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PBW Basis of Quantized Universal
Enveloping Algebras

By

Yoshihisa SAITO*

§0. Introduction

In [4], Lusztig constructed PBW bases of Uj. Then, he introduced the
canonical base of UJ [6] in case of A, D, E type. His results can be reformu-
lated in case of U, as follows.

Let L be the sub Z[g]-module of U; generated by a PBW basis of Uj.
This submodule is independent of the choice of the PBW basis. Let #n': L —
L/qL be the canonical projection. Then the image B of the PBW basis is a
Z-basis of L/qL and it is independent of the choice of the PBW bases. Let
—:U,— U, be the Q-algebra involution defined by e;—e,, fi— fi, ¢"—q7",
g—gt. Then =’ induces a Z-module isomorphism n”: LNL — L/qL, B =
(7”)"\(B) is a Z-basis of LNL and Z[¢]-basis of L. Moreover each element of
B is fixed by —. B is called the canonical base of Uj.

On the other hand, in [1] Kashiwara constructed the global crystal base of
U;. Let (L(e0), B()) be the crystal base of U, and let Ug be the sub-Q[gq, ¢~]-
algebra of U; generated by f{®. Then UgNL(c0)N\L(c0) = L(e)/qL(c0) is an
isomorphism. Let G be the inverse of this isomorphism. Then G(B()) is a
base of U; and called the global crystal base of Uj.

In [7], Lusztig showed B=G(B(0)) in the simply laced case.

In this paper, we show that the monomials of the root vectors form a base
of U; and they give a crystal base at ¢=0, when g is an arbitrary finite
dimensional semisimple Lie algebra.

In Section 1, we define the braid group action on the integrable U,module.
Let M be an integrable U,-module. Then we shall define the automorphism S,
of M as follows:

Siv=expg;1(g7'e:l7") eXpe;i(— f1) expg;i(gieits)ghi iV ?y  for veM.
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Here exp,(x) denotes the g¢-analogue of the exponential function
So(gt 02 /TR )x*.  The operator ghit**D/2 gends u to g7 ™* /%y if tu=qTu.
Here ¢;=q¢‘*¢ Y and t;=q¢*¢ %", Since g7'e;t7*, f. and g;eit; act on M in locally
nilpotent way, S; is well-defined. Moreover expy(x) exp,-1(—x)=1 implies that
S; is invertible. There exists a unique automorphism 7, of U, such that
Si(xv)=(T.x)S;v for x€U, and veM. This automorphism 7T, coincides with
the automorphism T'; introduced by Lusztig [4] with a small modification. In
Proposition 1.4.1 we shall show that {S,} satisfies the braid relation. In Section 2,
we show Ker e;=T,U;NUj;. (e; is defined in 2.1.) This is the key of this
paper. In Section 3, we shall give a relation of cystal base and the braid
group action. Let P be an element of T;'U;NU;. We assume that P belongs
to L(co) and Pmod gL() belongs to B(co). Using the fact that Ker ej=
T.U;NUy, we show that T,P belongs to L(c) and T.PmodgL(c) belongs
to B(o). Thus f{®»T,P belongs again to L(eo) and gives a crystal base at
g=0. In Section 4, we introduce PBW basis {f*; k=(k,, ---, kx)=Z%,}. Chos-
ing a reduced expression s; ---s;, of the longest element of the Weyl group
we define

Fr= T (FGP T oy fEO T iy JIRO) ).

By the consequence of Section 3 we show that f* forms a base of L(co)
and {f* mod gL(c)} = B(co) when g is a finite-dimensional semisimple Lie
algebra (Main Theorem). This generalizes the result of Lusztig [7].

This paper could not be written without Professor M. Kashiwara’s guidance.
The author would like to thank Professor M. Kashiwara.

§1. Braid Group Action on Integrable Modules
1.1. The operator @

We follow the notations in [1, 2, 3]. For example, g is a symmetrizable
Kac-Moody Lie algebra, {a;}.c; is the set of simple roots, P is a weight lattice,
U, is the corresponding quantized universal enveloping algebra generated by
e;, fi, q"(he P*), etc.

Let Ugy(sls); be the subalgebra of U, generated by e;, f;, t;=q(*¢%0n,

Introduce the @Q(g)-algebra anti-automorphism * of U, by

(1.1.1) ef=e, fi=ru (g"V*=q7".
We define the Q(g)-algebra homomorphism @ : U,— End(U,) by
(1.1.2) D(x)()=2(S(x @))*y )

where
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Ax)=2x )R x x -
Then we have

(1.1.3) D(e,)(x)=t7"[x, e.]
qj(ft)(-x):xfz_fttzﬁzl

d)(tb)(xDththl
for x€U,.

Lemma 1.1.1. For i+J
(114) (D(fvfn))(f]): ]zi}o(_l)1L—lcq§n—k)(—a”—n,+1)f§n—k)f]f§k) .

Proof. Let A and B be the endomorphisms of U, defined by Ax=xf, and
Bx=f.,xt7'. Then we have

O(f)x)=Ax—Bx
for x€U,. The operators A and B satisfy the commutation relation :
AB=¢iBA.
By the g-analogue of the binomial formula, we obtain
O(fH=(A—B)"

— u __1\n—k,—k(n-k) n kRn-k

S (—Lrrgzren| V] arprr,

@(f{n))(f]): ;ZL (_l)n—kqi—nﬂ)(n—k)f{zr—k)ﬂ.—kf]t:m-kf’('k)
=0

— é (_l)n—lzqin—k)(—u”—n+1)f1(:n—k)f]f1('la) i
k=0 Q.E.D.

For n=1—a,,, the Serre relation implies
—-aig+1
@(f%l-ai;))(fj)z ZJ (_1)—a,1+1—kf§—ul]+1—k)fjfik)___o.
k=0

Along with @(e,)f,=0, we conclude that f, is Ugy(sl,).-finite and it is a highest
weight vector. Here U, is regarded as a Uy(sl,),-module through @.

1.2. Definition of S,

Let V()(IeZ.,) be the irreducible Uy(sl,),-module of dimension /41. Let
us take a highest weight vector u{® of V(/). Then we have
e, ufh =0,

(1.2.1)

ly— 1 l
tufP=qiu® .



212 YOSHIHISA SAITO
Let ufP=7®u{». Then we have

V=B Qui®.

Next, we define the endomorphism S, of the vector space V (/) by

1.2.2) S.w=expg;i(g; e.ty") expg;i(— f1) €Xpeyi(gieit.)g, s MV Py
for veV(l), where
oo qk(k—l)/z .
eXpy(X)= Eo—_[k] ! X

The operator g#:*:*b/2 gends u to ¢P™*V/%y for a vector u with fu=qfu.
Since the action of e, and f; are nilpotent, this endomorphism is well defined.

For x€U, and n=0, we set

-1

X—X
X,= -1
41_‘Q1.
{x}__IIqukkxh
nle [n])!
Hence we have
[m}, for m=n=0
g7 ni
(1.2.3) }: 0, for n>m=0
n)i _
(-1)7{” =m0 tor nzo>m

and

x gitxt
(1.2.4) { } =(—l)"{ } .
nj, n 1

Ordinary, [;ﬂi is defined for m>=0, n=0. But we will extend [’:] for meZ,

1

n=0. We set

m qt
(1.2.5) [ ] :{ } .
ni; n).

Then we have

—1—
1.2.6) [m] =(—1)n[n mJ .
n 4 n i

Proposition 1.2.1.
(1.2.7) Seufh=(—1)'*glt-HHufh,
for any 0=k <.

The first step is the next lemma.
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Lemma 1.2.2. For integers s, k, | with 0=k, s<!, we have

— bk _
2(_1)bq(l—2k)(c—-a)—c(b-—c)+b——a(a.—b+0) l:l +CJ [1 s+a:|l: $ :|

c b a
=(—1)-kgt-mrtk=ng,

where the sum ranges over non-negative integers a, b, ¢ such that s=(—k+a—>b+c.

Proof. We recall the next formula

s
(1.2.8) S xryhon =
Ao n)lk—n k)

for x, yeU, Then, (1.2.5) and (1.2.8) imply

E b a _Cl‘]‘b
e ¢ ]
n=0 nllk—n k

By (1.2.6) and (1.2.9), we have

[—k4+c|[l—s+a
Z(_l)cq—c(l—s+a)+(k—0)(—l+k—1)

c k—c

:Eq—c(l—s+a)+(k-c)(—l+k—1) |:——l+k—l}|:l—s+a}
c k—c
[k—l—a—s—l}
B b
s—a
=(—D*
k
S—a
o7
s—a—*k

—k—1
=(—1)s'“[ ]
s—a—=k

—k—11[s s—k—1
Eqs(s—a—k)ﬂz.(kﬂ) —
s—a—Fklla s—k

:5;, X

and

Therefore

. ) l—k+c)[l—s+all s
2(_1)c s—a.q—c(l—s+a)f(k~c)(—l+k-1)+s<s—-a—k) a(k+1) :58'k.
¢ b a
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Assume that s equals 2. Since s=/—k-+a—b+c, we have
—c(l—s+a)+(k—c)(—l+k—1)+s(s—a—k)+a(k+1)
=(—2k)c—a)—c(b—c)+b—ala—b+c)—(k+1)I—k),

which implies

2(—1)bq”“2k)(c—a)—c(b—c)+b—a(a—b+0) [Z—k+c] [[-—_:{—ail[ s }=(—l)l_kq<l—k>(k+1>5s. k-
c a

We proved the lemma. Q.E. D.
We define the endomorphism s, of V(I) by

(1.2.10) 5= 3 (—Lpgierdra@brosio [ opore,
Lemma 1.2.3.

(1.2.11) S ugH =(—1)t kgt kg (D,

Proof. We get

(1.2.12)
I—k+c] [l—s+a][s
Siuél)zz(_l)bqél—zk)(c—a,)+c(c—b)+b—a,(a—b+c) ugl_)s'
c i b ik @ i
Indeed
sluél)zz(_l)bqg(c—b)—a(a—b+c)+be§a)f1(;b)e§c)(q1(:l—2k)(c—a))u,(zt)
____2(_1)bqgl—-2k)(c—a,)+c(c-—b)+b—u,(a,—b1-c)
I—k+c) [k—c+b] [I—k+c—b+a
ulgl—)afb—c
4 1 b i a 1
l—k+c] [l—s+a] s
:2(_1)bq§l-2k)<c—a)+c<c—b)+b—u(a—o+c> ushy
4 i b il @i

where s={—k+c—b+a. By Lemma 1.2.2, we have
siugP=(—1)1"kgft- B kgD,

Q.E. D.

Proof of Proposition 1.2.1. It is enough to show that s; equals S;. First,
we get

e;t7h)” ety
g§a)f§b)e§0)tg-a=q%ac-2ab+a(a—l)-—c(c-l)( A f® (et

[alit 7% [eli!”

Then, we have
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Slzz(_l)b(]f“—b)—a(a.—b+c)+b4-2ac—za.b+a.(a—1)—c(c—1) (eltzl)a ) (eltl)c

[al! 7% [l

On the other hand, we have
c{c—b)—a(a—b+c)+b+2ac—2ab+a(a—1)—c(c—1)

ala—1) b(b—1) c¢(c—1) (—a+b—c)—a+b—c+1)
5 ¢T3 T g tef 5 :

Therefore, we have

qza(a—l)/z q:b<b—1)/2 q—c(c—l)/z

() — -1 —-1\a b 11 Co(-—a+b—c)y(—a+b-c+1)/2,, (1)

S Up’= et e,t,)q; ) U

[Rd a..;c [ajb! ((]1 A ) [b]L' f1, I:C]i! (QL 1 L) Q1 k
=Siuf?,

since k=s=Il—k+a—b+c. Q.E.D.

We define the endomorphism S; of V{(/) by
(1.2.13)  StufP=expy;i(—g7" fita) expgri(e.) expgi(—q. ful i hgir M h e,
We can prove the next result similarly,
(1.2.14) Siugh =(—1)tkglt-Brtkebiy (D,

Therefore, S,=S;, and (1.2.13) is another expression of S,.

Let M be an integrable U,module. M is a direct sum of irreducible U(s/,),-
modules. So, we regard S, as an endomorphism of M.

1.3. Definition of T,

Let Int(g, P) be the category of integrable U,-modules, for an object M of
Int(g, P) let U'(M) be the underlying Q(g)-vectorspace. Then ¥ is the functor
from Int(g, P) to the category of @Q(g) vector spaces. Let R be the endomor-
phism ring. Then R contains S, as well as U,.

We define the algebra automorphism T, of R by
(1.3.1) T,x=AdS,(x)

for xeU,.

Proposition 1.3.1. We have
(1.3.2) Te)=—f:t
(1.3.3) T(f)=—ti'e,
(1.3.4) T (t)=tt;"w
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(1.8.5) T.(e,)= _:Ei:(_l)—azj—kqlllzj+ke1(:k)e]e§—a”—k) for i%j
(1.3.6) Tl(fj): —kg:(—l)_“”_kq?“”"kfé‘“”_’”fjff’ for i=+j.

In particular U, is stable by T,.

Proof. Let {uf"} be as in 1.2. Then we have
S.e.uP=S,e;S71S uH

=Te)(—1)! *gim P Duil,
and
S.e,ufP=[1—k+1],S,u",

=[U— 10— 1) FHighu-t D,

Therefore T.(e,)=— f.t,. Similarly, T,(f,)=—t37'e, and T,(t,)=t,t;**5. We shall
prove (1.3.6).

Lemma 1.3.2. Let

" —

{=expg;i(— ) expg;i(g.ents) -
Then we have
Ad(S)(ft51)=q7%w D2 Ad(expg,(—q7 et TIPS {4 ) [ )E71).
Proof. Since [g.e.t,, ft7'1=0, we get

Ad(expg;H(g.ed ) ft7)=1t5".
Therefore

Ad(S)(f 55 =Ad(expg;1(— fIf#7Y)

o) n

= T;o go(_l)n—kq:(n(n—l)/zwk(71—1+a1j)f£n—k)f]f%k)t?
0

:ngoq:(n(n—l)/Z)—n(—a”—nﬂ)@(fén))(f])t—j-l

T

By (1.1.3) and Lemma 1.1.1, &% Q@)D (f{®)(f,) is a (—a,,+1)-dimensional
irreducible Uy(sl,),-submodule of U,, and f, is a highest weight vector of weight
—a,,;. Therefore

(1.3.7) D(efP)D(fE ) f)=O(f ) S,).

Then, we have
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Ad(expg,(— g7 et TIPS ) f )t

=3

n=0 k=0

(__1)kqi(n(n+1)/2)1-1:(n—l)t;neék)(Q(fg—a,]))(f]))eén—k)t;l

oo

=2 q. "V PO(eM)O(f )T

=0

=S qrer(fr e f

n=0

— —ﬁjqén(n—l)m)-L1za1,]~+(aij(a,j—l)/Z)Q(fén))(f])t}-l A
n=0

Q.E.D.
Let
(1.3.8) Si=expg;i(gi et 7)SY .
By Lemma 1.3.2, we have
(1.3.9) A(SO(f,151)=q7"a 0D PO(fm ) (f )7
On the other hand, we get
[t =qrtn G et DR f 5l Gugy et
Therefore,
AA(SO(f,1571)=q7%i3 ™D EAA(S ([ 27 )
=qin @D EAA(S ) )5
This and (1.3.9) imply (1.3.6).
Introduce the Q-algebra anti-automorphism w by
we,=f,
of,=e,
wt,=t7!
wg=q~'.
Applying @ to (1.3.6), we obtain (1.3.5). Q.E.D.

This proposition immediately imply the next corollary.
Corollary 1.3.3.
*T x=T71.

1.4. The braid group action

Proposition 1.4.1. {S,; 1€} satisfies the braid relations for the Weyl group
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W of g.

Proof. In case of a,,=a,,=—1, we have to prove
S.S,S8.=S,S.S,.
This is equivalent to
S,=(AdS.)(AdS,X(S)=T.T(S.).
By (1.3.2)-(1.3.6), we have
T.T(f)=1,
(1.4.1) T.T (e;)=e,

T.T,(t)=t,.
Therefore we get

T.T, (expg;1(q7'euls") €Xpgzi(— f1) €XPgyH(qaeaty)g i Mt D %)
=expg;(q7' T T (e:th) expo;i(—T.T,(f 1) expg;H(q. T T (eit.))ghr oo
=expg;i(g;'e;l7") expe;i(— f,) exXpg;H(g,e,t,)qh T
=S,.

The remaining cases are similarly proved by the corresponding identities
to (1.4.1) due to Lusztig [4]. Q.E.D.

This proposition immediately implies the following result.

Corollary 1.4.2 ([5]). {T.; i1} satisfies the braid relations.

§2. T.U;NU;=Ker e;
2.1. Proof of T . U;NU;=Ker e,

Let U; be the subalgebla over Q(g) of U, generated by f,.

Lemma 2.1.1 ([1]. For any PeUjy, there exist uniqgue Q, R€U; such that
LQ—17'R

q.—q7" )
By this lemma, if we set ¢/(P)=Q and e¢i(P)=R, then e; and ¢/ are endomor-
phism of U;. Moreover, we get

Le., Pl=

e/i,f]:q%ijf]elil—l_au
e;szq?aijfye:}‘{'ai] .

and

Here f, acts on U, by the left multiplication.
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The aim of this section is to prove the following result.
Proposition 2.1.2.

(2.1.1) T U)NU;=Ker e}.

The first step is the next lemma.
Lemma 2.1.3.

(2.1.2) FUINT (Up)=1{0}.

219

Proof. Let ue f;,(U)NT,(Uy). Then T7'usU;. On the other hand,

choosing x=Uj; such that u=f,x, we have

T u=—e,t,T7'x.

Since ¢,U,NU;=0, we obtain u=0. Q.E.D.

Lemma 2.1.4. For i-%j
(2.1.3) fof = 5 gomhe f A f).

Proof. By the definition of @ we have
O(f NP N=PS NS ) o ft DN i

Therefore we have

(2.1.4) O NS D fi=In+11.0(f ) f ) +qim i fLOf ) S).

We shall show this formula by induction on n,

fre = (B AP0 e) .

rn_|l_1:| Eﬂ_‘,q’“" E-aip fiO([n—k+11,Q(f P #D)(f,)
Fgir-b-eii f.Q(FB) L))

[n-il;l:] 2:: k(n—Ie—aij)[n._k—}-l]if%k)@(f%n—kﬂ))(f])
b Bt SRR K

n+1

= 3 ghnnimhe) fR(f )£ ).

Corollary 2.1.5.
(2.1.5) Ur=fUD+M

Q.E. D.
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where M is the Q(q)-subalgebra of Uy generated by @(f{™)(f;) for i#=j and
n=0.

Lemma 2.1.6. For i#7
(2.1.6) T D) )=(D(f§ ™) f ))*.

Proof. We shall show this formula by induction on n,

T3O(f ) f)
- 1
T [n+1],
. 1
T [n+11,
g (O X DT = g T O ) L))
. 1
T [n+1],
. 1
T [n+1l

=(Q(f{ ™ NS Q.E.D.

TAD(fIPSE)S )

TARNSDfo—a 4 f:D(f i) )

(—=17e@(f %) [ )+g " 25 Do ™)(f )t en)*

(D(e)D(fi e ™) (f )*

Corollary 2.1.7. For i#],
2.1.7) O(fsXfHeTUNNU;.

Proof. Uj; is stable under *. Lemma 2.1.6 immediately implies this
corollary. Q.E. D.

Lemma 2.1.8. For i=j
(2.1.8) ei@(f{M) S )=q7*" 24 D(f{)(f e
Proof. First we have

S =gitn [P el gl fPY
Then, we have

L FLf D =g f{ R f el gt £ £ f

+q;n+k+1f§n—k-1)fjfék) .
Therefore

D[N )= B (—1) kg b et mingl f-h £ f(b
=g uB(fIXS el
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£ B Lty
k=0
_<q-z—2n+k+1-aijf§n—k)fjf%k—l)_*_q-l—n*kufq(in—k—nfjfik))'

It is easy to show that the second term is O. Q.E.D.

Lemma 2.1.9.

(2.1.9) M =Ker ¢;.

Proof. By Lemma 2.1.8, we have
(2.1.10) McCKer ¢;.
We recall the result in [1],
(2.1.11) U;=Ker ei®fU7).
Then this lemma follows from Corollary 2.1.5. Q.E.D.

Proof of Proposition 2.1.2. By Lemmas 2.1.6 and 2.1.9, we have
(2.1.12) Ker ;T .(UNU; .
Then this proposition follows from Lemma 2.1.3, (2.1.10) and (2.1.12).

Q.E.D.
§3. Crystals

3.1. Definition of crystal

Definition 3.1.1. A crystal B is a set with
(3.1.1) maps wt: B—P, ¢,: B>Z U{—oo} and ¢,: B—Z\J{—oo},
(3.1.2) &: B—>BU{0}, fi: B—> BU{0}.
They are subject to the following axioms:
(€D Pu(b)=ei(b)+< s, wi(B)).
(C2) If beB and &b B then,

wt(@:D)=wi(b)+a,, £,(&.b)=¢,(b)—1 and ¢.(&:b)=¢.(b)+1.
(C2) If b€B and fibEB, then
wi(Fib)=wt(b)—a, e(f.b)=¢e,b)+1 and @, (fib)=p.(b)—1.

(C3) For b, B and i<, b’=28,b if and only if b=F.b’.
(C4) For beB, if ¢,(b)=—oo, then &,b=f,b=0.
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For two crystals B, and B,, a morphism ¢ from B, to B, is a map B,—
B, {0} that satisfies the following conditions:

(3.1.3) If be B, and ¢(b)E By, then wi(d(b))=wit(b), &.(P(b))

=e(b), and @.(P(b))=¢,(b),
(3.1.4) For beB,, we have ¢(@,b)=2,¢(b) provided ¢(b) and (&:b)E Bs,
(3.1.5) For be B,, we have ¢(f.b)=7F.b) provided ¢(b) and ¢(f:b)< Bs.

A morphism ¢: B,—B, is called strict, if it commutes with all &, and f,.

A morphism ¢: B,—B, is called an embedding, if ¢ induces an injective
map B, {0} — B, {0}.

For two crystals B, and B, we define its tensor product B;Q B, as follows:

B,.®B,={b:Qb,; by B, and b, B,}
&.(b:Qbz)=max {e;(by), €:(b,)— wti(by)}
©u(b:Qb2)=max {@.(b1)+wti(bs), ¢u(bo)}
wi(bi Qbg)=wi(b,)+wi(bs).

Here wt,(b)=<h,, wt(b)y. The action of & and f, are defined by

2:bi®b, it (b)) =€, (ba)

b:Q¢&:b, if (b)) <eu(bs)

Fibi®b:  if @u(b)>ei(bs)

b®Fibe i pib)<e(bo).

Example 3.1.2. For /€1, B, is the crystal defined as follows

51(b1®b2):{

fi(b1®b2):{

—

B,={b(n); neZ}
wi(bs(n))=n
pilbi(n)=n,  &(bi(n))=—n
@, (bi(n)=¢,(bi(n))=—o0  for izj.
We define the action of &, and 7; by
Zi(bi(n)=b,(n+1)
Filbi(n)=bi(n—1)
2,(b(m)=F,(b(n))=0  for i#j.
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We write b; for b;(0).

Example 3.1.3. For 1 P., B(A) is the crystal associated with the crystal
base of the simple module with highest weight 2. The unique element of B(Z)
of weight 1 is denoted by u;.

Example 3.1.4. B(co) is the crystal associated with the crystal base of Uj.
We set e,(b)=max{k=0; &%=0}, ¢,(b)=e,(b)+<h,, wi(b)y>. The unique element
of B(co) of weight 0 is denoted by u..

3.2. Some results
Theorem 3.2. ([37).
(3.2.1) B(oo)¥=B(0).
We define the operators &%, f* of U; by
(3.2.2) Fi=x8x, and fi=sfx.

Theorem 3.2.2 ([31). 1. For any i, there exists a unique strict embedding
of crystals

¥;: B(co) . B(0)®B,
that sends u. to UQb,.

2. If T.(0)=b'QF™,(n=0), then e.(b¥)=mn, &,(b'*)=0 and

V'RF W, if n=0
3.2.3) wt('é’fb)z{

0 if n=0
(3.2.4) U(fEb)=b'Qf b,

3. Im U= {b@F7b,: be B(), &,(b*)=0, n=0}.

3.3. Action on L(4)
Lemma 3.3.1 ([3]). For be B(x)

eb)+al
3.3.1) fé“)G(b)z[ } G(f#b) mod f2*U;
a i
et +a]
3.3.2) G(b)fé‘”zl ] G(f*¥*b) mod Ugfe+'.
a i

Let A=P,, and let V(4) be the irreducible U,module generated by the
highest weight vector u; of highest weight . For weW, let us denote by
Uy: the global base of weight wd. Then we have
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(3.3.3) Upr=u,; if w=l.
If w=s;w’>w’, then we have
(3.3.4) Uwr1=[{ Uy where c¢=<{h,, wi).

Lemma 3.3.2. For be B(o)
(3.3.5) GO uwr=G(F 5w 2.

Proof. Note that f,u,;=0 and f}*°u, ;=0. By Lemma 3.3.1,

GOYuwi=Gb) [ Uw
&,(b%)+c .
=([ ]_G(f’f“b)-l-UEf%”)uw'z

[4

7

&:i(b*)+c .
= G(f¥b)uy ;.
c i
If &;(b*)=0, it is obvious. If ¢;(b*)+0, then we have
(3.3.6) G uw€U7 fittw1=0
and

G(P¥b)uw 2 €U f§ Uy 2=0
since GO)eU7 /5% and e,(F¥b)y*)=e,(b*)+c. Q.E. D.

Corollary 3.3.3. Let A€ P,, P L(c0) and be B(o0) such that b=P mod g L(0).
Then we have

(3.3.7) Pu,; ; =G(F*m Phyu,; mod gL(2).
Proposition 3.3.4.
(3.3.8) T(P)ue L(2)

and

PTGt b f QUK DB)4Chy, 2=0
(3.3.9) Tz(P)ulz{ ! ua if o(f V4-< >

if UM Db+ Ry, #0
where m=g,(f¥ni- Dp),
Proof. We recall (1.2.4)
Siu)(;l):(_l)L_kq'El_k)(k-H)ul(l_)k.

So, L(4) and L(A)/qL(2) are stable by S;, and for b= B(2)
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75 ™h if @(b)=0
(3.3.10) S.b=

0 if @.b)=0.
In particular,
PG Ohyu,  if (M Ph)4<hy, 2>=0
0 if @i (fErePb)+Chy, 2D #0.
On the other hand, by (3.3.10)

(3.3.11) SiPuWE{

SzPusiZ:TL(P)Stusik
:TI(P)ul .
Therefore, we have (3.3.8) and (3.3.9). Q.E.D.

3.4. Action on L(x)

Let b= B(o0) and A€ P..
Lemma 3.4.1. G(b)u,#0 if and only if e;(b*)<<h;, 2> for any i.

Proof.
{PEU;; Pu,=0} :;U;f%+(hi,]>
and

Uifi=_@ Q@GO

So, we have

{PeUy; Pu;=0}=> @  Q(@@G®).
T o () KRg. 2> Q.E.D.

Lemma 3.4.2. ([2]).
(3.4.1) e,(Feb)<e,(b)  for i#j.

Now, let us assume that <h,, 2> is sufficiently large for any ;.
Lemma 3.4.3. If &;(b¥)=0, then G(F¥* Pb)u,+0"

Proof. By Lemma 3.4.1, G(f¥":®ph)u; =0 if and only if eX(f¥nep<
{h;, &> for any j, where we set e¥(b)=¢e.(b*) for b= B(). If i=j, then

eX(fxne Phy=Chy, A+e¥(b)=<hi, 2.
If /+7, then 3
eX(fxni Dp)<eX(b)< 2,
since 4>0. Q.E.D.

Let b be an element of B(co) and let us assume that P=G(b) belongs to
T3'U;NU3.
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Lemma 3.4.4.
(3.4.2) G(F¥r Ph)u, #0.
Proof. Since T7;'=+T,* and Uj is stable under *
TPUHNU7=(T(U)NU7)*
=(Ker e})*.
Then we have e¢;P*=0, and therefore &;P*=0. This implies
(3.4.3) e¥(b)=0.
By Lemma 3.4.3, we have (3.4.2). Q.E.D.
Lemma 3.4.5.
(3.4.4) T(P)u;=+0.
Proof. By Proposition 3.3.4, it is enough to show that ¢,(F¥# ¥b)+<h;, 2>
=0. We have
(3.4.5) @i(FEM PP LChy, Dy=e,(FENDb)+<hy, wib)— 2.
Since e¥(b)=0, ¥(b)=b®b; and T, (¥ Ph)=bQf »b,,
s(f¥M Dh)=e,(bQF{ Vby)
=max{e:(b), e( 5" Pb;)—< by, wi(b)>}
=max{e;b), <h;, AD>—Lh;, wtb))}.

Therefore we have

(3.4.6) (M Dh)y=Chy, A—wt(b)) .
Since <Ak, 4> is sufficently large, it equals <h,, i—wt(b)>. Therefore p.(f¥"2b)
+<h;, £>=0. Q.E.D.

Lemma 3.4.6.
3.4.7) ©.(b)+e¥(6)=0 for any be B().
Proof. By Theorem 3.2.2
¥ (b)=b'®7f b,
where n=e*(b)=—q,(f7b,). We have
Pib)=0:(b'®F 1)
=max {p:(b")+<hs, wH(F0.), e F1b0)} .
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Therefore we have
Pub)+e(b)=pub)—pu(f16:)=0. Q.E.D.

Proposition 3.4.7.
(3.4.8) T.,PeL(c0).
(3.4.9) T.P=ft0:®g®h mod gL(co).

Proof. By Lemma 3.4.6, we have
(3.4.10) P(b)=pu(b)+&7(6)=0.
By (3.4.3), (3.4.6) and (3.4.10), we have

U @F et Phy=av 17 O F by)
=0 "bRF ™0, .
On the other hand, by Theorem 3.2.2 we have
U (Froi@ap®b)= 1@ Obgb,)
=23 PbRf 4 Db, .

Since ¥, is an embedding, we have
(3.4.11) P e Dp= Froi0ga®p,
Therefore we obtain
(3.4.12) T(P)u,=G(fro®e5i®b)u, .
For >0, Proposition 3.3.4 and (3.4.12) imply this proposition. Q.E.D.

Corollary 3.4.8. Let us define the map A,: {be B(c0); e¥(b)=0}—{be B(0);
e (b)=0} by b—ofEea®psi®p  Then A, is bijective and A7 (b)=f¢i @ a%i®p,

Proof. Let be {beB(w); e¥(b)=0}, b'=f*r1®gsi®p, By Proposition 3.4.7
e,(b")=0. We have

(3.4.13) (b )= (b).
Indeed we have ¥ ,(b")=285®bRf4®b,. Theorem 3.2.2 implies (3.4.13). We get
7(b0")=e%(b")+< e, wi(')>
=@u(b)+<hy, (6.(0)— (b)), +wi(b)>
=2¢,(b)—@.(b)+<h,, wHD)>
=¢g,(b).
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By Theorem 3.2.2 and (3.4.13), we have
U (841N p ) =85 bRb,

=T (25:®b).
Therefore we obtain
g?e*{ "’"b’:ﬁ“”b.
Hence, we have

Feriengts (b')b/:]?gl(mg%ub)b:b'

Let be {beB(x); &,(b)=0} and y'=FLi®gx 1™y, We have the following
formulas similarly

(3.4.14) X(b)=0
(3415) fftpi(b)gii(b)bf:b.
The corollary is proved. 0.E.D.

§4. Main Theorem
4.1. Proof of Main Theorem

In this section, we assume that g is a finite-dimensional semisimple Lie
algebra.

Proposition 4.1.1 [4]. (1) Let weW and lets,, ---s,, be a reduced expres-
sion of w. Then the automorphism T,=T, ---T., of U, is independent of the
choice of the reduced expression of w.

(2) If wa,eR", then T f.€Uj.

Fix a reduced expression s,, -:- s, of the longest element of W. This gives
us an ordering of the set of all positive roots R*

(4.1.1) Bi=a.,  Bi=sy@uy, . By=S. v Suyo @iy
We define

(4.1.2) fo,=T Ty, (fiy)

and

4.1.3) fr=frfde .. f¢0  where k=(ky, -, ky)EZ Y.

Theorem 4.1.2 (Main Theorem).
(i) ffel(wo)  for any k=(ky, -, ky)eZ.
(ii) {f* modqL(e0); kEZ L} =B(0).
Proof. Let Pe L(e) such that TP U,;. Then we have ei7T;P =0.



PBW Basis 229

Therefore

(4.1.4) T P=F3T.P.

Hence we obtain

(4.1.5) [T Pe L(o0)

and

(4.1.6) [T, P=frftr®ga®p mod gL(c) if P=b mod gL(co).
By (4.1.5), we have f*e L(w) immediately.

By Proposition 3.4.7, we have f* mod qL(co)e B{co) for any k. So, there
exist the cannonical map m: {f*}— B() by f*+ f* mod gL(c0). We write b*
for f* mod qL(o0).

The first step is the next lemma.

Lemma 4.1.3. 7 is injective.

Proof. Let boy=T, [k - T.y_, f{!¥’ mod gL(0)cB(c). Then we have

bk:f]i'%bm
and
T, fi% - fEweT, UnnUz=Kere;_;.

1N1

Therefore we have &, b,,=0. Hence we obtain k,=e¢, (b*). This implies
b(l):é’ﬁl(bb)bk .
By Corollary 3.4.8, we have

[T, [y =A5(by,) mod gL(0).

LN 1
Let b<2,25551“‘711“’“’”A{ll(bl). Then similarly we have
., (A7} (b)) =k,

- k k
bey=T o, fi8 - Ty [P,

and
[ - Ty [ = A7} (bwy) mod gL(0).
Repeating this, k=(k,, ---, ky) is uniquly determined by b*.
Now we define a map b* — fP®", It is trivial that this map is =
Therefore = is injective. Q.E.D.

Let Q—:EZSOal-
4.1.7) tifpotii=q7rvfmofg

For £=Q_, we set
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Be={b*; keZ¥,, wt(b*)=§}.
Hence we have B¢C, B();. By (4.1.7), we obtain
#BEZ#{(CI; Ty CN)EZIEVO; :_Zciﬂl}'

On the other hand, the PBW theorem for finite-dimensional semisimple Lie
algebra implies

# B(o0);=dimg)(U7)e
Zdimc(U_)E

:#{(cly Tt CN)EZIQVll; E:_Ect‘Bl}'

Therefore
Be=B(o0)¢.
Hence we obtain (ii). Q.E.D.

4.2. Examples
Example 4.2.1.
g=A4,, I1={1, 2}, a,=a,=-—1,
Bi=ay, Ba=ai+as, Bs=a: .

In this case, ¥z : B(0) G uQBQB,RQB,. We shall calculate ¥, (f*142k2),
First we have

U\ (f*)=ua@f 121,

Tof{tw=fEre®ps®p  where f{*9=b mod qL(co)

and
@a(b)=Fs, ex(b)=0.

Therefore we have
Tof {0 =Ft"b

5 b@ Fiebs

s @b, @ Fisby
Since @u(ua®Fi2b)=Fk; and e(Fibs)="F;, we have

FEOT o f (49— Fir(u@Fisb:@F%5bs)
= U@ 530, 52" *3b.
T T f (k= fie100eu®0h, where b'=f{FaT,f{* .

Since ¢1(b")=@1 (U@ b, QFE *3h)=Fk, and &,(b')=Fk; We have
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T b —> 35100 Q) Freb,
> 5@ Fisb @ F 52+ #3b )R Fhrb,
= U Qb5 3b,Q Fh1b, .
Therefore we obtain
[k ko= fg0 fho £
=f{E0T, f§#0 T, f{*
fEROT b
— P (Ua@bQF* b, @ Fizby)
U@ F 1@ F 52 *3b,Q fi2by (ky<ky)
:{ U@ S 30, F b Fsbo@ Fli ke bsb, (= k).

By [3], we know
B(o0)= {ux@F 120, Q12 *20:@ 11015 0=y, 0= kg, 0= s}
We shall calculate (u®feb,®Fitksh,Qf5b,)*. First we have
(Fhfe b flouny — u@F b, @75 b @ F1ib: -
And we have
Fifests flou — Fiifie 53 (ua@ fieh,)
— P (U@ Fab,@ Fieby)
{ U 0@ FE 50, fieb, (k1 =<Fs)
i ~ ~ ~
U@ 1R fE F3bs @ f117 427 by (kizks).
Therefore we have
f kit ko= Pl Pl s Flou,
— (U@ 0@ bR Flib)*
Example 4.2.2.
g§=BhB,, =11, 2}, a,,=—2, a,=—1,
Bi=au, B:=2a;+a,, Bs=a,+a.,, Bi=as:.

We can calculate similarly,
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f(kl- ks kg kg

| um®f§2b2®f’fl+2k2b1®f§3+k4b2®f’f3b1(kz§ ks R <—2ky+ks+2k,)
{ um®f§zb2®ffs+2k4bl®f§s+k4b2®f'f1*2k2"2k4b1(132§ by Ri=—2k,+ks+2k,)

—_—
\{ um®f§4bz®f’fl+“4b1®f§2+k‘"’b2®f§k2+k3_2k4b1(k22 ky, R1=Fs)

| U@ Fia0o@ Fi3 2 40, @ Fh Febs@ Fh e by (Re = ke, k2 Fey).
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