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Abstract

In this paper we construct new families of representations for the Lie-algebra of
diffeomorphisms of the torus T¢ and describe its sub representations.

§ 0. Introduction

In this paper we construct a continuous family of representations for the
Lie-algebra of Diff (T¢). (See [L] for more details and references on Diff (T°%).
Here T¢ is d-dimensional torus. The case d=1 is extensively studied. For
example see [KR]). It can also be obtained as the Lie-algebra of derivations
on A=CT[t, t3Y, -+, t3']. We denote it by Der A and it has a basis Di(»)=
tiuse - Tt fe, 1</<d. Let h be the linear span of D¥0), 1<:<d. Then
h is an abelian subalgebra of Der A and Der A decomposes under A.

We construct three types of 4 weight modules for Der A with d, d* and 1
dimensional weight spaces. We investigate the submodule structure of these
modules. Let @ be a d tuple of complex numbers and b be a complex number.
Then we define a Der A module n{a, b) whose weight spaces are d-dimensional.
In proposition 1.4 we prove that z(a, b) is irreducible Der A module whenever
b+0. When b=0 but somecomponent of « is not an integer then we prove
that there is a unique (irreducible) submodule. The case b=0 and all com-
ponents of « are integers, we prove that n(e, b) is isomorphic to the well
known modules of differentials Q4.

In section 2 we calculate the dual module of 7(a, b).

In section 3 we construct modules # (@, 8) whose weight spaces are d*
dimensional. In Proposition 3.1 we prove that V (a, b)=W,BW, where W, is
a submodule with one dimensional weight spaces and W, is a submodule with
d*—1 dimensional weight spaces. We further prove that W, is irreducible. In
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the next section we give conditions under which W, is irreducible.

In section 4 we construct modules 7,(a, b)) whose weight spaces are one
dimensional. In Proposition 4.1 we prove m(a, b) is irreducible Der A module
unless « is a d tuple of integers and be {0, 1}.

In section 5 we construct modules n(k, S, a, b) whose weight spaces are of
d* dimensional. We leave it as an open problem to describe its submodules.

§1. Modules with d-dimensional Weight Spaces

Let V be a d-dimensional vector space over complex numbers C and basis
e, @s, -+, eg. Let (,) be a non-degenerate symmetric bilinear form on V de-
fined by (e, e;)=0;, Let I'=@%&, Ze, the Z linear combinations of e, e,,
-+, eq, be a lattice of V. We will assume that d=2.

Let A=CT[t%, t5Y, -+, t3'] be the algebra of Laurent polynomials functions
of the torus C¥XxXC¥x .- xC*. It is well known that Der A, the Lie-algebra
of derivations on A is given by the linear span of

A d
DI(T)Zt{Itgz tl‘ri“'l t?i'd_

. r:%}rielef.

Define derivation D(u, »), ue€V, rel’ by
D(u, =3 uDHr),  u=Sue.
=1

(1.1) Then [D(u, r), D(v, s)]J=D(w, r+s), where w=uv(u, s)—u(v, 7).

Let 4 be the abelian sub-algebra spanned by D¥0), 1</<d. Clearly Der A
is A weight module.

We now construct a continuous family of A-weight modules for Der A whose
weight spaces are d-dimensional.

For each »</T, take an isomorphic copy V(r) of V. Denote the isomorphism
by v—u(r). Let V(a, b)=D,er V(r) for acV and beC. We define a repre-
sentation 7 := (e, b) on V(a, b) for the Lie-algebra Der A.

1.2) D(u, riv(n)=(u, n+a+brv(n+r)+(u, v)r(ntr).
It is straightforward to verify that = defines a representation.

1.3 Remark. The module V(a, b) is isomorphic to V(a+r, b), r&I" by send-
ing v(n) to v(n-+r).

1.4 Proposition.

(1) If b=+0 then V(a, b) is irreducible as der A module.

(2) If b=0 then the subspace W spanned by (n-+a)(n) is an irreducible sub-
module of V(a, b).
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(3) If b=0, a¢& I then W is the only proper submodule of V(a, b).
(4) If b=0, ac then V(a, b)/W is not irreducible and V(—a) is a d-
dimensional trivial (only) sub-module of V(a, b)/W.

First we prove some lemmas.

1.5 Lemma. If b=+0 then the module generated by v(n) for some non-zero v
and for some n contains k(n) for all k in V.

Proof. Let W be the submodule generated by u(n). Observe that
D(u, —7)D(u, riv(n)=(u, n+a+br)(u, n+r+a—brv(n)—2b(u, v)u, rir(n).

Choose u such that (u, v)#0 and (u, r)=0. (Define o= >}7;e;, where v=>lv,e;
and ¥, denote the complex conjugate of v;. Now if (7, 7)=0 choose u=v+r.
If (3, 7)=0 then choose u=%). Then r(n) belongs to W for all rI. Now by
choosing r=e,, 1<i<d we have e¢,(n)eW. By taking linear combinations of
e,(n), we conclude W contains k(n) for all 2 in V.

1.6 Lemma. If b=0. Let W be defined as in Lemma 1.5. Then W=V (a, b).

Proof. In view of Lemma 1.5 it is sufficient to prove that given nel’
there is a w in V such that w(n)eW.

Consider
D(u, riv(n)=(u, n+a+briv(n+r)+u, v)r(n+r).

Now choose u such that (u, v)+#0 and (u, n+a-+br)=0. If v is a multiple of
n+4a-+br then choose a different ». It can be done in view of Lemma 1.5.
Then »(n+r)W. This being true for every r we are done.

Lemma 1.6 proves Proposition 1.4 (1).

Proof of Proposition 1.4 (2). First note that

(1.7) D(u, rY(in+a)n)=(u, n+a)n+at+r)(n+r).

Let W be linear span of (n+a)(n), nel’. Then from 1.7 it follows that W is
an irreducible submodule of V(a, 0). Also it is clear that each weight space is
one-dimensional.

Proof of Proposition 1.4 (3). We have b=0 and a&l. Let W, be any
submodule different from W. Then W, necessarily contains a vector #(n) such
that ¢ is not a scalar multiple of n+a. Now choose u such that (u, n+a)=0
and (u, t)+#0. Consider

D(u, rit(n)=(u, n+a)t(n)+(u, r(n-+r).
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Then it will follow that r(n+7r)esW,.
Now consider

D', —r)-r(n+r)=u', n+a+r)yr(n)+u, r)(—r)n)=', n+a)yr(n)csW,.

Since a&l', n+a+0 for any nel. Hence we can choose u’ such that
(v, n+a)#0. Hence r(n)eW, for all r&I'. By choosing r=e;, 1<i<d we
have e;(n)esW,.

Now consider

D(u/, r)e;(n)=', n+a)en+r)+(u’, e)r(n+r).

Since r(n+r)€W, we have e;(n+r)eW,. This proves v(n+r)eW, for all veV
and for all reI'. Hence W,=V(a, b).

Proof of Proposition 1.4 (4). We have b=0, a=[. First note that
(1.8) D(u, re(—a)=(u, —a)r(—a+r)csW .

Let W, be the space spanned by W and e,(—a), 1=/<d. Then by 1.8 it will
follow that W, is a sub module of V(e, b). It will also follow that the space
spanned by e;(—a), 1=i<d is a trivial sub representation of V(a, b)/W.

Let W, be a submodule of V(a, b). Assume that W, is not a submodule of
W,. Then we claim that W,=V(a, b). Since W, is not contained in W,, W,
contains a vector #(n) such that n4+a+0 and ¢ is not a scalar multiple of n-a.
By the argument in Proof of Proposition 1.4 (3), we can deduce that W,=
V(a, b).

In fact in this case V(a, b) is isomorphic to the well known module of dif-
ferentials Q4.

§2. Duality

Let V be a vector space of dimension d as in section 1 with non-degenerate
bilinear form (,). Let V*(a, b)=®,er V(r), acI’, bC where V(r) is an iso-
morphic copy of V. We define a representation #*=n*(a, b) on V*(a, b) for
the Lie-algebra Der A.

2.1) D(u, rivin)=(u, n+a+brv(n+r)—(r, v)u(n+r).

2.2 Definition. Let W be a der A module with finite dimensional weight
spaces. That is W=@,cr W, where each W, is finite dimensional. Then W*=
Brer Wk (where W5 is a vector space dual). The dual model is defined as

D(u, ryw*-v=w*(D(u, —r)v).

2.3 Proposition. The dual module of m(a, b) is isomorphic to n*(a, 1—b).
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Proof. Define e¥(n) of W* by
er(n)e,(m)=0.,,0m.n -
For veV, define v¥(n)=>v,e¥(n) where v=>3}, v.e,(n). Consider
D (r)e¥(nyv(n+r)=et(n)(D(—r(n-+r))
=eX(n)(n,+7,+a,—br,u(n)—v,7(n))
=(nj+a;—b—Dryef(n+riv(ntr)—r.ef(ntriv(n+r)
D (r)o*(n)-v(n+r)=n;+a;—(b—Lr, 0¥ (n+r)-v(n+r)—(r, D)ek(n+r)v(n+r).
Let D(u, r)=3u,Di(n). Then

D(u, n)i*(n)=(u, n+a—b—Dr)v*(n+r)—(r, v)u*(n-+r).

This proves the proposition.

§3. Modules with d%-dimensional Weight Spaces

Let V be a vector space of dimension d as in section 1 with non-degenerate
bilinear form (,). Let V (a, b)=@,er VRV () acV, beC) where VRV (r) is
an isomorphic copy of V®V. We define a representation # (a, b)=#% on 1%
(a, b) for the Lie-algebra Der A.

D(u, n)k@t(n)=(u, n+a-+br)eQt(n+r)
—(r, DRQu(n—+r)
+(k, W)rQt(n—+r)

clearly V (a, b) is a weight module where each weight space is d* dimensional.

3.1 Proposition. (1) Let k(n)=3L, e,Re.(n) and let W, be linear span of
k(n), nel’. Then W, is a submodule of 1% (a, b) whose weight spaces are one
dimensional.

(2) Let Wy={32L, k. RQt.(n), neI’, 3(k,, t,)=0}.

Then W, is an irreducible submodule whose weight spaces are of d®*—1 dimen-
sional.

3) V(a, b)=W,BW,.

3.2 Remark. Let W (n) be a weight space of W, of weight n. Then ob-
serve that e,Qej;(n), 1=7 and e,Qe,(n)—e;.,Qe,.,(n) 1<i<d—1 is a vectorspace
basis of Wy(n). In particular Wy(n) is of d?*—1 dimension and any vector vE
Wo(n) can be written as
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i#] i=1

) ai]el®e,(n)—f—té 2.0.@e.(n), a,=0.
We first prove some lemmas.
3.3 Lemma. Lot W be some submodule of Wy. Then W contains a vector
w:i:‘} a,,e:Qe(n)+3 a.e,Qe(n), X a;=0
and a;,#0 for some [+k.

Proof. W is a weight module being a submodule of a weight module W,.
Hence W contains weight vectors. Let v=WW be a weight vector and write

v=3 a”-ez®ef(n)+; a.e,Qe.(n), a,=0.
i#]

If a,,#0 for some 7+#; then we are done. So we can assume

v=>) a,e.QRe.(n), > a.=0.
Consider
D(u, riv=(u, n—l—a—i—br)Ziaze,@el(n—l—r)

—2(7, e,)a.e,Qu(n+r)

+3(u, e)ar@e(n+r).
Choose u=e,, r=e; for some k+=[. Then
D(u, riv=(u, n+a+br)> a.e,Qe,(n+r)
—ae,Qer(n+r)+are,Qer(n+r).

Suppose ar=a,; for all k+I. Then it is a contradiction to 3} a,=0. Hence
ar,+a; for some k-£[. This proves the Lemma.

3.4 Lemma.
D(u, —7)D(u, r)k@t(n)=(u, n+a+r—0br)(u, n+a+br)k@i(n)
+(2b—=2)(r, t)(r, u)k@Ru(n)
—2b(k, u)(u, r)rQt(n)
+ 2k, u)r, yrQu(n).
Proof. Direct checking.

3.5 Lemma. Let W be some submodule of Wy and let w be a vector of w
such that
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wzgaz,el®e,(n)+2 a.e,Qe,(n), >a,=0
and a,,=0 for some i1 #5. Then el®ej(n)eW.
Proof. Let u=e,, r=e, so that (u, r)=0. Now by Lemma 3.4 we have

D(u, —r)-D(u, r)Yw=(u, n+r+a—>br)(u, n-l—a—l—br)tu—!—al,e;@ej(n)ew.
This implies e,Qe,(n)=W.
3.6 Lemma. Let W be some submodule of W,. Assume that eﬁX)e,(n)EW
for some n and for some i#j. Then

(1) e®ex(n)eW for all [+k.
(D) e®e(n)—eRex(n)EW for all | and k.

Proof. Claim 1. ¢;Qe(n), e.Qe(n)—e,Re,(n)EW.
Let u=e,+e,, r=e,+e¢,. Then by Lemma 3.4 we have

D(u, —7)D(u, r)e,Qe,(n)=(u, n+r+a—br)(u, n+a+br)e,Qe;(n)
+(4b—2)(e.Qe.(n)—e,Qe,(n)
+2e,Qeu(n)—e.Qer)EW .
Now by Lemma 3.5 we have

e1®e1(r)eW.
Also we have
(4b—2)(e,®e.(n)—e,Re,(n)cW — Al

Now take r=e; and u=e,+e¢,. Then by Lemma 3.4 we have
D(u, —7)D(u, r)e,Qe,(n)=(u, n+r+a—br)u, n+a+br)e,Qe,(n)
+(20—2)(e,Qe.(n)—e,Qe,(n))
+2¢;Re.(n)+(2b—2)e,Re,(n)s W .
Since e,®ej(n), e;Qe(n)eW, it will follow that
(2b—2)(e.Re(n)—e,Re,(n) =W A2
From Al and A2 we have
el®el(n)—e,®e,(n)eﬁ7 .

This completes the proof of Claim 1. Now to see the proof of Lemma 3.5, the
case d=2 follows from Claim 1. Hence we can assume d=3. Let k7 and
#+7 and take u=e,+e,, r=e,+e,.
Consider
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D(u, —r)D(u, r)e.Qen)=(u, n+r+a—br)(u, n+a-+br)e.Qein)
+2b(e.RQew(n)—e;Qes(n))
+2(e,Qex(n)—e.Qe(n))
+2(b—1)e,Qex(n)
—2be;RQes(n)+2erQe(n)+2¢;&Qe.(n)
+2¢,Qex(n)sW .

Now by Lemma 3.5 we have ¢,Qe.(n), ¢;Qe.,(n) and e,®ek(n)eﬁ7. By replac-
ing the above argument for vectors e¢,Qe,(n), e;Qei(n), e;Qe,(n) in place of
e;Qe;(n) and [ in place of k, we conclude that ek®e;eﬁ7 for any k=[. This
completes the first part of the Lemma. We also have

2b(e,®e.(n)—e;Qe () +2esRer(n)—e.Qe,(n) W .
But by Claim 1 we know that e,Qe;(n)—e,Qej(n)cW. Hence e,Qe.—e. Qe (n)
eW. This completes the second part of the Lemma.

Proof of the Proposition 3.1.

(1) It is easy to verify that W, is an invariant subspace of Va, b). Itis
clear that each weight space is one dimensional.

(2) Let W be a non-zero submodule of W,.

Claim: (1) eQen)eW for all i=] and for all nel’
2) el®ez(n)—ej®ej(n)eﬁ7 for all i+7 and for all nel.

To prove the claim, in view of Lemma 3.6, it is sufficient to prove that
there exists 7 and j, i/ such that e,Qe;(n)eW for all meI". But by Lemmas
3.3 and 3.5, W contains ¢,®e;(n) for some n and for some i+ j.

Subclaim. e;Qe;m)eW, for all mel.

Consider
D(u, re.Qesn)+D(u, —r)e;Qesn)=(u, n+a)e.Qesn+r)cW .

Suppose n+a+0. Then choose u such that (#, n+a)+0. Then subclaim fol-
lows. Suppose n+a=0. Then consider

D(u, r)e:Qej(n)=b(u, re.Qej(n+r)
—(r, eje;Qu(n+r)
+(es, wrQe(n-+r).

Choose r=e¢j+e,, u=e;—e,. Then (u, r)=0, (r, e;)=1, (e,, u)=—1 and
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D(u, re.QRej(n)=—(e.Q(—e.+e)(n+r)—(e;+e.)Qei(n+7r)
=e,QRe.(n+r)—e,Qe,(n+r)—2e.Qei(n+r).

Now by Lemma 3.4, el®e,(n+r)eV’[7. This proves the sub claim.

In view of Remark 3.2 and the claim we prove that WZWO. Also by
Remark 3.2 each weight space of W, is d*—1 dimensional.

(3) It is clear that W,n\W,={0}. Now 17:W069W1 as the dimensions of
weight spaces match.

§4. Modules with 1-dimensional Weight Spaces

In this section we construct modules for Der A whose weight spaces are
one-dimensional. Let V; be one dimensional vector space with basis v. For
each r&I, take an isomorphic copy V(») of V,. Denote the isomorphism by
v—u(r). Let W(a, b)=@,cr Vi{r) for acV and cC. Define Der A module

ni(a, b) in the following way.
D(u, riv(n)=(u, n+a+briv(n+r).

It is straightforward to verify that W(ea, b) is a Der A module.

4.1 Proposition.
(1) W(a, b) is irreducible Der A-module unless a=I” and b {0, 1}.

2) If acI and b=0 then Cv(—a) is the only non-zero Der A proper sub-
module of W(e, b).

(3) If ac! and b=1 then W(a, b)—Cuv(—a) is the only Der A proper (irre-
ducible) submodule of W(a, b).

Proof. 1t can easily be deduced from the following well known Proposi-
tion A.

Let d,=t"*"'d/dt be a derivation on C[t, t**] the Laurent polynomials in
one variable. Let L be the Lie-algebra spanned by d,, n=Z with Lie structure

[dn, dpl=(m—n)dpim .
For any complex numbers a, b define
Vias=PBrezCus .
Now we define L— module structure V. , depending on a and b.
dove=(k+a+bn)v,, .
Proposition. A4 [KR.

(1) Vs is reducible as L— module if and only if a€Z and be{l, 0}.
(2) If b=0 and acZ then Cv_, is the only proper submodule.
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(3) If b=1 and asZ then V, N{Cv_,} is the only proper (irreducible) sub-
module.

§5. Modules with d*-dimensional Weight Spaces

In this section, for every positive integer k£, we construct a continuous
family of modules whose weight spaces are d* dimensional. Let V be a vector
space of dimension d with non-degenerate bilinear form (,) defined in section
1. Let W=V - QV(k times). Let V(k, a, b)=P,ecr W(n) where W(n) is an
isomorphic copy of W. Let S be any subset of {1, 2, ---, k}. Define Der A
module 7#(k, S, a, b) in the following way.

D(u, rmi@ - Qui(n)=(u, n+a+bNu® - Quiln+r)
+ Zs(u, VIR U1 QP QUasr o Qui(n+7)

= 2 0@ v QUi Qui(n+r).
[1°3

It is straightforward to verify that =(k, S, a, b) defines Der A module. We
leave it as an open problem to describe its submodules.

The above modules are motivated by vertex operator representations con-
structed in [EM].

5.1 Remark. (1) It can casily be verfiled that the dual of n(k, S, a, b) is
isomorphic to w(k, S*, &, 1—b) where S*={1, 2, ---, R}\S.

(2) Let ¢ be a permutation of {1, 2, ---, &} such that ¢(S)ES. ¢ acts on
W in an obvious way and commutes with 7 action. So that each ¢-eigenspace
of W is a subrepresentation. In particular W is reducible. Such ¢ exists in
all cases except in two cases (and its duals) discussed in section 1 and 3.

5.2 Remark. The modules considered in Proposition A are the only known
modules for L with property.

(1) irreducibility

(2) dimension of weight spaces are bounded by uniform constant. The other
known modules for L are highest weight and lowest weight modules. It has
been conjectured by Kac in [K] that these are the only modules for L with
finite dimensional weight spaces.

Now coming to the Der A the only known modules are the one constructed
in this paper. The concept of highest weight modules does not go through for
Der A as there is no canonical positive and negative subalgebras.

In [EM] some modules for an abelian extension (infinite) for Der A are
constructed. It may be said that Der A has no non-trivial central extensions.
[RSS].
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