assertion 1). Since D; are R-linearly independent, we get E¢p;=0,
i=1,---,/. This is possible only when ¢,, i=1,---,£ are constants in R. (cf.

(7.2) ii)).
Assertion 3. Q={deDerg: V;0=0 for any §' € Derg}.

Proof. Because of Assertion 2, we have the inclusion,
Q>{deDerg : V;0=0 for any &' € Derg}.

Because of Theorem (9.4), The right-hand of the above inclusion has
R-dimension 7, which is equal to dimgQ (cf. (10.5) 1)).

Assertion 4. For 8, and 0, of Q, [6,,0,]=0.

Proof. Because of the torsionfreeness of V/ and the above Assertion 3,

[51,62] = V/th(sZ —V/5261 = O.

Assertion 5. The restriction of the form J on Q x Q takes constant values
in R.
Proof. For 8, 6'€Q), let us compute
E(J(6,6))=J(V/g6,6')+ J(6,V/z0)=0  (by Assertion 1).

Then E(J(6,6'))=0 is possible only when J(§,5') is a constant.
This completes the proof of the theorem (10.5).

(10.6) The uniqueness of Q.

Let Y = Derg[A™?2] be a real {-dimensional subspace such that
i) Derg[A™2]=Q'®zr R[A™?].
i) ' is integrable. That is: [6,0'1=0 for 6,0’ Y.

iii) The restriction of J on Q' x Q' takes constant values.
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Then Q' =Q.

Proof. Fordy,0,,0;€Q), using the conditions ii) and iii) let us calculate

f(V/,5152,53) =51J~(52,53) +52J~(53,51) —53-7(51,52)
_j(él)[62s63]) +J~(52:[53’61]) +J~(53![51:52])
=0.

Because of the condition i) and the non-degeneracy of J, we get V/5,0,=0
for 6,,0,€Q’. Again by the condition i) V;0,=0 for any d€Derg and
0,€Q). Comparing this with Assertion 3 of the proof of the theorem
(10.5), we get Q=0Q'. q.e.d.

(10.7) Now let us show that we may regard R as the symmetric algebra
of the R-dual vector space Q* of Q.

Theorem. Put
Q*:={Pe R (elements of positive degree); OPER for any 6€Q}.

Then 1) Q* is an R-dual vector space of Q by the pairing, Qx Q*3(5,P)—
6PeR.
il) R is generated by Q* as an R-algebra
iii) Let us decompose, Q* = @ Q*™*V wwhich is dual to the decomposition

of (10.4). Then any element of Q*™*V {5 homogeneous of degree
m;+1, for i=1,--- /.

Proof. By using the basis D,;, i=1,--,/ of Theorem (10.5), let us
¢
develop the Euler operator E in the form E= ) (m;+1)0;D;, where Q;€R,

i=1
t=1,---,/ are homogeneous of degree m;+ 1.
Since [E,D;]= —(m;+1)D;, j=1,---,£ (cf. (7.2) iii)),

¢ ¢
_; (m; +1)(D;Q)D; — (m;+ 1)D,-=i;1 (m+1)Qi(D;, D]

=0 (cf. (10.5) ii)).
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Thus we get
D;0;=06;; (Kronecker’s symbol) for i,j=1,---7.

This means Q;eQ* i=1,--.,/. Since det.(D;Q0,);;=1, Q,,":-,Q, must be
R-linearly independent so that they span the vector space Q*, which becomes

the dual space of Q.

0 0
Since D;=— mod ( P, such that mk>mj>, one may easily compute

j k
90.

that det.(a—IQ)'),-,j=det.(DjQi)i,J:1. Hence Q,,---,0, is a homogeneous gen-
j

4 0 0
erator system of the algebra R. Then D;= Z (D;Q) — =——forj=1,-- 7.
i=1 00; an

Thus we get a presentation

Q*(m.+1)= @ RQ} for l=1,,/

mj=m;
This completes the proof of (10.7).

§11. Concluding Remarks

As we have mentioned in the introduction, this note was planned as a
part of the study of primitive integrals in [7], since the results in this note
enable us to compute the Poincaré duality of the vanishing cycles of rational
double points by means of a duality of certain local cohomology groups
which are associated to the unfolding of the singularities as follows.

(11.1) Let us remember the constructions in this note.

We started with a group W and its irreducible presentation as a reflexion
group acting on a real vector space V. After several constructions we
obtained at the end a weighted vector space Q= @ Q™ * ! and an inner product
J (homogeneous of degree £+2) on Q and the discriminant polynomial A2
in the symmetric algebra R of QF.

Thus we get a correspondence of objects,

(W, V) (Q,J,A%.

(11.2) Assertion. The above correspondence is reversible in the following sense
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Suppose that we forget about W and V, but are given the information
on the weighted vector space €, the inner product J and the discriminant
polynomial A2, Then one may reconstruct ¥V and W from Q, J, A? in the
following algebraic way.

1) Consider the symmetric algebra R of Q* (cf. (10.7)).
Using the weights of (), we can attach a graded ring structure to R, so
that A% is a (weighted) homogeneous polynomial of degree k.

ii) Consider Derg, Derg(logA?) and Qg, Qg(logA?), which are graded
R-modules (cf. (2.1)).
One may naturally embed Qc Derg. As a lowest degree element of

QcDerg, one may uniquely determine an element D® up to a constant
factor (cf. (2.2)).

iiiy Put, T := {PeR: D(h)P=0}
F = {(DEQR: LD(;,>w=0}

4 {6eDerg: [D™,6]1=0}.

I

Then T is a graded ring of dimension £/—1 and &, ¢ are free T-modules
of rank /. Naturally &# and ¢ are dual T-modules of each other.

iv) Since 4=Q @ T, we may extend J to ¢ as a T-bilinear form,
J: 4x%>T.
v) As a T-module, we have a direct sum decomposition (cf. (6.1))
Derg=% @ Derg(logA?).
Then, one may define a T-linear map,
w: 4 — Derg(logA?)

by w(d):= the second factor of P,d in the above direct sum decomposition,
where P, is any polynomial of R such that D®P,=1 (cf. (6.4) 1)).

vi) Let §,,---,0, be a T-free basis of % and let 6*!,---,6*/ be the dual basis
of 4 with respect to the inner product J.
Put,

¢
F:=Y 6 ® wd*): QgxQp > R.
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Then I* is a symmetric R-bilinear form on Qg, which does not depend
onthe choice of the basis d;,:-+,0,. (cf. (6.5)).

vii) Consider the Levi-Civita connection,
V: Derg(logA?) x Derg(logA?) — Derg(logA?)
for the metric I* (cf. (8.2), (8.3)).

Let K be the algebraic closure of the quotient field of the ring R so
that K> C. One may naturally extend V to

V: Dergx (Derg Qg K) = (Derg @z K).
viii) Put
V* :={6eDerg @rK: V50=0 for any & € Derg}.
V :={PeK: 6PeC for any d€ *and homogeneous of deg. P>0}.

Then V and V* are dual complex vector spaces of dimension ¢, consisting

of elements of degree 1 and —1 respectively.

ix) Consider the symmetric algebra Sc K generated by V. Then RcS.

x) The extension of the quotient field of R by the quotient field of S is

a Galois extension. Let us denote by W the Galois group of the extension.
The operation of the group W preserves the vector space V' so that we

obtain a pair (W,V) of a group W and its presentation in GL(V). This is

the one we are seeking.

(11.3) Note that by the above correspondence, (Q,J,A%)— (W,V), the
information of (€,J,A?) does not contain explicit information on the group W.

Roughly speaking the information of W comes through the monodromy
representation of the fundamental group of the complement of the discriminant
locus A2=0 in the complexification of Q.

If one may go through complex analytic geometry, the group W can
be rather easily constructed as follows (cf. [3], [4]).

Let Q° be the complexification of the real vector space Q and let D be
the hypersurface of Q° defined by the equation A?=0.

Let g be a homotopy class of a path in Q°— D, which turns once around
a general (smooth) point of D and let N be the smallest normal subgroup
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of 7,(Q°—D,*) containing g°.

Then W is isomorphic to 7,(Q°—D,*)/N. As a complex variety, the
complexification E of the real vector space V* is characterized by the following
properties,

1) E is a normal irreducible analytic space.

ii) There exists a proper finite map n: E—Q° such that zn|p_, -.p):
E—n"Y(D) > Q°—D is an unramified covering map corresponding to the
normal subgroup N.

As a covering transformation group, W operates naturally on
E—n"Y(D). The uniqueness of E of the properties i) and ii) guarantee that
the operation of W on E—n~!(D) can be extended to the operation on E,
so that we get a natural inclusion W< Aut(E).

(11.4) Now let us compute the intersection form I* of vanishing cycles of
simple singularities as an application of our theory. For detailed explanations
and proofs of iv), v), vi) below, one is referred to [7] and [42].

i) Let g be a complex simple Lie algebra and let G be the adjoint group
of g. Let ) be a Cartan subalgebra of g. The adjoint action of G on
g induces a Weyl group W action on }. It is a well known theorem of
Chevalley that the restriction of a polynomial function on g to the subspace

b induces an isomorphism of the invariant rings,
Clg*)°~C[H*])".

(Here we denote by C[E*] the ring of polynomial functions on a vector
space E.)

Since W is a finite reflection group acting on a real form by of the
algebra b, we may apply Theorems (10.5), (10.6) and (10.7) for (hg, W). We
shall use the same notations R, Derg, D®, A2 B, J, Derg(logA?), Q,---, etc.
(recall §2-5 and 10) for this complexified situation. So R denotes the invariant
ring C[H*]” and Dery is the module of its derivations. Then Q is the
unique complex vector space of dimension £:=dimgl characterized by the
next properties a)—c):

a) there exists an inclusion of the dual vector space Q* into C[h*]¥, so
that one has an isomorphism:

ClQ*]~CH*1”,
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*1 5o that any

b) there exists a direct sum decomposition, Q= @Q™
element of the factor Q*™*1 is a homogeneous function of degree m;+ 1

on b (and hence on g).

c) there exists a non-degenerate bilinear form,
J: OxQ->C

which is related to the Cartan-Killing form I, by the formulas of (6.5) and (5.2).

d) From a) and b) together, we obtain a quasi-homogeneous mapping,
g— Q(legr— (PeQ*— P(£)e C)e Q*¥),
which we shall call an invariant morphism.

ii) Brieskorn [2] and Slodowy [10] gave a description of the universal
deformation X — S of simple singularities of types 4,, D, and E, in terms
of corresponding simple Lie algebra, where the total space X is an affine
linear subspace of g of dimension £+ 2 transversal to the nilpotent variety,
the base space S is the quotient space h/W which will be identified with
Q by i) a), and the deformation map is given by the restriction of the
invariant map i) d). The map X — S is quasi-homogeneous of type
(my+1,--m,+1; my+1,---m,_;+1,1,1,1) for r=£+2 (cf. Varadarajan [12],
Kostant [6]).

iiiy The composition map X — S ~Q—Q/CD® is easily seen to be
submersive so that the inverse image X, of 0eQ/CD™® is isomorphic to a
three dimensional affine space. The restriction of the invariant map to
X, — C is denoted by f. Let Py,---,P, be a system of linear coordinates of
Q such that deg(P;)=m;+1. Their pull backs on X by the invariant map
are denoted by the same P,,---,P,, We can choose three homogeneous
polynomials X, Y and Z of degree 1 on X such that dXAdYAdZAdP,
A--ANdP,_; #0 every where on X. The map (X,Y,Z,P,,---,P,) defines
an embedding of X into C? xQ, whose image is a hypersurface defined by
a single equation of the form:

PJ_F(X) Y)Z)Ply“'ipf—l):()‘

This is the universal unfolding of f(X,Y,Z)=F(X,Y,Z,0,---,0), where
AX,Y,Z)=0 defines the simple singularity of the corresponding type.

iv) a) Let us now compute the middle cohomology groups of the fibers
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of the mapping X — Q, in the following two different ways and let us study
the difference of them.
ALY = Q% 2/dP, \--- NdP, \dQ}
HP = Q,z(/dQ}(+é dP;\Q}.
i=1

Qp 1= Q4*2/dP A AdP,AQ2.

(Here Q% is the C[X] module of polynomial p-forms on X.)

Then #{ and #{ are R-free modules of rank ¢ and Qg is an R-torsion
module and is a T-free module of rank 7.

We have a natural R-exact sequence,

0— #Y M HP 5 Qp 0.

b) Parallel to the above situation one may compute the cohomology groups
of the fibers of the one parameter family f: X, — C, as follows

X
S2
1

Q3 /df NdQk,
HO = Q% /0L, + dfFAQL.

Q, := Q}/dfAQE,

Then # and # are C[P,]~R/(P,,---,P,_)R-free modules of rank ¢ and
Q; is a C-vectorspace of rank 7.

We have the following natural identifications of two exact sequences

0— w0 Fe w0 Lo 40

l {I—

0 — AT HO —H#D/T*HP > Qp/T*Qp—>0 .

Here Tt =(Py,---,P,_ )T is the maximal ideal consisting of all positive degree
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elements of T.

v) a) Let us define a non-degenerate T-bilinear form, { , > QpxQp—
T.

Let w;€Qp, i=1,2, be represented by forms ¢;dXdYdZdP,---dP,_ ;€
Q%2 i=1,2. Then

©19,dXdYdZ
OF oF OF
0X 0Y oZ

{wy,0;):=Resyq,

This definition depends neither on the presentations of w; nor on the
choice of the coordinates X, Y, Z.

b) We define also a non-degenerate C-bilinear form, { , >: Q,xQ,—C.
Let w;eQ,, i=1,2, be represented by forms (pidXdeZEQ?(O, i=1,2.

Then

¢10,dXdYdZ

of of of
| 06X’ 0Y 0z

{oy,0:= Resxo/o

Evidently by definition, we have a commutative diagram,
Q x Q > T

| |
Q, x Q = C

vi) Let us denote by V' the Gauss-Manin connection of the family X — Q,
which is a covariant derivative on the module #P[A™2]=#P[A2]. We
know that V' has logarithmic poles in a suitable sense.

Let (D e#D be a class presented by a form

aXdYdZ+bYdZdX +cZdXdY, where a,b,c

are constants such that a+b+c=1.

Theorem. The covariant derivation 0@:=V{® of (O induces an

R-isomorphism of exact sequences,



FLAT STRUCTURE FOR FINITE REFLEXION GROUP 577

0 — Derg(logA?) — Derp, — % — 0

6@ Re© e
0 — #P — #P —Q — 0

The above isomorphism 0:9~Qp induces an identification of T-bilinear

forms J of (5.2), (6.5) and { , > of v) a) of (11.4).

Corollary. The above isomorphism 4 ~Qp induces an isomorphism of
vector spaces Q~Q ;. By this isomorphism, the bilinear form J on Q is identified
with the bilinear form { , ) of v) b) of (11.4).

Now let (V=Vpw{@e#P be the class represented by the form
dXdYdZdP,..-dP,_, e Q*?

Theorem. The covariant derivation 0V:=V'(V of (Y induces an
R-isomorphism of exact sequences

0 — Derg(logA?) —» Derg —» % — 0

R oW Rew e
0 — #W — #P 0, — 0

(Here #P:=Vpu #P < #P[A™2] is an R-free module of rank £.)
The above isomorphism 0V induces an identification of the connection V
of (8.2) with the Gauss-Manin connection V'.

Corollary. Let 6',---,0° and 6'%*,---,6°* be dual T-free bases of 4 with
¢
respect to the form J, and let us put I*=Y &' @ w(d'™).
i=1

Then 0V (I*) e #P R g AP is the intersection form on the middle homology
group of the rvegular fibers of the mapping X — Q.

Note. Combining the above corollaries with (11.2), one sees that
only the information of the vector space QI=Q,3(0/df/\ Q,z(o with its bilinear

form {, >: Q;xQ;— C of v) b) and the information of the discriminant
AzeC[Qf] of the mapping X—Q, together suffice for the calculation of the
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intersection form I (or I*). Then the vector space IV may be regarded as

the middle cohomology group of a generic fiber of the map X—Q.
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