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§1. Introduction
i

In this paper we are concerned with the Schrédinger operator

(1.1) L=— Z (i + ib,-(x)) au(x) <i + ibk(x)) + V),
J.k=1

axl axk

where i= /—1 and bj(x), V(x) are real valued functions. For simplicity,
we consider only the case ay(x)=6y in the present section. Our aim is to

study the existence or the non-existence of eigenfunctions u(x) of L such that
1.2) Lu=zu,
u€Hy e, (1+4%%)u(x) e L*(R")

for a non-real number 2 and s>0. Under our conditions stated in §2 the
non-existence of non-trivial solutions of u(x) satisfying (1.2) is equivalent to
the following Proposition (P);

(P) the set {(L—2)u|ueCg(R")} is dense in the weighted space
L:={f| (1 +|x*)"*fe L*(R")}

(see Remark 2.2 in §2), where z is the complex conjugate of z. It is

well-known that the Proposition (P) with s=0 and 2= +./—1 is equivalent
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to the essential self-adjointness of the symmetric operator L restricted to
C&(R™), which is the case under our condition so that the equation (1.2)
with s<0 has no non-trivial solutions. But the problem with s>0 is not
trivial.

Ikebe-Saito [2] proves the Proposition (P) in order to study the limiting
absorption method for Schrodinger operators with short range potentials.
The second writer [5] treats exploding potentials, i.e., those satisfying the
Stummel condition and

(1.3) V(x) » —o0 as r=|x| - oo,
V(x)=0(#*) as r — oo,

for some a<2 and shows (P) and the limiting absorption principle. But
he has encountered a difficulty to prove (P) for a=2 in (1.3)

We note here that the non—existence of eigenfunctions of (1.2) is also
shown by Simon [4], Theorem 2.2 for a class of potentials, roughly speaking,
bounded from below.

Our interest in the present paper is to investigate the case that I(x)
satisfies

V(x) = —Clx*, |x| = R

for some positive C and R. We shall show the non-existence of

eigenfunctions of (1.2) under the condition

(1.4) [Im 2| > 2s,/C,

where Im z is the imaginary part of 2. This condition (1.4) is optimal in
the sense stated in §4.

Our assertion will be stated in §2 and will be proved in §3. The
optimality of the condition (1.4) will be shown in §4 by giving some
examples. We shall consider these problems not only for [a;(x)] =1 (identity
matrix) but also for positive symmetric matrices [a;(x)] for xe R".

§2. Assumptions and Results

The following condition (A) on L of (1.1) is assumed throughout this
paper:
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(A-1) The nxn matrices A(x)=[ay(x)] are real symmetric and positive
definite for x€ R" with C? components.

(A-2) Let a*(x) denote the greatest eigenvalue of A(x) and put

a*(r)= max a™ (x).
Ixi=r

Then

p(r)EJ‘ ds — 00, ¥ — 00.
0

a*(s)
(If ajp(x)=0j, a*(x)=a*(r)=1 and p(r)=r.)
(A-3) Each component b;(x) of the vector potential is a real valued C! function.

(A-4) The potential TV(x) is real valued and can be decomposed into
V(x)=V(x)+ V,(x) as follows;
1) Vi(x) satisfles
Vix)=—Cy p(x)>~C, (xeR"

for some positive constants C; and C,, and belongs to the Stummel

class Q, ), for a positive number a<1 i.e.,

V 2 1/2
M[Vil(x)z[ f de]
Ix=yl<1

is a locally bounded function of xeR".

ii) V,(x) also belongs to Q, . and satisfies the following conditions
(A-5) and (A-6).

(A-5) Let a” (x) be the least eigenvalue of A(x) and let V'™ (x) =max(— V(x),
0). Then, there exists a positive constant C; such that

M[V;1(x)<Cs a™(x)  (xeR".
(A-6) M[V;1(x)=0(p(r)?), r=|x| — oo.

For a real number s and the function p(r) above, L2, denotes the
weighted Hilbert space consisting of all functions f(x) satisfying

1/2
”f“s,pz(J [1+P(7’)2]s [f(x)lzdx> < 00
R
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with the inner product

¢, g)s,p=f [1+p()*Tf(x) g(x) dx.
&

When p(r)=r, Lfm is written simply as L2. L&,,:Lg is the usual Hilbert
space L%(R").

H,=H,(R") is the Sobolev space of all functions ue L*(R") such that
Aue L*(R"). H,,, is the class of all locally H, functions.

Theorem 2.1. Assume the condition (4) and let 2€ C and s=>0 satisfy

2.1) [Im 2|>2s/C,

2

Zsp N Hy 1o satisfying

Then, there exist no non—trivial solutions ueL
(2.2) Lu=zu.
This theorem will be proved in the next section.
Remark 2.2. Under the condition (A), the set

(L—2)Ce={(L—-2)f | fe C(R"}

is dense in Lsz,p for non-real z, if and only if (2.2) has no non-trivial solutions

in L2, ,nH,,,. This fact can be obtained by the same argument as in

Ikebe—Saito [2], Lemma 1.10.

Remark 2.3 If V,(x) satisfies
Vl(x)=o(p(r)2), r — o0,

then the constant C; in (A.4) can be taken arbitrarily small, and the assumption
(2.1) of Theorem 2.1 is valid for every non-real z.

§3. Proof of Theorem 2.1

We start with the following Lemma.
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Lemma 3.1. Let f(x) and g(x) be real valued C'—functions on R" and

u(x) be an H, ;,, function. Assume that f(x) has compact support. Then we
have

J f2g*(Luyu dx= f {’g*[{ADu,Du) + (V1 +V,) |ul*]
R" R"

+2fg[ f(AVg,Du) +g{ AVf,Duplu}dx,
where

(a ,b5=Y ap, (da ,by=Y ap®)ab;
j k=1

i=1 is
fOT ; =(a1»a2: "':an)) gz(blbey AR} b,,),

0 0 0

6_3(31’—672’ ""—)

Vo=t Ox

0
D =(D1)D2"")Dn)) D1=a—+lbj(x)

Xj

DZ:(D—myms "';m)'

The above Lemma can be proved directly by integration by parts.

Lemma 3.2. Assume the condition (A), and let zeC, s>0 and
uel?®, ,nH,,, be a solution of (2.2). Then, for any C{>C; there exists a
positive constant mq such that

J (mo+p(r)*) 51 (ADu, Du)y dx<C} f (mg+ p(r)?) ~lu|?dx.
& n

R

Proof. Take a C® function ¢ on R such that
G.1 o®)=1 (t<1), p(#)=0 (t=2) and O0<o@()<1 (1<t<2)

and put

(3.2) Tr(x)=o(p(lxl) —R+1).
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Making use of Lemma 3.1 with f=f; and
g=(m+p()?)~C*V2  (m>0)

for the integral
J fagt(lwidx=z f fEgul?dx
R" R"

and taking the real part, we have
(3.3) J (m+p(r)?)™*~ ' (ADu, Du dx
R

B _f (A (Vi + Vo —Rez) ju?
s
+ Zfig Re [{AVg, Du)u] + 2ng2Re [{AVfg, Du)ﬁ]}dx

Sf f2&*(=V+|Rez)) Iulzdx+f f7&*V5 lul*dx
R" RrR"

+f figzlulzdx+f J&|{AVg, Du)|*dx
R" R"

1
+'1f fr&*|I<AVfg, Du)*dx + —j &’lul?dx
R" nJR
=L+ L4+ T,+ L+ 1s+1

for any #>0. We shall estimate I, ~ I as follows.
The condition (A.4) gives

(3.4) I1=f ﬁ{gz(——Vl+|Re z) ju|2dx
R“
Sf (m+p(r)?) " H(C1p(n)?* + C, +Re 2|) [ul*dx
R'l

s(cl + 91)] (m+p(r)2) “ul?ds,
m) Jg
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where we put C,=C,+ |Rez|. Ikebe-Kato [1], Lemma 2 and (A.4) yield

(3.5 12=J frg* Vy () |ul’dx
=

<Co ﬂ“/zf M(V; ] {fz’|Dul® + V() [ul* + 17 *frg’|ul*} dx
RH

for any 0<#<1 and some positive constant C;, independent of # and R (see
also Jorgens [3], §3). The above inequality (3.5), the condition (A-5), and

M[V31(x)<n p(r)*+C(n)

for any #>0 and some constant C(#)>0, which is a consequence of (A-6),
imply

(3.6)  L<Con*? J {Csfre? {ADu, Duy+2C; fz {AVg, Vg> luf’

R

C
120,87 AV, VDl + () Figlul? +%n)f§g2lul2} dx

for any O0<n<1. In view of the definition (3.2) of fz we have
3.7 (AVfg, Vi) =A%, %) p'(r)*¢'(p(r) — R+1)?
={A%,£) a*(1) " ¢'(p() —R+1)*
<¢'(p(n—R+1)*<C,4
(£=x/lx|)

for a positive constant C,, and similarly

(3.8)  <AVg, Vgd=(A4%,%> a*(n) (s +1)’p(n)*(m+p(r)?) ™73

SG+Dm+p(n*) 772
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(s+1)?

m

<

(m+p(r)*) ™71

(s+1)2

S mtp())”

for any m>0. Gathering (3.6), (3.7) and (3.8) gives
(3.9) I,<C, ﬂ“/zj (m+P(r)2)_‘[Csﬁz(mﬂ?(r)z)_l<ADu,_D—u>
RVI

1 2C
+2C, <_s+ )2 |ul? + 265G, |uef? + [ul? + ———C(”Z) |u|2]dx
m m my

for any positive m and n<1. For I3 and Iy we have
e
(3.10) 15 +I6=j {fag*lul* +>—|ul*} dx
R" n

< 1(1 +1>f (m+p(r)*) ™ *lul* dx.
m n/,Jr"

In view of Schwarz' inequality

- S - - >

CAE 1 )% < CAE ExcAn >y (&, eCn)
the estimates (3.7) and (3.8) give

@11 L+ =J {f%<AVg, Du) |* +nfrg* |<AVfx, Du) |* } dx
-

Sf fx {ADu, Du) [{AVg, Vg) +ng* {AVfg, Vfp>] dx
&

2
m R"

for n,m>0. Now, we obtain from (3.3), (3.4), (3.9), (3.10), and (3.11) that
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_ (s+1)2

[1 —CoCyn*? - C4’1] X J fh(m+p(n)?)~*~ ' {ADu, Du) dx
=

C; 1
3{01 + 24 Con™? [2C3 (i)z + % +1+4 C(”Z)]
m m m mn

+ l(1 + 1)” (m+p(r)*)~*lul* dx,
m n R"

which shows that for any given C;>C; one can find a sufficiently small
n>0 and a sufficiently large m, so that

(3.12) j & (mo+ ()™~ (ADu, Dup* dx
.

< C&{ (mo+p(n)*)™° |ul? dx.
-

The condition (A.2) implies
frx)=@(p(r)—R+1) - 1 (R — o0)

which, ueLz_s,,, and (3.12) give Lemma 3.2 by means of Fatou's
lemma. Q.E.D.

Proof of Theorem 2.1. Let ueLz_s’pr\Hz,,oc be a solution of Lu=zu

such that [Im z|[>2s,/C;. We shall show u=0 below. In view of (2.1)
there exists a positive number Cj>C; such that

(3.13) [Im 2|>2s./C}.

Choose a sufficiently large number m, as in Lemma 3.2. Lemma 3.1 is
used again with

2
f=fa=0 <_—Vm°+p(’)>’

R g=(mg+p(r)?)~*"

(¢ is the function in the proof of Lemma 3.2) and gives, by taking the
imaginary part of the integral,
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3.14) (Im z)f fEg?|lu? de=Im Jf};gz (Lu)idx
R'l

= 2f frg {fr Im[(AVg, Du)i] + g Im {AVfr, Du)iul} dx.
=

We have

(3.15) CAVfr, Vfz)
=A%, £) p'(r)*p(1)? (mo+ p(N?) ™" @' (/mo+ p()/R)*/R
<R72¢' (\/mo+p(nY/R)*

and

(3.16) (AVg, Vg)y =A%, &) s/ () p(r)2(mo + p(r)?) ™2

<s?(mg+p(nH) L

It follows from (3.14), (3.15), (3.16) and Schwarz’ inequality that
3.17)  [Im 2] f £ (mo+ p(r))™* uf? dx
R

SZ[J (mg+ p(r)?) ™5~ (ADu, Du) dx:|1/2
&

1/2
x [s(f (mo+ p(r)?) ™5 |u|? dx)
&
1/2
+ (f (mo+p(N) > R™2 ¢ (fmo+ p(r)*/R)*|ul? dx) ]
R" .

Since the support of ¢(¢) is included in the closed interval [1,2] and
l@'(£)|2< C,, the last integral in (3.17) is estimated by

4C4f (mo+p(r))™° ul® dx,
R<mg+p2<2R

which converges to 0 as R — o0 by means of (A-2) and ueLz_s.p. Thus,

letting R tend to infinity in (3.17), we have
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[Im z| J (mo+p(r)*)™* |ul* dx
.

1/2
< 2s|:J‘ (mo+p(n)?) "5~ {ADu, Du) dx]
&

1/2
] o]
.

and, by Lemma 3.2

(|Im 2| — 25, /CQ)J (mo+p(r)?) " |ul* dx < 0,
.

which and (3.13) show u=0. Q.E.D.
Remark 3.3. In the above proof the condition
(318) Vl € Qa,loc

is used only to assure V,|u|?e L}, for ue H,,, . Therefore, we can adopt
in (A-4)

Vylu*eLl, for any ueH,

instead of (3.18).

§4. Counterexamples

In this section we show examples of L with a non-trivial solution
u(x)eL?, , N C® of

-s5,p
Lu=zu

for |Im 2| < 25,/C,.

The following example in R! is simple.

d2
Example 4.1. Let L=— i x? and u(x)=-exp (—ix?/2).
x

Then u(x) satisfies
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2

Lu=—u"—x*u=1u,

ueL?,nC® for any s>%.
This is an example which gives C;=1, Im 2=1 and
Im z|—2s,/C,=1—-25<0

for any s>1/2.

The following example is a generalization of the above.
Example 4.2. Let t< Z, 0#0 and put

exp (—i0r*2)

ww== ey @ERL =l
Then, u(x) satisfies
(4.1) uel?2 nC®
for any real s such that
n—4t
4.2 s>
(4.2) 5
and
n a 2
Lu=[—— Z <——— +ixjg(r)> +V(x)+ Vz(x):lu=i5 (n—4t)u,
ji=1 axj
where
S 2\2t sn_l
4.3 r)=46tr "(1 +r ———ds,
@3 a0 (147) £(1+sz)2‘+1

V(%)= —0%r"+25gr* —g*r?,
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_f =
V,y(x)= [ + of

where
=1+,

The identity (4.3) can be shown by a straightforward calculation.
remark here that we choose g(r) as a solution of

4t 4ot
+72g 1472

rg' +(n—4t)g+ n

One can check immediately that I7,(x)e C*(R"),
V,(x)=0(F"%) as r » oo
and g(|x|) e C*(R") satisfy

g(r)=0(r"") as r -

13

We should

for some y>0, which yields that for any positive number C, <4? there exists

a positive number C, such that

Vi(x)=—Cr*—C,.

Thus, it turns out that the assumptions of Theorem 2.1 are satisfied with

z=20i(n—4t) except (2.1). In fact, we have

IIm z|—2s/C, =8| (n—4t)— 25, /C, <0

in view of (4.2) and by taking C, sufficiently close to 2.

The above example implies that for any real number s>0, C;>0 and

£#0 such that

le| <2s/C,

there exist L and u#0 satisfying the condition (A), (4.1) and Lu=1i¢eu.
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