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The Strong Bernstein-Gelfand-Gelfand
Resolution for Generalized
Kac-Moody Algebras, I
— The Existence of the Resolution —

By

Satoshi Narro*-**

§1. Introduction

The purpose of this series of works is to show the existence of the
strong Bernstein-Gelfand-Gelfand resolution (cf. [1]) of the irreducible highest
weight module L(A) with dominant integral highest weight A over a
symmetrizable generalized Kac-Moody algebra (=GKM algebra). Here,
GKM algebras are a class of contragredient Lie algebras g(4) over C (see
[4], [8], or [7, Chapter 1]) associated to a real square matrix A=(a;;); s
indexed by a finite set I which satisfies the tonditions:

(Cz) aijSO if l‘#]‘, and aijEZ if aii=2;
(C3) ;=0 implies a;=0.

(C1) either a;=2 or a;<0;

(We call such a matrix a GGCM in this paper.)
These Lie algebras were introduced as a natural generalization of Kac-Moody
algebras, and have been studied by Borcherds ([2] and [3]).

In the present paper, we prove the existence of the weak Bernstein-
Gelfand-Gelfand (=BGG) resolution by homological methods, following the
general lines of [5] and [17, Sections 7-9]. To be more precise, we prove the
existence of the following g(4)-module resolution of L(A):
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(#) 0-L(A)—Co(A)=Cy(A) e+ CpA)Cpy(A) =,

where CF(A)=ZGD V,WwA+p—pf)—p) is the direct sum of
Zon Sl

generalized Verma modules V, (w(A+p—fB)—p) with highest weight w(A+p

—pB)—p canonically induced by the irreducible highest weight module

L. (w(A+p—pB)—p) over the maximal reductive part m of a finite type

parabolic subalgebra p of g(A4) (see Sections 1.1, 2.1, and 2.2).

Then, using this BGG resolution, we obtain a vanishing theorem for
the Lie algebra homology H,(g(4), L(A)) of g(A4) with coefficients in L(A),
generalizing a result of Kumar [9, Theorem (1.7)] to symmetrizable GKM
algebras.

As another consequence of the BGG resolution, we prove the
generalization of Bott’s ‘‘strange equality’’, which is due to Lepowsky ([11,
Corollary 6.7]) in the case where g(4) is a symmetrizable Kac-Moody
algebra. This determines the dimension of the s-th relative Lie algebra
homology H(g(A4), m, L(0)) of g(A4) with respect to m with coefficients in
the trivial one-dimensional module L(0) (s>0).

In the succeeding paper [15], we shall describe an explicit construction
of the strong BGG resolution, which is equivalent to the above weak BGG
resolution, developing the theory of Verma module embeddings.

This paper is organized as follows. In Section 2, after [14], we fix
notation and review the notion of the category (; corresponding to a certain
subset J of I. In Section 3, we briefly sketch the construction of the
“weaker” BGG resolution for symmetrizable GKM algebras. That is, a
resolution (¥) of L(A) in which the modules C,(A) (p >0) have a g(4)-module
filtration:

#) C,(A)=M,>M,>M,>-->M;>M,,,=0,

such that M; /M, ., = V,(W(A+p—B)—p) we W(J), Be F(A), £(w) +ht(B)=p),
=0, 1,.., k.

This construction is carried out basically in the same way as in [5], except
for the determination of the highest weights appearing in the modules C,(A)
(#=0). A necessary condition of the highest weights is obtained by imitating
the proof of the Weyl-Kac-Borcherds character formula for L(A) (cf. [2] or
[7, Chapter 11]). On the other hand, we can prove as in [5] that the weights
in this necessary condition actually appear as highest weights of successive
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quotients M;/M;,,(0<i<k). Combining these results, we complete the
construction of the “weaker’” BGG resolution.

In Section 4, we show a vanishing result about the relative Ext bifunctor,
which asserts that C,(A)(p=0) is actually the direct sum of generalized
Verma modules V,(W(A + p — ) — p)(we W(J), e L(A), £(w) + ht(f) = p).
Thus we finally obtain the weak BGG resolution.

In Section 5, as applications of the BGG resolution (and its proof), we
get some results on Lie algebra homology of GKM algebras.

§2. Preliminaries and Notation

We generally follow the notation of [7]. For detailed accounts of GKM
algebras, see [2] and [7, Chapter 11].

2.1. GKM algebras and parabolic subalgebras. Let g(A4) be a
GKM algebra, over the complex number field C, associated to a GGCM
A=(a;); jor, with Cartan subalgebra ), simple roots IT={a;},;, and simple
coroots ITV ={a;" },;. Let us fix an element p of h*=Hom¢(h, C) such that
(pyary=(1/2)ay e ]).

As is well-known, we have a triangular decomposition: g(4)=n"@hdn"*
with n*=Y®,. g, where g, is the root space attached to a root
xeA=A"UA". Let I" (resp. I'™) be the subset {ie ]| a;=2 (resp. a;<0)}
of the indexing set I. For a subset J of I, we put Aj:= A*n (ziEJZZOa,-),
and then A*(J):=A*"\AJ. Now, we define the following Lie subalgebras
of g(A4):

ui==Z§'iA+m G+a m3=b@zgiA;(9a®Q_a), p:=m@u’.

We call p=m@u™* a parabolic subalgebra of g(4), and then m the maximal
reductive part of p.

Recall that the Weyl group W of a GKM algebra g(4) is by definition
the subgroup of GL(h*) generated by fundamental reflections »; (/e I"®). For
weW, we put ®,:=A"nw(A”). Note that the number of elements of the
set @, is equal to the length £(w) of w ([13, Proposition 1.2]). Corresponding
to a subset J of I", we define W, to be the subgroup of W generated by
the s (i€eJ), and put W(J):={weW | ®,, < A*(J)}.

2.2. Category ;. From now throughout this paper, we will assume
that the GGCM A4 is symmetrizable. Let J be a subset of I". In [14,
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Section 2], following [12], we defined @, to be the category of all m-modules
M satisfying:

(J1) Viewed as an Bh-module, M is h-diagonalizable with finite-
dimensional weight spaces;

(J2) there exist a finite number of elements y,eh* (1 <i<s) such that
PM)c Uf-=1D(/.ti), where 2(M) is the set of all weights of M and
D(u)={pi—B | BeQ+:=Dier Z5 o} (1<i<s);

(J3) Viewed as an m-module, M is a direct sum of irreducible highest
weight m-modules L, (1) with highest weight AePj:={uebh* |y, o’
€Z,, (ie))}.

Recall that the category O, is closed under the operations of taking submodules,
quotients, finite direct sums, and tensor products.

Remark. The category @ defined in [7, Chapter 9] is nothing but the
category of all g(4)-modules satisfying (J1) and (J2).

The following proposition plays a crucial role in the construction of the

“weaker” BGG resolution in Section 3.

Proposition 2.1 ([14, Proposition 2.1]). Let Ae P*:={Aeb*|{4, o)
>0@el), and (A, a;'YeZ, if ay=2}. Fix a subset J of I'*. Then, L(A)
and (/\j u )R ¢ L(A) G=0) are in the category O, where /\j u~ is the exterior
algebra of degree j over U™, and is an m-module under the adjoint action
since [m,u”"Jcu".

Remark. In [5], the above proposition was proved in the case where
A is a symmetrizable GCM and the subset J is of finite type (i.e., the
submatrix 4; :=(a;;); j; of A is a classical Cartan matrix of finite type). In
[12], Liu pointed out that, in the case where A is a symmetrizable GCM,
the condition that J is of finite type can be removed by using Kac’s complete
reducibility theorem ([7, Theorem 10.7]). Also to the case where 4 is a
symmetrizable GGCM, Liu’s proof is applicable since the Chevalley
generators e;, f; (i€ 1™) act locally nilpotently on g(4) and L(A).

Now, for later use, we recall the notion of the algebra & introduced in
[7, Chapter 9], which contains ‘“formal h-characters” of h-modules in the
category (0, for the case J=0. (Note that in [7, Chapter 9] formal characters
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are defined only for g(4)-modules in the category (0.) The elements of &
are series of the form ). c;e(4), where c;€C and ¢;=0 for A outside a
finite union of sets of the form D(u) (uebh*). Here, the elements e(l)
are called formal exponentials. They are linearly independent and are in
one-to-one correspondence with the elements Aeh*. The multiplication in &
is defined by: e(4,) e(4,)=e(d,+4;) (41,4, €h*).

For an h-module M in the category (4, we define the formal -character
chy M to be ) ;. (dimg M))e(1) €&, where M, is the weight space of M

corresponding to A.

§3. Construction of the “Weaker’” BGG Resolution
We fix a subset J of I"={ie] |a;=2}.

3.1. Construction of a generalized Verma composition series.

For 1€ P;, we define the generalized Verma module V(1) with highest
weight A as follows: V(1) = U(8(4)) Q yp) Lm(4), where u*(cp) acts trivially
on the irreducible highest weight m-module L, (1) with highest weight
A. Here, for a Lie algebra a, U(a) denotes the universal enveloping algebra
of a. Note that when J is an empty set (), the module V(1) is just the
Verma module V(1) with highest weight Aeb*, so that V(1) is a quotient
of V(A).

Definition. Let ¥=(4,,4,,...) be a sequence, possibly finite, of
elements of P;j. A g(4)-module V in the category @ (see the remark before
Proposition 2.1) is said to have a generalized Verma composition series (= GVCS)
of type W if V" has a strictly increasing (possibly finite) g(4)-module filtration:

such that V=U,-ZOV,- and the sequence V}/V,, V,/Vi,... coincides up to
rearrangement with the sequence of generalized Verma modules 7(4,),
ZACCY AR

Now, let (‘|*) be a standard invariant form on g(4) corresponding to
the decomposition A=DB, where D=(g;d;;); jr is a diagonal matrix with
g>0 (iel), and B is a real symmetric matrix (see [7, Chapter 2]). This
induces (through a linear isomorphism v: h—§*) a nondegenerate, W-invariant,
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symmetric bilinear form, which is again denoted by (-|:). ~We fix one such
(‘]"). Note that for xe A*, we have 2(p|a)>(x|x) with quality if and only
if aell (see [7, Chapter 11]).

For a sequence ¥ =(4y, 1,, ...) of elements of P}, and an element Ae P*,
let ¥, be the subsequence of ¥ consisting of those A; in ¥ such that
Ai+plki+p)=(A+p|A+p).

We can prove the next theorem, arguing basically in the same way as
in [5], by making use of Proposition 2.1 instead of [5, Proposition 6.3].
However, in its proof, we need the same additional arguments as in
[12, Section 6] concerning the filtration of C,(A)(p>=0), since the subset J of
I may be arbitrary. For these additional arguments, we need only the fact
that W% is a finite set for each p (p >0), which will be proved in the following
subsection (see Proposition 3.2).

Theorem 3.1. Let AeP*. For each peZ,,, let Y =(y,2,,...) be
the (possibly finite) sequence of elements of PJ such that (/\” U )R L(A)
-t Zl@ L. () as m-modules (such a decomposition exists uniquely by Proposition
2.1). Then, there exists an exact sequence of g(A)-homomorphisms:

0L(A) = Co(A)=Ci(A) -+ Cy(A) = Cpiy(A) =+,

where the §(A)-module C,(A) is in the category O, and has a GVCS of type
YR (p=0).

3.2. Determination of WX (p=>0). Let us recall some notions
concerning roots of GKM algebras. A simple root o;€Il (i€ ) is called real
if a;=2, and imaginary if a;<0. We denote by IT" (resp. II'™) the set of
all real (resp. imaginary) simple roots. Let & be the set of all sums of
distinct, pairwise perpendicular (with respect to (-|-)), imaginary simple
roots. And for each ﬁ=2i51 ko€ O, we put ht(f) : =Y rk;.

As a necessary condition of W§, we get the following, imitating the
proof of the character formula for L(A) (cf. [2] or [7, Chapter 11]).

Proposition 3.2. Let AeP* and peZ,,. If AePj is in the sequence
W2 in Theorem 3.1, then

(a) A=w(A+p—PB)—p, for some (necessarily unique) we W(J) and some
(necessarily unique) fe F(A) :={feF | (B|A)=0} such that £(w)+ht(B)=p;
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(b) A occurs with multiplicity one in the sequence VXK.

Proof. First, we remark that since {A+p—f,0’>eZ., (1el"™),
wi(A+p—PB1)—p=wy(A+p—B,)—p implies w;=w, and B;=p, ([13, Pro-
position 1.1]).

We now work in the algebra & in Section 2.2. Put /\* n- :=ZJ®20/\" no.
Then, by Proposition 1.1, we see that the h-module (/\* n)RcL(A) is in
the category (04, so that chb((/\* n7)X® ¢ L(A)) is in the algebra &. Clearly,

we have

chy(A* 1)@ cL(A)=chy(A\* n7) - chy L(A)
=[Taeas (1 +e(—a)™ @ - chy L(A),

where mult(e) : =dim¢ g,=dim¢ g_,(x€A*). Note that the Weyl group W
stabilizes the set 2(L(A)) of all weights of L(A) and the root system A of
g(A4) with their multiplicities, since the Chevalley generators e, f; (i€ I™) act
locally nilpotently on both of L(A) and g(A4). Further, it is obvious that
r(A*\{o;})=A"\{a;} for all ieI". Therefore, if we define w(e(t)) : = e(w(t))
(tebh*), we have for iel™

7e(p) - [Laea+ (1 +e(—a)y™"@ - chy L(A))
=7(e(p)) * ri(1+e(—)) * 7] Juea g (1 +e(—0))™"®) - 7,(chy L(A))
=e(p) - e(—a) - (1+e®)) * [Joear\my (1+e(—0))™"@ - chy L(A)
=e(p) * [ aea+ (1 +e(—0))™"@ - chy L(A).
Hence, in the expression e(p) * chy((A\* 17)® ¢ L(A)) = 5. c.(t + p), we have
(®) c,=cy, if Wr+p)=1"+p for some we W.

In particular, if we put ®:=9’((/\* n)®¢ L(A)), then the set p+@®
(cp+A—Q,ch*) is W-invariant. So, for Lle PR <=®, there exists some
wo€W such that {wg'(l+p),07>eZ,, for all iel™ We now write
wo '(A+p)=p+p (1€@). Since 1eP}, we have (u+p|u+p)=ws ' (A+p)]
wo '(A+p) = +plA+p)=(A+p|A+p).

To sumup, u=A—Y, ko, (k;€ Z o) is a weight of (\* 17)® ¢ L(A) such
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that (u+p|pu+p)=(A+p|A+p)andu+p, 0’ >€Z,,(iel™). From this, we
conclude that u=A—p, for some f,eF(A) and that the multiplicity of u
in (/\* n7)®cL(A) is equal to one, by exactly the same argument that was
used in the proof of the character formula for GKM algebras ([2, Section 7]
or [7, Theorem 11.13.3]). So, using(R),we deduce that A=wo(A+p—fo)—p
and that the multiplicity of A in (/\* n" )¢ L(A) is equal to one.

Now, it remains to show that wye W(J) and £(w,) +ht(f,)=p. But this
can be shown as in the proof of [14, Lemma 4.2]. O

For the converse of Proposition 3.2, we have the following.

Proposition 3.3. Let AeP*, peZ,,. Put A=wA+p—P)—p, where
weW(J) and feF(A) such that {(w)+ht(B)=p. Then, L. (1) occurs as
m-irreducible components of ( /\” u )R cL(A), and A is in the sequence W}
in Theorvem 3.1.

Proof. First, note that we have (A+p|i+p)=wWA+p—PB)|wA+p
—B) = (A+p—BlA+p—P) = (A+p|A+p)+(BIB—2(p|BH—2(AIB) =(A
+p|A+p), since fe L (A) and 2(p|a)=(o;|;) (€.

If we express f=)p_ a,, where m=ht(f), o, elI'"(1<k<m), and
i, #1, (1 <r#t<m), then we have A=w(A+p—B)—p=w(—B)+w(p)—p+w(A)
=Y w(—0) + Y geo (—0) +W(A), since w(p)—p=—) 40.,% Now, we
take nonzero root vectors E,€ G- wiay) (1<k<m), E,eg_,(xe®d,), and a
nonzero weight vector v€ L(A),,, with weight w(A). Then, it is clear that
vo:=(E;A---ANE,)A (/\GEQWE,)®7)E(/\" u")QcL(A) is a nonzero weight
vector with weight A.

Further, we have the following claim:

Claim. We have ¢;(vy)=0 for all e J, when regarding (/\" u )@ L(A)
as the tensor product of modules over nt.

Proof of the claim. 1t is sufficient to show that A+a; (i€J) is not a
weight of (/\’ u7)@¢L(A). Suppose that A+a; is a weight of (/\? u7)®c¢
L(A). Then, by exactly the same argument as in the proof of Proposition 3.2,
we see that there exists some wyeW such that (wg'(A+o;+p)|o)=>0
for all leI™. We write u=wq '(A+o;+p)—p. So, we have u=A—=Y, na,
(m e Z ) since p+?((/\* n7)®cL(A)) is W-invariant.

Now, since u=A—Y, m0,, we have
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(A+plA+p)— (A 4o+ pli+a;+p)
=(A+plA+p)—(wo ' A+ +p)lwg ' (A+a;+p))
=(A+plA+p)—(u+plu+p)=(A+plY i ma) + (u+plY s mat)
= (A'Zk moy) +(pn+ 2P|Zk 0%,).

Here, (Ala;)>0 for all lel, since Ae P™.
For jelI™, we have
(u+2ploy) = (n+ ploy) + (ploy) = (1w + ploy) + (1/2)-(o;] )
=W '(A+a;+p)lar)) + (1/2) (ojlor;) > 0.
For je I'™ with n;eZ,,, we have
(ﬂ+2p|“j)=(A—Zk o+ 2pla;)

= (Ala;) _Zk m(oelory) + (1 —m)(ajlo;) > 0.
k#j

Therefore, we get (A+p|A+p)—(A+o;+p|A+o;+p)=0.
On the other hand, we have

(A+o;+plA+o;+p)—(A+p|A+p)
=WA+p—B)+aiwA+p—B)+o)—(A+plA+p)
=(A+p—BIA+p—P)+2(wA + p—B)) + (o]ots) — (A + p|A + p)
= —=2(A+plB) +(BIB) +2(A+p—Blw™ " () + (oifor;)
=2(A+p—Blw™ (@) + (alo)) (since Be F(A)).

Here, note that w™l(a)eA*n stm Zo;, since ieJcI™ and we W(J)
={ueW|u "(Af)=A*}. Therefore, we get (A+a;+p|A+o;+p)—(A+plA
+p)>0. This is a contradiction. Thus, we have proved the claim.

Let us recall that the m-module (/\" u” )¢ L(A) is in the category O,
(p=0) from Proposition 2.1. Hence, we can easily deduce from the above
claim that the m-submodule of (/\” U7 )QcL(A) generated by the vector v,
is m-module isomorphic to L, (1) (p=0). O

By Theorem 3.1, Propositions 3.2 and 3.3, we have the following
theorem, extending a result of Liu [12].

Theorem 3.4 (“‘weaker” BGG resolution). Let g(A4) be a GKM algebra
associated to a symmetrizable GGCM A=(a;)); jo1, and let J be a subset of
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I'*={iel|ay;=2}. Then, for the irreducible highest weight g(A)-module L(A)
with highest weight A€ P*, there exists an exact sequence of §(A)-modules and
g(A)-homomorphisms:

0=L(A)=Co(A)=C1(A) ¢+ CpA)=Cp y(A) -,

where C,(A) (p=0) has a GVCS of type (WA +p—p)—p) Here,

WeW(J).peF(A)
Zw)+ht(f)=p

each weight w(A+p—B)—p occurs with multiplicity one in this sequence.

§4. Existence of the Weak BGG Resolution

In this section, we assume that the subset J of I" is of finite type (i.e.,
m is a finite-dimensional reductive Lie algebra). Define %(g(4), m) to
be the category of all g(A4)-modules V" satisfying (J3) in Section 2.2. That
is, €(g(A), m) is the category of all g(4)-modules which are finitely semi-simple
as an m-module. Note that the category %(g(A4), m) is closed under the
operations of taking submodules, direct sums, and tensor products, and that
%(g(A), m) has enough projectives. Therefore, in the category €(g(4), m),
the usual relative Ext bifunctor Ext{g( 4).m) 18 defined (j>0) (see [11, Part IJ).

Here, we prove that the g(4)-module C,(A) (in Theorem 3.4) is actually
the direct sum of generalized Verma modules V, (W(A+p—B)—p) (we W(J),
pe LN), {(w)+ht(f)=p) for p>0, by showing Ext(lg(A),m)(T/:"(wl(A +p—p1)
—p), Viwa(A+p—B)—p) =0 if wy#w, or By#B,, where w,eW(J),
B.e P(N), L0w)+ht(By=p (i=1,2).

In [17], Rocha-Caridi and Wallach dealt with a certain wide class of
graded Lie algebras, that is more general than symmetrizable GKM
algebras. So, we can use their results freely. Our main tool is the following.

Lemma 4.1 ([17, Lemma 7.1]). Let M=My>M;>---oM,>M,,,
=0 be a filtration of Me%(g(A), m) by submodules, such that M;/M,,,
=T, (0<1<s) as g(A)-modules. If Ext(lg(A),m)(I/}, V) =0 for all 0<ixj<s,
then M =~ Zgg,.ss V: as g(A)-modules.

So, we have to prove the following Ext vanishing result.

Proposition 4.2. Let AeP*, w,eW(J), and BeFL(A) (=1,2). If
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EXt(lg(A),m)(Vm(WI(A +p— 1) —p), VaWy(A + p—B,) — p)) # 0, then £(w,) +
ht(8,) < £(w,) + ht(B,).

Before proving Proposition 4.2, we prepare some basic results for real
roots and imaginary roots of GKM algebras. Let A™:=W-II"%, A™:=A\ A",
K:={a=Y ko€ Q,\{0}<a,a7><0 (jeI™), and supp(a) is connected}\
szz 7 II'™ where supp(a) is the subdiagram of the Dynkin diagram of
A=(ay;); jer corresponding to the subset {ieI|k;>0} of I. Then, we know
that A™ N A* = J,w w(K) ([7, Chapter 11]). Moreover, we have

Lemma 4.3. For a€A, the following are equivalent:
(1) aeA™;
2) (xx)>0.

Proof. (1) obviously implies (2), since (a;o;)=2/¢;>0 (i€I"®) and (‘")
is W-invariant. We will show aeA™ implies (¢Jx)<0. Since A™NA*
=UWEWW(K), we may assume that oczzjs,kjij € K. Then, we have
(da) =) jerkj(olor;). Note that for i€ I, (alo)=¢; ' (o, >, where &>0. If
iel™, {o,07)<0 since aeK. And if iel™, {a,a’d>=Y ko;,n’ )
=Y rkja;; <0 since a;<0. So, we have (aja) <O. O

For o e A™, we define a reflection », with respect to a by: 7 (1) =1— {4, a" Da
(Aeb*), where a¥ =2v ™ }(a)/(x|) is the dual real root of a. Note that if
a=w(o;) weW, «ell™), then r,=wrw 'eW. Then, generalizing [17,
Lemma 8.2], we have

Lemma 4.4. Let ueP*, weW, and BeA*t. Then, the following are
equivalent:
() 2w(+p), v B> =m(BIB) for some me Z, ,,
(2) we have either of the following two cases:
(a) PBeA™ and {(rpw)>£(W);
(b) w’T(B)ell™ and (w™'(B)|w)=0.

Proof. We can show that (2) implies (1) in exactly the same way as
in the proof of [17, Lemma 8.2]. So, we only show that (1) implies
(2). Now, suppose that B¢A™, so that fe A™ N A*. Then, by Lemma 4.3,
we have (f|f)<0. On the other hand, from the assumption we have
m(B|B) =2w(u+p)IB)=2(u+plw~1(B)). Since A™ A" is W-invariant, we get
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w i(B)eA™NA*. Put a:=w (). Then, we have

m(afor) = m(B|B) = 2(u+ plo) = 2(uer) + 2(plor)
> 2(plor) + (ofov),

so that (m—1)(a|a)>2(ule) with equality only if aell. Here, (ulx)>0
since ueP* and aeA*. Therefore, we deduce w™!(f)=aeIl™ and
(uw™1(B)) =0, since (a]z)=(BIB)<0.

Hence, we may assume that feA™. But, in this case, we can show
that £(rzw)>£(w) in the same way as in the proof of [17, Lemma 8.2]. O

Proof of Proposition 4.2. Put p,:=wi(A+p—Pp)—p (=1,2). We have
Ext(lg(A)_m)(V:n(ul), V. (u,)) #0 by assumption. Then, by [17, Theorem 7.5],
there exists an element ue P} (u#pu,) such that [V, (u,) : L] [Via(w) : L(1q)]
#0. Here, for g(4)-modules Ve@® and L(t) (tebh*), [V:L(r)] is the
multiplicity of L(tr) in V (see [4, Definition 3.5]). So, we have
[(V(uy): L)) [V(w): L(y)] #0. Therefore, we have only to show the
following claim:

Claim. Let f8 be an element of the set Y jym Z 5 o%;, and let we W. If,
for some pueb* (WA +p—p)—p), [VW(A+p—B)—p): L(W]#0, then u=
wo(A+p—PBo)—p for some woeW and some Bo€) ;yimZso%; such that
{(wo) +ht(Bo) >£(w)+ ht(B).

Proof of the claim. Since [V(w(A+p—B)—p): L(1)]#0, by [8, Theorem
2], there are a sequence yi,...,y, of positive roots and a sequence my,...,

m, of positive integers such that

2Aw(A+p—P)—myyy— - —m_ i1, V0> =m(yily) (1<i<k), and
WA+p—PB)—p—u =D cickm

Clearly, we may assume that k=1. That is, we may assume that there exist

a positive root y and a positive number m such that

2{w(A+p—PB), v 1)y =m(yly) and w(A+p—P)—p—p=my.

Then, by Lemma 4.4, we have either of the following two cases:

(@) yeA™ and £(r,w)>£(w);
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(b) wTl(y»)eIl"™ and (w™'(y)|A—p)=0.

In Case (a), we have (r,w)A+p—pB)=r,(WA+p—PF)=wA+p—PB)—2/(ly)
WA+p—PB), v IDy=wA+p—B)—my=p+p, with £(r,w)>£(w).

In Case (b), by putting a:=w~!(y)e1"™, we have p=w(A+p—pf)—my—p=
WA+ p— B) —w(ma) — p=w(A+ p— (B + ma)) — p, with ht(f+ma)>ht(f).

Thus, the claim has been proved. |

By Theorem 3.4, Lemma 4.1, and Proposition 4.2, we have the following
main theorem.

Theorem 4.5 (weak BGG resolution). Let AcP* and let J (cI'®) be a
subset of finite type. Then, for the irreducible highest weight module L(A) with
highest weight A over a symmetrizable GKM algebra g(A), there exists an exact
sequence of g(A)-modules and §(A)-homomorphisms:

0 L(A) « Co(A) « Cy(A) « -+ « C)(A) « Cpiyy(A) = -

where C,(A)= Z@ VWA +p—p)—p) is the direct sum of gen-
weW (J),BeF(A)
£(w) +hi(B)=p

eralized Verma modules V,_ (Ww(A +p —B)—p) with highest weight w(A+ p—f)
—_— p.

§5. Applications

5.1. Extension of Kostant’s homology theorem. In[14], we derived
Kostant’s homology theorem from the Weyl-Kac-Borcherds character formula
for L(A) over a symmetrizable GKM algebra g(4) under the condition (61)
on the GGCM A=(a;)); s that a;=2 or a;=0 (ieI). Here, we extend
Kostant’s homology theorem to arbitrary symmetrizable GKM algebras.
This completely determines the Lie algebra homology H,(u", L(A)) (p=0)
of u™ with coefficients in L(A) as an m-module. Note that in this subsection,
we assume only that J is a subset of I (not necessarily of finite type).

First, we recall the following.

Proposition 5.1 ([14, Proposition 3.2]). Let AeP* andpeZ,,. Then,
the m-module H,(uw",L(A)) is in the category O;, and every m-irreducible
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component of Hy(u™,L(A)) is of the form L, (1) (ueP}) with (u+plu+p)=
(A+plA+p).

Remark. 'The above proposition was proved by Liu [12] in the case where
A is a symmetrizable GCM. The proof needs no modifications also in the
case where A4 is a symmetrizable GGCM.

Now, we can easily deduce the following proposition from Propositions
3.2, 3.3, and 5.1 by the well-known Euler-Poincaré principle (cf. the proof of
[14, Proposition 4.2]).

Proposition 5.2. Let AeP*, peZ,,. We put A= wlA+p—p)—p,
where we W(J) and e L (A) such that {(w)+ht(f)=p. Then, L (1) occurs as
m-irreducible components of H,(u", L(A)).

By Proposition 5.1 together with Proposition 3.2, and by Proposition
5.2, we obtain the following theorem, which generalizes Kostant’s famous
theorem on Lie algebra homology to arbitrary symmetrizable GKM algebras.

Theorem 5.3. Let AcP* and let J be a subset of I"*. Then, as m-
modules (p=>0),

Hyu ,L(A) =~ ¥® L w(A+p—B)—p).
weW(J),peF (A)
¢(w)+ht(B)=p

Here, the above sum is a direct sum of inequivalent irveducible highest weight

m-modules.

Remark. In [14], we proved the above theorem under the condition (€1
on the GGCM A4 =(ay;); j; that for each /€, either a;=2 or a;=0 (see [14,
Theorem 4.1]). And then, using it, we got [14, Theorem 5.1]. However, in
the proof of [14, Theorem 5.1], we required the condition (61) only to ensure
the validity of [14, Theorem 4.1]. So, since we have proved Theorem 5.3
(without any condition on the symmetrizable GGCM A), [14, Theorem 5.1]
now holds without the condition (61) on the GGCM 4.

5.2. Homology vanishing theorem. From now till the end of this
paper, we will assume that the subset J of I™ is of finite type. As in Section
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4, let €(g(4), m) be the category of all g(A4)-modules which are finitely
semi-simple as an m-module. Note that under the adjoint action, the GKM
algebra g(A4) itself is in ¥(g(A4), m) since m is a finite-dimensional reductive
Lie algebra. In this subsection, we use the notation of [11, Part I]. Letb
be a Lie algebra, and a a Lie subalgebra such that b is a finitely semi-simple
a-module under the adjoint action. Then, for (left) b-modules 1] and 7,
which are both finitely semi-simple as an a-module, Tor®(V, 1) is defined
as in [11, Part I] (=0), where 7} denotes the right b-module associated to ¥}
in a natural way by using the unique anti-automorphism of U(b) which is —1
on b.

Here, we obtain a vanishing theorem for the Lie algebra homology
H,(g(4), L(A)) of g(A4) with coefficients in L(A). Our dependence on the
ideas in the papers [9,10] of Kumar will be clear to any informed reader.

Recall that for an b-diagonalizable module M=) &. M, with finite-
dimensional weight spaces M, we put M}:=) 8. M} where M}=
Homg(M,, C) (see [14, Section 5]).

Theorem 5.4. Let AeP*, puePy, and let L*(A)={L(A)}* be the
trreducible lowest weight g(A)-module with lowest weight —Aeh*. We assume
that J is a subset of I'® of finite type. Then, as C-vector spaces:

(@) If u#wA+p—PB)—p for any we W(J) and Be F(A), we have for all
n>0

TordYL*(AY, V() = 0.

) If u=wo(A+p—PBy)—p for some (necessarily unique) wy,e W(J) and
o€ L (A), we have for all n>0

Tor¥ (LAY, V(1) = L(0)® ¢ Ho— ctwo) + hicgon(TM Ln(0)).
Proof. First, we can easily show that
TorSW™(L*(AY, Vy(w)) = Tor®™ (L*(AY, L, (1) (p=0)

as C-vector spaces by a standard argument. Now, for an m-module V, we
denote by '™ the space of m-invariants in V. Then, by [11, Proposition 4.11]
applied to the case b=p, a=m, and ¢=u*, we see that Torg""‘)(L*(A)t,
L, (u) is the space of m-invariants in the p-th homology of the following
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complex:

{La() @ vy (UD) R yomy/\'®/m)) R cL*(A))} 50,

which is easily seen to be (L (W)@cH,u*, L¥A))". Here, by using the
Chevalley involution (i.e., the involutive automorphism w of g(A4) such that
w(e)=—f;, o(f)=—e; (iel), w(h)=—h (hel), we can show that

H,(u*,L¥*A)) = {H,(u™,L(A))}¥ as m-modules (p>0)

(cf. the proof of [10, Lemma (2.8)]).
On the other hand, by Theorem 5.3, we have

H,(u,L(A) = Y@ L. w(A+p—B)—p)
weW(J),feF (A)
¢(w)+ht(B)=p

as m-modules (p=>0). So, since L, (1) is finite-dimensional for te€ P} as is
well-known, we see that H,(u™, L(A)) is finite-dimensional, so that {Hp(u—,
L(A)}¥={H,(u™,L(A))}* (p=0). Therefore, by using the fact that V'} ®¢
V, 2 Hom¢(Vy, V,) as m-modules for finite-dimensional m-modules V| and
V,, we have

Tor®™(L*(A), L(w) = ({H,(u™, LA)}* @ cLn(p)™
= HomU(m)(Lm(“)a Hp(u-: L(A))) (PZO)

as C-vector spaces. Hence, again by Theorem 5.3 above, we get

in Case (a), Tor®™(L*(AY, V, (1) =0 (p=0),

in Case (b),
Torg BTN, Vali0) = {2 (0) Zfi(<’$°)>iiii§°)>)>’
m =1(Wo 0))-

Now, by [6, Section 6] (adapted to our situation), there exists a spectral

sequence {E} } such that

E2 =H,(g(4), M, L*(A) R V(1) @ cH (M, L (0))
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= E,,=Hp. (8(4), L*(A)Q cV(W))-

Note that H,(g(4), m, L*(A)Q V(W) = Tor;g("”"“)(L*(A)‘, V(1)) and that
H, 1 f0(A), LXM)® V() = Tor)(L*AY, Vi) by [11, Propositions
4.2 and 4.3]. Therefore,

in Case (a), Tor§fYL*(AY, V.(w)=E, =0,

in Case (b), Tors(A)(L*(A)t, V) =E, = Eg(wo)+m(ﬂo),n—:(wo)—m(ﬂo)

= Ly(0)® cH, - 4(wo) - nego)(Ms Lin(0)).

Thus, we have proved the theorem. O
Remark. In the above proof, we have also shown that if P} sy # w(A+
p—PB)—p for any we W(J) and fe F(A), we have

TorZ O™ (L*(AY', V(W) = 0 for all n>0.

As an application of Theorem 4.5, we obtain the following theorem, which
generalizes a result of Kumar [9, Theorem (1.7)] to arbitrary symmetrizable
GKM algebras.

Theorem 5.5. Let A, A,eP*. Assume that
A=A ¢ FS(N)—F (D)= {B1—B2|Bre L (Ay), B L (A,)}.
Then, we have

TorS(L*(A,),, L(A,)) =0 for all n>0.

Proof. By Theorem 4.5, there exists an exact sequence of g(4)-homo-
morphisms:

0 L(A;) < Co(Ay) « Ci(Ay) « -+ « Cp(Ay) « Cpyy(Ag) < -+,

where C,(A;)= Z® Vaw(A,+p—P)—p) is a direct sum of gen-
weW (J),fe#(A2)
¢(w)+ht(B)=p

eralized Verma modules (p>0).

On the other hand, by Theorem 5.4, we get TorS*(L*(A,)!, V. (w(A,+
p—PB)—p)) = 0 for any we W(J) and fe F(A,), since A, —A, ¢ L(A)—F(A,)



726 Satosur Narto

(see [13, Proposition 1.1]). So, we have TorS“@(L*(A,), C,(A3)) = 0 for all
p=0. Therefore, we see by a standard spectral sequence argument that
Torf(L*(A,), L(Ay)) = 0. O

Corollary 5.6. Let A, AyeP" be such that A\—A,¢ L (A)—FL(A,).
Assume that J is a subset of I™® of finite type. Then,

Tor®m(Lx(A,), L(A,)) = 0 for all n>0.

Proof. By the remark after Theorem 5.4 and the assumption on A;, A,,
we have Tor®™(L¥(A ), V,.(w(A,+p—PB)—p)) =0 for any we W(J) and
fe F(A,). So, the corollary now follows in the same way as the above
theorem from Theorem 4.5. O

By putting A;=0 in Theorem 5.5, we get a homology vanishing
theorem.

Theorem 5.7. Let AeP*. Assume that A¢ S(N)—F ={B,—PB,|B1€
F(N), B,€S}. Then, we have

H,(g(4), L(A)) =0 for all n>0.

Remark. When g(4) is a Kac-Moody algebra (i.e., 4 is a GCM), &
consists of only one element 0eh*. So, the above theorem generalizes a result
of Kumar [9].

5.3. Bott’s “strange equality”’. By putting A; =0 in Corollary 5.6,
we have H,(g(4), m, L(A)) =0 (#>0) for AeP* such that A¢ S (A)—Z.
However, for Ae #(A)—&, the relative Lie algebra homology H,(g(4), m,
L(A)) does not necessarily vanish. Actually, we have the following, as another
application of Theorem 4.5.

Theorem 5.8. Assume that the subset J of I'® is of finite type. Then, the
dimension of each relative Lie algebra homology space H(g(A), m, L(0)) of g(4)
with respect to m with coefficients in the trivial one-dimensional module L(0) is
given as follows:

dim¢ H(g(4), m, L(0)) =0 if s(=0) is odd,
dim¢ H,,(g(4), m, L(0)) = the number of elements



BERNSTEIN-GELFAND-GELFAND RESOLUTION 727

of the set {(w, B)e W(J)x & |£(w)+ht(B)=p}

= the number of m-irreducible components in the p-th Lie algebra homology H (u~,
L(0)) of u™ with coefficients in L(0) (»=0).

Proof. 'This follows from exactly the same argument as for [11, Corollary
6.7], in which we use Theorem 4.5 instead of [11, Theorem 5.1]. O

List or NOTATION

Z = the set of integers
Z,,=1keZ|k>0}
Z,,={keZ|k>1}

C = the set of complex numbers

GGCM = a real square matrix 4 = (a'.j) satisfying (C1)—-(C3) (see §1)

i.jel
U(a) = the universal enveloping algebra of a Lie algebra a

g(A) = the generalized Kac-Moody algebra associated to a GGCM 4 = (a'.j)l.‘jsl
b = the Cartan subalgebra of g(A4)

* = Hom¢(V,C) = the dual of a finite-dimensional vector space V over C
{*,"> = a pairing between a finite-dimensional vector space V and its dual I*

IT = the set of simple roots of g(4)

ITV = the set of simple coroots of g(A4)

p = an element of h* such that {p,a’) = (1/2)a; (ie])
(O =Zisl Z50%

supp(a) (o = Z,.EI ki€ Q,) = the subdiagram of the Dynkin diagram of 4 = (al.j)
ing to the subset {ie|k;>0} of I

il correspond-

ht(a) (o= Z,-E, koweQy) = Z,-EI k;

A = the set of roots of g(4)

A* = the set of positiv,e roots of g(A)

A~ = the set of negative roots of g(A4)

g, (x€A) = the root space attached to a root a

mult(x) (x€A) = dimg g,

e;, f; (te I) = the Chevalley generators of g(A4)

w = the involutive automorphism of g(A4) such that w(e)=—f;, w(f)=—¢; (Ge€l), wh)=—h
(heb)

I ={iel| a; =2}

I' = {iel| a;<0}

A} JeI)= At (ZI.EJ

A*(J) JcI™) = AJ'\AJ+

Zw;)
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t _§|o
n _ZueA* [ FP)

ut = Zzuu) LE

/\/ 1% (7=0) = the exterior algebra of degree j over n*

A* =32 N

/\j ut (j>0) = the exterior algebra of degree j over u*

m= b @ ZZA* (ga @ g—a)

p=m@u?

P* = {ieb* | (LaY)>0 (iel), and (A,a’)eZ,, (i€l™)}

P} (JeI™) = {ueb* | (pa Ye Z,, (ied))

L(A) (Aeb*) = the irreducible highest weight g(A4)-module with highest weight A

L.(4) (leP;') = the irreducible highest weight m-module with highest weight 4
V. (A) (leP;) = the generalized Verma module with highest weight 1 (see §3.1)

V(1) (Aeb*) = the Verma module with highest weight 1 (see §3.1)

P(M) = the set of weights of an h-module M

D(p) (neb*)=p-0.
0 = the category of all g(A4)-modules V' satisfying (J1) and (J2) (see §2.2)

GVCS: see the Definition in §3.1.

[V:L(1)] (t€bh*) = the multiplicity of L(1) in a g(A4)-module V in the category O (see [4,
Definition 3.5])

0, (J<=I") = the category of all m-modules M satisfying (J1)-(J3) (see §2.2)

& see §2.2.

chy M: see §2.2.

r; (1€ I"®) = the fundamental reflection with respect to «; determined by 7(1) = A—<{4,¢Do;

(eh®)

W (= GL(h*)) = the Weyl group of g(4) generated by the r’s (ieI"™)

l(w)(we W) = the length of w

@, weW)=A*nw(A")

W(J) (JcI*) = {we W| ®,c A*(J)}

I = {a;€I1 | ie I"°} = the set of real simple roots of g(A)

II'™ = {o;€ 1 | ie ™} = the set of imaginary simple roots of g(A4)

A" = WII" = the set of real roots of g(4)

A™ = A\ A™ = the set of imaginary roots of g(A4)

K={a=Y, kacQ.\{0}|<a, a/><0 (jeI™), and supp(a) is connected}\szz ™
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o (xeA™) = the dual real root of « (see §4)

7, (2€A™) = the reflection with respect to & determined by 7,(1) = 1 — {4, a" da (A€ h*) (see §4)
(-]*) = a standard invariant form on bh* (see §3.1)

v = the linear isomorphism from §) onto h* determined by {v(h,), h,) = (hy|h;) (hy, h€D)

& = the set of all sums of distinct, pairwise perpendicular (with respect to (:|)), imaginary
simple roots

Z(A) (AeP™) ={Bes | (BIA) = 0}

¥P (p>0) = the sequence of elements A; of P;’ such that (/\" u)RcLA) = Z.e L) as
m-modules

¥? (p=0, Ae P*) =the subsequence of ¥ consisting of those 2; in WP such that (4;+pld;+p) =
(A+plA+p)

%(g(A4), m) = the category of all g(4)-modules which are direct sums of L (1)’s (leP;) as an
m-module (see §4)

Ext{g( Ao (7= 0) = the relative Ext bifunctor defined in the category ¥(g(4), m) (see[11, PartI])
V' = the right b-module associated to a left b-module V in a natural way (see §5.2)
Tor;"“‘) (j=0) = the relative Tor bifunctor defined in the category #(b, a) (see [11, Part I])

M¥ = Z:‘Zv Hom¢(M,, C), where M = 22[,* M, is an b-diagonalizable module with finite-
dimensional weight spaces M, (t€b¥)

L*A)(AeP*) = {L(A)}} = the irreducible lowest weight g(4)-module with lowest weight — A

V™ = {ve V| m(v) =0 for all mem} = the space of m-invariants in an m-module V
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