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Riemann-Hilbert Factorizations and Inverse Scattering
for the AKNS-Equation with L'-Potentials I

By

Josef DORFMEISTER * and Jacek SZMIGIELSKI **

Abstract

A detailed group theoretic approach is developed for the 2X2 AKNS system with potentials
supported on the half-line. This approach uses consistently Riemann-Hilbert splittings interpreted as
factorizations in certain Banach Lie groups. In particular, it is shown how meromorphic splittings
introduced by Beals and Coifman can be replaced with regular Riemann—Hilbert splittings leading to
the group theoretic notion of a scattering data.
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Introduction

Through the work of Sato [9] and Segal and Wilson [11], it is known that
certain classes of solutions to the Korteweg—de Vries (KdV) or the Kadomtsev—
Petviashivilli (KP) equation form interesting infinite dimensional manifolds.
The appearance of an infinite dimensional Grassmannian in the theory of the
KdV equation can be traced back to the factorization problem of Riemann—
Hilbert type on the unit circle. Moreover, similar factorizations can be for-
mulated for the AKNS systems, and in particular for, the modified KdV equa-
tion. The solutions obtained along these lines include all solitons, all rational
and all quasiperiodic solutions (“Krichever’s method”). In contrast, the
solutions obtained from the inverse scattering method on the real line R are
generically not in the Sato-Segal-Wilson Grassmannian.

Our goal is to clarify this situation by studying the role of the Riemann-—
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Hilbert factorizations in the inverse scattering method. We restrict our attention
to 2 X2 matrices for the sake of simplicity of presentation. The main results of
this paper should carry over to the nXn case without much change. In this
paper we study the 2 X 2-AKNS-equation

0.M(x, 2)=[z5, M(x, 2]+ Q(x) M(x, z),

where # =diag(—i, i) and Q is an off-diagonal matrix with Lebesgue integrable
coefficient functions. Our approach uses Riemann-Hilbert splittings, interpreted
as factorizations in the Banach Lie group

G={<1+a b >;a, b ¢ dEo, (1+a)(1+d)—cb:1},whereﬂ
c 1+d

denotes the Banach algebra of Fourier transforms of L'(R)-functions.

Using extensively the work of Beals—Coifman [1] and Bar Yaakov [4] we
find that two different decompositions of G are of importance. At one hand, the
groups G_ and G, of elements g(z) of G with holomorphic extensions to C_
and C. and ‘111_12 g(2) =1 define the Riemann-Hilbert splitting. On the other
hand, it turns out that for an open and dense subset P, of the potentials P~
under consideration, the AKNS—equation and the Riemann—Hilbert splitting are
related by the equation g(2)*=g_(x, 2) 7 'g.(x, z), x<0, where g, =G, and
g(2*=e*g(z2)e ™. Moreover, g(z2) =W _(2) 'W _(2), where W_ is a lower
triangular matrix with diagonal I, i.e. W_&€%,, and W, is an upper triangu-
lar matrix with diagonal I, i.e. W _.E%,. In the proof of the above splitting
result we use work of Beals-Coifman, who show that a splitting exists with
matrices that are meromorphic in z, and of Sattinger—Zurkowski, who show that
the matrices of Beals—Coifman are a product of a holomorphic factor and a very
specific meromorphic factor. Note that our result is equivalent with the
statement that the holomorphic factors are in G.. In addition we show that W _
can be chosen to lie in ;NG and W, can be chosen to be in #,NG_.
Furthermore, we show that there exists an analytic injective (scattering) map
from Py to (¥ ,NG,)X(%,XG_) that has an open and dense image # .
Conversely, we prove that for g&#", we have g*&G_G, for x<0; therefore
the corresponding Riemann—Hilbert splitting yields a solution of the AKNS-
equation with a potential 0=Q,. We show that the (inverse scattering) map g
—Q, maps # , onto P, and that it is the inverse of the scattering map P, —
W . In the final section we interpret this in terms of the natural image of # , in
the quotient .# =% "\G/U*, where ¥~ and % * are the lower triangular and
upper triangular matrices in G_ and G . respectively.

It is an interesting open question whether the scattering map can be ex-
tended to an injective map from all potentials to .# .
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This paper is divided up into five chapters. The first chapter recalls some
basic definitions and results concerning the Banach Lie group G predominantly
used in this paper. This includes facts about the Riemann-Hilbert splitting in
G_G,CG. In §2 triangular decompositions of G are investigated. We note
that each g& G can be written in the form g= uldu, where u and [ are upper and
lower triangular respectively, and where d is diagonal. The last part of this
chapter investigates the elements of type ldu& G ., a technical preparation for
Chapter 5.

In 83 we refine results of [1], [4], and [10]., Though this is of very tech-
nical character, it gives the basis for the ensuing investigations. In particular, we
show how the “meromorphic splitting” of [1] can be reinterpreted (using [10])
as a Riemann-Hilbert splitting. Also, (3. 7. 10) will provide the basis for further
investigations dealing with scattering and inverse scattering on the whole real
line.

Chapter 4 describes in detail scattering and inverse scattering for the AKNS
—equation if the corresponding potential has support in the negative half-line.
Here we use in detail the analysis of [1] and [4].

Finally, in Chapter 5 we interpret the previous results in terms of (continu-
ous) quotients of G. In particular we discuss how one can imbed an open dense
set P, of potentials into the quotient # =% "\G/% .

In a forthcoming publication we plan to extend the results of this paper to
potentials integrable on the whole real line. Our starting point will be that for
such a potential Q scattering can be defined separately for the restrictions of Q
to the left and the right half-line respectively. Equation (3.7.10) shows how
these two scattering problems are related.

Hence scattering for Q is determined by the scattering of its restriction to
the negative half-line together with the transition matrices. It turns out that
these transition matrices are closely related to the “discrete scattering data” used
in '4]. Finally, we would like to remark that the study of factorization problems
appearing in scattering theory was pioneered by Shabat in [12] for potentials
with no discrete scattering data. Our goal, on the other hand, is to give a unified
theory for all (reasonable) potentials in L'(R).

8§ 1. Notation and Basic Results

1.1. In this chapter we mainly collect notation and some basic results. For
proofs we refer to [5] or more original literature [8] etc.
Let

1.1.1 L'(R)={f: R—C; fis measurable, fj: | f ()| dx< oo},
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where dx denotes the Lebesgue measure. Similarly we use L'(0, o), L'(—oo,
0) etc.
By & (f) we denote the Fourier transformation

(1.1.2) FHD=F@D=["_e?f ) dp.
The inverse Fourier transform is then given by
(1.1.3) F QD@D e () dz

The following spaces will be considered throughout this paper

(1.1.4) o =F(L'(R),
(1.1.5) o =7 (L'(0, =),
(1.1.6) A =F(L'(—,0)).

It is known that .o/ consists of continuous functions vanishing at *= oo and that
functions in &/ © and ./ ~ have holomorphic extensions to the upper half-plane
C. and the lower half-plane C_ respectively. Moreover, f(z)—0 as | z|— in
the corresponding half-plane.

We note that the bounded projections on .o/ © and &/ ~ are given by :

(1.1.7) 1 @=tim [ T &

(1.1.8) [f]A(z)Iﬁlirng—E%%.
We will use the norm

(1.1.9) I£1=1F1,, fE,

where || ° ||, denotes the L'-norm.

With this norm, &/, &/ *, and o/ ~ are Banach algebras. The rational func-
tions in &/, &/ ¥, and o/ ~ are dense in the corresponding space. In particular,
& is decomposing in the sense of [7].

1.2. In order to obtain invertible elements it is necessary to extend the algebra
. We set

(1.2.1 W =Cl+.
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This is called the Wiener algebra. Its norm is given by
(1.2.2) la+fll =lal+ 1 £I.

It is well known that #” is a Banach algebra and its rational elements #  ,, are
dense. A similar statement holds for the closed subalgebras # = Cl +.</°.

By # * we denote the invertible elements of #". By Wiener’s Theorem it is
known that a+fE% * if and only if a#0 and a+f (x) #0 for all x&R.

For this paper it is important to note

(1.2.3) W * is open and dense in W' .

(1.2.4) Every fEW * has a representation of the form f=f dif", where

z—i
z+i’

ffew ) ffew ) r&Zandd,(2)=

We also note that r parametrizes the connected components of #" *.
Finally, we recall that for a continuous function f: R—C\{0} satisfying
f(x)—a, 0#a=C, as x—>*+co, we define a winding number by

(1.2.5) D=5 | darg =5 [T L
The winding number satisfies

(1.2.6) FD=—8(OH=#D),

1.2.7) #(fR=4(NH+i@.

(1.2.8) #:w *—Z is continuous.

Moreover, if fE€ " ,,)*, then

(1.2.9 #( f) =#zeroes—#ipoles of f in C,.

1.3. In the following chapters we are using essentially the group

| _[(1+4a b .
(1.3. 1 G—{g-( c 1+d>' a b, ¢, dE, det g—l}.

From [5; 2.9] we know that G is a connected Banach Lie group with Lie
algebra
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(1.3.2) g=Lie G={h—-—<z _ba>, a b, ced}.
Similarly, we consider the closed and connected Lie subgroups

(1.3.3) G_={gEG;a b c d=Ed },

(1.3.4) G.={g=G;a b c, d=AS . }.

The Lie algebras g _=Lie G_ and g, =Lie G, have an analogous descrip-

tion.
We will use frequently
(1.3.5) g=¢_+g.
(1.3.6) G _G . is open and dense in G.

We say that g&G has a Riemann-Hilbert splitting if and only if geG_G, .
The factorization g=g_g, is then called a Riemann-Hilbert splitting of g.
More precisely, every g& G can be written in the form

(1.3.7) g=g AD'A7'g,, g.€G,, A=GI (2, O).

z—i z+i
z+i’ z—i

Here we use D=diag( ) Note that we can always assume r=>0

in (1.3.7). Also note that G_D’G, has no interior points if »>0.
We will frequently use the following fact (see [5; 2.11])

(1.3.8) The canonical map G_X G,.—~G_G , is an analytic equivalence.
In what follows we will sometimes use the projection
(1.3.9) [l.: G_.G.—G..

From (1. 3. 8) it follows that [], is well defined and analytic.
Finally, from [5; 2. 1. 11] we recall the following characterization of G,

(1.3.10) Let g=G. If g has a holomorphic extension to C, and if
g(2)—=Ias zEC,, | z|—>o, then g=G,.
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§ 2. Triangular Decompositions of G

2.1. The Lie group G defined in (1.3.1) has the important decomposition
(1.3.7) and allows a Riemann—Hilbert splitting for an open dense subset.

For the purposes of scattering and inverse scattering of the AKNS—equation
another decomposition is of particular importance.

For this we introduce the subgroups

2.1.1) U, = <(1) T>;aE&/},
(2.1.2) £ ,= <‘11 ?>;a€ﬂ},
(2.1.3) 9 = <g ao_1>;aE(1+,52¢')*}.

If we allow the diagonal to be arbitrary, then we drop the subscript “ 17,
i. e. we have

2.1.4) U=DU, and L=DZ ,.

The intersections of %, % ,, ¥, &, and 2 with G, will be denoted by #°,
Ui, L, L{, and P° respectively.

From [5; Theorem 3. 3] we recall
(2.1.5) Every o/ =G admits a decomposition &/ = ULHU’
where U, U €% ,, LEY , and HE9. Moreover, from 3.3 we know
2.1.6) Q,=%9D% is open and dense in G.
Similarly, 2,=%2.% is open and dense in G and also @=,N £, is open and
dense in G. Similar to the Riemann—Hilbert splitting we have for the canonical
map
2.1.7 L\ XD XU — R, is an analytic equivalence.

Using (1.2.4) we see

(2.1.8) 9=909"D’@+,
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where D=diag< zri z_1

z—i’ z+i

). As a matter of fact, abbreviating 2,=% " D'9*

we see that Q, , =% ,9 9, is a connected component of £,.

2.2. In this section we start the investigation of triangular decompositions of
G, and G_. We will have occasion to use this in the description of scattering
and inverse scattering of the AKNS-equation.

We set
2.2.1D X=02,NGaG.,
(2.2.2) Z=2.NG.,
(2.2.3) 2*=0NaG.,.

First we prove
Lemma. The sets ¢, QF, £f, e==L, are open and dense in G,.
Proof. Tt clearly suffices to carry out the proof for 2°. We note that Q7 is

open in G, and non-empty. Now let G denote the rational elements of G, .
We know from [7] that G{* is dense in G, . It therefore suffices to show that

every g=< ‘c’ Z)E G* can be approximated arbitrarily well by an element of

G*N L. But this is achieved by moving the zeroes of a and d off the real axis. [
2.3. The goal of this section is to investigate the sets &7 and & more closely.
Proposition. Let g= Q," and assume that there exist IE¥,, u=U, and d

€2 such that g=I1du. Then 1 and u are rational and d is meromorphic in C. .
Moreover, d, d ', | and u have poles in C, at the same points.

Proof. Set u=<(1) J{), l=<; ?), and d:<g 2) Then we have

g=ldu <ax ,8+axy>'

Clearly, this implies

D a, Btraxys1+o
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@ ax, ay= o ..

z— 1
z+1i’

Splitting a=a . dya _, where d,= we thus see that a*=a;'a is holo-

morphic in C, and satisfies lim a*(z)=11in C,. But a* is clearly meromor-
phic in C_ and satisfies lima*(2) =1 in C_. This implies that a™ is rational,
whence a=a ,a™* has zeros in C, precisely at those points where a* =0 ; conse-
quently, 3=a "' has poles there. An argument similar to the one just given
shows that also a*y and @™ x are rational. Therefore x and y are rational. Next
we consider g=8+axy. Assume that for zy=C, we have a(z,) =0. Then at
this point aq=1-+axay vanishes. Thus

3) 0=1+lim(ax ay) =1+lim(ax) lim(ay)
where we used (2). We see therefore that in C., x and y have poles where a
has zeros and in fact ord 2 =ord 22 *=—ord 5= —ord ) for each z,&€C..O

If in the above proof @ . =1, then also d is rational. We state this as

Corollary 1. If g=Q", g=Idu with IE¥,", u=%, and d=djd _ for some
d_€(+_)* Thenl d and u are rational.

Corollary 2. Let g=Q,", then there exist uS U, , IE¥#,",d=2 " and g =
G such that

g=lIgrud.

Moreover, one can obtain g =1"d’ v where ', d", ' are rational, W =%, , ' €
P ,and d ED'd_ for somed_E9P .

Proof. Since g=Q,", there exist IEY |, a€U,, d=2 such that g=Idu.
Factoring d=d_D'd, with d . €27, d_=%~ we obtain g=Id_D'd . i=
ID'd v d,.. Next we split /=171 and &' =u"u". Then g=1"(I"D'd_u")
u"d,. Tog =1"D’d_u~ we can apply Corollary 1 and obtain the assertion. [J

Remark. 1) From the proof it is clear that one can also obtain a represen-
tation of g in the form g=dlg u.

2) Mutatis mutandis the lemma above also holds for £, and 2,7, 2, .

3) The rational functions x and y have poles only in C. .

2.4. In this section we prove essentially the converse of the lemma above. We
recall from (1. 3. 1) that for g= G we always have det g=1.
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Proposition. Let x=%€d _ be rational such that N, has roots only in
C.UR and P has roots only in C.. Then there exists T . = lduE G . satisfying

(1 0 - A 0 (1 y
’_<x 1>’ d—<o /3“>’ ””(o 1>

. . P
where y is rational, y= o/ _ and BZ—(—Z—J:'B,—.

Proof. A straightforward computation shows

_( B By
W ’d“‘</9x 8 '1+/8xy>'

Since det(ldu) =1 it suffices to show

(2a) B holomorphicin C,

(2b) Bx holomorphicin C,

(20) By holomorphicin C,

Qd) B '+Bxy holomorphicin C,.

We can assume 3=dgb_, y=/ . Hence

_N.N_
3) x= P,

R_R_

_ B.B_

(5) B_ C+C_
i U U, . . A _
Writing b_ =——7—", we obtain from (2a) that L divides (z—i)". Thus C.=
1 and C_=(z+1i)", r>0. We therefore have ,8=%RZ—"_’—'_%‘—;. Since 8 is invertible,

deg (B.B_)=r. Combining B_ and s=deg B _ factors of z+i, we see ﬁ

e+« ). It is easy to see that in this case we have a solution of our
problem if and only if we have a solution with B_=1. Hence we can assume

3)’ ,82%, where C_=(z+1)", r=>0.
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Next we evaluate (2b) :

B,N N_

C_P, is holomorphic in C, .

Since N, and P_ have no common divisors, P, divides B ., i.e.
6 B.=P.B,.

A similar argument applies to (2c) :

B.R_.R_

C. T, is holomorphicin C.,

hence T, divides B, i.e.
@) P.B.=T.Q,.
Finally, we evaluate (2d) :

P.B. T P, P.B,

(8) ¢ P8, N.N. R.Q.R. is holomorphic in C, .

Note that in the second summand we can cancel P+B;, whereas in the first
summand nothing can be cancelled. Thus the first summand has a pole at the
roots of B, but the second summand it holomorphic there. This implies B, =1.
Altogether we obtain

N, N_
9 =N
© X=""p.
_R.Q.P_
(10) =S
P+ N7
11) B= c where C_=(z+1i)", r>0.

With this, (2a), (2b), and (2c) are automatically satisfied. This equation (2d)
is now equivalent to

(12) P, divides C*+(R;Q,R _)N,N_.

Form (7) we know that Q. is a factor of P (since B,=1), therefore (12)
implies Q. =1. Thus we have to show that we can satisfy

(13) C:+(R,R_)ON.N_=P,H.H_
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with C_=(z+i)", r=deg P,,deg R R _<deg P,.
To show that (13) has a solution we proceed as follows. We know that P,

and N, N_ have no common divisors. Hence there exist polynomials R and H
such that

(14) P.H—RN.N_=1.

Multiplying (14) by C? gives a solution of (13) where only the last condition is
not yet satisfied :

(15) P,(AC*)—(RC))N.N_=C2.

It is clear that we obtain another solution of

(16) H=HC*+N,N_K
R=RC*+P.K.

To obtain (13) it now suffices to choose K so that deg R<deg P.. But dividing
RC? by P, yields a remainder R satisfying this requirement. a
§3. Matrix Decomposition and Solutions to the AKNS System
3.1. In this section we start to discuss the AKNS-equation. As will become
clear from the text below we draw extensively from [1] and [4]. Another

relevant reference is [2]. Let us consider the system of ordinary differential
equations

GB.1.D 0 .M(x, 2)=[zJ, M(x, )]+ Q(x) M(x, 2),
where
(3.1.2) M(x, 2€G1(2; C) for all zER, x=R.
(3.1.3) J=diag(—i, 1),

_ 0 41(-75)
G.1.9) Q(x)—<q2(x) ¢ >

We are mainly interested in the case Q& P, where
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(3.1.5) P={Q§41, %ELI(R)}-

We would like to point out that the derivative in (3. 1. 1) is taken in the distri-
butional sense.

It is easy to see that for two solutions M, and M, of (3. 1. 1) we have
(3.1.6) M,(x, 2)=M,(x, 2)e™¥A(z)e

with some matrix 4(z) independent of x.
It will be convenient to use the following abbreviation

3B.1.7) A*=A(2) *=e™A(z) e ™.

We have stated in the introduction that we want to describe P from a group
theoretical point of view using a Riemann-Hilbert problem for the group G
defined in 1. 3. To do this we will show M(x, *)EG for all xER.

To obtain ME G we impose the additional condition

(3.1.8%) lim M(x, z)=1I for all zER.
(3.1.9) M(x, z) is bounded in x for all fixed z&=R.

It has been shown in [4; Lemma 1. 2] that for Q= P the equation (3.1.1)

together with the conditions (3.1.8) and (3.1.9) has a unique continuous
solution M= M2
We show

Proposition. Let QE P, then the unique solution M=M?9 of (3.1. 1), (3. 1.
8), and (3.1.9) also satisfies

(3.1.10) M(x, = )eI+Mat(2, 2; o) for all x=R,
(3.1.11) det M(x, z) =1 for all x, z=R.

Moreover, if Q=P has compact support, then M(x, *) extends to an entire func-
tion and M( », z) is absolutely continuous.

Proof. As pointed out in [1; §2] M is the unique solution of the Volterra
equation

G.112) MG, D=1+ [ e*7%0() M(y, D **dy,
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Note that for fixed x,ER and all x<x, we have M(x, 2 =M% (x, 2),
where

for y<x,
for x,<y.

(3.1.13) 0 (y)={Q(0y)

It was shown in [4 ; Theorem (1. 13)] that Q< P implies

Se—I=EMat(2, 2 ; o),
where
+ oo
(3.1.14) S@ =1+ e¥0(») M(y, 2)e™dy.

It is easy to see that with x, and Q' as above
(3.1.15) M2 (x, 2)=e2S? (2)e ™, x>x,
holds.

This implies that M(x,, *)=M9 (x,, °) satisfies (3. 1. 10),

The statement (3. 1. 11) can be derived from [1]. But it can also easily be
seen directly :

One notes that 8 .= A¢ implies 8, det ¢ = (trace 4) det ¢. In our situation
we set ¢ =M%, then 0 = (zJ+ Q)¢, whence 0 ,det ¢ = (trace(zJ+ Q)) det ¢
=0. Thus det ¢ =det M? does not depend on x. But lim M2=Iby (3.1.8)
and the claim (3. 1. 11) follows. O

Corollary. For Q< P the unique solution of (3.1.1), (3.1.8), and (3.1.9)
is contained in G.

3.2. From [4; Theorem (1.13)] we know S9—I=Mat(2, 2; «). In the last
section we have used this to show that M9—I=Mat (2, 2; &) holds. Later
(see Theorem 3. 5) we will need a stronger result.

For Q=P and x& R we set
(3.2.1D B9% x, z) =I+fi e () M9y, 2) e dy.

Theorem. For Q= P we have

a) B%x, «+)EI+Mat(2,2; o)
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b) B%x, +)—S%>0 inMat(2, 2; &) as x—>oo.

925

Proof. We will follow closely the proof of Theorem (1.13) of [4]. We

have

<)) B%(x, 2) =1+j; B*(x, 2),

where

©) B x,2= [ = [ ¢ Pa(y)e e oy

Vi< <yi<x

—y, 2]
e oy dy, +dy,.
For each k>1 the scalar coefficients B,-J’-‘(x, z) of B*(x, z) are given as a sum
I

where the summation is taken over all sequences of the form I=(i,, i,,
ir—p) with 1<i,, ..., i,_1<n=2 and i,#i,,, and

x —ipzQ-a) N =iy, -2))
@ Rf(x, Z>=f_w e ! ! ‘]iil()ﬁ)j_m e 20 h Qiliz(.}’2)

V=1 —iy, 2. —2)
...j_w e 9% Tk—1 J)qik_lj(}’k)d.)’k"'dYI-

Here A ,=—1if s=1 and 1 ;=1 if s=2. Rewriting (4) we obtain

Zlp, =2 )+ +y A —2.)]
©) Rf(x, 2) = ff e i i qiil(yl)qili2<y2)

Ye<yi < <yi<x
'“q"k—lj dyk...dyl .

To prove our claim we replace ¢ iy by ¢

ceey

iX x where y , denotes the characteristic

function of (—oc, x) and make the change of variables y,—~u=y;(1,—1 "1) e

+.Vk(2 i '_2.]). Then

k-1

(® RFx D= e ™q,(x wdu,
where
@) q:(x, u) ZJB(A i—A il)_l(qiilx:() (@,—2 rl)_l<u_y2@ il‘/1 iz)

kA A (v g LyOdyedy,
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and the region of integration B is described in ( y,, ..., y,) space by

(8) yk<.“<y2
y.<@,—2 il)_l(u— A il_)‘ iz)J"z_"'_ @ ik_l_/lj)yk>.
. _ [ k—1 _ .
Setting 6(k, n) = [7}, n=2, one shows as in [4]
©) q.(x. u)=——1—j kdy-dy
i 5(k, n)' UoB k 2

where * denotes the same integrand as in (7) and where ¢ denotes permuta-
tions of y,, ..., ¥, that do not change *. Then

10 [ 1g:/x wldu
lai_zfnl_l

= o(k, n)!
...yk(a

ka\ 9, x| @ i—A il)_‘(u—yz(l il_;\. 2)

_)'J')))] Qiliz(J’z)l - q,-k_lj(yk)l dy,--dy,

-1

__C C o
S6(’(, n)l I qiil [l [q"k_l.f[l'é 6(k, n)' ‘ QI]

In view of (6) this shows

(1 REGy =]l wldu < 5aE s 0l

= k+1
But as in [4] this implies | B*(x, «)—1I| scgmlgikw. This

proves part (a) of our claim. To verify (b) we consider S¢(z2) —B%x, z).
Clearly, this is given like in (2) but with y,=(x, ). Thus replacing x, by 1

—Xx we can derive (6) and (9) as before. Now (10) gives j:j | g;(x, w)!| du
C — ’ i ,
<5t mr| QU=+ 1 QI whence |R*Gx )u=] laix 0l du
S——a(kcn)! |Q1—x Dl | Qlf. As a consequence we have | $9(z) —B(x, 2)|
oo k-1
<ClQU—xl kgl_——-—d(’;c, n)!| Q1 '<c4a(Q) | g(1—x )|,. Clearlynow, thislast
term tends to zero as x—><0, proving the claim.

Part (b) of the above theorem can be rephrased as

Corollary 1. For Q=P we have M%(x, ) *>S? in I+Mat(2, 2; &) as

X —>00,
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Corollary 2. For Q=P the (1, 1)—coefficient M%(x, *), of M%(x, *)
converges in 1+ to (S9),; as x—>o.

Proof. 1t suffices to note that convergence in CI+Mat(2, 2; /) occurs by
definition (1. 3. 1) entrywise and that (M9(x, z2) ), =M%(x, z),,.

3.3. In this section we recall some more definitions and results of [1] which
are of importance for the considerations of this paper.

Let Q=P. We introduce functions M " (x, 2)=(M2) " (x, 2), xER, zEC,
and M~ (x, 2) =(M2) (x, z), xR, z& C_ by the conditions

(3.3.1) M¢ (x, z) satisfies (3.1.1), (3.1.8), and (3.1.9) for z=C,.
The following results have been shown in [1; Theorem A]

Theorem 1 ([1]). Let Q=P. Then the following holds
a) There exist bounded discrete subsets Z,C C, such that (3. 3. 1) has for every
zEC\Z, a unique solution M*(x, z) and such that for every x=R the function
M*(x, z) is meromorphic in C, with poles precisely at the points of Z,, and lim
Mé(x, 2)=1
b) There exists a dense and open subset P,C P such that for Q= P, we actually
have

(3.3.2) Z . and Z _ are finite

(3.3.3) the poles of M (x, z) and M~ (x, z) are simple,
(3.3.4) distinct columns of M* and M~ have distinct poles
(3.3.5) M®(x, ) extends continuously to R from C,,e==.

Remark. a) From [1] it actually follows that P, is defined by (3.3.2) to
(3.3.9).

b) The elements of P, are sometimes called generic potentials.

¢) From Lemma 2.22 and Theorem 3. 32 in [4] it follows that M(x, z)
is absolutely continuous in x if QEP,.

d) The proof of Proposition 3. 1 shows that det M*(x, z) =1 for z&C,.

e) Since M* extends to R for Q= P, and satisfies (3. 1. 1) we know that
M*®=MW; for some matrix function W,.(z), independent of x. This formula
also appears in (4, 2. 11]., Note that for a comparison with [4] one has to
replace W_by (W_) .
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More precisely on has (recall the definition of %, and %, from 2. 1),

Theorem 2 ([1]). Let Q=P,. Then there exist W €U, and W_E %,
such that fore==.

(3.3.6) M:(x, 2)=M(x, z) W.(2)* for x, zER.

In the 2X2 case, the poles of M™ occur only in the second column and the
poles of M~ occur only in the first column. Moreover, for z,EZ,,

(3.3.7) Res M*(x, z,) =1151 (M (x, 2 W.(z5)"],

where W (z,) is an upper triangular matrix (with diagonal 0) and W _(z,) is a
lower triangular matrix (with diagonal 0).

Remark. To avoid confusion we point out that for z& R the matrix W,(2)
has diagonal I, whereas for z,&C, U C_ the matrix W,(z,) has diagonal 0.
The set

(3.3.8 s={w_,w,, 2=z Uz, (W(z);z2E£2})}

is called the set of scattering data.
More precisely, we will refer to W, W _ as the continuous scattering data
and to the remaining parameters as discrete scattering data.

3.4, From Theorem 2 of the last section one would suspect that one can
remove all poles from M*® by a matrix of type W,. This can actually be done.
For Q& P, and for some more general Q’s this is contained in [9 ; Theorem 1. 4],
It is our goal to refine this result to obtain a new type of forward scattering.
The Theorem below generalizes [9 ; Theorem 1. 4],
Let Q=P,and let Z,, Z_ be associated with Q as in (3. 3.2) and W.(z)
asin (3.3.7). Then we set for e==

(3.4.1 @ =0 @ =1+ 5 WG,

Theorem. Let QE P, then there exist 1°S G such that with V¢ as above
(3.4.2) M (x, 2)=n°(x, 2V °(2)* forz=C.UR,
(3.4.3) 1°(x, z) has a holomorphic extension in z to C,,

(3.4.4) n°(x, ° )EG, if x<0,
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(3.4.5) xl_i}pw n°(x, z)=1I for z=C,.
Moreover, V" °=G _, and the decomposition (3. 4. 2) is unique.
Proof. From [9; Theorem 1. 4] we know
€)) M (x, 2=n°(x, 22U ()%, e==.

Here (3.4.5) holds and U~ is upper triangular with diagonal I and off-diagonal
element a finite sum u(2) ::OEZL ; (Zf—(—?;))’“
holds. From Theorem 3. 3. 2 we know that the poles of M occur in the second
column only and since Q& Py, these poles are all simple. From (1) we see that
the first column of 7" is holomorphic in C* and we obtain for the matrix
coefficients

For U" the analogous statement

@ M) ,=ODyuand (M )p=0 )y

We recalled above that the poles of M™ are simple; moreover, since
det M*=det =1, ("), and (n 7),; do not vanish simultaneously at any z,
&Z .. Therefore, the poles in u are simple. Now (3. 3.7) implies that U~ is
given by (3.4.1). Similarly one proves that U™ is of the form stated. This
implies that ¥ isin G_,. It is also easy to see that the decomposition (3. 4. 2)
is unique. Next we note that 7°€ G since M*, ¥V *€G. We want to show that
actually 7°(x, *)EG, if x<0. To verify this we will apply (1.3.10), It
suffices to show

3 lim n°(x, 2)=1

2EC,

But from Theorem 3.3.1 we know 11?30 M®(x, z)=1I and (3.4.1) implies lim
V~¢(z) =I, whence also lim ¥V (z2)*=1Iif x<0. Note that we use here the form
of J and the form of ¥ °. Now (3.4.2) implies (3) and (1. 3. 10) implies the
claim. O

3.5. In the last section we decomposed M*=7°(V°)*, where 7° was satisfying
several conditions for x<0. In this section we want to discuss decompositions
M*=¢*1* and M~ =¢ u” where ¢° satisfies conditions for x>0. In the last
section we had V*E G, ; in this section / and u are not (necessarily) contained in
G,.orin G_.

Theorem. Let QEP,, then there exist p°E G and IE¥, u= U such that



930 JOSEF DORFMEISTER AND JACEK SZMIGIELSKI

(3.5.1) Mt (x, 2)=¢ " (x, 2I(2)* for z=C,. UR,
(3.5.2) M (x, 2)=¢ (x, 2u(2)* for z=C_UR,
(3.5.3) ©° has a holomorphic extension to C,,
(3.5.4) 0(x, * )EG, for x>0,

(3.5.5) ,}1_1,110 0°(x, 2)=1 for all z=C,.

Proof. Since Q= P, we know from [1; 5. 9] that lim M *(x, 2)=Ly(2) for
z&C,, where L,(z) =diag{6(2), 6(2) "'} is meromorphic in C,. Moreover,
[4;2.18] and [4; 2. 66c] imply L,= G, and that 6 has only simple zeroes at z;
€ Z ., and no additional poles or zeroes in C,. We want to show that actually
0€1+. ;. holds. To verify this we recall first from Corollary 2 of section 3. 2
that M(x, *);;—S, in 1+ ,. Next we recall from (3. 3. 6) that for zER we
have M*(x, z) =M(x, z2) W}, where W is upper triangular with diagonal I.
Hence M(x, ) ;=M"*(x, *);;. This shows that lim M*(x, 2),;,=8,, exists in
1+, actually then it exists in 1+./ .. From [4; 2. 18] we thus conclude lim
M*(x, *);;=6 in 1+ .. This shows in particular (since & has only finitely
many zeroes)

0 61+ . and lim L, (2=1
Now we set
€)) M (x,2)=M"(x, 2)L,(2) "

It M*(x, 2) =<Z(<: j)) chc 3 ), then M~ (x, z) =(gg—1 Zg), where we have

suppressed the variables. We want to find a matrix h=( 71, ?) such that hEG

and ¢ *=M"h satisfies the requirements of the theorem. First we note that
M ™ h is of the form
- a '+ybd bo >
+ =
M"h <c6_‘+7d5 a)’

Here the second column is analytic in C, and has a continuous extension to R
since b and d have simple poles at z; whereas & is zero there. Therefore one
needs to show that the first column can be made analytic by a suitable choice of
7. Thus we want
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@) ad ~'+7bS and ¢6 ~'+7dd analytic.
To this end we choose

3 r(x D=et=y i

z€z, 27— Z; ’

Then A= G and lim h(x, z)=1I for z=C, . It suffices to choose 7, so that corre-
sponding residues in (2) cancel out. This yields the conditions

@ a(z)6 + ey (b0) (z) =0,
(5) e(z2)5 +e" (db) (z) =O.

Here 6 ,/=Res(6 ', z)) and (b6) (z)) and (c¢6) (z;) make sense since b and d have
simple poles at z; and 6 has a simple zero at z;(see Theorem 3.3.2 and the
remarks on 6 above),

Next we evaluate (3.3.7) at z,=z;. We obtain

6 b;=Res(b, z)) =e72mzja(zj) w;,
@) d=Res(d, z)=e¢ c(z)w,

Moreover, (b6)(z)=b;6,"" and (d6)(z) =d,6,”'. Inserting this into (4) and
(5) we see that (4) and (5) follow from (6) and (7) if we choose

(8) TJ: _6jZWj_1.

With this choice of 7; (whence h) we have shown

©) ¢ (x, 2=M(x, 2 h(x, 2 EG,

(10) @ " (x, *) has a holomorphic extension to C.
11D ’}1_r)r‘1)c 0 (x,2)=1I forall z=C,.

(12) M (x, D=9 (x, Dh(x, 2 'Lo(2),

thus (3. 5. 1) is satisfied with

(13) 1D =h(DL(DEZ,
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where hy(2) =< —Ti(z) ?)
(14 r@=3 S

z—z;’

Finally we show ¢ *(x, * )EG. for x>0. But we have seen in (0) that L,(2)
—J as z—>o0 and we also know h(x, z2—I M*(x, z2)—I as z—> for zEC, .
Therefore ¢ *(x, z)—1 as z—>o0, whence (1. 3. 10) implies ¢ "EG,. Mutatis
mutandis the same argument applies to ¢ ~ and the theorem is proven. O

Corollary 1. For QE P, there exist q_ %, and q . €% | such that for all z

ER
(3.5.6) lim ¢ " (x, 2 *=¢_(2),
(3.5.7D lim ¢ “(x, z) *=q.(2).

Proof. From [4; Lemma 2. 66] we know that lim M™(x, z) *=L(2) holds,
ZER, LEY. From (3.5.1) we thus obtain L(2) l(z) *1112, ¢ " (x, 27* From
the proof of the theorem above we know that L and [ are both in ¥ and have
the same diagonal factor L,. This finishes the proof of (3.5.6). The remaining
part is seen analogously. O

Corollary 2. Under the assumptions above we have
(3.5.8) g =Ll 'and q,=Uu"

From (13) and (14) of the proof of the above theorem we also obtain

Corollary 3. €%, 9.

3.6. We consider the continuity condition at x=0. We have
(3.6. 1 70,2V (D=9, 2I(2),
(3.6.2) n= 0,2V (@=¢ (0, Dul2).

For our considerations later the following functions 7+ and 7~ will be of
special importance.

(3.6.3) T @=I1V (@7,
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(3.6.4) T @=u@V (2 L

Proposition. a) t°€G,,

b) tTeEL,92%,,

c) TTEUDY,,

d) I=I"I", IFeG,, I'=t*, I"=V",
e) u=uut, wEG, u =t, ut=V".

Proof Part (a) follows from (3.6.1) and (3. 6.2) in view of the fact that
7°(0, z), ¢°(0, z2) =G, holds by Theorem 3. 4 and Theorem 3. 5. The remaining
parts follow easily. O

3.7. For easier reference we write down various (mostly obvious) relations be-
tween the many different matrix functions considered so far

G.7.D 770, 2=¢"(0, 27" (2,
(3.7.2) 770, 2)=¢ (0, 27 (2),
(3.7.3) M (x,2 "M (x,20=(W_(2)"'W.(2)*

whence in view of (3.4.2), (3.5.1), and (3.5.2)

(3.7.4 (2D T x D=V @wW @ 'W,.@V (2 )%

(3.7.5) 0 (2o (x D=(w@QW_(2 "W, @12 H™~

For x=0 we evaluate (3. 7. 4) and apply (3.7.1). This yields

3.76) T @' 0,270, 2tT@D=V QW _@'W.@ 'V (2.
A similar treatment of (3. 7.5) gives

3.7.7D T @ 0,270, 2t @ '=u@W_@ W, @I
Comparing (3.7. 4) at x=0 with (3.7.7) shows

(3.7.8) ViW_(2) ‘W, @V (2!
=t @ 'wQ@QW_2 "W,z 't (2.

The analogous procedure with (3. 7. 5) and (3. 7. 6) yields the same equation.
Finally, recall (see e.g. [4; 2.18]) that S(2)=L(z2)W ,.(2) "' and S(2) =
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U(z)W_(z2)~', where L is lower triangular with diagonal term L, and U is
upper triangular with diagonal term U,. Thus we have

W_@ "'W,.@=Ww_=27'S@ 'S@QW.(2=U"'(2L>).
We state this and insert it into (3. 7. 8). Thus we obtain
3.7.9) W_(2 "W, .(2=U"'"(2L(2

(3.7.10) VIQW_(2) "' W.(2V (2!
=1 @ ' w@QU ' @L@ (2 Nt (@.

The last formula will be of particular importance in a later publication. We
would also like to point out that (3. 7. 10) shows that the 7’s change an “upper—
lower decomposition” into a “lower—upper decomposition”.

3.8. In this section we show that P, is invariant under a natural involution of
P. For Q=P we set Q* (x) =—Q(—x).

Theorem. P;=P,.

Proof. Let Q= P,. It is straight forward to verify that the functions
e} F(x,2=M (—x, 2, x=R, z=C.,
@) G(x,2)=M*"(—x, 2, xER, z=C_,
satisfy the AKNS-equation with Q*. Since Q* P we thus know
3 M (—x, 2=M"(x, 2C(2)* z=C.
@) M (—x, 2)=M*""(x, 2)D(2)*, z=C,.
Here C(z) and D(z) are matrices independent of x. Since M~ and M** both
satisfy (3.1.8) and (3.1.9), the matrix function C(z)* stays bounded as
x—>—o0 and also as x—>+oo. This implies that C(z) is a diagonal matrix,
whence C(2)*=C(z). Similarly one proves that D(z) is diagonal, i.e. D(z)*=
D(z) holds. Now we use (3. 1.8) and lim M"(x, 22=L,(2) for z&C, ([1;5.
9]) in (4) and obtain

) D(2) =Lo(2).
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Similarly we see

©) C(2)=T,(D.

Hence
Q) M (—x, D=M*""(x, 2U,(2), zEC.
® M (—x, D=M*""(x, DL,(?, zEC_.

From the last two equations it is clear that M*¢(x, ) has a continuous exten-
sion to C,. Moreover, since M*(x, *) has only finitely many poles and L,( *)
and U,( * ) have only finitely many poles and zeroes in C,, also M**(x, ) has
only finitely many poles in C..

Solving (7) and (8) for M*¢ yields

) M (x, =M (—x DUy

(10 M (x,2=M"(—x, 2L, "

Since L,=diag(5, 6 ') where & has only simple zeroes and § ~' has only simple
poles at the points of Z, , we see that M*~(x, ) has only simple poles at Z*
=Z,. Similarly one sees that M*"(x, ) has only simple poles at Z¥=2Z_.
Moreover, the second column of M*~ and the first column of M** are analytic.
This shows that (3. 3.2), -+, (3.3.5) are satisfied, whence Q* & P,,.

Corollary. Let Q=P,. Then for the finite exceptional sets Z for Q and Z*
for Q* we have ZX=Z7Z_ and Z*=7 .. .
§84. Scattering and Inverse Scattering on a Half-line
4.1. In this chapter we shall study the space P, of potentials defined below.
On this space the map Q—>S¢ is injective. In a later publication we will exploit
the fact that analogous statements also hold for P,” to obtain a description of

scattering and inverse scattering for potentials on the whole real line.
We set

4.1.1 P"={Q=P; support(Q) C {x; x>0}},

(4.1.2) P~ ={QeP; support(Q) C {x, x<0}},
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(4.1.3) P;={P,NP}.

Theorem. Py is open and dense in P°.

Proof. The proof of Proposition 2. 30 in [1] and the remark before Lemma
4.7 loc. cit. show that P, is dense in P*; it is trivially open, since P, is.

Theorem 3. 8 implies that also P, is open and dense in P . a

4.2. If Q=P, then we know from [1; §5] that the scattering matrix S=S¢
can be decomposed in two ways (see also [4; 2. 18])

(4.2.1) S@Q=LW_ (27},
(4.2.2) SE=UW_(27 "

On the other hand, since Q(x) =0 for x>0, we have M(x, z) =S(z)* for x>0.
Comparing this to (3. 3. 6) yields

(4.2.3) M*(x, z)=L(2)* for x>0, zER,
(4.2.4) M~ (x, 2)=U(2)* for x>0, zER.
From these two formulas we obtain in view of (3.4.2)
Corollary. If Q= P, , then
(4.2.5) Li=1n"0, 2V (2,
(4.2.6) U2)=n"(00,2V"(2).
Note that these formulas describe the decomposition of L and Uin G_G . .

4.3. Let Q=EP; and W_, W_. be as in Theorem 3.3.2. Then rewriting
(3.7.4) we obtain

(4.3.1) 1 (2 G D=[(W_-@QV @) ' W.@V (@ '~

It is clear that the first factor is in &, and the second one is in U,. We set
(using (1.3.9))

(4.3.2) W (D=I.(W_QV* (2,
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(4.3.3) W @Q=I,(W. @V ).

Setting also W =II_(W_@QV' (™) and W, @Q=I_(W. @V (2"
we obtain

“3.49 I &x2Wo @)1 ' &2 @97
=W @ W@~

It is easy to see that W,°(2)*€G, for x<0. We also know from (3. 4. 4) that

n°(x, *)EG, if x<0. Setting 0°(x, z2)=70°(x, 2) (W.5(2)*) ! we thus have
shown

Proposition. Let Q= Py ; then there exists 0°(x, z) =G such that

a) 0 20T )=(WS @ W, ()"

b) o¢(x, 2 €G, for x<0.
4.4. From the last Proposition it is easy to derive that o° satisfies the AKNS-
equation (3.1.1) for the same potential Q as M* does, provided x<0. Since
here we are mainly interested in L'(R™)=L'(—o0, 0), 0° and M* are in a
sense equivalent. Consequently, we can replace W, by W, . We note

Lemma. The map Py —%,, Q+—>W, * is analytic.

Proof. The map Q+>S< is analytic by [1; Corollary 1.54]. Since S=
LW '=Uuw~', Q—W ., W_, L, Uis analytic by (2. 1. 7). From Corollary 4.

2 we obtain now that also Q> V¥, is analytic, whence Q+>W, ¢ is analytic. = O

4.5. In this section we obtain a different description of the scattering matrix S
=89 for Q=P, . The results of this section are particularly important for this
paper.

Recall that S=LW.'=UW_! and from 3.6 we know t " =I(V")"!, 7=
u(V*) ™! This shows
4.5.1) S=I Dt Ww (v ) H!
(4.5.2) S=Uu Nt~ (wW_(v") HL

In view of Corollary 4. 2 we also know

(4.5.3) S=n"0,2W. (¥ ) H"
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(4.5.4) S=n", 2(W_(y*H)=HL
Using the notation introduced in 4. 3 we now obtain
(4.5.5) S=070,2(W, )"
(4.5.6) S=a-0, (W)™

Note that altogether we have a fairly precise description of 0°(0, z). The
following relation will be of particular importance for our description of P, .

4.5.7) 0 (0,2 0" (0, =W ) "'W,".
From (3. 5. 8) we recall
(4.5.8) g_=LI,
(4.5.9) qg.=Uu"".
Then combining Corollary 4. 2 with (3. 6. 3) and (3. 6. 4) we have
(4.5.10) 070, 2=q_t (W),
(4.5.11) 0 (0, 20=q.c (W)
Proposition. Let Q& P, ; then
a) q-=¢"(0, *)EL  andq.=¢ 0, *)EU,
b) tTTEL DU and Tt EUTDL

Moreover, the decompositions (4.5.10) and (4.5. 11) are unique if the occurring
factors satisfy (a) and (b) and W." EU" and W E%,".

Proof. From 3.5 we know g_=lim ¢ *(x, 27" Since Q=P,, we know
that ¢ © solves the AKNS-system (3. 4. 1) for Q=0 and x>0. Thus ¢ "(x, 2) =
¢ (0, 2)* for x>0. But (3.5.4) shows that ¢ *(0, 22 G, holds ; whence g _
=¢(0, 22 EG,. Similarly one shows ¢g.=¢ (0, 22EG_. To verify (b) we
note T =I1(V") ! by (3.6.3) and I=%,” 9 by Corollary 3 of 3.5. This shows
tTEPL DU, ; similarly one checks T € U;"2%,". Assume now ¢ (0, z) =
gt (W) '=g_tT(W.") ! where the occurring factors are in the required
sets. Then decomposing t " =1 du~ and =1 dii~ we obtain d=d and q_I~
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=g.I". Since ¢g_, §_EG, and I, [ €G_, q_=¢§_ and I~ =] follows.
Similarly one shows =@~ and W.,"=W.". This finishes the proof. O

Corollary. Let Q= Py, then
a) g0, )EZL 9%,,
b) 0 (0, )EU,2%,.
4.6. Using the decomposition (4. 5. 5) and (4. 5. 6) we show

Proposition. The map Q—(0" (0, 2), 07 (0, 2)) from Py to G.XG_ is
analytic and injective.

Proof. The map is analytic since Q—S¢ is analytic, moreover, factorizing in
G_G, and G.G_ is analytic. Therefore it only remains to show that the map
is injective. But once we know ¢ 7 (0, 2) and 0~ (0, z), then (4. 5. 7) shows that
we also know W =(W_") "W, . Since we started from QE P,  we know that

*=g7(x, 2)"'0"(x, ) is solvable for all x<O (see Proposition 4.3) and
that o° satisfies the AKNS—equation (3. 1. 1) with the originally given Q. (See
remark at the beginning of Section 4. 4.) This proves the claim. d

4.7. In this section we start to develop our description of scattering and inverse
scattering on the half-line R.

We consider the set #~ of pairs (W_", W, ) EL," XU, satisfying (4.7.1)
and (4.7.2).

4.7. 1 (W "W, ]*€G_G. for all x<0.

Define 0°(x, 2) by [((W_")"'W. 1*=0"(x, 2) '0 " (x, z). Then we require
in view of Corollary 4. 5

4.7.2) 070,22 ,9%, and 0 (0, 2 EU 2% ;.
Before investigating #~ in more detail we show

Proposition. The map X given by Q—>(W_*, W.”) from Py to & XU is
analytic and injective and its image is contained in W .

Proof. Since Q—S¢ is analytic and the projection from G_G, and G, G_
to G_ and G, are analytic we see that the map under consideration is analytic.
Now we note that (4.7.1) follows from Proposition 4.3 and (4.7.2) is a
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consequence of Corollary 4. 5. The injectivity of the map follows from Proposi-
tion 4. 6. O

4.8. Eventually (see Corollary 4.12) we want to show that #~ is open and
dense in £," X%, and that there exists a subset # , of # that is homeo-
morphic with Py .

We start by introducing for QE P,

(4.8.1) o(x, D=0"(x DW," @) '=0"(x, 2(W7 (@)™
Note that the two expressions on the right side actually are the same by Proposi-
tion 4. 3.

Next we claim

Lemma. Let QE Py, then o satisfies the equation

4.8.2) olx,2=I-[o(W, —D* —[o(W_*—D*", x<0, zER,
oW, —W. )" dn

+ = *
(4.8.3) o (x, Z>_I+f_m —z el x<0, zeC.,,
_ oo a(W;_—W'_“L)" dn
=J— i AN <
(4.8.4) o (x,2=I J_w r—z 27l x<0, z&C_.

Proof. First we note I—[oc(W, —D*] " —[o(W. " —D*"=I-[0"—0]~
—[o-—0l"=I+[c—I"+[o—IT=I+0—I=0. The formula (4. 8. 3)
follows from (1. 1. 7) and the fact that

f°° o(W. ) —a(W.")* dn

+t = R [ H
o"—I=[0"—0 ] =lim 1~ G+ i) i

e—>0

since for z&C, we can carry out the limit in &. The formula (4. 8.4) follows
similarly. C

4.9. In this section we consider the operator C, acting on CI+Mat(2, /) by
the formula

(4.9.1) C.(A=[AW. =D +[4(W_"—D*"
The operator C, has been considered in [1; § 7] and in [4].
Clearly, C, depends on (W, W.))EL, X%, . Moreover, the formula

(4. 8.2) can be rewritten as

(4.9.2) o—I=—C,(D—-C,(c—D.
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Therefore, if I+ C, is invertible, then we can compute 0— I from
(4.9.3) o—I=—{U+Cy'c,(D.
Here we show

Proposition. Let(W_ ', W.))EL " X%,. Then I+C, is a Fredholm
operator of index 0. The number /c=%dim Ker(I+C,) is the partial index of

(WD w.o1*  In particular, [(W_)™' W, 1*€G_G . for all x<0 if and
only if Ker(J4+C,) =0 for all x<0 and this holds if and only if I*+-C, is
invertible for all x<0.

Remark. If A is a 2X2 matrix such that det A=1 then its partial indices
k., and k, satisfy £, +k,=0. In the Proposition above the partial index is the
one that is nonnegative.

Proof. We define the elements w,, w,&./ by the equations

(4.9.4) (W'_+)’°~I=<::2 g> and (W';)"—I=<g ’g‘>.

We set H={<g>; a, bEd} and equip H with the product norm || (Z) | =
lall + | bl . Next we define a linear operator Q: HOH—H® H by

W Q:<n_LI<wl> - w2)>

where 7, : o/—s/, denotes the canonical projection and L(a), a&.«/, denotes
“left multiplication” in H, L(a)(i‘):(Z:‘).

A straightforward computation shows
@ I+C,=¢ ',

where ¢ : Mat(2, o/)—H®H is given by (p(‘cz s>=<z)®(s>. Since ¢ is an

isomorphism, it suffices to show that Q is a Fredholm operator of index 0. To
see this we note first Q=R ~'Q,S~! where
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© R=<é _”*fw) S=<—7zl<wl> 3)

and Q,=diag(I—7z . L(w,)m _L(w,), I). Since R and S are invertible operators,
it suffices to show that D=I—r_ L(w,)m _L(w,) is a Fredholm operator of
index 0. To verify this we note that L(w,) is a bounded operator on H and
7 L(w,)m _ is compact (see e.g. [7; p.225]). From (2) and the decomposi-
tion of Q it is clear that

l€=% dim Ker(J+C,) =% dim Ker(—z . L(w)zm _L(w))).

It is also straightforward to see that Ker(—T)CH , = {(Z) ; a, bE +} ;

here we have set T=7z ,L(w,)n _L(w,). Since T acts diagonally on H we see
that dim Ker(I—7T)=2dim Ker(J—T,), where T, acts like T on ./ (and not
H). To finish the proof it suffices now to show that the partial index of

(W)W 1=(_5, 1%, )isk. To determine the partial index of this
matrix we have to compute the dimension of the subspace of elements of H .

that are mapped into H_. Thus we have to consider the two conditions
@ a.+twb.Ed.

©) —wya,+b,—wwb . EA_.

From (4) we obtain

(6) a;=—wb)..

Inserting this into (5) yields w,(w.b.),+b.—w,(w,b,)Eo/ . This is
equivalent with b, —w,(w;b,)_E _, which in turn is equivalent with b, —
(w,(wyby) ), =0, i.e. with b, being in the kernel of the operator I—
7 L(wy)m _L(w,). O

Remark. We would like to note that the above proof works for arbitrary
wi, w,E&. Hence the Proposition actually holds for arbitrary (W_, W.)E
LIXUY .

In the following section we show that £ vanishes if x is close enough to

— 00,

4.10. In this section we investigate the operators C, in more detail. From the
proof of the last theorem it follows that we have to look essentially only at the
operator
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(4.10. 1) D(w,, w)=n ,L(wym _L(w,), Wi, w,E L.
Lemma. Forallb. €/, and all w,, w,, w,, w,E we have

(4.10.2) | Dwa, w) b —D(wa, wdb, | ,
<lwy=woll lz_LwDb Il + [l wyll lz_Lw,—w)b, |

Proof. First we note

I D(w,, w)b.—D(ws, w)b, |
< | D(wy, wD by —D(wy, wDb ||
+ | D(w;, w)b . —D(w,, wDb. |
= |z L(w,—wpm _L(w)) b. |
+ |z . Liwpz _L{w,—wDb | .

From this the claim follows. 0
We recall that in the proof of Proposition 4.9 actually w,(z x)=
wi(2e ™ and w,(z x)=e*™w,(2) occur. We note (using the notation
(1.1.2)
| 7 _L(w,(z x))b |
0 o0
SIMW 1 fo wl(p+2x—t)5+(t)dt‘dp
o 2x—t 2x
<[T16. DI 1w@Idp)ar< bl [~ %) dp.
and record it as

(4.10.3) Iz Lz o) bl <lb I [ 1% dp.

Proposition. The map (x, w,, w,, b,)—=>D(w,(z, x), w,(z, x))b, is uni-
Jormly continuous.

Proof. Using (4. 10. 2) we obtain

| D(w,(z, %), wi(z, )b —D(wy(z, X)), wi(z, X ))b. |
< | D(wy(z ), wi(z %) ) (b —b) |
+ | D(wy(z, x), wi(z )b —D(wy(z, X)), wi(z X ))b, |
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<lwyzx) |l wzx)l b.—bl
+ I wy(z ) —wy(z 0" || | z_Lw,(z )b |
+ 1wz XD | Il w_Lw,(z %) —wi(z ¥ Db .
It is easy to see that || w(z, x) | = || w| is independent of x. Hence the first
term above is equal to || w, |l | w, |l | 6.—b. | and the first factor of the
third term is || w, || . Next we consider | w,(z, x) —wy(z, X' ) || < || wy(z, x) —
wy(z, X) | + | wy(z X )—wy(z x') |. The special form of w(z y) implies
I wo(z x)—wy(z x) I =% Wy(p—2%) —W,(p—2X ) dp<Cll w, || | x—x"|
for some C>0. Altogether this shows that the second summand above can be
estimated against (C || w, || | x—x" |+ | wa—w, 1) I wyll 64 1.
Finally, we consider the second factor in the third summand above. Using
(4. 10. 3) we obtain
Iz _L(w,(z x) —wi(z ¥ )b, |
<l z_Lw,(z x)—w,(z x )b, |

+ 7 _L(w,(z X)) —wi(z ¥ )b, |
0 | o . , Py I
<[ _| ] thGtax—0—wi(p+2x Db (Ddr|dp
, 2% . o
+ 1oL [ @ —w:(p)ldp.
Here the last term is < || b, || | w,—w} ||, while the first term is < || w,(z, x)
—wi(z X)) bl <Clwi Il x—x" ||l by ||, where the first estimate just re-

phrases an estimate for the convolution and the last estimate has been shown
before. Summing up we have shown

(4.10.4) | D(wy(z x), wi(z ))b.—D(wy(z X ), wi(z X )b, |
<Hwoll Twill lby—by | +(Cllwyll | x—x'|
+ lwa=wo D wyll Hol+ T wyll (Clwy I x—x
+lwi—=wil) bl

From this the claim follows. O
Finally, we prove

Theorem. Let w,, w,&./. Then there exist N>0 and € >0 such that for x
< —N and wy, w,EA satisfying | w,—w || <&, | w,—w, |l <&, the operator I
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—7 . L(w,(z, x))w _L(w,(z, x)) is invertible.

Proof. Set | wy |l = || w,(z, x) | =4. Choose N>0, 0<e<1 and such that
I wi(p)| dp<—+ for all || w,—w, || <e. Let now x< —N. We want to
show that the equation

(0 D(wy(z, x), wi(z x))b. =b.
has only the trivial solution. To this end we consider
| DOwy(z 9, wilz )b, | < I wy | | 1T-Lwi(z x)b, |
<Clwy=w, |+ 1wy 1) | T-L(w; (@ 20b- |
<@+ | I_L(wi(z 0)b. |
<@+ 16,0 ([ 191 dp)dt

<+e)([18.@lar)([7 1% dp)

1

<(4+e) Y

ol <lbil.
This shows that (1) has only the trivial solution. Since I—7 ,L(w,(z x))
7_L(w,(z x)) is a Fredholm operator of index zero as shown in Proposition

4.9 and since Ker(I—7 ,L(w,(z, x))7_L(w,(z, x)))=0 for x<N as shown
just above, the assertion follows. O

4.11. We want to see that the set #~ defined in 4. 7 is open. First we consider

@ 11.1) w' ={w, woHheexu ; (W)W, 1"
EG6_G, for all x<0}

Proposition. %' is open in £ XU, .

Proof. We have seen in Theorem 4. 10 that for each W,=(W_", W.")
there exists N>>0 such that I+ C, is invertible for x<— N. Moreover, one can
choose N and a neighborhood £ of W, such that I+ C, is invertible for x< —N
and all WE 5. Assume now that I+ C, is invertible for x<0 and W,. Then we
note that I+ C, depends uniformly continuously on W by Proposition 4. 10 ; thus

we can choose a neighborhood & C £ of W, such that I+ C, is invertible for all
—N<x<0. O
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Corollary. # is open in &, XU, .
4.12. We want to show that #  is dense in .#," X%, . This will follow from

an even stronger statement proved in Section 4.13. With the definition of X
introduced in 4. 7 we set

(4.12.1) W =2y ).

From Proposition 4. 7 we know # C# . We will characterize #" , inside
W intrinsically below. We will also show later that 2: Py —%# , is a home-
omorphism. First we find part of the inverse map for 2.

Let W=(W_*, W.”)E# . Then we know from the definition of ¥  that
we have for x<0, zER

(4.12.2) (WD 'W. =0 (x, 2 0" (x 2).

Moreover, for x=0 we know ¢ (0, 2 E%,2% ,and 0" (0, 2 EL 2% ,. Thus
we can write

(4.12.3) 0 (0, 2=q;t (W),
(4.12.4) ot 0, =¢ c (W, "),

where q;e%l_, W;_Egl_, qu$1+, W;.+E%1+, T—EG__, T+EG+ and
where

(4.12.5) tT=utd (V)7
(4.12.6) tr=1"d" (V)
withu e, viesrt I € ,d,d" €2,and V EU,.

Note that the map which assigns to WE#" any of the factors occurring in
(4.12.3), (4.12.4), (4.12.5), or (4. 12. 6) is analytic.

From the proof of Lemma 2.3 it follows that we can assume that V* and
V™~ are rational functions.

Theorem. ¥ = {W=W# ; V" and V~ have only simple poles}

Proof. Weset W. =W, W.," and W.=W_"W_~. Then we have for x<0

(4.12.7) (W)W I*=n"(x, 2 ' (x 2
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where
(4.12.8) nt(x 2=0"(x, 22 (W, )%
(4.12.9) 1 (x, 2)=0 (x, 2) (W)~

We would like to point out that 7 "G, and "€ G_ for x<0. Finally we set
(4.12. 10) W.=W.V,
(4.12. 1D W_=w_v".

From this we obtain for x<0

(4.12.12) (W) 'w, =M (x, 2 'M*(x, 2),
where

(4.12.13) M (x2=0"(x 2V (2%
(4.12.14) M (x, 2=n (x 2V (D"

Since 7°E€ G, and V* is rational with only simple poles in C_,, we know that M*
is meromorphic in C, with only finitely many simple poles off the real axis.

We claim that W, W_, M", M~ satisfy the equations [4; 2.22] for
x<0.

(4.12.15) M, 2)=I-[M(W_ . —D*"—[M(W_—D*]"

+ X —I—Res M(x, r)
rez ¥y—2

(4.12.16)  Res M(x, r)=(1+f: M, 77)<W,+7(_7]3_W_(n))x %

+3 W)Rm[v*(r) +VE (DT

s#Er

where we set
(4.12.17) Mx, 2=M"(x, 2 [W. (@] =M (x, 2) [W_(2)*1!
(4.12.18) Z=Z UZ = (poles of V") U (poles of V")

(4.12.19) Res M(x, r) =Res M. (x, r) if r=Z,.
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We would like to note that our notation is consistent with the notation of
the previous chapters and sections and also with the notation used in [4], except
that we write W, and not I+ W, and that we use for W _ the inverse matrix.

The proof of (4.12.15) and (4.12.16) can be taken—mutatis mutandis—
from the proof of [4; Lemma 2. 22]. Next we consider the case x>0. We note
first that (4. 12.2) at x=0 and (4. 12. 3) and (4. 12. 4) imply

(4.12.20) W) 'we=@ ) (gr) g™
From this we obtain

(4.12.21) W) W= 'l(g) g7 ™.
Using (4. 12.5) and (4. 12. 6) and the definition of W, W_ we have
(4.12.22) W'W.=Wd ) '[(gru") '(gf1)]d".
From this it is clear that we have

(4.12.23) (w>'w.)*=(HH N,

where H=qg;u"d~ is an upper triangular matrix with diagonal d~ and N=
gt17d" is a lower triangular matrix with diagonal d*. From (4. 12.5) and (4.
12. 6) and Proposition 2. 3.1 we obtain H* is meromorphic in C_ with finitely
many simple poles at Z_ and that N* is meromorphic in C, with finitely many
simple poles at Z_ . Setting M~ (x, 2) =H(2)*, M*(x, 22 =N(2)* and M(x, 2)
=M*(x, 2) [\W.(2 " 1"=M (x, 2) [W_(2) '] for x>0 it is not hard to verify
that (4. 12. 15) and (4. 12. 16) hold for x>0.

We want to apply [4; Theorem 3. 32] to see that the potential Q associated
with M", M~ (and thus with ¢, ¢ ) is integrable over R. Before we can do
this we need to define scattering data w in the sense of [1] or [4]. We set

(4.12.24) w=W_(2), W.(2), Z, Res V_(r), Res V*(s)).

It remains to show that w satisfies the “winding number condition” [4; 2. 19].
Using #( f) to denote the winding number of a function f we thus have to show

(4. 12.25) #IW2W = —#(Z D +#(Z0).

To verify this we recall that g u™ is upper triangular and ¢/~ is lower

triangular, whence [(g:u ™) '(qg717)],=1. This shows that (4. 12.22) implies
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(4.12.26) (W'W D)= (dy) 'dy.

From this we obtain #(W_'W .),,=#(dy;) —#(d»). We know from the
proof of Proposition 2. 3. 1 that d,; =8 ,8* and d,, =y _r* with 8%, 7™ rational,
B . without zeroes and poles in C, and 7y _ without zeros and poles in C_.
Hence #(W_'W ),,=#(B*) —#(r*). Note that the rational functions occurr-
ing here have no zeroes or poles on the real axis or at . Hence we know #8*
=#(zeroes of 8™ in C.)—#(poles of 8* in C.) and #y* = —#(zeroes of 7* in
C_)+#(poles of v* in C_). From (4.12.5) we see that d;} =(d,;) ' has no
poles in C, ; similarly, (4. 12.4) shows that d,, has no poles in C_. Therefore
#(W_'W.),,=—#(zeroes of d;f in C.)+#(zeroes of d,, in C_). But the
proof of Proposition 2. 3 shows that the number of zeroes of d,; in C. is exactly
the number of poles of ¥~ in C., i.e. this number is #Z,. Similarly, the
number of zeroes of d,, in C_ is exactly the number of poles of ¥ in C_, i.e.
this number is #Z _, finishing the proof of (4. 12. 25),

Now we can apply [4; Theorem 3. 32] to see that the potential Q associated
with M* and M~ (and thus with ¢ * and 0 ) is integrable over R, i. e. Q= P.

Since M~ and M™* are meromorphic solutions satisfying all requirements of
[1] or [4], we see that Q=P,. But M =H”* and M= N” for x>0, therefore
we actually have QE Py . O

Corollary. The set W is open and the mapping % : Py =W, is an analytic
bijection.

Proof. We have seen in Proposition 4.7 that 2 is analytic and injective ;
moreover, it is surjective by the definition (4. 12. 1) of #°;,. The theorem above
shows that #7 is open. d

4.13. Next we want to show

Proposition. %, is dense in &L XU, .

Proof. Let W=(W_", W,))E2," X, such that ((W_")"'"W.7),, is in-
vertible. Let n=index((W_") "'W. ),, and let >0 ; then choose rational func-
tions V" E%, and V"2, such that
(D | Ve—1I| <4 and

) index(CW_ V17 W,V ])p=index((W_)"'W.7),,

3) w=W V', W,V ,Z=Z_UZ.,Res V¢(Z))
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are scattering data in the sense of [4] ;thus, in particular, w satisfies the “wind-
ing number condition” [4; 2. 19]. From [4; Theorem 3. 12] it therefore follows
that there exists some w=(W_, W,, Z=Z_UZ_, Res V*(Z)) corresponding
to a potential Q€ P, and satisfying |w —&|<3, where the norm here denotes the

norm in the space of scattering data .# in the sense of [4] .In particular we
have

@ |W.—W, V¢ <4,
©) | ve—V° | <é.
From this we show
O] (W (T =W, <G,
where C does not depend on 6<1. To verify this we note
(W (T ) =W, = (W =W, V)P ) <AW,—W, V|
SA(W=W, Vo +IW, (Y ==V 9D < Co.

Note that C can be chosen independent of 6<1 since | ¥ *—I|<26. From (6)
it also follows that for W, *= [W.(? ) ~'] ° we have

@) (W, W, <G,

In fact, by Theorem 4.1 we can choose @ so that Q=P,N (P, +P,") holds.
Note that P, (P, +P,") is open and dense in P since P, and P, +P," are open
and dense in P. Since ®E S ,= {(wE.# ; w corresponds to Q= P,} we know that
W=(W_*, W.”) satisfies (4.7.1). We claim that since QEP,N (P, +P;"),
for the corresponding W also (4.7.2) holds. Moreover we will show that W is
in fact in # . Since QEP,N (Py +P,") we have Q=Q + Q" with Q°EP;.
We will denote all the quantities associated with Q~ with a “~” and all
quantities associated with Q with a “ ~”. Then for x=0

(8) M*(0,2)=M"(0, 2 U(2)

where UE%,. We know from Theorem 3. 4 that (8) can be written in terms of
Vs and n’s as

® 71700, 2V (@=1700, 2V (2 U(2.
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A similar computation with M~ (0, z) gives
(10) 770,27 (@=1"0,2V (2L

where L(z2) =% ,.
Thus in view of (3.7.4), we get

€8] VILW'W. (PO '=% @0, <)), ).
Note, however, that (9) and (10) imply that there exist u " E%," and " €2

such that V" U=V u*, and V' L=V"1".
Thus W. (P 0) '=w. (P ) "(u") '=W_W."(u™) "' where we use

notation introduced in 4.3. Similarly one can rewrite W_(P*L)"'. Thus we
have

(12) WL (W DT W) =3, )T, +).

Hence also

(13) WHWo =)@ O, =N, Dut (W)™

holds.

Recall that we want to show WE#",. First we note that Q€ P,, whence
(4.7.1) is satisfied. Thus the left hand side of (13) determines & * (0, z) and
(0, z) by

(14) (W H'W, =6700,2 57, 2.
Note that here 5°(0, » )&G,. Hence

(15) 070, =710, Du* @ (W, " (D)7,
(16) 570, 2=7"00, 2" @DW (2.

On the other hand we know Q &P, . Therefore Section 4. 3 defines 6°(0,
z) such that 6°(0, 2)=7%°(0, z2) (W.°(2)) . Moreover, Corollary 4.5 shows
670, *)EL 2%, and 6 (0, *)EU,92%,. This together with (15) and
(16) implies (0, *)EL 9%, and (0, *)EX,2%,. Thus we have
shown that Wew.

To finish the proof of the claim we have to determine the ¥ associated with
&°(0, ) and to show that they have simple poles. But (15) and the formula
relating 6 and # © above shows that the U, part of & is the same as the one
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of #*. Comparing (4. 12.3), (4. 12.5), and (4. 12. 7) now implies that the U~
part of &7 is (V7). And similarly the %, part of 0~ is (V*)~'. By
construction Q ~EP,, whence V* has only simple poles and W%, follows. O

Corollary. The sets W and W, are open and dense in £," X U,".

§5. Geometric Scattering and Inverse Scattering

5.1. In the last chapters we have discussed a map associating with certain Q&
P elements in the Banach Lie group G. Recall from (1. 3)

| (1+a b\ .
(5.1.1 G—{g—< c 1+d>’ a b, c, d=Eo, det g—l}

In this chapter we are interested in a geometric interpretation of this map
and a geometric extension of its inverse.

Recall from (1. 3. 6) that G_G_ is open and dense in G.

Let g&G_G . and set as before

(5.1.2) g(2*=e"g(z)e ™.

Since the actions g—>g* of R on G is continuous, there exists an open interval 1
around O such that g*€ G _G for all x&€I1. Hence

(5.1.3) g2*=g (x, 2 'g*(x,2) for zER, x=1I

We want to “differentiate” the equation (5. 1.3) for x. Since the action of
R on G is continuous and since the splitting G_G .—G _X G, is analytic, the
coefficients of g°(x, z) are continuous functions of x. Therefore we can differ-
entiate g°(x, z) for x in the distributional sense.

We obtain [zJ, (g7) 'g"1=—(g7) ‘0.8 (g7) 'g"+(g7) 'o.g".
Multiplying by g~ from the left and by (g ™) ~' from the right we thus obtain

(5.1.4) 0.8 (g ) '+gzi(g) '=0,g7(g") ' +gTz(g") "

Note that this implies that both sides are entire functions of z. Next recall that
g°(x, 2—1 as | z|—o0, z&C,. Hence, subtracting zJ from both sides of (5. 1.
4), dividing by z and taking the limit as | z|—© we see that both sides now are
equal to some Q= Q(x) independent of z. This shows

(5.1.5) 0.8 (g7) g zJ(g7) '=zJ+0(x),
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(5.1.6) 0.8 (g") +gTzl(gT) =2+ Q(x).

Note that the off-diagonal terms in g° vanish as | z|->oo. Hence

.1.7) 0(x) =<q2((’x> q 1(()") >

As a consequence we obtain

Proposition. Let g=G_G . and I be an open interval such that g"€G_G .
for all x€1. Then the functions g*(x, 2) EG,, given by g(z) "=g (x, 2) "'g " (x,
z) satisfy the AKNS-equation (3.1.1) for all z=R and xE 1.

Remark. The “potential” Q obviously is determined by geG_G .. To in-
dicate this dependence we will sometimes write Q=Q,.

5.2. It is clear that the map g—>Q, is in some sense an “inverse” of the map X
defined in Proposition 4. 7. More precisely we have

Theorem. Set

G.2.1) Go={(WH'wHewy,
then
(5.2.2) g(D*EG_G, for all x<0, gE%,.

Defining Q,(x) by (5.1.5) and (5.1.6) for x<0 and by Q,(x) =0 for x>0 we
also have

(5.2.3) Q.,EP; for all g€%,,
(5.2.4) 2(Q,) =g for all g=%,.

Proof. Let g=%,. Then g=(W_") 'W.~, where W=(W_", W. ) EW,.
Hence (4.7.1) implies (5.2.2). Moreover, (5.1.5) and (5.1.6) define a
function Q, for x<0. Setting Q,(x) =0 for x>0 then defines Q, on R. We
have seen in Corollary 4. 12 that 3: P, =%, is bijective. Let Q" EP, be such
that X(Q")=W. The Proposition 4.3 shows g°(x, z) =0°(x, 2z) for all x<0.
Moreover, tracing back the definitions for ¢® and 7° we see that ¢° differs from
M° only by a factor of type A(z)*. Hence M* and o° satisfy the same differ-
ential equation, whence Q" =Q, a.e. This proves (b) and (c). O
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5.3. We would like to imbed P, into a natural quotient .# of G. The quotient
A is suggested by the Proposition below.
Recall that we use ¥ =2NG_and % "=UNG.,.

Proposition. Let g=%,. Then for every hE% g~ we have (5.2.2) and
(5.2.3) for the same potential Q= Q,.

Proof. Let h=L gU*. Then h*=(L )*g*(U")*=(L)g (x, =)'
g (x, +) (U for all x<0. Since (L )*G_ and (U")*EG . for x<0,
the statement (5. 2.2) follows. Moreover, since g°(x, z) and g°(x, z) A(2)* both
solve the AKNS-equation with the same potential Q, the statement (5.2.3)
follows as well. O

5.4. In the rest of this chapter we investigate the quotient # =% "\G/% " of
G.

In this section we collect a few facts about quotients. For this we consider
a topological space E and a topological group H acting continuously from the
left on E. We set

(5.4.1) E/H={H. x; x€E}.

Let 7 : E>E/H denote the canonical projection and give E/H the quotient
topology, i. e., UC E/H is open in E/H if and only if 7 ~'(U) is open in E.

If H=H,X H,, then H, acts on E/H,([3; Top; Chap. I ; §2, Proposi-

tion 11]). The “transitivity of quotients” [3; Chap. I, § 3, Proposition 7] then
implies

(5.4.2) E/H=(E/H,)/H,=E/H))/H,.

We will apply the above remark to E=G and H=% ~ X% ", acting on G by
A u").g=1"glu)™".

Finally we note that the canonical projection 7 : E—~ E/H is an open (and
surjective) map [3; Chap. Il ; §2, Lemma 2], Therefore in view of [3; Chap.
I; 88; Proposition 8] we know
(5.4.3) E/His Hausdorff < {(x; h. x) ; xX€E, h&H} is closed in EXE.
5.5. In this section we consider the action

(5.5.1) (I w.g=lgu™!

of & X%* on Gin more detail. We recall that weuse ¥  =%NG_and % *
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=% N G,. We introduced the abbreviations
(5.5.2) M=L \G/U =G/(L  XU™).
Using (5. 4.2) we see that ./ is a quotient space of either Banach manifold
% °\G or G/%*. To make sure that .# is Hausdorff we show in view of

(5.4.3)

Proposition. The set #={(g, | gu") ; gEG, I €L ", u €U} is closed
in GXG.

Proof. Assume g,—g, I, g.u, —h I, EL ", u, €E«*. Consider first the
special case: g=Idu and h=1"d’ v, where I, I’ and u, ¥ have diagonal I.
Then, since £, is open in G, without loss of generality we can assume g,=1[,d ,u,
and [/,—I, d,—d, u,~u. Therefore,

ln~gnun+ = 7;1_ dn_lndnu ndn+ a:_)ll d, u, ’
whence
I d 1, d ) '=I
d, d.d, —d,
@) 'u,d a, —u .
If also d, d €(C+o4 _)*(C+o£ )*, then di—d°, whence @, =4 " and [, -
I". As a consequence we obtain (g, h) EX.

Now we consider the general case. We define as before £, (resp. %,) to
be the set of elements in % (resp. %) with diagonal I. From [5; Corollary 3. 3]
we know that after multiplying g and & by some [,E.% |, we can assume log, [oh
EXL 9% . Moreover, multiplying on the right by some d,E %, we can assume
¢)) logd €L DU ,, l.gd,=Idu, d=d _d .,

@ lohd EL DU ,, lohdo=1'"d’ v ,d =d_d. .
Since l,g,d—>1.gd,, we obtain

3) Lol gau, do= ol Iy (Iogado) (dy 'u, do)—>1ohdy=1"d" u' .

Moreover, from (1) we know log,do=1,d,u,, d,=d, d,. Hence l,g,d,=
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l,d.u,—1ld,=l,gd, converges componentwise. We set
Ll I '=gq,a,, a, diagonal, q,£%,,
dy 'u, dy=b,p,, b,” diagonal, p,E%,.
Then
lob, g utt' do=,ay 1,d,u b, pu=(g.a, 1,(a,) ™ (a, d,b,) ((6,) 'u,b, p,)

converges to I’ d’ v’ . But this implies

©)) g.a, 1,(a;) =1
©) a;d,b—d =d d.
6 (6, 'u,b, pu

In (5) we know d,=d, d,—d=d d* componentwise. Therefore a;d;—d_,
d; b, —>d ., whence a, and b,” converge. Since we noticed already above that
u, and [, converge, we conclude from (4) and (6) that p, and ¢, converge.
But now from the definition of g, and p, we see that actually I, and u,
converge. Therefore (g, 1) =2 and the Proposition is proven. O

Corollary. # =% \G/% " is Hausdorff.

5.6. We want to find a natural open and dense subset of #/ =% "\G/« . To
this end we consider the natural map %,"9 %, +—>G—>.#, where 9,=

{diag{( ;__z)r, (;;D_r}, rEZ}. From [5; Theorem 2. 3] we recall that £,

is analytically isomorphic with & X2 X% ,.

Proposition. The natural map £ D U, —G—.M is a homeomorphism
from PTXD XU =L DU, onto the open dense subset £ \Q,/U, =L
XD XU of M.

Progf. Clearly, the map above (which we will denote again by z) is con-
tinuous. Next we show that it is injective. Assume z(I"D"u")=n(I"Di ).
Then there exist | €%~ and " E% * such that [*Dju " =1"T"Di u" holds.
Collecting terms we see that IDJ=Dgu holds where I=(I"[")"'I" and u=
@i u"(u")”". Note that here the diagonal in /is in 2 ~ and the diagonal in u is
ing"*.
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A straightforward computation shows that the above equation is equivalent
to IE92~, u92 " and ID"=D*u. But this is equivalent to r=s, =1 and u=1
Hence I"=1"T" with I7, ", I"€%,and u =i u* with u™, &, u"€E%,.
But then I"(IM) '=l"e¥, N¥ ={1} and (G7) 'u =utrew,' Nu, ={1,
whence I =1, u"=1I and |"D'u"=1"Di~ follows. It remains to show that 7
(L DU, ) is open and dense in .# and that z|.%,* 9 %, is an open map. To
verify this we recall that 7 : G—.# is open and we note

Q=%9U=SD DD U=D LD UD*
=D’ legl-‘-@o%lﬁ%r@ +=$ Y +90%1_% +,
whence 7(2) =n(L, DM, ) is open and dense in .#. Moreover, assume KC

LD is open in L DU, . Then z '(K)=% K% is open in G, hence
#(K)=n(¥ K« ™) is open in /. O

5.7. In this section we relate the scattering map X: Py —.%," X%, defined in

4.7 to M.
First we note

(5.7.1) Mo=n( LD AU
has the connected components

(5.7.2) ai=11( 2 dag( (), (55) D).

Hence, combining Proposition 4.7 with (4.12.1), Theorem 4.12 and
Corollary 4. 13 we obtain

Theorem 1. The scattering map Py >W (8" XU >M_ is injective and
continuous and has as image the dense open subset t(%,) of M.

This implies that Py can be considered as an open and dense subset of ..
Moreover, Proposition 5. 3 shows

Theorem 2. For every gEn(%9,) C MO we have g*EG_G . for all x<0.
Hence the inverse scattering map n(%,)—P, , g>Q, is well defined and it is the
inverse to the scattering map Py —M .

Remark. As outlined above the image of the embedding Py —>.# is only
open and dense in the connected component .#¢ of .#,. One could perhaps
obtain an open and dense image if one would replace .# by some “quotient” of
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M by D,. We have not pursued this at this point since a) .# is a natural object
from the point of view of Riemann-Hilbert splitting, and b) the extension of the
map P, —./ to a map form P —./# has not yet been clarified.
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