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Quantized Enveloping Algebras Associated
with Simple Lie Superalgebras
and Their Universal R-matrices
By

Hiroyuki YAMANE*

Introduction

0.1. In this paper, we introduce a new family of quasi-triangular Hopf
algebras coming from complex simple Lie superalgebras. We shall do this
by constructing explicitly the associated universal R-matrices. An outline
of our results has been reported in [21].

Let H be a (topological) Hopf algebra. Let =) a; ® b;e H® H be

an invertible element. Following Drinfeld [4], we say that (H,A,%) is a
quasi-triangular Hopf algebra if it satisfies the following properties:

Ax)=RAx) R~ (xeH),

(A ® 1)(%)=@13<@23, (1 ® A)(g)=«@13g12,

where A=10A, 1(x ® )=y @ x and Z1,=). ¢, @b, R 1, Z;3=) a;® 1

® b;, 9?23=Z 1®a®b;:
It is easy to see that the element Z satisfies:
0.1.1) R12R13%23=R23%13% 12

Let I/ be a finite dimensional vector space. An element R of End(7)&)

Communicated by M. Kashiwara, March 26, 1992.
1991 Mathematics Subject Classification: 17B37, 16W30, 17A70.

* Department of Mathematics, Faculty of Science, Osaka University, Toyonaka, Osaka 560,
Japan.



16 Hirovukr YAMANE

End(V) is called a (constant) R-mastrix if it satisfies the Yang-Baxter equation:
Ry3R3R3=R;3R3R,,.

The importance of this notion in mathematics and physics is widely recognized;
See, for example, [2] and [21]. From the fact (0.1.1), it follows that, if w:H—
End(V) is an algebra homomorphism, then n Q) n(#) is an R-matrix. For
this reason the element £ is called a universal R-matrix of H.

0.2. Drinfeld [4] (and Jimbo [5]) introduced a family of quasi-triangular
Hopf algebras U,(G) coming from complex simple Lie algebras G. The
Hopf algebras U,(G) are called quantum groups or quantized enveloping
algebras. Moreover Drinfeld [4] gave a method of constructing the universal
R-matrix of U,(G), the so-called quantum double construction. Several authors
gave explicit formulas for the universal R-matrix of U,(G) by using this
method. See [8], [10], [18].

0.3. Let 4 be a complex simple Lie superalgebras of type 4—G, and
U(%) the universal enveloping superalgebra of 4. Let (®,I1,p) be a root
system of ¥, i.e. ®, II={x;,---,0,} and p: [I-{0,1} are a set of roots, a set
of simple roots and a parity function respectively. In this paper, we assume
that (®,I1,p) is of distinguished type (see [7]) if ¢ is of type F, or G;. For each
such (®,I1,p), we introduce an h-adic topologically free C[[A]]-Hopf
superalgebra U,(¥9)= U,(I1,p) such that U,(%)/hU,(¥) is isomorphic to U(¥%)
as a C-Hopf superalgebra. The Hopf superalgebra structure of U,(Il,p)
seems to depend on the choice of (®,I1,p). (Note that two root systems of
a simple Lie superalgebra are not necessarily isomorphic.)

0.4. LetH=9H, P H, be any Hopf superalgebra. Leto: H—$ be an in-
volution defined by o(z)=(—1)'z for z€$H;. Then H°=HX{(eX(=H D Ho)
has a Hopf algebra structure (see the last paragraph of §1).

In this paper, we show that the Hopf algebra U,(I1,p)° is quasi-triangular
by constructing explicitly the associated universal R-matrix using the quantum
double construction. As in ‘“‘non-super’’ cases (see [8], [10], [18]), our #
is also described by using g-root vectors and the g-exponential.

In doing these, our basic references are Lusztig’s paper [11] and [12]:
our g-root vectors are defined as natural super-versions of g-root vectors

defined there. We also need commutation relations of g-root vectors similar
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to the one given in [11] and [12]. Using these results, we prove a Poincaré-
Birkohoff-Witt type theorem for U,(I1,p) (Theorem 10.5.1), which is almost
equivalent to the topological freeness of U,(I1,p).

0.5. We define the superalgebra U,(I1,p) in a rather abstract manner
in §2. Later, we redefine it by generators and relations (see Theorem
10.5.1). A remarkable fact is that the relations are not exhausted by binary
relations such as Serre relations; we also need trinomial and quadrinomial
relations. Since a C-superalgebra U,(I1,p)/AU,(I1,p) is isomorphic to the
universal enveloping superalgebra U(%) of 4 (see 0.2), we also get defining
relations of U(%) by putting A=0 in the relations of U,(Il,p). So we get a
Serre type theorem for simple Lie superalgebras (see [6] for Serre’s theorem
for simple Lie algebras). This result also seems to be new.

In [9], Khoroshekin and Tolstoy ‘““‘defined” their quantized Kac-Moody
superalgebras by generators and relations [9; Definition 2.1]; in Note added
in proof at the end of their paper, they admit that the relations given in
the text of [9] are not enough. So it is not clear what they mean by
“quantized Kac-Moody superalgebras’. For example, the Poincaré-Birkhoff-
Witt type theorem does not hold, in general, for the superalgebras of
Khoroshkin and Tolstoy (contrary to the remark at the end of §3 of [9]),
even if the relations in Note added in proof of [9] are taken into account. See
§11.

0.6. Before the Drinfeld-Jimbo quantized enveloping algebras was
introduced, Perk and Shultz [15] discovered an R-matrix with a continuous
parameter g=¢" and a discrete parameter e=(+1,---,+1)e(Z/2Z)". For the
special case e=(1,-:-,1), their R-matrix coinsides with the R-matrix obtained
through the general procedure explained in 0.1 using the universal R-matrix
and the fundamental representation of U,(gl(V,C)).

One of our motivation of the present work was to understand their
R-matrix in terms of quantized enveloping algebras. In the end of §10, we
show that, if (TIl,p) is of type Ay_; and p: U,(I1,p)’—>My(C[[A]]) is the
fundamental representation, then R=p @ p (£) is the constant R-matrix of
Perk and Schultz, their R-matrix with spectral parameter being given

by R(x)=x(p @ p(#))—x"'(p @ p)(#)™".

0.7. This paper is organized as follows. In §1, we explain the quantum
double construction applied to 4-adic topological C[[A]]-Hopf algebras. In
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§2, for any pair (IL,p) of a set of simple roots I1 and a parity function p of
any symmetrizable Kac-Moody type Lie superalgebra, we define an A-adic
topologically free C[[h]]-Hopf superalgebra U,(Il,p). We also show that, if
p(@)=0 for any oaell, then U, Il,p) coincides with the Drinfeld-Jimbo
quantized enveloping algebra U,(G) defined for the Kac-Moody Lie algebra
G with simple roots II.

In §3-10, for the pair (II,p) satisfying the assumption in 0.3, we give
the definding relations of U,(I1,p). Moreover we show U,(I1,p)/hU,(I1,p)=
U(%) by proving the Poincaré-Birkhoff-Witt type theorem for U,(I1,p).

In §10, we give an explicit formula for the universal R-matrix £ of
U,I1,p)°. The relation with the Perk-Shultz R-matrix is also discussed.

In §11, we remark that the trinomial and quadrinomial relations can
not be dropped from our defining relations of U,(I1,p).

§1. Quantum Double Construction

1.1. Let R=C[[k]] be the C-algebra of formal power series. We explain
briefly elementary facts concerning the h-adic topological R-modules. For
details, see [13].

Let 7 be an R-module. Let v,=v: V—»Z,U{+ o} be the h-valuation
defined as follows; if veh'V\W'*'V, put v(v)=i, and, if ve ) A'V, put

ieZ +
v(v)= +00. We can regard I as a topological space such that a fundamental
system of neighborhoods of ve V is given by v+/'V (ie Z,). This topology
is called the A-adic topology. For v,weV, we put

d,(v,w)=2""0"",

Then d,( , ) is a quasi-metric for the topological space V. For a subset O
of V, the symbol O denotes the closure of O. Note that any R-module
homomorphism is continuous with respect to the k-adic topology.

If any Cauchy sequence (with respect to d,( , )) has a limit, then 7
is called complete. If {0}={0}, then V is called separated. If V is separated,
then d,( , ) is a metric on V. Note that, for a submodule W, the quotient
topology of V/W coincides with the A-adic topology of it. If 7 is complete,
then V/W is also complete. If I is separated and W is closed, then V/W

is separated.
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It is well known that, for any #k-adic topological R-module V/, there
exists a pair (V,7)) of an h-adic topological R-module ¥ and an
R-homomorphism 7 : V=V satisfying: For any h-adic topological complete
separated R-module W, and, for any R-homomorphism ¢ : V- W, there
exists uniquely an R-homomorphism ¢ : V=W such that goi=¢. We
note that 7 is complete and that #(V') is dense in V. It is also well known
that, if I is separated, then i is injective and the induced topology of V(< V)
coincides with the A-adic topology of V.

If a complete separated h-adic R-module 7" has a submodule W such
that W is a free R-module and ¥V is the completion of W, then we say that
V is topologically free. A basis of W is called a topological basis of V.

Example 1.1.1. Let V, be a C-vector space and V=R® V,. Let IV
be the completion of V. Then we have the following natural identifications:

ﬁ: {_Zo hia,-|ai € Vo},

V= {z haja, eV, dim(.z Ca;)< o0}

i=0 i=0

00
where Y h'a; is a formal infinite sum.
i=o

Definition 1.1.2. We say that an R-module V" has a handy basis {v;};;
if (i) 7 is a topologically free R-module with a topological basis {v;},,
(ii) I is a partially ordered set and (iii) there is an order homomorphism
p: I-Z, such that, for each ne Z,, p~'(n) is a finite set.

Example 1.1.3 Retaining the notation in Definition 1.1.2. We have
natural identifications:

7={Y auv;|%eR, lim v(e)=+ o},

i=0 i— o

V={Y ov;|0;€R, a;#0 for finitely many 7’s}
i=0
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00
where ) a; is a formal infinite sum.
i=0

For R-module V' and W, we denote the completion of V' ® W by
V® W. If V and W have handy bases {vi}ier and {w;}c; respectively, then
{v:i ® w;}(i,jer xs is also a handy basis of V® W. In particular, V @ W and
V® W are separated.

1.2 Let A=(A4,mn,A,S,e) be an h-adic topological R-Hopf algebra.
Namely, the %-adic topological R-module A has a topological R-Hopf algebra
structure with the product m : 4 ® A—A, the unit 1 : R— A, the coproduct
A:A-A4 ®A, the antipode S : 4—A4 and the counit ¢ : A—>R. Here the
definition of the A-adic topological Hopf algebras is given by replacing
ARA, AQARA in the definition of the Hopf algebras by their
completions 4 ® A4, A ® A4 ® A. For the definition of the ordinary Hopf
algebras, see [1].

Define 7: 4 ® A—A4 ® Aby 1(a®b)=b@ a. It is well known that
AP =(A,m,n,toA,S ) is also an k-adic topological R-Hopf algebra. We
call A°? the opposite Hopf algebra of A.

Let .# be an ideal of the R-algebra A. We say that # is a bi-ideal if
S satisfies: A(J)cfF QR A+AQ S and & F)=0. Moreover, if S satisfies
S(F)=F, we say that £ is a Hopf ideal.

1.3. Let A=(4,mn,A,S,e) be an h-adic topological R-Hopf algebra. In
this subsection, we assume that A has a handy basis {a;};;. Let A*=Homg(4,R)
be the dual space of the R-module 4. Define a¥feA* (iel) by af(a))
=0

i~ Then we have a natural identification:

iel

0
where ) oa} is a formal infinite sum. Then A* is a torsion free complete
i=0
separated R-module.
The R-module A* has a two-sided A-module structure defined by:

afb(c)=fbca) (feA*, a, b, ceA).
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Put
A°={fe A*|A.f.A is a finitely generated free R-module}.

Similarly to the case of ordinary Hopf algebras (see [1]), it can be shown
easily that

A°={fe A*| A.f is a finitely generated free R-module}
={feA*|f.A is a finitely generated free R-module},

and that 4°=(4°A/'¢,'m,'S,'n) is a non-topological R-Hopf algebra where ¢
denotes the transpose. We call A° the dual Hopf algebra of A. Let A° be
the completion of A4°. It is obvious that (4°'Ae,'m,'S,'y) is an h-adic
R-Hopf algebra. We note that A4° (resp. A° ® A4, A4° ® a° ® A°) is
naturally identified with the closure 4° of A° (resp. A° ® A° of A° ® A°,
A RA R A of A°RQ A° ® A° in A* (resp.(A ® A*, (AR AR A)*).
Hence we shall denote (4°,A'e,'m,'S,'n) by A°.

1.4. Let A=(A4,mn,A,S,e) be an h-adic R-Hopf algebra. For i>2,
A and m® denote (A D ® id)oA and mo(m‘~V Q) id) respectively.

Let A=(A4,m4,n4,A4,S4,64) and B=(B,mg,ng,Ap,Sp,65) be h-adic top-
ological R-Hopf algebras. Let < , ):A® B—R be an R-bilinear form.
We say that { , ) is a Hopf pairing if { , ) satisfies:

() <ay,a3,b>=<a; Q a,,A5(0),
{a,b1b,) =<4 4(a),b; @ b5),

(i) <a,Sp(b)> =<{S4(a),b),

(i) <n4(1),6)> =e5(b), <a,np(1)>=¢4(a),

where a,a;€ A and b,b;e B.
Define an R-module homomorphism ®: B ®A—>A ® B by

O(b ® a)=Y<ab">(S5 (a"),6)af @ b
ij

where Af’(a):Zaﬁ-” R a? ® a® and A@(b):Zbgl) X b&z) X bg-:”.
i J
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In the following proposition, we define an Ak-adic topological R-Hopf
algebra D(A,B°?) which is called the quantum double of A and B. The
notion of quantum double was introduced by Drinfeld [4] (See also [18]).

Proposition 1.4.1. Let A and B be h-adic R-Hopf algebras with a
(possibly degenerate) Hopf pairing { , ):A®B—+R. Then there exists

uniquely an h-adic topological R-Hopf algebra D(A,B°P)=(D(A4,B°?),mp,Np,
Ap,Sp.ep) satisfying:

(1) As an h-adic topological R-module, D(A,B°?) is isomorphic to A ® B,

(1) The R-module maps A—D(A,B°F) (a—»a @ 1), B°*->D(A4,B°F) (b—
1 ® b) are h-adic topological R-Hopf algebra homomorphisms,

(ii1) The multiplication my, is given by mp=(m, Q mp) o (id, @ ® & idp).

Proof. Here we prove the associativity of the multiplication m; of

D(A4,B°?) only.
Let a®b, cRd, e® feD(A,B°?). Put

AP =3 B @ b ® 4,
AP(e) =£ R P R
By (iii), we have:
(@®b)(c @ D=3<Sz (e MNP b dac? @ bPd.
Put

APB =Y, B @ P @ b @ b © b,
4
AP =Y, 4P @ dP @ Y,

AP()=3 ¢’ @ P @ L.
X
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By (iii), we have:

(142 @R DR
= T (ST

v,wW,x,{

(S5 (M) bV YD bPd S acPe? @ bPd L.

Putting
AP =Y, &) @ e ® ) @ e @ e,
4

we have that (1.4.2) is equal to

(1.4.3) 2 ST e (S (), NS T (e, b )

v,w,x, &0

(D YD AV Yacle) @ B
Similarly, we can show that (@ Q) ¢)((b ® ¢)'(d ® f)) is (1.4.3). Then

(a® )b NdRQN=(a® )b & )d RS

1.5. Let ¥V be a complete and separated R-module. Here we define
the notion the convergence of a multi-series in V.

Let {a;..;}i,.....,EZ, be a multi-sequence in V. If there exists an
element e IV such that, for any Me Z, there exists Ne Z, satisfying that
vo—ay,..;)>M for all iy,--,i,>N, then we say that {a;,..;} converge to «

Loeein Loeein

as a multi-sequene. The element o is denoted by lima;,..; . The uniqueness

iyeeeiy

of o follows from the separatedness of V. The following lemma is obvious.

Lemma 1.5.1. Let V be a complete separated R-module. Let {b,,..;
(i1, +,i,€Z )} be a subset of V. Assume that, for any MeZ ., there exists
NeZ, such that, v(b;,..;)>M if i;>N or,---,0or i,>N. Then there exists the

Loeein
limit B=1lim 3 b,

igeeeiy

Moreover, for any permutation p of, {1,2,---,u}, it

1oeednt

holds that
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lim(lim-+-(lim Y &;,..;)-")=B.

ip(i) ip(2) ip(u)

1.6. Let IV be a complete separated h-adic topological R-module with a

handy basis {v;},;. Let K=C((h)) (={). a}' (ne Z)}) be the fraction field

of R=CI[[h]]. The h-valuation vg: K—Z is defined by putting vK(Z
a;h)=min{ila;#0}. Let V=K ® I be the scalar extention. Then we have
the following identification:

VE={} ow;|y,eK, lim v(a)=+o0}.

iel i—++ o
The h-valuation v,x on VX is given by putting
vyx(Y av;) =min{vg(a;) | 1€ T}

Let A and B be complete separated k-adic topological R-Hopf algebras
with a non-degenerate Hopf pairing { , > : 4 ® B—>R. We assume that 4
(resp. B) has a handy basis {a;};; (resp. {b;}i;). Moreover we assume that
{ayb;> =0;jc; for some c;e R\{0}. Let D=D(A4,B°?) be the quantum double.

Let A¥ BX DX be h-adic topological K-Hopf algebras which are obtained
by the scalar extentions of R-modules A, B, D respectively. Then
DX~ 4% ® BX as an h-adic topological K-vector spaces. Moreover we
consider AX (resp. (BX)°?) as a topological K-Hopf subalgebra of DX by the
embedding AX—DX (a—a ® 1) (resp. (B¥X)?-DX (b—1 ® b)). We denote
the Hopf pairing K@ ( , >: AK®BK—>R simply by { , ).

Let {;};; and {€'};.; be the subsets of A¥ and BX respectively such that
e;€ Ka;, ¢'e Kb; and <ei,ei>=5ij. Let us define mi* "™, pi | '}’§EK by

mf:E”(e,-l (SRR eeu)=2 m?miuej’
AZ)E K (ei)=z uj'l---juejn X Qe
S;Kl(e,-)=z V; €j-

Using Hopf pairings { , ), we have:

A (&)=} mj e, @ - @ e
P @ e @ =T, i,
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=100y i i
S A=) i .

From Proposition 1.4.1, we obtain the following lemma. We omit the
proof.

Lemma 1.6.1. In DX, the following equations hold.
(1) ee,=) mpmPyyee.
(11) eset = Z :uijn mflk 'Y; elj'

1.7. In[4], Drinfeld introduced the following construction of a universal
R-matrix, which are so-called the quantum double construction.

Proposition 1.7.1 (The quantum double construction). Retaining the notation
in1.6. Let C be a complete separated h-adic topological R-algebras with 1. Let
Q : D—C be an R-algebra homomorphism. Denote the scalar extention idy ) Q:

DX¥~CX by again Q. Assume that R=) Q) ® Q') converges in
iel

CcX ® CK. Then & satisfies:

(i) The element R is invertible. The inverse R~  is given by R=
YQ>S(e)) ®Qe),

iel

(i) 2Q R UAAXN2 '=Q R (1°A(x)) for all xe DX,

(i) Y QR Q2R A ® id)(e; ® €))=R 133,

iel

Z QR®QR®A((dR A)e: ® ei))='%139z12-

iel

Proof. Note that any multi-series below satisfies the assumption in
Lemma 1.5.1. In the proof, we simply write a Q) b for (Q ® Q)(a ® b). For
all 7el, we have:

'%'A(ei) =Z “:'s eter ® etes
i Kl 1 i Kl 1
=2 Uy 1Y Hf«jkm: p?;‘fx ®eje =Z I“:njk mxpr?;‘fx ® e;e

=Y upmte @ e =) uiee, @ e =(to(e)) R
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Similarly, we have #-A(e')=10(¢')&# for all iel. Since {aibj=a; ® b;e
Re; e’} jerx1 is a topological basis of D* we obtain (ii). The equations (i),
(iii) can be proved similarly.

1.8. Here, we comment on the definition of an k-adic topological algebra

with generators and relations.
Let V be a free R-module with a basis {x;},,. Let #=R{x;|leL) be
the tensor algebra T(V) of V and let & be the completion of %. Let

P,(AeA) be the elements of #. Put %:ﬁ/(s FP,;»%). We say that the

7
h-adic topological R-algebra ¥ is A-adically generated by x; (/e L) with the
relations {P; (A€ A)}.

1.9. Let $=9H, D 9, be a (topological) R-superalgebra. For i€{0,1},
define p;: $—9; by pi(xo+x,)=x; where x, €9, (k€{0,1}). Let (o) be the
cyclic group of order two with a generator 6. Let R{o) be the group ring
of (o) over R. We define an R-algebra structure on an R-module $°=9 ®
R{o) by

(x ® 0y ®) =x(po(») +(=1)P1 () @ o° ™.

We write x0° for x ® 0. Define r,: H—>H° (resp. [, : H—H°) by 7 (x) =x0
(resp. l(x)=0x) (x€$H). From the axiom of Hopf superalgebras (see [17]),

we can easily show:

Proposition 1.9.1. Let (H=%Ho D $1,A,¢,8) be a (topological) R-Hopf
superalgebra. Then the R-algebra $° has a (topological) R-Hopf algebra
structure ($°,A,¢,S) such that

(1) The coproduct A: H°—$H° R H° is defined by A(x)=((Ed & po+
7, @ p1) o A)x) (x€$) and Ao)=0 R 0,

(i) The counit &: H°—R is defined by e(x)=¢&(x) (x€9) and e(o)=1,

(ili) The antipode S: $°—$° is defined by S(x)=((po+1,°p;)°S)(x)
(x€$) and S(o)=o0.

Conversely, we can also show:

Proposition 1.9.2. Let $ be a (topological) R-superalgebra. Assume that
9 has a (topological) R-Hopf algebra structure (H°,A,8,S) satisfying:
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() AD0)=Ho ® Hot+ 910X 9y,

A91)=9H1 Q Do +9H00 R, and A(o)=0 Q o,
(i) e(Ho)=R, &(9,)=1{0} and &(o)=1,
(i)  S(He) =Ho, S(H1) <= 69, and S(o)=0.

Then there uniquely exists a (topological) R-Hopf superalgebra structure
(9,A,6,8) such that (H°,A,S) coincides with the Hopf algebra defined in
Proposition 1.9.1 for (5,A,£,S)

§2. Quantized Enveloping (Super)algebras
Notation. In §2-10, the following notation will be used:

(6,I1,p):=a triple of an N-dimensional C-vector space & with a
non-degenerate symmetric bilinear form (, ): §x&—C, a linearly in-
dependent finite subset IT={a,,--,a,} of & and a function p: [T—-{0,1} (see 2.1)

P.=Z a0, PZ,0,P-PZ,a, (&) (see 2.3)
D =diag(d,,'-,d,):=a diagonal matrix of degree n whose matrix elements
are half integers (see 2.1)

H:=E% (see 2.1)

H, (Ae&):=the element of J# defined by u(H,)=(u,A) (ue&) (see 2.1)

R:=C[[h]], the ring of formal power series in an indeterminate A

g=e"eR (see 2.9)

N,:=a free R-algebra with generators {E;|1<i<n} (see 2.1)

N_:=a free R-algebra with generators {F;|1<i<n} (see 2.1)

S[#®]:=a symmetric R-algebra generated by #X=# @ R (see 2.1)

R{c):=agroup ring over R of a cyclic group {o) of order two (see 2.1)

7 = U((&,11,p),D):=an h-adic R-Hopf algebra, which is, as an
R-module, isomorphic to N ® S[#R ® R{o) ® N_ (see Lemma 2.1.4)

R'=CI[[\/A]] (see 2.2)

N,=N, @ R (see 2.2)

S[H#R]=C[H#R] Q@ R’ (see 2.2)

R'{6):=R{c) ® R’ (see 2.2)

GL/Z b'i:U:,; b’ (&,01,p)=a \/z-adic R’-Hopf algebra, which is as an
R’-module, isomorphic to N, ® S[#*] ® R'{o); We put E;=E; ® 1 ® 1,
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=1 1R o0, H=1Q HR 1 (HeH); usually we identify E; and ¢’ with
E; and ¢ (but not H' with H) (see 2.2)

E7, HY, 6°=elements of (U’ i 0%)° (see 2.3.1-3))

oD U’h b% x U:/i b% - R:=a Hopf paring (see 2.4)

D= D(ﬁ:/}? b%, (U:ﬁ b%)°?) the quantum double defined with respect to
{, ) (see 2.5)
Since, as R’-modules,® ~ 17:/}-, % & ﬁ:/;i %, we write Xe®' for X ® 1 and
X°e® for 1 ® X where Xe U:/E b% (see 2.5)

I;, =Ker { , > (see 2.6)

J' b, =0 bi/I;, (see 2.7)
I'.:=Ker {, >|N+x1v+ (see 2.6)
=N, /I', (see 2.7)
D(U' b%, (U’ b%)°?) the quantum double defined with respect to

<, ) (see 2.8)
Since, as R'-modules, D'~ U b% ® U’ 7 0%, we write XeD' for X @ 1 and

X°e®D for 1 Q X where Xe U’ bi(see 2.5)

N,:=a unital R-subalgebra of N’, such that N, =N, @\/ZNJ, (see
Lemma 2.9.1)

I,=I''nN,; I.,=I, @ﬁI+, N,=N,/I, (see Lemma 2.9.1)

7= Up((&,I1,p),D):=a topologically free R-Hopf algebra (see Theorem

2.9.4); if I1 is a set of a simple roots of a Kac-Moody Lie algebra G (resp.
a simple Lie superalgebra % in 3.1) and p(a;)=0 for all a;eIl, then, as a
C-Hopf algebra, Uj/hU; ~ U(G)° (resp. U;/hUj; ~ U(%)°) (see Theorem 2.10.1
(resp. Theorem 10.5.1))

J ,:=an ideal of N, generated by Serre relations and additional relations
(see Definition 4.2.1)
N, =N,/F, (see 4.3)

b, =an ideal of U:/- b% generated by elements of £, (see 4.3)

f b% = U’ i 0%/ I, (see 4.3)

In fact, it will be shown that S ,.=1,, S, =1, ”Il'ﬁ 1=U’ﬁ b% (see
Proposition 10.4.1)

N 4 ,s=a weight space of A&, of a weight ve P, (see 4.4)

2.1. In §2, we construct quantized enveloping algebras associated with
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generalized symmetrizable Cartan matrices of Kac-Moody type Lie
superalgebras.

Let & be an N-dimensional complex linear space with a non-degenerate
symmetric bilinear form (, ):&x&—C. Let II={a,,--,0,} be a finite
linearly independent subset of &. We call a function p: I1—{0,1} the parity

1
Sfunction. We call (&,I1,p) a triple system. Let d; EEZ\{O} (1<i<n). Define

the diagonal matrix D by diag(d,,-:-,d,). Put # =&%*. For 1€ 8, let us define
H,e# by u(H;)=(u,A) for all peé.

Let U¢=U3(&,11,p),D) be an h-adic topological R-algebra h-adically
defined with generators E;, Fi(1<i<n), He #, ¢ and relations: (Here [X,Y]
denotes XY —YX))

(2.1.1) ¢*=1, cHo=H (He #), oE.c=(—1)""E,
oFio=(—1)F,
(2.1.2) [Hy,H,]1=0 (H,,H,e¥),
(H.E|=w(H)E;, [H,F]= -0 (H)F; (He ¥),
(2.1.3) EF;=—(— 1)P<u->v<aJ>FjE,.=5,.,.——_—Sh(hH“*).
sh(hd,)

Similarly to [19], we have:

Lemma 2.1.4. (The triangular decomposition of Ug) Let N , , (vesp. U(HF),
R{c) or N_) be the unital R-subalgebra of UZ algebraically generated by
the elements {E, -+ ,E,} (resp. {H,,---,Hy}, {6} or {Fy,---,F,}). Then N, (resp.
N_) is isomorphic to the free algebra R{E,, --,E,> (resp. R{(Fy,---,F,>). The
algebra U(H#R) is isomorphic to the symmetric algebra S[HAX] of the R-module
HR=RQ®HA. The R-module R{(c) is isomorphic to Roc @ R. Moreover we
have an isomorphism of h-adic topological R-modules:

N, QC#IQR()R® N_-»T; (XQRZR* QR Y-X-Z¢"Y)
(c=0,1).

Proof. Let R{xy, --,x,» and R{y;, --,y,> be the tensor algebras of the
free R-modules with bases x,,---,x, and y,,---,y, respectively. Let z,,--- 2y
be a basis of #. Put V=N, ® S[#%] ® R(c> ® N_. Note that the
topological basis {x; -:-x; & 2728 ® 6°® v;,---y;,} is a handy basis with

I= {(il"":iu:ab'"aaN’C)jlx"':ju)} and p((ily"':iu!al,"':aN)C:jl)"')jv))=i1 + e
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+i,+a;+-+ay+c+j +--+j,. We can define a Uj-module structure on
V by the following formulas: (Here p(Z) denotes p(x;).)

Frag, -, @ 2128 @ 0° Q vy,
u

==Y 8, (—1)rOE*+pls-)
is,i

s=1

Sh(h(Ha( - (ais+ 1 +- 4 aiu(Hai))) o

ai,..50N < L eeeny,
Sh(hdl) 1 2N ®O' ®y11 y]v

.
Xy By ok, @

+(— 1)p(i)(p(i1)+ -+ pin) +c}
%0025, & (21 +0(21))" - (2y +o(z0))™ @ 0° @ vy, +y;, (1<i<n),

Hexy, oo, @ 2128 @ 6° Q vj,vj,
=Xy X, ® (H+ (0, + -+ +0; J(H))2T' -2 @ 6° ®yj,"‘ij (He ),

0%y, %, Q 272 @ 0 ® vy,
ig)+ -+ pliv 1
=(=1per ety ox, @ 272 @ 0T @ 3,y

Epxy-ox, Q 2128 @ 0° Q ).y,
=2, %;, Q 272N Q 0 Q yj,oy;, (1<i<n).

On the other hand, by using (2.1.1)—(2.1.3), we can show that U is

generated by the elements
E;-E; 27 -20“F;---F; (ay,,a,€Z,, c€{0,1})

as an h-adic topological R-module. Hence we see that the R-module
homomorphism U{—V (s—x'1y,) is an isomorphism. This completes the

proof.

Defining the coproduct A, the antipode S and the counit ¢ by

AE)=E; ® 1 +exp(hH,) "™ Q E,,

A(F)=F; Q exp(—hH,)+d"™ @ F,

AH)=H®1+1 ® H (He #), A(c)=0 Q o,

S(E) = —exp(—hH, )" E,, S(F)=—F; exp(hH,)c"®,
S(H)y=—H(He #), S(o)=a,

o(E) =#(F)=e() =0, &(0) =1,
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the algebra U becomes a Hopf algebra.

2.2. Let (&II={0y,-,0,},p) be a triple system. Put R’=C[[ﬁ]].
Then R=R® \/ZR. Let [71/5 b = U:/i b%.(6,I1,p) be a \/l_z-adic topological
R-algebra with generators E; (1<i<n), H € #, ¢ and relations: (In ﬁ:ﬁ b%,
we write H' for He ).

(2.2.1) o*=1, cHo=H (H € #), cEc=(—1)P™E,
(2.2.2) [H},H3]=0 (H\,Hy€eX),
(2.2.3) [H,E)=\/ho(H)E; (H € ).

A topological Hopf algebra structure of U(ﬂ b% introduced by defining

the coproduct A’, the antipode S’ and the counit ¢ is defined as follows:
(Here H' denotes an arbitrary element of #.)

(2.24) A(E)=E; ® 1+exp(y/hH,) c"* Q E,
ANH)Y=H Q1+1Q H (H'e#), N(o)=0 Ro,

(2.2.5) S'(E)= —exp(\/hH,) " E,
S(H)=—H (He#), S(o)=o0,
(2.2.6) €(E)=¢(F)=¢(H)=0, ¢(c)=1.
Let O, : U:/E b% -»R' & UZ be a continuous R’-algebra homomorphism
defined by putting O, (E)=E,, O, (H)=./hH(H € #), {,(6)=0. Then

Q’Jr is a \/h-adic topological Hopf algebra homomorphism. Similarly to the
proof of Lemma 2.1.4, we have:

Lemma 2.2.7. (i) Q, is injective. (ii) Put N, =R ® N, =R(E,,-,E,>,
S[H#* =R ® S[#R] and R{c)=R ® R{c). Then we have an isomor-
phism of f -adic topological R'-modules:

N, ® S[#*1® R{o)=U 0% (XQZ @ 0°=XZ"0" (e=0,1)).

In particular, if Hy,---,Hy are C-basis of H, the elements
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(2.2.8) Eil---Eiu'H'l‘“-“HS\‘y'"'o'c 1 <iy,i,<n, ay,-,ayeZ,, 06{0,1})

form a topological basis of ﬁ’ﬁ b

2.3. For aeZ,, let S be the submodule of homogeneous elements of

degree a of S[#R]. Then S[#R]=P S,. Put P,=Z,0, DD Z,0,

acZ +

€f. ForleP,,weputN, = ) RE,-E;. ThenN,= @ N/, ,.

iy + o F iy =4 AeP 4
We define the elements Hy (1€ &), E; (1<i<n), ¢°€ (ﬁ:/E b%)* as follows:

(Here X (resp. Z') denotes a non-zero element of N’+,u (resp. &) and
ce{0,1}.)

MZ) if X=1 and a=1,
0 if pu#0 or a#l,

1 if X=E, and Z'=1,
0 if u#a; or a#0,
(=1 if X=27Z'=1,

0 if pu#0 or a#0.

(2.3.1) H;°(X-Z'-a‘)={
(2.3.2) E,?’(X-Z’-cr‘)={
(2.3.3) 6°(X-Z’-oc)={

Lemma 2.3.4. (i) E;}, HY, a°e([7:/'-' %)°.

(1) There is a topological R'-Hopf algebra homomorphism ®: U:/,—’ b —
(U:/E b%)° such that ®(H))=H7, O(E)=E;, ©(c)=0".

Proof. (1) We show E?E((j:/’; %)° only. It can be easily shown that
the basis elements x of (2.2.8) satisfying x-E; #0 are 1,6,E; and E,c. Hence
we have rank ((7:/; b%).E; <4, which implies E?E(ﬁlﬁ b%)°. Similarly, we
have Hj, a"(E(U:/,—I %)°.

(ii) First we show that ® is an algebra map. We show that the
elements E7, HY satisfy (2.2.3). By the definition of the coproduct A" and
the definitions of E;, HY, ¢°, for the basis elements x of (2.2.8), we have:

Ap if x=E;H, 0o,

0 otherwise,

E?'H’f(x)={
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Jh(a) if x=E;c°
HY B3 (%)= { () if x=E;H,o
0 otherwise.

Hence it follows that H’A°-E§’=E§’H’A°+\/Z(i,oci)Ef, which is the relation
(2.2.3). Similarly, we can show that the elements E;, HY, o- satisfy the
relations (2.2.1-2).

Next we show that ® is a Hopf algebra map. Let m denote the
multiplication of ff'ﬁ b%. We are going to show that

(2.3.5) ‘m(E;)=E§ ® & +exp(y/h HZ)(0°)"™ @ E,

which is the one of (2.2.4). Let x and y be a pair of the basis elements
(2.2.8). By (2.2.1-13), we have:

m(E7)(x ® y)
1 if x=Ei¢° (c=0,1) and y=0¢* (d=0,1),
(= 1)Pe( Ryt ¥ omea () ()Y
if x=H,"---Hy"6* (a;,-,an€Z,, c=0,1), y=E;0°,
0 otherwise.

Here we note that, for the basis elements x of (2.2.8),

(2.3.6) (H?)*(0°) ()
allM(H; ) MH (=1 if x=H--Hj o
= (1<i;<---<i, <N, d=0,1),
0 otherwise.

Hence we have:

MEN=E Q¢+ Y ~ (JHHD) (09 @ E;

aeZ + a!

in (17:/i %)° ® (U:/E b%)°. 'The above is nothing else but (2.3.5). Similarly,
we can prove that, E;, H3, o° satisfy (2.2.4-6). This completes the proof.
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2.4. We define a symmetric topological R'-Hopf algebra pairing { , >:

o, x U - b% >R by {x,y>=0(x)(y). By (2.3.1-3)and (2.3.6), we have:

U i

i
Lemma 2.4.1. Let ¢ (1<i<N) be a C-basis of & such that
(e:6)=0;;. Let XeN, ;, and YeN', ,. Then we have:

(X-HM-HENg¢, Y -H--HPN %)

N
=(= 1" ([] Gap,; @) 0;,(X, Y.
i=1

2.5. Let D' =I( U:/E b%, ((7:/;—' b%)°?) be the quantum double defined in
§1. Then D'~ (71/5 b% ® U"ﬁ b% as R'-modules. For an element Xe
U:/i b,, we write X for X® 1 and X° for 1 ¥ X.

Lemma 2.5.1. The h-adic topological R'-algebra D is h-adically defined
with the generators E;, E; (1<i<n) H, H° (H' € /), 0, 0° and the relations:

(2.5.2) The elements o, 6°, H', H® are mutually commutative.
(2.5.3) 6Eo=(—1®E, ¢Eoc=(—1)PE,
0°Ei0° =(—1)™E, ¢°E{0°=(—1)/®ES,
(2.5.4) [H,E]=\/ho(H)E, [H°E)=—/hoa(H")E,
[H°,ES) = /ho(H)E;. [H E)= —/ho(H)ES,
(2.5.5) EES—ESE; =36, (exp(y/hH)6°P™) — exp(/hH,)a"®).

Proof. Put L;= exp(\/;zH;i)a”(“i) and L{= exp(\/;H;i)a"‘“"). First we
show that (2.5.5) holds in . By Proposition 1.4.1 and (2.3.1-3), we have:

EE=®(E; Q@ E))
=<L;, 11,8 L)Y EE; +<E3,E 1,8 " (Ly)>L;
+<L§,L)}<E;,S' " NE))L;
= "'EiEJD' + 5”L, - 5,1L;
Similarly, we can show (2.5.2-4). On the other hand, it can be easily shown

that the R’-algebra defined by the relations (2.5.2-5) is generated by the
elements
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"ay,, F'ON gC.F° ...E° H'°b1... [JIObN 40
BB H® - HEN ¢°ES,--ELH - Hg?™ o

as an R'-module where {HY,---,Hy} is a basis of # and 1 <1, -",i,,7;,"**,J,<N,
ay, by by€Z .y, cde{0,1}. Since D'~T L b% @ U, b%, this com-
pletes the proof.

2.,6. LetI, (c [7:/; %) (resp. I',(c N';)) be the kernel of { , ) (resp.

(s )|¥+xf). The following lemma is useful.

Lemma 2.6.1. I J' is a bi-ideal of U’ b, such that, J' <Y, EE;U . b5,
then J'<1I,,. N

Proof. By (2.3.1-3), the generators E; (1<i<n), H (He ), o are
orthogonal to J'. Hence the lemma follows.

2.7. Put U:/ﬁ b‘1=[7:/5 b%/I,, and N, =N/I',. Put I, ,=I.nN, ,
and N, ,=N', /I, , for 1eP,.

Lemma2.7.1. (i) N, ;is afree R'-module of finite rank. N,= @ N, ;.

AeP +
(i) I, =T, S[#RTR(a). (iii) As topological R'-modules, U:/E b, ~N, ®
S[#R] ® R{o) (X Z''6°<X Q Z Q d°). In particular, U:/,-'b"+ is a topologi-
cally free R'-Hopf algebra.

Proof. LetceR\{0}and xe N, ;. Ifcxel, ,, then c{(x,y>={cx,y>=0
for all ye N,. Hence (x,y»=0 which implies xeI’, ,. Hence the freeness
of N', ; follows.

From Lemma 2.4.1, we obtain:

L or= ], >|ﬁ’+®ﬁ’+ ® <, >|e[xR']®emR'1®< ) >|R’<a)®R’<u)

L i
and N, = @ N, ; (Here @ denotes the orthogonal direct sum). Then we
AeP 4+

have (i) and (i1)). We immediately obtain (iii) from (ii).
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2.8. Let D’=D(Ui/ﬁ by, (U’ﬁ b.)?) (~ U’ﬁ b, ® (U:/E b,)°?) be the
quantum double defined in §1. For an element Xe U:/Eb‘i, we write X for
X®1e® and X° for1 Q Xe®'. Forasubset M of U:/'-l b, (resp. U':/; b,),
we write M for {m @ 1€’ (resp. D')|me M} and M"° for {1 Q meD’ (resp.
Dy |meM).

By the definitions of the quantum doubles D and D (see
Proposition 1.4.1), we have:

Lemma 2.8.1. (i) As R'-modules,
(2.8.2) DN Q S[#F] R R{s> ® N° ® S[#7]° ® R<s,
(2.8.3) DN R S[HF]TR R (>R N° R S[H#¥] R R{c°>.

(i) Let ¥: D> be a natural epimorphism defined by YX® V)=
XQ® Y where X=X+1, and Y=Y +1I,,. Then

Ker¥ =T, - S[#XTR{e> @ (T

6%+ UL 0% & I S[ARR (c°).

"

2.9. Let N, (resp. N.) be the unital R-subalgebra of N', (resp. N';)
generated by the elements E; (1<i<n). Since N, is free (see 2.7.1), N,
is a free R-module. LetI,=I,nN,. ForleP,,weput N, =N, ,nN,,
N, =N, ,nN; and I, ;=TI ;,nN,.

Lemma 2.9.1. (i)

=N, @\/ZN+) I,=1I, (‘B\/_h-lw N,=N,/I,,

wa=N.,® \/;N+,;1’ r,,=1,,® \/ZI+,).)
N+,}.=N+,A/I+,A'

where AeP,.
(ii) For AeP,, there exists a free R-module L, ; such that J\7+’l=

I, DLy

Proof. (i) We have I, ;=1,,® \/ZL_J, since {(X,Y)eR for all
X,YeN,. The rests follow easily from this.

(i) By Lemma 2.7.1, N', , is a free R'-module of finite rank. Hence,
by (i), Ny ; is a free R-module of finite rank. Since N+,l=l\7+,A/I+,A,
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choosing representatives x,,---,x,€ N, ; such that x;,---,x, form a basis of

N, ,; (modulo I,;), we have N, ,=I,,@® (Rx; ®---@® Rx,). Hence,
putting, L, ;=Rx; @---@ Rx, the part (ii) follows.

Lemma 2.9.2. Put K,=exp(/hH,), K;=exp(\/hH?)eD(1<i<n).
Let T (vesp. T°) be the R-subalgebra of D' generated by the elements Ki'
(resp. K?*Y) (1<i<n). Let U be the R-subalgebra of D’ algebraically generated
by the elements o*', 6°*! and Kif', K{*', E,, E? (1<i<n). Then

(1) U is a (non-topological) R-Hopf subalgebra of D'.

(i) As R-modules, U~N, @ T X R{c) Q N R T° Q R{c°)
(Xto* V50! « X RtRo* R YV’ Rs°Ro°) (XeN,, teT, ce{0,1}, Y°e
N3, s°eT°, de{0,1}). The elements Ki---Klr (resp. K{t---K3") (Iy,+++,l,€ Z)
form an R-basis of T (resp. T7).

Proof. (i) By (2.2.4-6) and Proposition 1.4.1, we have (i).
(ii)) By (2.2.1-3), (2.5.2-5), we have

U=N,T-R{(c¢)'N% -T°-R{(c°).
By Lemma 2.8.1 (i), we can easily show that

N, -Kit. . K R{aYN% -K3m... K3 R{0°)
>N, @ K} Ky ® R(s) Q@ N% @ Ki™--K;"™ @ R{c°)

holds in ®’ for each [,,--,l,,m,,---,m,€ Z. 'Therefore, it is enough to show

(2.9.3) U~ @ N, Kbt -KnR{(cH N K™ .. Ko™ R(c°>.

Li,meZ

Take , {, -,y €& such that ay,--,a,,0,41,*+,0y form a basis of &. For
1<i<n define R'-module maps d;; D= and J;: D'>D by:

WX QH Hy Qo ® Y° Q@ HHN @ ™)

—ar X @ Hyt Hy ™ HE @ 0 @ YV° @ HiH @ o,
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FXQHHy Q0" Q YV° Q Hi - HN Q 0°)

=b; X QHHiy @ 0" Q Y° Q Hy" - H» 1 HN ®
where the elements
XQH; - Hyy @0°Q Y° @ Hy' - Hi)™ @ o
are basis elements of
PN @ S[#*]Q R<o> ® N° ® S[#*T° ® R{(s")
(see (2.8.3)). Then we have:

ai(X®K{1...K£‘n ® P ® ye ® Kl;m1.__K:m,. ® O.od)
=l/(X @ K- Ky @ o @ V° @ K™ K;™ @ 0™,
X @ Ki Kb @0 ® V° @ Kim- K™ @ 0°)
= /B (X @ Kbt Kb @ 0 ® ¥° ® K™+ K™ ® 0°).

Hence (2.9.3) is the eigenspace decomposition of U with respect to J; and J;.

Now we state the main theorem of §2. We put g=e¢".

Theorem 2.9.4. Let (8I1={o,-,a,},p) be a triple system and

1
D =diag(d,, -,d,) (d,-eEZ\{O}). Put g;=q"€R. Then there exists a unique

topologically free R-Hopf algebra U; = U;((&,I1,p),D) satisfying the following

conditions:

(i) The R-algebra US contains S[#R], R(s), N,, N5 as R-subalgebras.
Herve N° 1is another algebra isomorphic to N,. For YeN,, we denote the

corresponding element of N3 by Y°. As topological R-modules,

Ui~N, Q S[#X ® R(6) Q@ N, (XPo* YV eXRQPRo ® Y°).
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(1) There is a topological R'-Hopf algebra homomorphism Q': D'->Uj; K R’
such that

(2.9.5) QE)=E, (1<i<n), Q(H)=—QH"°)=\/hH (He #).
Q(0)=Q(cY) =0, QE)=(q7 ' —g)E; (1<i<n).

Proof. Stepl. Put E;=F,¢"™e U (1<i<n). By Lemma 2.5.1, we
see that there exists a topological R’-Hopf algebra homomorphism
35'—-»[7§®R' satisfying the conditions (2.9.5). Let N% be the unital
subalgebra of UY algebraically generated by the elements E{ (1<i<n). By
Lemma 2.1.4, it is clear that

(2.9.6) Jea N, @ S[#R Q R(e> R N°,.

Step II.  We construct Ui as a quotient of U  Set J,=

I,-S[#®]'R{s)-N°% and J,=N, -S[#F]|'‘R{(c) I, where I, ={Y°|Yel,}.
We claim:

(2.9.7) J, and J, are Hopf ideals of Uf.

Assume this fact for a moment. We define the Hopf algebra Uj by
Ug/(J,+J;). By Lemma 2.8.1, there exists an R-Hopf algebra homomor-
phism Q: D5 Ui ® R’ naturally induced from Q: D-0 ® R of Step 1.
By (2.9.6) and the definition of Uj, it is clear that Uj~N, ® S[#R ®
R{o) (;<)N°lr as R-modules. In particular, Uj is topologically free. Since
MU;Q@R)cImQ, the product in Uj is uniquely determined by '. Hence
the uniquiness of Uj follows.

It remains to prove (2.9.7). We shall prove this only for J,; J, can be
treated similarly.

First we prove that J, is a two-sided ideal of the algebra UZ. Evidently,
Jiisarightidealand E;-J,cJ, (1<i<n), HJ,cJ,(He #),0'J,=J;. Recall
I,=@1I,,; ByLemma29.1, J, is a direct summand of Uj. Hence it

JeP.
is enough to show that

(2.9.8) (@ ' —a)EP T,y 2B
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+1, ,_pexp(—hH)oP ™+ I, ,_, -exp (hH,)o"™),

Let X be an element of I, ;. By Lemma 2.5.1, we have that
(2.9.9)  E}X=X-E;+XY-exp(y/hH2)oP ) + X -exp(y/hH,)o?™

with some X, X®eN, ,_, in the algebra Y. Let ¥: D>D be the
Hopf algebra homorphism defined in Lemma 2.8.1. By Lemma 2.9.2, XV,
XPeKer¥. Hence, by Lemma 2.8.1, X", X@eJ, , .. If we let operate
Q' on the left and right hand sides of (2.9.9), we obtain:

(¢ ' —E;X
=(g; ' —q) X E;} + XV-exp(— hH, )o?®) + X®-exp(hH, )o?®.

Hence (2.9.8) follows. Thus we showed that J; is a two-sided ideal.
Noting that Ker¥ is a Hopf ideal, and using an argument similar to
the above, we have

AX= Y {XPexp(hH,)o" ® YV

n,vePy . p+v=2

+ YD exp(hH,)o™ @ X7}, Xel, ,,

with some XWel, ,, XPel,, YVeN,, YPeN,, Hence A(J )=
Ji QUi+ U, ®J,. Similarly we have:

S +,2) CI+,AeXP(hHA)'0'p(A)-

Hence S(J;)<J,. It is clear that &J;)=0. Hence (2.9.7) is proved. This
completes the proof.

By Proposition 1.7.1 and Lemma 2.4.1, we have:

Lemma 2.9.10. Let Q': D' > Uj Q R’ be the Hopf algebra homomorphism
defined in Theorem 2.9.4. Let K (resp. K) be the fraction field of R’ (resp.
R). Denote the scalar extention Q' Q idg: D' Q K'=U; ® K' of Q' again
by Q. For AeP,, put p,=rank N, ,, and let {e;}1<i<pp {€*"}1<i<p, bE
bases of N ; Q@ K such that {e;,e*?>=08;;. Let {&},<i<n be a basis of &
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N
such that (g,¢;)=0,;. Put ty=Y H, @ H,e # Q H. If the element
i=1

1

PA . 1
A=Y L Qewy @QUE N} exp(—hto) {7 ¥ (1) @ o)

AePy i=1 c,d=0

converges in USQ US QK and Re U ® US, then (US,AR) is a quasi-
triangular Hopf algebra.

By Proposition 1.9.2 and Theorem 2.9.4, we can easily show:

Corollary 2.9.11. Let F,=E;e"™eU; (1<i<n). Let U,=U,Il,p)=
U,((&,11,p),D) be an R-subalgebra of Uj h-adically generated by the elements
E, F;, (1<i<n) and He#. Then we have

() Ui=U,@® Uyo. In particular, U, is topologically free.

(1) U, has a superalgebra structure such that the parities of E;, F; and
He s are p(;), p(a;) and O respectively.

(1) U, has a topological Hopf superalgebra structure such that the
Hopf algebra Uy, is isomorphic to the Hopf algebra in Proposition 1.9.1 for U,.

2.10. Here we show that, if II={a,,--,a,} is the set of simple
roots of a symmetrizable Kac-Moody Lie algebra G and p(a)=0
(1<i<n), then U, is isomorphic to the quantized enveloping algebra
U,(G) introduced by Drinfeld [4] and Jimbo [5]. More precisely,
we obtain the following theorem.

Theorem 2.10.1. Suppose p(a;)=0 for all i. Assume that (o;0;)>0
(or;,0t5)
2
and D =diag(dy,--,d,). Then I, is the ideal of N, generated by the elements

(1 <i<n), (0,0 <O (i #7) and a;;=2(2;,0;)/(0,%) € Z.  Let d;= (1<i<n)

1—ay;

(2.10.2) y (—1){1_”“1 E} E; E} ™™ (i#])
v=0 v 4i
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where ¢;=exp (hd;) and

2—ajj—s ajjt+s—2
i T — g

l:l—aij] =ﬁ qi € R
v ;  s=1 gi—q°

Proof. Let us denote y,-je]\~7+ the element (2.10.2). By a direct

computation, we see that A'(y;;) =y; @ 1 +exp(\/ZH;(1_aUm+aj)) ®& y;;- Hence
the ideal of [7:/';b‘:L generated by the elements y;; is the bi-ideal. Hence,
by Lemma 2.6.1, y;;eI,. Put U=U,/hU, where U, is of Corollary 2.9.11.
Since U(G) is defined by the Serre relations, there exists a natural epimor-
phism : U(G)—-1U.

Let UG)=U(n,)Q® U(H#)® Um_) be the triangular dcomposition.
Put 9t, =N,/hN,. Let U(n,), and 9, , denote the weight space of a weight
yeP,. Let (1) and B(1) denote the irreducible highest weight module
with highest weight 1 of U(G) and U respectively. Let ¥°(1),_,=77(4) and
B(A);-,<=B(4) be the weight spaces of weight A—y. From a well-known
fact in the representation theory of G (see the formula (10.4.6) in [6]), we

can see that, if 1 is sufficiently large as compared with ye P, dim U(n.),=
dim ¥7(A);-,. On the other hand, using y: U(G)—U, we can regard B(4) as
an irreducible U(G)-module isomorphic to #’(1). Hence we have:

dim U(n,),=dim ¥ (1);_,=dim B(1),_, < dim N, .
Since ¥ is an epimorphism, dim U(n,),>dim R, ,. Hence we have
(2.10.3) dim U(n,),=dim 9, ,.

Note that N, , is a free R-module of finite rank and I, , is a direct summand
of Z\7+,,1 (see Lemma 2.9.1). Hence, if w, (1<u<rank I, ;) are elements of
I, ; such that {w,+hl, ;} is a C-basis of I, ,/hl, ,, then {w,} is an R-basis
of I, ;. In particular, by (2.10.3), we can put

p
wu:Eﬂl'“Euk—lyuk-uk+ 1Euk+z'”Eup€I+,l (A__- — Qupupe s la“k+ Z a":)'

t=1
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Hence the theorem follows.

Remark 2.10.4. We remark that the above theorem can also be proved
by using Tanisaki’s result; as an immediately consequence of Proposition 2.4.1
in [20], we can show the non-degeneracy of the Hopf pairing { , >:
U,n,)x Uyn,)—R where U,,(n+)=N+/(y,-j(1 <i#j<n)). Hencel,=(y;).

§3. Root Systems of Simple Lie Superalgebras

3.1. Let 9=%,@ %, be a finite dimensional complex simple Lie
superalgebra of type A—G. Let (®,6g) be a root system of %. For
terminologies related to simple Lie superalgebras, see [7]. Here &g is an
N-dimensional real vector space with a non-degenerate symmetric bilinear
form( , ):Egx Eg—>Rand @ (<= &Ep)is thesetof roots. PutE=C Q) £g. Let
M={a,, --,2,} be a set of simple roots and p: [1-{0,1}=2Z/2Z the parity
function. Put P=Za;+---+Zo,(c&). We extend p to the function p:
P—Z/2Z additively. We assume that the triple (£,I1,p) is of distinguished
type if & is of type F, or G;. We do not treat (&,I1,p) of type D(2,1;a). That
case is easy. However we need some unpleasant notation for type
D(2,1;a). To fix notation, we list below Dynkin diagrams, systems of simple
roots II={ay, -,a,}, the set of positive roots @, and parity function p:
I1-{0,1} of triples (&,I1,p) of type A—G. We put N=n+1 if (®,I1,p) is of
type A, and N=n otherwise. Let {§; (1 <i<N)} be a fixed orthogonal basis
of &g; the values of (§,§;) are given below. The element of &g written
under the dot with the i-th label is the simple root o;. Note that the
numbering of a;s is not the standard one for types F, and G;. In the
following diagram, the parity function p: [I—{0,1} is defined as follows. The
dot x at the i-th label stands for the dot O (resp. &) if (a;,0;)#0
(resp.(o;,a;) =0). If the i-th dot is O, @ or @, then we define p(x;)=0,1,1
respectively. We also give the diagonal matrix D =diag(d,,--,d,) such that
A=D_1[(oc,~,ocj)] is the Cartan matrix of (®,II).

(i) Types A, B, C or D. For types A—D, we put (§,&)= =10,
(1<%,7<N), where we can arbitrarily choose the signs of ().
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1 2 N—-1
(AN—I) X X o X ) D=diag(1:'",1):
E1—8 E;—% En-1— 8N

1 2 N-—-1 N
(By) X X X O or

E1—& E;—&3 Ev-1—&y &

1 2 N—-1 N

X X X e ,
g1—8& &8 Ey-1—Ey &y

. 1

D=d1ag(1) )1:5)y

O, ={§+% (1<i<j<N), & (1<i<N) 2§ (1<i<N, p(E)=1)}.

1 2 N-1 N
(CN) X X X O ’ D=diag(1;“'91)2))
El —'EZ 52_‘-8_3 EN_I_EN ZEN

@, ={g+8 (1<i<j<N), 2& (1<i<N, p(E—Ey)=0)}.

N-1
1 2 N-2 OF z
(Dy) X X x—  N-1°N

_ _ _ _ _ - N
E,—% E,—E En_ —N = _
1 2 2 3 N—-2 N—1 OSN—1+3N

if (Ey_1,8v-1)=CnEn),

N-1

1 2 N-2 _ -
y y x/‘®N8N—1—8N
(_‘:I-EZ 52—53 EN—Z_M® EN 1+EN
if (EN— I!EN-1)= _(ENsEN)’
D =diag(1,---,1),

@, ={§+E (1<i<j<N), 2§ (1<i<N, pE;—&y)=1)}.

(1) Types F, and Gj.
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1 4 3 2
(Fy) O——— 0= O0—-® ,
8,— %3 E3—Ey By 3(Ey—E;—E3—Ey)

[(s;,¢;)} = diag(6,—2,—2,—2), D=diag (2,1,1,2),

D, ={ny0; + 1404 +n303+n,y0, | (ny,n4,n3,n,)=(1,0,0,0), (1,1,0,0), (1,1,1,0),
(1,1,2,0), (1,1,1,1), (1,2,2,0), (1,1,2,1), (1,2,2,1), (1,2,3,1), (1,2,3,2), (0,0,0,1),
(0,0,1,1), (0,1,1,1), (0,1,2,1), (0,0,1,0), (0,1,2,0), (0,1,1,0), (0,1,0,0)}.

O

1 3
(Gy) ® O
&y —

- 1/= =
&2 2(8,—%3)

1]

3

[(EI,EI)]=dlag(—2,2,6), D=dlag(1y3)1))
q)+={nlal+n3“3+n2a2l(n1!n3)n2)=(1)0)0): (1)130): (1,1)1)) (1)2:1)’ (1)331))
(1,3,2), (1,4,2), (2,4,2), (0,0,1), (0,1,1), (0,3,2) (0,2,1), (0,3,1), (0,1,0)}.

3.2. Let @, be the set of positive roots with respect to II. Put
1
(I)'fd={ﬂe(l)+|£ﬂ¢¢’+}. We define the partial order < on @ as

follows. Given f=c,a; + - +c,a,€ ®F¢, we define integers ht(f), g(B), c,€ Z 4
by ht(B)=cy + - +¢,, g(B)=min{i|¢; #0}, cy=c,, respectively. Define a half
integer ht'(B) by ht'(B)=ht(B)/cs. Let a,B be elements of @Y. We say that
a<f if they satisfy one of the following

(i) gl@)<gP),

(i) g(a)=g(P) and ht'(ax)<ht'(B)
or

(iii) @¢ is of type Dy, p(e;—ey)=1 and a=¢,—&ey, f=2¢; or a=2g,
B=¢;+¢ey, or, a=¢—¢y, B=¢;+Ey-
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For, a,fe®7d, let Ot <a)={ye®|y<a}, O a<p)={yedT|a<
y<B}, PEUB<)={re®F’|f<y}.

Let ®7%={fe®7|g(f)=i}. For o,Be®@T let O (<a)=0T% O
(<w), PTHa<f)=0%% N DTN (a< f), DTHL<)=D5% N DTYB<).

§4. Defining Relations of N,

4.1. Keep the notation in §2-3. Assume that the triple system
(&,J1={ay,--,a,},p) satisfies the assumption in 3.1. Let A=(a;)1<ij<n=
D'l((oc,-,ocj)) be the corresponding Cartan matrix. Let U:/i =N, ®
S[#®]® R{o) be the topologically free R'-Hopf algebra defined in 2.2
for the triple (&,I1,p). The purpose of this section is to define an ideal .# ,
(< I,)of N, with an explicit set of generators. In§10, we willshow £, =1,.

4.2. We define the Z,-graded algebra structure on N, such that the
parity of E; is p(x;). Denote the parity of XeN, by p(X). Put
[X,Y],=XY—(—1)P®PNy Y X and [X,Y]=[X, Y], where p(X) and p(Y) are

n—

1
the parities of X and Y. Set |:m+nj| e (G il Y (et s )
n t 0

i=

€C[t]. Put g=¢", v,;=¢®* and ¢,=¢".

Definition 4.2.1. Let 4, be the ideal of N, generated by the following
elements:

(i) [E,Ej] for 1<i,j<n such that g;;=0,

1+]aij) 1 ..
G Y (-1)”[ +v|“”|] E} 1l =y EEY for 1<i#j<n
v=0 q;

such that p(a;)=0,

Gii) [[[E-E L, Eil,,. oEj] with x—&—% (1<j<h),

(resp. >'<——(J®—(k) or ;—é—‘),

(iv) [[[En-1.En)onsEn]LEN]oy: With X =@
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if 4 is of type By,

(V) [[EN— Z!EN— l]vN_ pEN]vN - [[EN— ZaEN]vN_ pEN— l]vN

N-1
. N-2 . .
with /® if 4 is of type Dy,
x I~
\®

(vi) [[[[EN—Z)EN—l]vN_pEN]ZvN) [EN—29EN—1]UN_1]:EN—1]
(resp. [[[[[[EN—3:EN—2]UN_2:EN—l]vN_pEN]ZuN)EN—l]uN)EN—Z]vN_l’EN—l]

N-2 N-1 N N-3 N-2 N-1 N
R<==0 (resp. ~ x 0] ®<=0)

for

if 4 is of type Cy.

4.3. The following proposition will be used in proving £, =1,.

Proposition 4.3.1. (i) The R'-submodule #, =(#, ® R)-S[#*]-R{o)
s a bi-ideal of U:/i b%.
) L.,

Proof. (1) Here we consider the case of the triple (&£,I1,p) given by
1 2 3

e ® O . In this case, the ideal £, 1is generated
EI_EZ 52_33 53'—54

by the elements

Saytaz ™ [ElyE3]y 52a2=E§,
82¢1+42=E%E2_(q+q— 1) E1E2E1 +E2E%,
S2ar+ 22, = E2E3—(q+q7 ") E3E,E3+E3E,
and
t1223=[w123,E>]

where w,,3=[[E;,E,],,,E3],,-

By an easy computation, it follows
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A(s)=s, @ 1+ exp(y/hH)y0"" ®s,
for any 5,. We also have:
Awyy3)=wy,3; @ 1
+ (@3 ' —0)Ez, Esl,sexp(y/hH;, 5, @ E
+(v3 ' ~v3)Eyexp(y/hH;, ;)0 @ [E1,Eo,
+eXP(\/ZH;',—E4)'U ® wia3-

Let & be the ideal generated by the element s,,,. Then & is a bi-ideal
and we have:

[[EDEZ]U;’EZ]vzE[EZ’[EZaE3]03]ug =0 (modulo y)
Therefore we have:

N(t1323)=A([w123,E,])
=[A(wy5),E, ® 1 +exp(\/hH}, ;)0 ® Ey]
={t15,3 ® 140}
+{0+ (03 ' —0)[Es, 3],y exp(/hH, ;)0 @ [Ey,E,l,,}
+{(v3 ! —v3)[E2,Esl,yexp(y/hHy, )0  [E1,E3),, +0}
+{0+exp(/hH, ;)0 @ t1323} (modulo & ® U,
+U0, 0% ® )

=t1223 ® 1+CXP(\/ZH'51—E4)'0 ® t1223-

Hence A'(J,)cf . ® [71/5 b+ ﬁﬁ b% ® #,. This implies that £, is a

bi-ideal of U i b°%. The other cases can be proved similarly.

(ii) It is immediate consequence of (i) and Lemma 2.6.1.

Denote the h-adic topological R’-bi-algebra U':/ﬁ b%/F,, by ”Zl:/i b%. Put
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Ny=N,/F,and /', =N, Q@R (=N,/#,). Then we have:
Uy b~ N, R S[#*1 R R(o).

44. Put /,,=N, /(F,nN,,) (cA,) for veP,. Forv,ue?, and
X,eN,,, X,eN ,, we put

[[Xv:Xu]] = [Xv’Xu]q‘(V,l‘)'

Let X,eANy,, X,eN, ,, X,eNy, (v,uneP,). In §6-§9, we shall
frequently use the following identities:

(4.41)  [X,X,X,]=X,[X,X,]+(—1)r@r0g-wr[x x 1 X,

[[X‘,,X”'X,,]] — H:XvquIl'Xn + ( _ 1)p(v)p(")q_(V’”)Xv'[[Xu,X,,:ﬂ.

(4.4.2) [[[[XV,XM]],X,,]]—[[Xv,l[X,,,X,,]]]}
— ( _ 1)”(“)”(")q_(""')|]:Xv,X,,:|]'Xu _ ( _ 1)"(""’(")q_(""‘)XM-[[X‘,,X,,]].

(4.4.3) If X2=0,, we have:

[[[I:XV’XMII’XII:“ =0,
[[Xu’[[Xu’Xv]]]] =0.

@48 [XXLX]X,]
=X 1%, X, X,]]
H (=1 0rg w0 x X (X, X, ]
— (OGO, XXX, ]
+(— 1 )P(u)p('l)q- (um)l[ XWX”]] lIXu’Xx:[l
(= 0~ O[[X, X, ] XX,
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— ( — 1)p(v)p(u)q— (v,n) XuM Xv’ X,,]], Xz]]
— ( —1 )p(v)p(u)q - (v,u)( _ 1)p(v + n)p(x)q —(v+ n,x)[[Xu’Xx]] [[XV,X,,]].

In particular, if y=#n, we have:

445  [[[x,Xx,].X,]xX,]
= [[Xv![[[[Xu!Xn]]’Xn]H]
+ (1 + ( _ 1)p(n)q—(n-n)){( —1 )p(u)p(ﬂ)q— (""’)[[Xv,X"]] [[Xu,X,,]]
—(—1 )p(v)p(u +n)q— (""‘+”’|[XM,X,,]]|[X”X,,]]}
+q” “"“’[[[[X‘,,X,,]I,X,,]]Xu
_ ( _ 1)11(V)p(u)q- (v.u)XuMXv’X"]] ,X,,]].

§5. Root Vectors of 4,
5.1. Here we define g-root vectors E, (ae®?) of A,.

Definition 5.1.1. For Pe®%?, we define the element Eze A,
as follows. (For type F, (resp. G;), we write E ., and E_, ; (resp. E . and
E:!bc) fOl' Eua1+baz4+ca3+daz and E;a; +bag+cas+day (resp. Eaa1+ba3+cazz and

i’
aay + basz +caz)'

(i) We put E, =E; (1<i<n)

(ii) Let ae®™®® and 1<i<n be such that g(a)<i (see 3.2 for the
definition of g(«)) and a+o;e®. We put E;”i:[Ea,Em]q_(a_ai). If 4 is of
type By, i=N and a=g; (1<j<N—-1), let Epiay=(q"?+q V) Ey,,y. If
A is of type Dy, i=N and a=ay_,, let Ea+,N=(q+q"1)"E;+¢N. If 4 1is
of type Fy, let Eyyp0=(¢+q )7 'El10 and Eyp3,=(¢" +1+¢7 %) 'Eljp5p. If
A is of type Gj, let Ejpy=(q+q )7 'Ez1, Eoy1=(q+q )" 'Epy and
Eo31=(¢*+1+q ?) " 'Ep;,. Otherwise, put E,,, =E,,,.

(iii) For a, Be®F® such that g(a)=g(B), a<pB, ht(f)—ht(x)<1 and
a+Be®@d, we put E;+ﬁ=[E¢,Eﬁ]q_(a,m. If 4 is of type Cy (resp. Dy, F,
or Gj), then E,,, is defined by (q+q‘1)"1E;+,, (resp. (q+q‘1)_1E;+,,,
(q2+q—2)_1E¢;+[1 or (qz+1+q—2)—lE;+p)-

5.2. The following lemma will play key role in proving our main results
(Theorem 10.6.1).
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Lemma 5.2.1. (i) Let ae®T% (see 3.2 for this definition) and
j>1t. Then we have:

[Eu)Ej]q—(a,a,-)= Z Cytievu E)‘l“'E

ed
Vl-"'ﬂuéoi,i (@<)

Yu

Sfor some c,, .

LER.

Y

(ii) Let a,fe®F. If a<p, then we have:

[E«’t’Eﬂ]q—(at,li)= Z Cytmu En"'Evu

d
P1oe @ s (€ < B)

for some c,, ..., €R.
(iii) E?=0 if (x,0)=0.

Remark 5.2.2. In some special cases, we can show more detailed results
than Lemma 5.2.1.

(i) Let ae®7? satisfy c,=1. Take a;ell such that i>g(x) and
a+o;¢ DT Then we have:

[EouEi]q — (a i) = O
(ii) Assume that a, fe®? satisfies a4« and B<a. Then we have:

[E,.Ep]=0

<
5.3. Let l_[ denote the product taken with respect to a total order on
aed)r:d

@'t compatible with the partial order < .

As an immediate consequence of Lemma 5.2.1, we have:

Proposition 5.3.1. The R-module N, is generated by the elements

<

Il Ex ez, if (0,0)#0, n,=0,1 if (,0)=0).
asdlr:d
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5.4. The purpose of §6-9 below, is to prove Lemma 5.2.1 and Remark
5.2.2.

<
In §10, we shall prove that the monomials []| Ej* form an orthogonal

red
acd

basis of A", which implies £, =1,.
§6. Commutation Relations of Root Vectors of 4,
(type Ay_y, By, Cy or Dy)

6.1. In this section, we assme that A", is of type Ay_,, By, Cy or
DN—I‘ PUt ‘7i=(§i)§i)e{1)—1} (1Sl—<—N)

Lemma 6.1.1. The following identities hold in N ..
i j k
(@) [BusayranEd =0 for x—x—x (1<j<k),

i ik i ik
X—X=>0 0r X— X =>@.

() B sapEy-y= BB s lg-a=0 for x—X (<),
(iii) [EaN~z+aN.. 1+aN’EN— 1]q—3~- 1
=(Eyy_s+an-1+anrEnlg-an-1=0 for type Dy.

(V) [En-1.Eay_i+awda-dn-1=[Eoy_ 4 20:EN]g-2n =0 for type By.
() [Eay_i+anEnlg-220=0,

En-1,E2an_ s +anlg-23x-1=0 for type Cy.
(Vi) [Eey_s+2an-+awEn-1]g-av-1=0 for type Cy.
(vi1) [Ezay_;+2an- 1 +anrEn-11=0 ((ay_ 5 +ay_1)=0) for type Cy.
(vii1) [Eay_ 4 20024 2an -1 +ansEn-11=0 for type Cy.

Proof. (ii)—(v) These can be proved by direct computations. The proofs
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are immediately obtained from the formula (4.4.3) or Definition 4.2.1 (ii).

(i) 'This is the defining relation (iii) of Definition 4.2.1 if p(a;)=1. If,
p(a))=0, by Definition 4.2.1 (ii), (4.4.1), and the formula (ii), we have:

0=[E,E2E,—(q+q~ YEE.E;+E\E}]

= {Edi+aJEj+ qdjEani +uj}Ek - (q + q_ I)Eai +ajEkEj
— (= )PP g 4 g )GIEEE, 1,
+ (= V)PPREE, 1 Bt 0UE s )

=(q+9 VEE, 14 Ex—(q+9 VE, 14 EiE;
—(—1)PPD(q+q " VUEEE, 40,
+ (= D)PErEIgh(g + g VEE, +0/F

= _(q+q_ 1)[Eai+aj+ak’Ej]'

(vi) The case p(ay_,)=1 follows from (4.4.3) since, in this case, we
have E%_,=0. Assume p(ay_;)=0. By using the facts p(oy_,)=p(oty)=0
and dy_, =dy, and, by using Definition 4.2.1 (i-ii), (4.4.1) and (ii), we have:

0=[Ey_,{Ex-1Exn—(¢*+1+q )E} _EyEy_,
+(¢*+14+q ?)Ey_ENE}_ —ENER_1}]
=@+ 149 B 1Eay_yran En— @™ R EnBay sty
_(q+q_1)EN— 1E‘zN_z+dN_ 1ENEN—1
+qZEN-l(q+q_ 1)EN— IENEan—z+an—1EN—1

+E ENEIZV—I_qziN_lENEaN_z+aN-‘EIZV—1}

aN-2taN-1
=(q2 +1 +q_2){E12V— 1By tan-ran
_(q+q_l)EN—IEan—z‘FaN—l‘HzNEN— 1 +EaN—z+aN-1+aNE12V-1}

=(q2 +1 +q—2)“:EaN_z+2aN_ 1+aN)EN— l:l]'
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(vii) 'This is the defining relation (vi) of Definition 4.2.1 if p(ay_,)=1.
Assume p(ay_)=0. By (ii), we easily see [Ey_3,E,, ,+an_ +an]=0.
By (vi), similarly to the proof of (i), we have:

0=I[EN—Z:[EaN_z+2aN_1+aN’EN-1]]]]

=[En-2{Euay_stan-1+anBr-1—@+ 8 VEn_1Eay_,tay- 1 +anBrn-1
+ER 1By _stan-i+an)]

=(@+q  NEv-1Eay_stan- Bax_ztan- i +an
—En-1Eay stan-s+anPan-stan-1 ™ ey stan- i Law_stanw— 1 +anBn-1
+Euy_stan-1+anBay s +an 1 EN-1)

= —(q+q—I)Z[EZaN_2+2aN..1+aN:EN—1]'

(viii) If p(ay_,)=0 and, p(ay_,)=1, then (viii) is defining relation (vi)

of Definition 4.2.1. Next, we assume p(ay_,)=0. Note that, by (i) and
(vi), we have

(6.1.2) [E,

an-3tan-2+an-1tan?

EN—Z]]zO)

(6.1.3) IE, Ey_,]=0

N-3tan-2+2an -1 tan?
respectively. Hence, by (4.4.5) and (ii), we have:

0=‘H[|[Ean—3+an-z+azv_1+aN’EN—2:|]’EN— 1]]>EN—-1]]
_—_-(1 +(_ I)P('zN-l)q_EN—l_d—N)

- ~2),dn-
{(_1)p(aN vpln Z)qN 1Eazv-3+aN—z+ZaN_1+aNEaN_2+aN_1

__(_ 1)P(1N—3+an—z+d1v—1+aN)P(dN-2+aN—1)qEN

E

an-2Fan-1

E

GN—3+¢N—2+20!N-1+0!N}'

Using p(ay_;)=0 and dy_,=dy, the right hand side equals
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-1
@+ NEsy_s+an-2+2an-1+aw[En-2Exn-1]]-

Here we used the identity E,, ,.,. ,=[Ey_;,Ey—_;]. Hence, by (4.4.2) and
(6.1.3), this equals

(6.1.4) (q+q—1)[EaN_3+2¢N_2+2aN_1+aN:EN—1]'

Finally, we assume p(oy_,)=p(ay_,)=1. By (i) and (ii), we have:

E

an-2tan-1

[E

an-3tan-2tan-1?

]=0.
From this, we have:

[[EN—3!E2<1N—2+2<1N—1+GN:|]
=(g+q™ ) [En-sEL svan .En

_(1+quN)Ean—z+an—1ENEajv-2+aN_1+q2'iNENE2 }]]

an-2tan-1
=@+q ) {@+9 DEuy s tan- Baystan-2+an—En
—(g+q” 1)qENEaN-z+aN_1+aNENEaN_1+an—1
_(q+q—l)qEN_2+ENEaN_2+uN-1ENEaN_z+aN_1+u1v

+(g+q g2t INELE, E

N-2tan-1tan aN—2+aN-1}

=[E

an-2tan -1

E

«zN—3+azv—z+a1v-x+azv]]'
Hence, by Definition 4.2.1 (vi), Lemma 6.1.1 (ii) and (4.4.2), we have:

O=H:EN—31I[E21N_2+2<1N_1+aN:EN— 1]]]]
= [[[[EN—B)E2aN_2+2aN-|+a1v:ﬂ’EN— 1]]
= I[I]:EdN—z+aN—x’E¢N-3+¢N—z+an—1+a1v1]’EN-l]]

- [EaN_3+aN_2+2azN~1+aN)EaN_2+aN_1]'
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But, by (6.1.3) and (4.4.2), this equals
[Ean—3+2a1v-z+2a1v_1+aN!EN-1]'

Hence we get the desired formula.

6.2. Similarly to the proof of the formula (i) of Lemma 6.1.1, we
obtain the following lemma.
i i k
Lemma 6.2.1. For x—X—X (i<j<k), X—X =0 or

i ik
X — X => @, the following identities hold:

[[[Ei)Ej]q(ag,aj))Ek]q(m +a,-,ak)3Ej] = 0)
[Eau +ay [Ej,Ek]q(aJ,ak)] = 0

6.3.

Lemma 6.3.1. For 1<i<N—1, we have the following identities:

(i) For type By, we have:
Bz Bz apy)g-a=
(i) For type Cy, we have:
[EZE,- »EE.- +EN]q' x5=0 (p(&;—¢&y)=0).
In the formulas (iii1)-(ix) below, we assume that A is of type Dy.

(i) [E;-zyBrml =0  (BE—EN)=0),

(v)  [E; -z Brian-Jg-5=0,

) B Eavan-1Je-a=0,

(1) [Ex,Ey-]=0 (p(E—2y)=1),

i) [Ex,En]=dn(@—4 DEzsiy Brvzy,  @E—E)=1),
(viii) [E —zy,E)e-22=0 (& —2x)=1),
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(ix) [EZEg)EE¢+EN]q“2‘7i =0 (p(g;—&y)=1).
Proof. (i) By Lemma 6.1.1 (i), (ii), (iv), we can easily show

[z -2y B2 ] =0,
[E; +35x,Ex]=0.
By (4.4.5), we have:
0=[[[Ez -z.Ez].Ex].Ex]
=@ +q” 1’2)<(1 + (— 1)) (1P EPE B, o
—(—1)PEEpCt g —dtiNg - p)

+Ee.+sNE (_1)p(5a—izv)p(s.+eN) ""E Ee.+e~>

=(q1/2+q—1/2)< (— 1)p(£-~sN) ~d; —(— 1)p(ezv) —EN)
(—1)PE=ENpEN) E:Es 43y

+((_1)p(5.-—51v)_q—47.-+t71v__(_l)p(ézv)q—fi)(_ 1)PE- EN)EEi+8NE)

=—(q"*+q V?)((— 1)P(§|_EN)q_zi —(- 1)p(Ezv)__q--7N)

(— 1)?(51 —En)pEN) [[EE‘!EEF}‘E :u

(i1) This can be proved similarly to (i).
(iiil) By Lemma 6.1.1 (i)—(ii), it can be easily proved that

(632) 0=|]:EE.‘ —EN—UEE(—EN:H!
(6.3.3) 0=[E; 2., Esva.]-

If p(;—&y_,)=0 (resp. p(§;—Ey_;)=1), by Definition 4.2.1. (i)—(ii)
(resp. (v)), we have:

0= [[Ea —EN’EN]] - [[E;'. +EN’EN - 1]]-
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Hence, by (6.3.2-3) and (4.4.2), we have:

0= [[EE-'*EN— 1’{[[EE¢-EN’EN]I - []:E'a';- +EN)EN-— 1]]}]]

= {( —1 )F(EI — &N - 1)PEi _Z'N)q"ii

& +EN)PEN -1 —EN) d]
+(— 1)p(s +EN)PEN -1 EN)q N} Ea +En EE; -
—{(—1)PE PN -1t i) gin

81— En - 1)p(Ei +EN) ) —di
+ (= DPET IR T e Bty

Since p(E;—&y) =p(E;+Ey) =0 and d;=dy, this equals (q+q"1)[Eg,_gN,EEi+;N],
which implies (iii).

(iv) By Lemma 6.1.1 (ii), we can easily show:
(6.3.4) [E; -z En-1]=0.
If p(§;—&y)=0, by (iii), (6.3.4) and (4.4.2), we have:
0= MEE.- -3 +EN]]1EN— J= [[Ea N . 1]]-
By (6.3.2) and (6.3.4), we have:

0=(—1)PE~ENpEN- 1—En)q—17NEg

Ei—EN

—(— 1)11(51' —&N-1)PEi —EN)q-d(EZ

Ei—EN

If p(&;—&y)=1, this implies 0=(¢**+¢ %")E2_, . Hence, by (4.4.3),

we have (iv).

The formula (v) can be proved quite similarly to (iv).
The formula (vi)—(ix) can be easily proved by using (iii)—(v).

6.4.

Lemma 6.4.1. The following identities hold in N ..

(l) [EaN-3+2aN_z+aN_1+aN:EN]=O for type DN'

(11) [Eau_3+20:N-2+aN_1+aNyEN—1]=Ofor type DN'
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(1) [Eay_,+20n -1 +2anEn] =0 for type By.
(IV) [EaN_2+21N—1+aN:EN]=0 fOi’ type CN'

Proof. In the proof, we may assume that N=4. Put E, =
Eaau +baz+caz+dag* DenOte p(ai) (resp‘ P(ail +-+ ai,.)) by p(i) (resp' p(ll ot 'ir))'

(i) We are in one of the following three cases.

(1) pB)=p(4)=0,
(2) p(2)=0,
() p(2)=p3)=p(4).

First consider the case (1). From Lemma 6.1.1 (i) and (4.4.5), we have:

0=[[[E110.E2].E4].E4]
=[E1110:[Eo101-E4]]
+(1+ (= )P B H) (= 1P OGBE, 1, Egy o4
—(—1)PI2ICHGE B )

+ q2'14[|:E1 111 !E4]]E2 —(_ 1)?(123)P(2)E2[[E11 11E4:|].

By Definition 4.2.1, we can easily show [Ey;01,E4]=[E1111,E+]=0. Since
p(3)=p(4)=0 and d;=d,, the right hand side equals

(@+4 ME 111,E0101]-
Using (4.4.2) and Lemma 6.1.1 (iii), we have:
(6.4.2) [E1111)E0101]=[E1111:[E2:E4]q33]=[E1211»E4]-

Hence we have [E,,,,,E,]=0.
The case (2); by Lemma 6.3.1(v), [Ep101,E0111]4-%=0.

Similarly to the case (1), by Lemma 6.1.1 (i) and (4.4.2), (4.4.4), we have:
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0=[[[E1101.E2].E3].Es] —[E1,[Eo101:Eo0111]]
={[E1101.B0111]+(— 1)p(23)p(4)qi4[E1 101E4]Eo110

—(= 1)”(124)”(23)4;4]—::01 10[E1101,E4]
+H(—1PPPOGERE || Eqy oy +(—1)POPOOQ2[E, | EE,
—(- 1)p(124)P(2)E2[[E1 111 yE4:ﬂ
—(- 1)11(124)1:(2)( — 1)p(l234)1:(4)(1—danml,E1 " 1}
—{[E1101E0111] —(— 1)p(24)p(234)q_22E1 111-Eo101
H(—1)POPCNGEE By

By Definition 4.2.1, it can be easily shown that
[E1101,E4]=[E1111,E4]=0.
Since p(2)=0, p(3)=p(4) and d;=d,, the above equals

{qdzEqumm —(— 1)p(1)p(4)q_dzE0101E1111}
+{qg7®E111Ep101 + (= 1)PVPDgB2E g 0 Ey 44}

=(g+q Y[E1111.Eo101]-

Hence, similarly to (6.4.2), we have [E{,,,E4]=0.

Finally assume that we are in the case (3). We can easily show that
E}101E1—(q+9 DEo101E1Eo101 +E1Ej101=0 and E};01E3—(q+9" )Eoi0
E3Eq101+E3E%01=0. Then, similarly to Lemma 6.1.1 (i), we can prove

our formula.

(ii) The proof of (ii) is quite similar to that of (i).

(iii) The proof is similarly to the case (2) in the proof of (i).

6.4.1 (i), we have [Egg11,E0012] =0. Hence, by (4.4.2) and (4.4.5), we have:

0=[[[Eo111,E3],E4]E.]
— (@2 +q YD[EL[Eoo11:Eo012]]

={[Eo111,(a"*+q" *)E;,]
+ (14 (—1)P@g= 2 ((—1)POP@gla(g112 4 = VY E 1 150011
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— (= 1)P23DrBY (112 4 gV E 1 Egy12)

—]—qz‘?“(q”2 +q ) [Eo112,E4]Es

+(—1)PE39O (12 4 g7 VB[ Egy15,E4]}

— (@ +q7 ") {[Eo111,E0012] — (= 1)"(34)"(344)‘1_;31;01 12Eo011
+(—1)PPPONGEE B, 12}

By Lemma 6.1.1 (iv), we can easily show [Eyy;,,E,]=0. Hence the above
equals

{(1+ (= 1)P@g =T~ 1)POR@Dgls(g112 4 g UDE Eoq,
- ( - 1)p(234)p(34)(q1/2 + q— 1/Z)E'001 1E01 12)}
—(@"*+q VA {—(— 1)”(34)"(3)‘1_';31;01 12:Eo011
+(— 1)p(2)p(34)qisE001 1Eo112}
=(g"?+q "H{(— 1)p(3)p(4)(‘1';4 +(—=1)P@ 4 (— 1)p(s)ll—d_3)E‘o1 12E0011
— (= 1)P@39REH(Y 4 (—1)P@g 8 4 (— 1)) E o Eoq 15
= (g2 +q 7 12)(gH + (— 1)/ 4 (= 1)Dg=B)(— 1O E, 1, Eooy4]-

Hence, similarly to (6.4.2), we have [Ey,,,E4]=0.

(iv) By Lemma 6.1.1 (v), we have [Ego11,E4];-23.=[E¢111,E4],-22,=0.
Therefore, using (4.4.5), we have:

0= [[[[[[Em 10:E3]]»E4]],E4]]
= (14 (= 1) @g~4a((— 1)POPOGZEE B
- ( - 1)p(23)p(34)qd4E001 1 ,E01 1 1)-

Since p(4)=0, this equals
(@*+47)[Eo111-Eo011]-
Hence, by Lemma 6.1.1 (v) and (4.4.2), we have
0=[Eo111,E0011]=[Eo111,[E3.Ea]] =[Eo121,E4].

This completes the proof of Lemma 6.4.1.
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6.5.

Lemma 6.5.1. Let A, be of type Cy. Let ic{l,--,N—1}. We
have:
() [Ersay- pFr-s]=0 (1<i<N-3).

(1) [Exm,En-1]=0 (1<i<N-2) if p(§;—&y-,)=0.
Proof. (i) If i=N-—2, this is proved easily by using Lemma 6.1.1

(ii), (vi1). Assume i<N-—3. By Lemma 6.1.1 (i)-(ii) (resp. (viii)), we can
easily show that

(6.5.2) 0=[E; zy_,Ez12y_.]
(resp.
(6.5.3) 0=[Es, 4z, En-1])-

Using (4.4.2), from (6.5.3), we obtain:

0=U:EE'+31\I—1’E_ :l]

i EN-27EN

Hence, using this and (6.5.2), we have (i).
(i) By Lemma 6.1.1 (ii), we can easily show that [E;_; ,Ey_,]=0.
From this and the formula (i), we can immediately prove (ii).

6.6. Lemma 5.2.1 (and Remark 5.2.2) for ®7¢ of type Ay_,, By, Cy
or Dy can be proved using lemmas in 6.1-6.5. In 6.7-6.9 below, this will
be done only in some special cases. In the remaining cases, the proof can

be done similarly and more easily.

6.7. Proof of Lemma 5.2.1 (i) for ®¢ of type Ay_,, By, Cy or
Dy. Here we give a proof in the case when @ is of type By and a=§;+§,
(i+1<k<N-—1). The other case can be treated similarly.

Since [E,E;]=0 if |i—j|>2, by (4.4.2), we have

(6'71) Efi = [[EE,-—E,‘_ I!Efu_ 1~ Fu+ 2]q‘?u— lyEE“+ z]q;u-i- 2

if i<u<AN.

Hence, by Lemma 6.1.1 (i), we have:
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(6.7.2) [E;,E,]=0 if i<u<N.

Hence) putting EE\,: = [[' ' '[EN)EN— l]qﬂ—N' : 'aEk+ l]q';k+2)Ek]q‘Tk+ 1, W€ have:

(6.7.3) E; 45, =(q"*+q7 V)7 By, 5 ).
Similarly to (6.7.2), using Lemma 6.2.1 (i), we have:
(6.7.4) [E5 ,EJ=0 if k<u<N.
Hence, we have:
(6.7.5) [E;, +5,E,]=0 if i<u<k—1 or k<u<N.
By Definition 5.1.1, we have:

(B +50Ek- 1143 = E5, 45, _,-
By Definition 4.2.1 (i),(ii), it can be easily shown that

(E; EW];-3.=0.

Hence, we have:
(6.7.6) [z +50Eklg-3=0.

By (6.7.2), putting

\4

T—EN-1 [[' '[EN—Z)EN—B}qEN—f ) "Ek+ 1]q3k+2yEk]qu* 1, We have:

EE.' +E [[E'é. ~Fke- 1’EEk— 1+En - 1]41';"‘ I’Ei\; —EN- 1]41;1" -t
Hence, by Lemma 6.4.1 (iii), we have:
(6.7.7) Bz, +5,En] =0,

as required. Remark 5.2.2 (i) also follows from this and (6.7.5).

63
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6.8. Proof of Lemma 5.2.1 (ii) for @ of type Ay_,, By, Cy or Dy.
Here we give a proof in the case when ®F¢ is of type By and f=%;+§,
(f+1<k<N-1).

By Lemma 6.1.1 (ii) and (6.7.2), we have:

(6.8.1) [B; 5, E:];-5=0 if i<u<N.

Similarly to (6.7.1), we have
E; i =Bz - Ea 4500 gt 1B5  —2) g o5
E; = [E3k+2)[Ek+ 1’Eu]q3k]q&'k+z~
if i<k<u<N.
Hence, by Lemma 6.2.1 (ii) and (6.7.4), we have:

(6.8.2) (Bs,_z., B2l if k<u<N.

By (6.7.3) and (6.8.1-2), we have:
(6.8.3) [EE,—E,‘,EEHE,‘]‘,—E.-:O
if i<u<k—1 or k<u<N.

If «=¢,—§,, then we can inductively show the formula by using the
following fact.

LBz, —50 B 45 ) g3

= [EE} — T [EEi + T4 1 )Ek]qzk + 1]q'7k -d;

i +E) —% —E E
__:(_1)17(5 i+ 1)PEic 8k+1)(q ke1 g k+1)EEi—Ek+1EEi+Ek+1
+% -3 -4 -
_(_1)?6{ &+ 1)P(Ek 5k+1)q k+1[Eii_';:k+I,E'E‘.+Ek+1]qdk+l—d,.

Since E;=[E; _z,,Enlsan by (6.7.7) and (6.8.3), we have:

& —

(6.8.4) [Ez»Ez +5)q-7=0.
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By (6.7.5), (6.7.7) and (6.8.4), we have
(6.8.5) [EEi'*'Eu’EEi"'Ek]q—;':O if k<uSN.
Other cases can be shown similarly.

6.9. Proof of Lemma 5.2.1 (iii) for ®F® of type Ay_,, By, Cy or
Dy. Here we give a proof in the case when ®7F¢ is of type By
and a=g+§ ((+1<k<N-1).

By Definition 5.1.1 and (6.7.6), (6.8.5), we have:

0 = [[E3| +Ep+ I)Ek]qu!EEi +Ek]qd_k" d;
=[Ez, sz Bz 45 ) gde- 7

=(1—(— 1)Pﬁi+3k)qa-k_ii)E_2

& tEK”

Since p(g;+&,)=1, we have EZ ,; =0. Other cases can be proved similarly.

§7. Braid Group Actions on Quantized Enveloping Algebras

7.1. In this section, we briefly explain the braid group action on U,(G)
introduced by Lusztig [11] and [12].

Let (&,I1={ay, --,2,},p) be a triple system. Assume that IT is the set
of the simple roots of a complex simple Lie algebra G and that p(«;)=0 for
any o;. Put d;=(o;,®;)/2 (1<i<n) and D=diag(d,,--*,d,). Let s;e GL(£) be

2(o;
such that s(x)=x— (%) o; (xe&). Let # be the Weyl group, i.e., the

i%;
group generated by the elements s; (1 <i<n). Let Uj=Uj((&,11,p),D) be the
h-adic R-Hopf algebra defined in Theorem 2.9.4. Put F;=FE;. Then
Drinfeld’s [4] U,(G) is equal to the unital subalgebra of Uj h-adically
generated by the elements E;, F; (1 <i<n), He # (see Theorem 2.10.1). We
have Uj=U,(G) @ R{s). We put Uy(8,I1)=U,(G).
Let di=%@ (1<i<n) and g¢;=exp(hd;). Put K;=exp(hH,) and

EO=E)[,!, FO=F/[r,) where [/],!=[] “~%_. In [11] and [12],
v=1 ¢;—¢q;
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Lusztig introduced a braid group action on U,(&,IT).

Proposition 7.1.1. ([11] and [12] (i) For any 1 <i<n, there is a unique
algebra automorphism T; (vesp. T ') on U,(G) such that

T(E)=—F,K,, (resp. T{ "(E)=—K['F),

T(F)=—K; 'E, (resp. T; (F))=—EK),

T(E)= Y (~1Yq *EPEEP=0,

r+s=—ajj

Cesp. TTHE)= Y. (—1Va BPEEP=0) (49,

r+s=—ajj

Ti(Fj)= Z (—1)"q;?F(iS)EjE§r)=O’

r+s=—aij

(resp. T7 '(Fp= Y. (—1YGEPEEP=0) (i#j).

r+s=—aij

Ty(H;)=Hg; (resp. Ti—l(H).)=Hs.-(}.)) (Aeé).
(i1) T)s satisfy the braid relations:

TiTjTi"‘=TjTiTj"' (1Si#j_<_n)
- my; o Nmy ; 7/
where m;;=2+ 4((xi,ozj)2 /(o0 a0, In particular, for any we W', there is
a unique element T, such that T,,= T, ---T; for any reduced expression w=s; s, .
7.2. Let® (< &) be the set of the roots of G and @, the set of the positive
roots with respect to II. Put N_=N%. Lusztig proved:

Proposition 7.2.1. ([11] and [12]) (i) If weW and o;€ll satisfies
w(,)eD,, then T, (E)eN, and T, (F)eN_.

(i) If we# and o, o;€ll satisfies w(w)=a; then T, (E)=E; and
T, (F)=F;.



QuANTIZED ENVELOPING SUPERALGEBRAS 67

§8. Commutation Relations for Root Vectors of /7, (type F,)

8.1. First, in the subsections 8.1-3, we treat N, (< U,(G(F,))) associated
to the complex simple Lie algebra G(F,) of type F,. We denote this N,
by N,. In §8, the symbols II, &, I',, K, - respectively mean II, a;, I,,
E,-- defined for the simple Lie algebra G(F,). So, for example, I is the
set of simple roots of G(F,) in an Euclidean space &. Namely

.. ) 1
H={OC1,O(2,OC3,O(4} with 0y =&y —E&3, d2=5(£1—£2—83—£4), O3 =8y, Oy =E3— &4

where ¢; (1 <i<4) is a basis of & satisfying (¢;,¢;)=0;; 'The Dynkin diagram
of (&,I1) is given by:

1 4 3 2
O——0=0—0

1
€y—¢&3 €38y &4 2(6;1—E3—E3—Ey)

8.2. Let @, be the set of positive roots of G(F,). Put ('I')+,1=
{(f=d,|f=d, +n4biy +n363+ny0,}. Then the number of elements ('I')dh1 is
equal to 15. Define w, e # by the following reduced expression:

(8.2.1). Wy =S515253°5254°5153°52°5351°5455°535255.
The following lemma can be verified directly.

Lemma 8.2.2. For 1<t<15, let s;, be the t-th generator in the reduced
expression (8.2.1) of w,. We put ﬁr=5i1"'5i,-1(&i,)- Then ('I')+,1 ={ﬁ,
(1<t<15)}.

For f,=s;,-s;,_(6;)e®, ;, put ej,=T,---T,_(E,). By Proposition7.2.1,

we see that ej, €N, .

8.3. By using Proposition 7.2.1, and reducing to rank 2 cases, we can
obtain the following identities. Here we put e,,.5= €.z, + s, +ca3 +az,-  S€€ also

[12].

Lemma 8.3.1. The following identities hold.
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_[91110:E2]q—1=91111: le1111,€1120]1=0,

—[31120:E2]q—2=31121:

“[91111’E4]=0, _[81111:E3]q'1=81121y

—[31220)E2]4—2=61221: le1121,€1220]=0,

—[e1121)E4]q"2=61221) [91121:E3]q=0,
[81221)E4]q2=0’ -[61221)E3]q=e1231)

[81231,E4]=0, “[61231:E3]q=0-
8.4. For type F,, we use the following fact.

Lemma 8.4.1. Let A, be the R-algebra defined for the distinguished
triple system (&,I1,p) of type F, (see §4). Let v=mn 0 +n40,+n303+n,0,€ P,
be such that n,=0 or 1. Then there exists an R-module isomorphism
SNy =N, such that fv(Ei,"'Eiu)=Ei,"‘Eiu for any monomial Ei;"'Eiu
(@ 4+, =v) in N, ,.

Proof. By Theorem 2.10.1, f+=(yij (t#5)) where y;; (i#)) are ele-
ments given in (2.10.2). Let 4, be the ideal of N, defined in Definition
4.2.1 for type F,. Then, for veP,, N, ,=N,,/(J.nN,)), &4, ,=
N,,/(f:nN,,). The lemma now follows by observing that I, AN, ,=
SN, , if v=no; +n40,+n305+n,0,€ P, with n,=0 or 1.

8.5. By Lemma 8.3.1, we can easily show:

Lemma8.5.1. Leta=ao, +bay + coy+do, € @4 \{oy + 20, + 3003 + 201, }.
Then we have

. - a+b+c+d
]v(ea&'1 + bé&4 +ci'3 +d&'z) - ( - 1) Eaal +bog + caz +day*

8.6. Proof of Lemma 5.2.1 (i) for ®¢ of type F,. Here we put
Eupei=E s, 1 bug+cas+da,r BY Lemma 8.3.1, Lemma 8.4.1 and Lemma 5.2.1
(i) for type B; and C; (see §6), it is enough to show:

(8.6.1) (E.,E3)y-@en=0 for E,=E 11, Ey121, E1221, E1232,

and



QUANTIZED ENVELOPING SUPERALGEBRAS 69
(8.6.2) [E1232)E4]=[E1232’E3]=0-

Since E2=0 and E,eR[E,_,,,E;];-@-x2.00, the formulas (8.6.1) follow
from (4.4.3).

Since E,,3,=(¢*+1 +q_2)"1[E1231,E2]q_3, by Lemma 8.3.1 and Lemma
8.4.1, we have [E;;3;,E4]=0. By Lemma 8.3.1, Lemma 8.4.1, (8.6.1)
and (4.4.5), we have:

0=[[[E1221,E;14-2,E3]4-2, Ej]
=(q+¢){q 'E1231E0011+9 *Eo011E 1231}

=(@+q YE1231,E0011]g-2=(@+q V[E1232,E3].

8.7. Proof of Lemma 5.2.1 (iii) for type F,. By Lemma 5.2.1 (iii) for
type C; (see §6), it is enough to show:

8.7.1) E2=0 if ae®7 and (x,0)=0.
We show (8.7.1) by the induction on hAt(x). Since E2=0 and

Ei111=[E1110E2lg-1, [E1111,E2];-1=0. Hence, by Lemma 8.3.1 and
Lemma 8.4.1,

0= [[Ell10)E2]q“:E1111]q2=(1 +q2)E1“12.

If ht()>4, E,=[Eg,E];- @« for some i€{3,4} and fe®@%¢ such that
(B,)=0. In this case, [E,E],;- =0 by Lemma 8.3.1 and Lemma 8.4.1,
and [Ey,E,];-@mn=0 since E§=0 and (4.4.3). Hence we have:

0= [[Eﬂ)Ei]q‘U”“i)yEa]q("(uvﬁ)+(u-ui))
— (1 + q(—(d,ﬁ) +(1vai»)E:_

8.8. Proof of Lemma 5.2.1 (ii) for type F,. By Lemma 5.2.1 (ii) for
type B3 and C; (see §6), it is enough to show:

(8.8.1) (EpEjl,-@n=0 if a,Be @
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By LLemma 8.3.1, Lemma 8.4.1 and (8.7.1), (4.4.3), we can easily show:
[E,Egl=0 if a,fe @54, and ht(B)=hi(a),
and

[EpEj)y-@m=0 if a,Be® and ht(B)—ht(@)=1.

In the case of ht(f)—ht(e)>2, we can choose the elements ye(D'_f‘,il and
o;€Il in such a way that E;=X[E,,E];-.« holds for some XeR". By

(4.4.2), we see:
[Eaa [Ey )Ei]q— (V’“‘)]q = (o, y + ’i)
= [[Ea)Ey]q— (a-y))Ei]]q —(x+y.x)
+(— 1)y~ IE [E, E ,-]q- @

—(—1 )p(v)p(a.-)q - (v.ai)[EwEi]q _ (“’“‘)Ey_

Since a<y<f, we finish the proof using part (i) of Lemma 5.2.1.

§9. Commutation Relations for Root Vectors of A", (type G3)

9.1. Let (&JI={a;,0;,23},p) be the distinguished triple system of
type G5 (see §3). Let %,=%,(%9(G3)) be an h-adic R-algebra with generators
E;, F;, (1<i<3), He# and relations:

(9.1.1) [HI’H2]=0 (Hl,Hze%),

(9.1.2) [HE]=u(H)E;, [H,F]=—o(H)F; (HeJX),
Ap(as h(khH,)

9.1.3 EF.—(—1)Peredp g —5 S o

(9.1.3) Fi—(=1) LE; 51]~_sh(hdi) ,

(9.1.4) E?=0,

i

1+ ]ay| 1 .
y (—1){ +v|“”|} El*lel = EEY=0 for i#j and
v=0 4%
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P(“i)zO)
(9.1.5) F2=0,

1+ ]ay 1 .
Y (-1){ +v|"”|]d F}tlul=v FFy=0 for i#j and
i

v=0

p()=0.

Let A", be the R-algebra with generators E,, E,, E; which was defined
in §4 for the distinguished triple system (&,I1,p) of type G5. Then it is
obvious that there exists an R-algebra map i,: A", >%, (resp. i_: N, >U,)
such that 7, (E,)=E; (resp. i, (E;)=F;) (i=1, 2, 3). Let &/"_=i_(A,) and
N =i (N ) (€P).

Put Uy(G(G,))=U,(Caz @ Co,, {a3,2,}) (see 7.1).

Similarly to Theorem 1 (iii)—(iv) of [19], we have:

Lemma 9.1.6.(The triangular decomposition of U,=(%(G,)))
(i) Themapsi, andi_ areinjective. As h-adic topological R-modules,
Uy~ N, R S[HNR N_.
(1) There exists an injective h-adic topological algebra map j: U, (G(G,))—
U, such that (E)=E,, j(F)=F; (i=3,2) and j(H,)=H, (A€é).

We omit the proof.

9.2. We shall extend the braid group action on U,((G(G,)) in §7 to the
one on U,((9(G3)) (2%,(G(G,))). By direct computations, we can show
the following lemma. We omit the proof.

Lemma 9.2.1. Let T, T;!e Aut(U,(G(G,)) (=3, 2) be of
Proposition 7.2.1. Then T;, T:' (i=3,2) can be extended to automorphisms

of U(9(G5)) such that

T3(E\)= —E;E, +q 'E\E;, T,(E\)=E,,
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T;I(E1)= —E\E; +q_1E3E1, Tz_l(E1)=E1:
T3(Fy)=—qF3F+F F3, T,(F)=F,,
Ts_l(F1)= —qF F3+F,5Fy, Tz_l(F1)=F1y

Ty(H;)=H,,; (resp. T{_I(HA)=H3,-(A)) (Ae&) (1=3,2).
9.3. Put

(9.3.1) er10="T3(E}), e111=T,T3(Ey), e;31=T3T,T5(E)),
(9.3.2) e121=(g+q )" [e111,E;] (see 4.4 for the notation [ , ).
(9.3.3) 6132=T2T3T2T3(E1), 6142=T2T3T2T3T2T3(E1).
Lemma 9.3.4. We have:
[[eabc’Ei]]':O
if i€{3,2} and ao,+bos+co,+o; ¢ O
Proof. We are in one of the following three cases.
(i) (ab,i)=(1,1,0,3), (1,1,1,2), (1,3,1,3), (1,4,2,2),
(i) (ab,ei)=(1,2,1,1),
(i) (ab,c,i)=(1,4,2,3).

(i) In this case, if we write e, =T, T, T; (E,) as in (9.3.1-3), then,
by Proposition 7.1.1 and Proposition 7.2.1, we have:

(T, Ty, T3)" 1(Ei) = —exp(—hH,)X

where y=(s;,++5; )" '(o;) and X=(T,,---T;)) " '(F)e N _,. Hence we have the
formula in this case.

(ii)) By (4.4.2) and (i), we have:

[3121,E2]] =(g+q~ 1)_ 1[[[9111:E3]]:E2]]
=(g+q” 1)_ 1[311 1:|[E3,E2M =(Q+q_l)—lﬂ:T2T3(E1),“ Tz(Ea)]]
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=—(g+q9~ ") "' T([e110,E3])=0.
(iii) By Proposition 7.2.1 and (i), we have:

le1az. B3] =[ToT3 T, T3 T, To(E,), T2 T3 Ty T3 TH(Es)]

=T,T3T,T; Tz([[ex 10,E3]]) =0.
This completes the proof.
Lemma 9.3.5. We have:

() ero=q '[EsE5].
(i) ersr=q '[e132.Es]-
(111)
(9.3.6) 11y =‘1_3|I‘3110sE2]]: e131=9 *[e121,E3],
e132=4"[e1a1,E]-

In particular, ey.e N ..

Proof. (i) Clear.
(1) e1aa=T,T3T,T3T,T3(E)=T,T3T,T3T;(e110)
=q_1|[T2T3T2T3(E1),T2T3T2T3T2(E3)]].
By Proposition 7.2.1, T, T, T,T,T,(E;)=E;. Hence
e1a2=9" '[e132,Es]-

(iii) 'The formulas (9.3.6) can be verified by direct computations. We
sketch the proof. We write ey, =T,---T;,_,T; (E;) as in (9.3.1-3). Then

€1pe=q ! Til"'Ti.,_l(u:Ei,E’j]]):q— Iﬂ:elyz:Til“'Tiu_l(E3)]]'

Here, if (b,c)=(1,1) (resp. (3,1), (3,2)), then (y,2)=(0,0) (resp. (1,0),
(1,1)). By Proposition 7.2.1 (ii), T},- Ty, (E3) €N 4 —yjs+(c—nap- 1D fact,
by direct computations, we can show that T,(E;)=q 3[Es,E,] (resp.
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T3Ty(E3)=q *q+q" ") '[[EnE3]Es], TaT3TH(Es)=q *(g+q™ )™}

[[E3s,E,].E,] if (b,c)=(1,1) (resp. (3,1), (3,2)). By the formulas in Lemma
9.3.1 and the formulas which we have already shown in this lemma, and
by using the formula (4.4.2) repeatedly, we have the formulas (iii). For

example,

e111=T,T5(E)=T)(e;10)=q" l[Ex,Tz(Ea)]]
=q *[[E1.E3].E;]=q"[e110.E2]-

This proves the first formula. The second (resp. third) formula can be
proved similarly using the first one (resp. the first and the second ones).

Lemma 9.3.7. We have:

(i) ed=0 if (b,c) #(2,1).
(11) [[elbc:elyz]]=0 lf b+C—y—Z=1.

Proof. (i) This is obvious from (9.3.1) and (9.3.3).

(i) If (b,c)#(3,1), then, by Lemma 9.3.5, e;,.€R[ey,,.E;] for some
ie{3,2}. By (i), e},,=0. Hence, by (4.4.3), we have (ii). If (b,c)=(3,1),
then (y,z)=(2,1).

Since [ey11,612,]=0, we have

0=[[le111.€121].E5],E5]
=(1+q" H{e121(@e130) — (= 1)g*(@%e131)e121}
+(gPer31)er121—(—1)g’e121(g%13:)
=¢* (¢ 2+ 1+ g e121,6131]
by (4.4.5). Hence we get (ii).

For a=ao; +bas+co, € D54, put Ep=E,, tps,+ca,- The next lemma easily

follows from Lemma 9.3.5.

Lemma 9.3.8. We have:
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_ _ 4 __ 4
Eii0=4ge110, E111=q"€111, E121=q"€151,
_ 6 _ 9 _ 10
E31=4q"€131, E132=q €132, E142=9 "e145.

By Lemma 9.3.7 and Lemma 9.3.8, and an argument similar to that in 8.8,

we have:

Lemma 9.3.9. Let o,fe @5, be such that a<p. Then we have:

[Ea’Eﬂ]q"“"”: Z Cytmnu va”'Evu

d
Yo pue® g (@< B)

for some N ER.

9.4. By the definition of %, (see 9.1), we can easily see that there is a
C-algebra isomorphism r: %,—%, such that

"E)=E;, n(F)=F, (H)=H (He ¥), r(h)=—h.
Put
e010=E3, €911=T1(E3), eo32=T,2T5(E,),

€021 =T2T3Ty(E3), eo31=T,T3T,T5(E,), €901 =E,.

By Proposition 7.2.1, we see that the above elements belong to A/,.
By direct computations, we can get commutation relations for the above
elements. For example, such commutation relations are found in Section 5

in [12]. From them, we have:
Lemma 9.4.1. We have:
(1) Eo10=Ej, Eg11=—1(eo11), Eo32=—7(e032),
Eoy1=7(e021), Eo31=—7(€031), Ego1 =E>.

(ii) The q'root vectors {EOIO’EOI 1)E032 EOZIJE03I’E001} Satisfy the
commutator relations in Lemma 5.2.1 (1)—(i1).

9.5. By lemmas in 9.3-4, we can prove Lemma 5.2.1 and Remark 5.2.2
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for A, of type Gj.

§10. Main Results

10.1. Let (&,II={ay,-,0,},p) be the triple system satisfying the
assumption in 3.1.

Lemma 10.1.1. Let ae® . Then, in the h-adic topological R'-bi-
algebra, %:/i b%, we have:

(10.1.2) A(E,)—{E, ® 1+exp(/RH,)6" @ E,}

€ > U ;% QE,,+E,

red
V1o YuEDP + ga)(<a@)

Proof. We use the induction with respect to the order < on

(I)'f‘fg(a). Then, by using Definition 5.1.1 and Lemma 5.2.1, we can show that

(10.1.3) A(E,)—{E,® 1+exp(ﬁH;)aP(“) ® E,}

€ Z e

red
Y1 y"',yu5®+.g(z)( <a)

exp (\/ZH’“+,,,+,,u)a"‘7”+“‘+”"“’ ®E,,E,,

for some X,

a=y1— 1 €N 4 4=y — ey, Where u=c, (see 3.2 for the notation c,).

L
10.2. Put ¥, (1) = l—[ 1 € C[t]. Let g=¢". As an immediate con-
i=1 t—

sequence of Lemma 5.2.1 and Lemma 10.1.1, we have:

Lemma 10.2.1.

<

<
(10.2.2) < H E}-=, n E>>
ae@ied aedﬁed
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=[] OnmFn((=1)PPg ) ELE, ™.

red
ae®

(See 5.3 for the notation H J)

red
ae® 4

Proof. Note that { , ) is symmetric. Let ye®F® be such that
m,+n,#0 and m,=n,=0 for all yY>y. Assume m,>n, By Lemma 5.2.1
and Lemma 10.1.1, we have:

CIL T Ee
D+

red red
aed + ae

< <
=< [] EMEM'QE, [l AE
ue(b?d( <y) aedﬂed

<
= [l EM™EM'QE,
2ed’ (<)
<

( 1 (EQ®U=)E,® 1+exp(y/hH,)o"™ ® E,y>

2e®’ (<)
<
= [l EME"'QE,
2ed (<)
<

« [ Eevy™

as(br:d( <y)

(¥, ((— 1)P(V)q(YyV))E;V - lexp(ﬁH;)aP‘V) ® E,)

— l{lny(( -1 )p(v)q(v,v))

< <
< I1 EMEp='( [ EPEY™YH
aefbied( <y) ae@'fd( <7)

where we regared E},_1 as 0.
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Iterating this procedure, we can prove the lemma.

10.3. Here we determine the values (E,E,> (xe®?). Define d,e Z
(xe @57 by

1 if (a,2)=0
d,= 2 if @ is of type G; and a=a, +2a, +a,,
\ |(ot;x)| otherwise.

For a=c 0, + - +c,x,€ D¢, put

b(0) = (g ~q “KELEN/[] (@“—q “)"eK.

i=1

Lemma 10.3.1. For any ae®", b(a) can be written as

b =(~1)¢’
for some a,be Z. More precisely, for each type of @, b(x) (x € D) are given by:

(i) (Type Ay-1)

bE—8)= [ dg* G<p).

i<l<j

(i) (Type By)

bE—8)= [ &g" G<j), b@E)= [I dg*,

i<l<j i<I<N

bE+E)=(—1PVa( [] & &) [] & %) <))

i<l<j j<I<N

(iii) (Type Cy)

bE—)= [] & " (<), b28)= [ " (pE—Ew=0),

i<l<j i<I<N
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b@+e)=a"( 1 & ¢" ( ] & ¢ (<.

<l<j J<I<N

(iv) (Type Dy)

bE—5)= [1 & ¢* (i<i), b2&)=ay [ ¢ (B(E—Ey)=0),

i<l<j i<l<N

bE+E)=dyd™ ([T d d™ ( T1 &% G<j).

i<l<j j<l<N-1

(v) (Type F,) Here b, denotes b(aoy +boy + coy+day).

bro00=1, b1100= =9 % br110=0"* b1120=—q %,
b11“=—q—5, b1zzo=‘1_6, b1121=q_6, b1221=—¢1_8,
b1231=q_9, biz32=—9q "2

booo1 =1, boo11=—9"", bor11=9">, b0121=—‘1_4,
booto=1, bor10=—9"2 bo120=4"2, bo100=1.

(vi) (Type G5) Here b, denotes b(ax,+boy+ca,).

bioo=1, b110=4¢, b1“=q4, b121=¢16,

b3y =f16, b132=q9, bias =q10,

boo1 =1, bo11=43, b021=q4, b032=116,

b031=113s boro=1.

Proof. Here we sketch how to caluculate (E,E,> (xe®7F%). Put
Lm=exp(\/;zH;)o"’(“) for xe®'t?. We are in one of the cases (1) ¢,=1 and
(2) ¢,=2. Firstly assume that we are in case (1). Suppose At(x)>2 and
ae®%. In this case, there exists o;eIl such that oc—och(I)'f‘,i,-. Let reZ,
be such that a—uo;e @74 (0<u<r) and a—(r+1)o; ¢ DY

Put f=a—a; and y=a—ra; By the definition of E, (see Definition
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5.1.1), Eg=y[---[[E,.E;].E]]---.E;] and E;=x[E,,E,] for some x, ye R*. By
(10.1.3), we have:

(EoE,>=x(Ey @ Ej—(—1y97e0g~04)E, @ E, A(E,))
= x2y< Ep ® EJ- —(—1 )p(ﬂ)p(aj)q- (B,2j) E,- ® Eﬂ,
[l-[E®1+L, @ E,ANE)]AE)], - AE)]D.
By direct computations, we see that this equals
2 —(—1)PPreg~BIE Q
(—1)PIPEGRaN[] — (— 1)~ DPGIG= @1+~ Dasan)

1—(—1)yPedgree

1—(— 1)P(¢j)q(aj,aj) EJLB ® Eﬂ)

P x2( — 1)(r— l)p(ﬂj)q-(r- 1)(aj.2;)

1— ( _ 1)rp(aj)qr(aj,aj)

(r—1)p(aj) ,— (2y +(r — Daj,aj)
{1_('—1) L B ! j} 1_(_1)p(aj)q(aj,aj) <Eﬂ’Eﬁ>'

Hence we can calculate {E,,E,> by the induction on At(x).

Next assume that we are in case (2). Suppose €@, By the definition
of E, (see Definition 5.1.1), there exist B, ye®$® such that a=p+7y,
ht(y)—ht(f)<1 and E,=z[Ey,E,] for some zeR*. If ht(y)—hi(f)=1, then
E,=w[E, E,_;] for some we R*. In this case, since ¢,=1, similarly to the

proof in (1), we have:
<Ev~ﬁ ® Eﬂ)A,(E'y)> = —w" 1(__ 1)p(v—b)p(ﬂ)q(v-ﬂ,ﬂ)<Ey’Ey>
By (10.1.3), we have:

(ELE,)=2{E; @ E,—(— 1P~ CYE, @ Ef N(E,))

=22<Eﬂ ® Ey—(— 1)p(ﬂ)p(v)q—(ﬂ,v)Ev ® Eﬂ,

{E, @ 1+L; ® Eg}{E, @1
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_ 5’"(”’“(‘9) i 1(_ 1)p(ﬂ)p(7- ﬂ)q(ﬁ,v -B) (E.,,E,,><Ep,Ep> -1
Ey—pLy—p @ Eg+L, Q E}]D
I 22( —_ 1)P(ﬂ)P(v)q— (ﬂ,‘i){( — 1)P(ﬂ)P(7)(q(ﬁ.v) —q” (ﬁ,v))
_ 5mm’m(ﬂ) o 2( -1 )p(ﬂ)p(v —ﬁ)q(ﬁ,v -B) <E'y)Ey><Eﬂ;Eﬂ> - 1}
(E,Q E4E,L,Q Ep
=—2{(1—q *P"E, E,)EpEp)

=S+ 1w (—1)PPgPD (E E )}
Since c,=cp=1, using results in case (1), we can get {E,E,).

10.4.

Proposition 10.4.1. (The Poincaré-Birkhoff-Witt theorem for N, and
N,)

(1) The R-module A, is a free module with a basis

{ T] B (n,eZ, if (x@)#0, n,=0,1 if (a,0)=0)}.
ae(D:.ed

(ii)) Let N, and I, (vesp. N, and $.) be the R-algebra and the ideal
defined in 2.9 (resp. 4.2) respectively. Then N, =N, and I, =5,.

Proof. By Lemma 10.3.1, <E,,E,>#0. Therefore, from Proposition
5.3.1 and Lemma 10.2.1, the proposition follows.

10.5. Let (&,JI={«y,-,2,},p) and D be the triple system and the
diagonal matrix described in 3.1. Let U,=U,(Il,p)=U,(&,I1,p)D) be the
R-Hopf superalgebra defined in Corollary 2.9.11 for the R-Hopf algebra
Us =U;((8,11,p),D). Note that U, is a topologically free R-module. Denote
the submodule of U, of elements of even (resp. odd) parity by U,, (resp.
U,.,). Then U,=U,,® U,,. Put [X,Y]=XY—(—1)¥ YX for XeU,;
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and Ye U, ;. LetF,=E;6"®eUj (xe®$?). Asanimmediately consequence
of Proposition 10.4.1, we have:

Theorem 10.5.1. (i) The R-module U,=U,(Il,p)= U,((€,I1,p),D) has
a topological basis

< <
1052 ] E™- [] H:- ] F*
aze(blfd I<i<N ue!b:ed

(e Z, mynye Z, if (a,2)#0, myn,=0,1 if (o,0)=0).

(i) As an R-superalgebra, U, is topologically defined by the generators,
E;, F;, (1<i<n), He # with the parities p(E;)=p(F;)=p(a;), p(H)=0 and the
relations

(10.5.3) [H,H,] (H,H,e ),
(1054)  [HE]=u(H)E, [HF]=—o(HF,

h(hH,
(10.5.5)  [E,F;]=0, %hd)) ’

(10.5.6) The velations of E;’s defined in Definition 4.2.1.

(10.5.7) The relations (10.5.6) with E;’s replaced for F;'s.

(iii) The Hopf superalgebra structure of U, is given by the coproduct A,
the antipode S and the counit & such that (Here put K;=exp(hH,,).)

AHY=H® 1+1 Q H (He #),
ME)=E,®1+K,QE, AF)=F,Q K/ '+1® F,
S(H)=—H, S(E)=—K;'E,, S(F)=—FK,

e(H) =&(E;) = &(F;)=0.
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Theorem 10.5.8. Let U,=U,(&,11,p),D) be an R-Hopf superalgebra
defined by U,=U,/% U, where 3={He #|o(H)=0 (1<i<n)}. Then U, is
topologically free. Let % be the complex simple Lie superalgebra defined for
(€,J1,p). Let U(%) be the enveloping superalgebra of 4. Then U(%)= U, (%9)/
hU(%) as a C-Hopf superalgebra.

Proof. The topological freeness of U,(%) is clear. By Proposition
10.5.1, we see that there exists a natural C-Hopf superalgebra homomorphism
w: U, (%)/hU, (%) U(%) such that o(E)), w(F,) and w(H) (He #/%) are Serre
generators of U(¥9). From the Poincaré-Birkhoff-Witt theorem for Lie
superalgebras (see [3]), it follows that a P.B.W.-type basis of U,(%)/hU,(%)
arising from (10.5.2) is sent to a basis of U(¥). Hence w is isomorphism.

As an immediately consequence of Proposition 10.5.1 (ii) and Theorm
10.5.8, we have:

Corollary 10.5.9. By substituting 0 for h in (10.5.3-7), we get defining
relations of U(%).

10.6. Here we give the main theorem. Let ¢’s be basis elements of

& such that (g,6)=0;. Put to=), H, QH,e# ® H. Let e(ust)=
i=1

13

Z W"/¥Y,(t)) be the formal power series called the ‘‘g-exponential”. Put

n=0

u(o) = (—1)"@b(a) "
Theorem 10.6.1. (Universal R-matrix of U;) Let # be an element of

US Q@ U defined by

#={ ﬁ de((q"“ — g R u@)E, ® F,o"®; (—1)P@g@)

re:
ae®d .

1
'{5 Y (—=1)"" ® o} -exp(—ht,).

c,de{0,1}
Then (U, A\R) is a quasi-triangular Hopf algebra.

Proof. Use Lemma 2.9.10, Lemma 10.2.1, Lemma 10.3.1 and
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Proposition 10.4.1. Here we note the facts Q(E,)=E, QF,)=

n
IT (@™ %—g*)}F, for a=cya, + - +c,0,€ DT
i=1

10.7. Here we give the R-matrix p @ p (#) for the fundamental
representation p of Uj of type Ay_;.

The fundamental representation p Uj— My(C) is defined by p(E;)=¢; ;4 ,
N

p(F)=de;,,; 1<i<N-1), p(H;,=de; (1<i<N) and p(o)= z die;. Put
i=1

g=¢e". In this case, we have:

PRp B)=) (g "'—9e; ® eji+zq—i¢aij(_1)%(1—L)(I—E,)e“ ® ej;.

i<j i,j

Moreover Z(x)=x(p @ p (B)—x (o @ p (#))~! satisfies the Yang-
Baxter equation with a spectral parameter:

R(x)1,R(x)13R(3)23=R()23R(xy)13%(x)1,

This R-matrix was discovered by Perk and Schultz [15] (see also [14]).

§11. Remark on the Necessity of the Defining Relations

11.1. It can be shown that none of the relations (i)—(vi) in Definition
4.2.1 can be dropped. Below we only show it for the relation (v). The other
relations can be treated quite similarly.

11.2. We use the notation in 2.1. Let I, be an ideal of N, generated by
the elements of Definition 4.2.1 (i)~(iv). Put N, =N,/I,. We define an
ideal I_ of N_ in a similar way. Let L be the ideal of Uj h-adically
generated by the elements in Z,ul_. Put Ui=Ug/L.

Lemma 11.2.1. Let i,: N, —>Uj be an R-algebra map defined by
x+I,-x+L. Then i, is injective.
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Proof. By direct computations, we see that FyI, I, -F;+1I, (1<i<n).
Hence L, =I,C[#®R{(c)N_ is an ideal of UJ. Similarly, we see that
L_=N,S[#RIR(s)I_ is also an ideal of U. Hence L=L,+L_. In
particular, we see that LN, =I,. This completes the proof.

11.3. ForveP,,letN, =N, ,+I,cN, and I,,=N,,nI,. Then
N+,V=N+,V/I+.v'

N-2

x|
\@ N

If ,then Iy 0 oo van=10}.

In particular, rank N, ,,_,124,44.,=6. Hence Poincaré-Birkhoff-Witt type
theorem can not hold for Uj.

11.4. Let U} be the Hopf superalgebra called the ‘“quantized
Kac-Moody superalgebra” in [9]. Here we understand that U, is defined
as an h-adic R-Hopf superalgebra. Even if we take the Note added in proof
in [9] into account, we can show that there exists a natural epimorphism
(UNH°> U of Hopf algebras. Hence, for U/, a P.B.W. type theorem can
not hold contrary to their assertion (Proposition 3.3 and Remark under it)
in [9].
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Note added in proof: In this paper, for the datum ((E,Il,p),D), we first defined the Hopf
superalgebra U,= U,(IL,p)= U,((,I1,p),D) in an abstract manner in §2. Later, in Theorem
2.10.1, we showed that, if ((&,I1,p),D) corresponds to a symmetrizable Kac-Moody Lie algebra
G, then our U, coincides with the Drinfeld-type quantized enveloping algebra U,(G) topologically
defined over C[[A]]. Namely, in this case, the defining relations satisfied by the Chevalley
generators of U, are the g-Serre relations. After this paper has been submitted, the author
learned that the same definition and result for the Jimbo-type quantized enveloping algebra
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U,(G) defined over C(g) are given in the recent book of Prof G vusztig (Introduction to
Quantum Groups, Birkhduser, Boston, 1993).






