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Fibrewise Hopf Construction and
Hoo Formula for Pairings

By

Nobuyuki ODA*

Abstract

Let /" be a fibrewise co-Hopf space over a topological space B. A ['p-suspension
space /'pX is a generalization of a fibrewise suspension space XX for any fibrewise
pointed space X over B. Making use of /'p-suspension space, we define /" z-Hopf con-
struction and prove a /'p-suspension formula which generalizes the suspension formula of
C.S. Hoo. The dual formula is also proved.

Introduction

Let Top3 be the category of fibrewise pointed topological spaces over a
base space B and fibrewise pointed continuous maps over B (cf. James [4, 5J).
We write simply f: X—Y for morphisms in TopZ. Throughout this paper a
space X means a fibrewise pointed topological space over B and a map f: X—
Y means a fibrewise pointed continuous map over B between fibrewise pointed
spaces X and Y over B.

Let " be a co-Hopf space in Tops. Then we define a [ 'z-suspension space
['sX by I'AgX for any space X in TopZ and [ z-suspension map [ ga: [ pA—
['sZ by I'sa=1rApa: 'gA=T'ANgA— 'ANgZ=1gZ for any map a: A— Z in
TopZ (cf. [7]). This defines a ['z-suspension map between fibrewise pointed
homotopy sets:

I's: [4, Z1§ —> [I's4, I'sZ1§.

Let p: XX3Y—Z be a pairing in Topf. Then for any maps a: A—X and
B: A=Y in Topi, we can define a map a+8: A—Z in Topi. On the other
hand, [I's4, I'sZ1% has a binary operation (denoted by -+) induced by the
fibrewise co-Hopf structure of 7I'zA.

A co-Hopf space /" in TopZ is called a co-looplike space in Top3 if [I', Z13
is naturally an algebraic loop for any space Z in TopZ. The following theorem
shows that the pairing + and the binary operation + are closely related.
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Theorem 3.1. Let I” be a co-looplike space in Toph. Let p: XXgY —Z be
a pairing in Topg with axes f: X—Z and g: Y—Z. Then the following rela-
tion holds in [I'sA, I'sZ1% for any maps a: A—X and B: A—Y in Topd:

FB(a'!'B,B):]F,B(ﬂ)"PB(a'/\Bﬁ)"PB(q"AA.B)+B{F8(f°a)+BFB(g°ﬂ)}-

The I's-Hopf construction [ s(p) in the above theorem is defined in Definition
2.7 and Ay p: A— AXgA is a fibrewise diagonal map over B. The [ 3-Hopf
construction Jr s(p) is a generalization of the Hopf construction J(g) of Hoo
[2,3]. If B={x} and ['=S", then the I 's-Hopf construction coincides with the
usual Hopf construction (e. g. on p. 502 of Whitehead [8]). The above formula
is a generalization of Theorem 1 of Hoo [3].

In §1 we review some properties of pairings, copairings, [ z-suspension
spaces and [ z-loop spaces ([6, 71). In §2 we define [ 'z-Hopf construction. In
§3 we prove [ 'z-suspension formula and related results. In §§4 and 5 we
prove the dual results of §§2 and 3 respectively.

We use the following symbols in Tops. An isomorphism in Tep is denoted
by =5 Let X and Y be spaces in Tops. The space X\ Y is the fibrewise
wedge sum over B which is a subspace of the fibrewsse product XX gY over B.
We have a natural inciusion map jg: XVgY C X X gY. The fibrewise smash
product over B is defined by XA Y =(X XY )/s(XV3gY). The fibrewise pointed
mapping-space over B is denoted by map3(X, Y) (cf. §9 of [5]).

We denote by Ay z: X — X XX the fibrewise diagonal map over B and
Vy 5: XVX—X the fibrewise folding map over B. We denote by #3: X -V
the fibrewise constant map over B.

A fibrewise pointed homotopy relation over B is denoted by = and the set
of the fibrewise pointed homotopy classes over B is denoted by [X, Y 14.

Let X=BxS' in Tops. Then YzX=XA3pX isthe fibrewise reduced suspen-
sion space of X and QzX=23}X=mapi(2, X) is the fibrewise loop space of X.
(We remark that James [5] uses the symbol 28X for the fibrewise reduced
suspension space and 25X for the fibrewise loop space of a space X in Top3.
We use our abbreviated symbols for simplicity.)

We assume that all the spaces are fibrewise pointed non-degenerated spaces
with closed section (cf. §22 of [5]). Moreover we assume that the co-Hopf
space [ is fibrewise locally compact and fibrewise regular (cf. [5]).

§1. Fibrewise Induced Pairings

We call a map p: XXg¥Y —Z in Top} a pairing with the axes f: X—Z
and g: Y—Z if it satisfies the condition that

21XV Y =¥z po(fVag): XVs¥ —> Z.

Such a map p: XX gV —Z is also called a fibrewise pairing over B or a pairing
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in Topk.
If we are given a pairing p: XX gV —Z in Topj, we define a map a+58:
A—Z in Top§ for any maps @: 4—X and §: A—) in Tep by

a+pB=p-(aXgP)Ass.

The relations a+g*5=f«(a) and *5+ sB8=g«(B) holds in [A, Z1§. We have an
equality of maps in Top}

(a+pP)e0=(a0)+ 5(°0)

for any maps @: A—X, 8: A—Y and §: D—A in Top}.
We call a map : A—X\V Y in TopZ a copairing with the coaxes h: A—
X and r: A-Y if it satisfies the condition that

].°0:B(/1><BYJ°AA,B: A—> XXB)'

for the inclusion map j: XV3zY —=XX3zY. Such a map 8: A— XV Y in Top}
is also called a fibrewise copairing over B or a copairing in Tops.

If we are given a copairing 6 : A—X\V Y in Topg, we define a map a+ 38
A—Z in Top} for any maps a: X—Z and B: }'—Z in Top by

a"]‘IBIVZ'B"(a\/B‘B)“a .

The relations a+ z*p=h*(a) and *z+B=r*(B) hold in [A, Z]§. We have an
equality of maps in Topj

Lola+pP)=(ea)+ 5C-B)

for any maps a: X—Z2, 8: Y—Z and {: Z—W in Top3.

A space X in Top3 is said to be a Hopf space in Tops or a fibrewise Hopf
space over B if there is a pairing p: XX pX—X in Topj with axes f=jpg=ply.
Such a pairing p is called a jibrewise multiplication of X. If X is a Hopf space
in Topf, then [ A, X]% has a natural binary operation +  defined above for any
space A in Topj.

A space A in Top% is said to be a co-Hopf space in Topd or a fibrewise
co-Hopf space over B if there is a copairing 6 : A—AV A in Tops with coaxes
h=~gr=~3l,. Such a copairing @ is called a fibrewsse co-multiplication of A. If
A is a co-Hopf space in Top%, then [ A4, X]§ has a natural binary operation —+ 5
defined above for any space X in Top3.

Let I be a co-Hopf space in TopZ with a fibrewise co-multiplication 7:
I'-Ir'vgl. We write I'AgX=15X (the I'psuspension space of X) for any
space X in TopZ. A map a: X—Y in TopZ induces a [ p-suspension map [ 'pa:
IpX—T'3Y by I'pa=1rApa: ' \gX—T' ANgY. We see ['sa-l sf=1"g(a~p) for
any maps a: Y—Z and B: X—Y in Top3.

We define a fibrewise pointed map 7x=7Asly: ['sBX—1'3X\V 33X by
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TX: FBX:F/\BX'_>(PVBF)/\BXEB(F/\BX)\/B(F/\BX):FBX\/BFBX

(cf. (6.1) of 75]). Then I'3X is a co-Hopf space in Topf with a fibrewise co-
multiplication 7x for any space X in Top3. If @, f: ['sX—Y and 0: W—X are
maps in TepZ, then as maps in TopZ we have

(a+B,B)°F35:(Q°F35)+E(,B°FB5)-

There are following isomorphisms as co-Hopf spaces in Top% (cf. (6.2) and
(6.1) of [5], (3.80) of [4]);

and
I's(XVeY)=p(I'sX)V(I'Y).

Dually, we define I'$X=mapi([", X) (the I'z-loop space of X) for any space
X in Top%. A map a: X—Y in TopZ induces a ['z-loop map ['fa: I'$X—>T3Y.
We see ["$a-I'$8=1%#a-B) for any maps a: ¥ —Z and B: X—Y in Topi.
We define a fibrewise pointed map 7¥=mapi(7, 1x): I'3XXz['3X—1'}3X by

r¥: mapi(l’, X)X g mapi(L’, X)=p mapi(/'Vsl', X) —> mapi(’, X)

(cf. (9.19) of [5]). Then I'}X is a Hopf space in Tops with fibrewise multi-
plication 7% for any space X in TopZ.

If @ B: X—1I'3Y and {: Y — Z are maps in Topg, then as maps in TopZ
we have

(I8 (a+sB)=("§C-a) + s(I"EL-B).

There is the following isomorphism as Hopf spaces in TopZ (cf. (9.21) of
[5D);
BX XY )= gl 3 X X g5Y .

Propesition 1.1. Lel I" be a co-Hopf space in Tops. Let X be a fibrewise
locally compact and fibrewise regular space and Y any space in Tops. Then the
adjoint map

v [I'pX, Y18=[X, I'$Y 15

is an isomorphism of sets which satisfies
t(a+ pB)=1(a)+ s7(f)

for any elements a, B[ 15X, Y18. Moreover it satisfies the following relations.
(1) t(a-I'sB)=t(a)°B for any elements ac[I'sY, Z1§ and B<[X, Y15
(ii) tea)=IT"%C-t(a) for any elements ac[['sY, Z1% and {c[Z, W]A.

Proof. By (9.20), (9.25) and (6.2) of [5], we see that 7: [I'sX, Y]E—
[X, I'$V1% is a bijection of homotopy sets. The statement that r is a homo-
morphism is proved by a similar argument as in the case of the usual adjoint
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map r: [JX, Y]=[X, QY.
(i) and (ii) are direct consequences of definitions. g.e.d.

Let S be a set with a binary operation +. We call S an algebraic loop if
S has two-sided identity (denoted by 0) and for any elements a, b of S, the
equations
x+a=b and a+y=d

have a unique pair of solutions x, yeS. A map ¢: S—L between two algebraic
loops is called a homomorphism if ¢(a+b)=¢(a)+¢() holds for any a, beS. If
¢:S— L is a homomorphism, we have ¢(0)=0. A sequence Si L i R of
algebraic loops and homomorphisms is said to be exact if Im ¢=Ker ¢.

A Hopf space X in Top% is called a looplike space in Topi or a jibrewise
looplike space over B if the homotopy set [A, X]§ is an algebraic loop with
the binary operation 5 for any space A in Top3.

A co-Hopf space A in Top% is called a co-looplike space in Topd or a fibrewise
co-looplike space over B if the homotopy set [.4, X]% is an algebraic loop with
the binary operation + 5 for any space X in TopZ.

§2. Fibrewise /-Hopf Construction

If X and Y are fibrewise non-degenerate spaces over B, then the cofiber
of 7: XV3gY — XXpY is fibrewise pointed homotopy equivalent to XA g} (cf.
(22.5) of [5]). Consider a fibrewise pointed cofibration sequence

J q 0 Xpj
XVgY — XXgY —> XApt —> Yp(XV35Y) — 25X XpY) —> -

(cf. §21 of [5]). Then we have a fibrewise pointed cofibration sequence

I'pj _ I'sg _ I'pd Xl'p]
Ta(XV3gY) —> ['g(X X)) —> I's(XApY) —> Xl 5(XV5Y)

for any co-Hopf space (I, y) in TopZ (cf. (20.19) and (21.2) of [5]).

Let p;: XXgY—X and p,: XX} —Y be the fibrewise projections and z,:
X—XV3gY and i,: Y—-XV Y the inclusion maps. We define a fibrewise pointed
map p=p([", X, Y): I's(XXgY)—=1's(XV3sY) by

p=Vz.B° {FB(Z'1°P1)VBFB(Z'2°02)} °?:FB(i1°pl)+BFB(i2°p2);

where Z:PB(X\/B}') and 7: FB(XXBY)** FB(XXB)/)\/B[’B<XXB)7) is the fibre-
wise co-Hopf structure of I's(X X gY") induced by the fibrewise co-Hopf structure
y: I'-I'vgl of T

Proposition 2.1. Let " be a co-Hopf space in TopE. Let j: XV gY —XX3zY
be the inclusion map. Then the map p: I's(XXgY)— I['s(X\V3gY) defined above
satisfies a relation
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p“FB]':B]-I’B(X\/BY) .

Proof. We remark that [I's(XVgY)=pl'sXVel'sY (cf. (6.1) of [5]). We
have

0 5j| I'sX X g{*p} =pol5jo '
= {82 p1)+ 5L '5(is0 pa)} o L 'p7 o Ity
=Dg(ireprojoir)+ sl 5(ise paojoir)
=1"gir+ g~ gl gir=1rzxvgn | I'sBX X p{*z}.
Similarly, we have ol 'sj| {*a} X8l 8Y =slr scxvem | {*8} XI5}

Then the result follows. g.e.d.

We first prove naturality of the fibrewise pointed map p. Consider another
fibrewise cofibration sequence

X'VgY’ ; X' XgY’ N X'NgY’.
Then we have another fibrewise pointed map
o' =51 p1)+ sl Biso D) [s(X' XgYV") —> I's(X'VY').
(We use the symbols 71, pi, o’ etc. for the maps corresponding to i;, p;, p etc.

respectively.)

Proposition 2.2. Let I" be a co-Hopf space in TopEs. The following diagram
is strictly commutative in Top} for any maps a: X'—X and B: Y'Y in Top3.

/7

o
FB(XIXBYI) I ['B(X/\/BY,)

rdexss) |, | Isevs
'y XXgY) —> I's(XV 5Y)

Proof. We have
poI's(aX pB)=A{1"p(i1 p1)+ I '5(ise po)} o ['s(@X )
=Ls{irepro(aX P} + 5l sz poe(a X 5B)}
=I"{(aV sB)eiiopi} + sl 's{(aV sB)eise P}
=1"s(@V sB) {I"s(i{° p1) -+ 5[ s(12° p2)}

=I"s(aVgp)p’.
g.e.d.

Lemma 2.3. Let I" be a co-looplike space in Tops. Then
(I'sgy*: LI's(XABY), Z1§ —> [I's(XX5Y), Z1%
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is a monomorphism for any space Z in Top3.

Proof. Consider a fibrewise pointed cofibration sequence

I'Bj I'Bq 1'35
(XN gY) —> I'g(XXgY) —> I's(XAgY) —> Y[ 5(XVY)—> .

There is a fibrewise pointed map p: ['g(X XY )— ['g(XVY) such that p-lpj
~glryxvgn Dy Proposition 2.1. Then by the long homotopy exact sequence
of algebraic loops and homomorphisms, we have the result.

Theorem 2.4. Let I" be a co-looplike space in Tops. Then there exists a
unique element v=v(l", X, Y) of [I's(XNgY), I's(X XY )1 such that

(U°FB(])"1“B(FBJ"’P):IPB(XXBY)
in [I's(XX35Y), I's(XX5Y)1E

Proof. Consider an exact sequene of algebraic loops and homomorphisms :

*

0 — [I's(XABY), I's(Xx5Y)]E > [IM'g(XXgY), I's(XX5Y)]E

(£'p7)*

[Is(X VYY), I's(XX5Y)1E.

Since [I'g(XXgY), I's(X X 5Y)1% is an algebraic loop, its elements 11 ,x,z» and
I'gjop determine a unique element ([ I'p(X X Y"), I's(X X Y )]E such that

t+ (L7 0)=1r pexpr -
Then we see (I'gj)*{t+5(l'5j°0)} =(I's))*{1rgx»zn}. We note that
(L) {t+p(Ipjop)t = {t+5(I'sjop)} o 5]
=(teI'sgj)+ s(I'sjop°['5))= 5t I'sj)+ 5l '5]

by Proposition 2.1. It follows that (tel'sj)+ 3zl sj=1"5j as fibrewise homotopy
classes and hence t-/'5j = (I'pj)*(t) = 0. Hence there exists an element v of
[T(XABY), I'e(XX5Y)1E such that vel'sg=(I"59)*(v)=t or

{ve(I'sq)} +B{(PB].)°p}:11"B(XxBY) .

The element v is unique by Lemma 2.3. g.e.d.

We now prove that the fibrewise pointed map v defined by Theorem 2.4 is
natural. Consider another fibrewise pointed cofibration sequence

-/

J q’
X' VY — X' XgY' —> X' NgY’.

Then there exists an element v/ €[ I'z(X’AgY’), I's(X’'X5Y’)]% such that
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(7)/°]1Bql)4_B([’B]."’p,):l['B(X’xBY’)
in [IMp(X" X gY"), I's(X’ XY ')]E by Theorem 2.4.

Theorem 2.5. Let I be a co-looplike space in Toph. The following diagram
is homotopy commutative in Top} for any maps a: X'—X and B: Y'=Y in Top}.

’

v
Io(X'NpY") —> I'n(X' X 517)
I"s(a/\ BB) i ” J{ I"g(aX pB)
FB(X/\BY) —> PB(XXBY)

Proof. We have a monomorphism
(I'sg"y*: [Ts(X'NY"), I'(X XY — [I's(X' X 5Y"), ['s(XX5Y)]E
by Lemma 2.3. So we show that
(Isg" I s X pB)ov'} = "pg" ) {ve I's(@ N\ sB)} -
Now, we have
(I'sg" T 'saX 50"} + s{I'slaX 5B) "5 = 0’}
={I'glaxpP)-v' s I'sq’} +{'slaxX pf)I'sj’> p’}
=I"glax pB)e {(v'I'pq’)+ 5(I'pj"* 0"}
=Ig@Xpf)elryx xgry by 2.4
=1rcxxgr e I'sl@X 5f)
={(we 1)+ s(I'5j°p)} o 's(@X pP) by 2.4
={veI'sq° I's(aX sB)} + p{'pje p 's(@X 5B}
={vel's(aNpB)I'sq’} +5{5j° '@V sB)°p’} by 2.2
=(I"pq" ¥ {ve I'slaN )} + e{'s(aX sB)° I'sj’~p’}.
Since the above equality holds in an algebraic loop, we have
(I'sq" V¥ { '@ X gB)-v'} =(I'pq")*{veI's(a A 5B)}
in [I'p(X’%XgY"), I'e(XxsY)15. g.e.d.

Consider the following diagram

I'gj I'gq
XV eY) = I'e(XXY) = ['s(XABY).
0 v

We have already shown that pel'sj=~plryxvyyy (Proposition 2.1) and
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(ve'pq)+ 5(I 57> p)= 5l rpxxgy (Theorem 2.4).

Proposition 2.6. Let I' be a co-looplike space in TopE. Then the following
relations hold.

(1) I'sqov=3glr cxagm-
(ii) pev=p*sp
Proof. (i) By Theorem 2.4, we have
Isge{(wel'sq)+ 5(I'sj° o)} = 5 '5g°11 px gy -
It follows then that (I'aqeveI"sq)+ a(I"sg°I"sj>p)~ s[5 and hence
(I'sgov)e I'pg = p(I'sqovoI'5q)+ 5 *5=pl 8g=1r yxngr°L'5q.

Since (['Bq)*: [FB(X/\BY), FB(XABY)]§—>[FB(XXBY), F;g(z‘(/\BY)]g is a mono-
morphism by Lemma 2.3, we have I'sqov=glr cxnzm.
(ii) By Proposition 2.1 and Theorem 2.4, we see

(poveI'sq)+ po=plp°v-I'sq)+ 50 5j°p)
:,0"{(L“’FBQ)J:‘B(FBJ'°P)}ZBP°11"B<X/BY):,0-

It follows that (p-v)el'sq=p #5°I'pq and hence p-v=p *p. g.e.d.

Remark. The existence of p (Proposition 2.1) and v (Theorem 2.4) corres-
ponds to the following I z-decomposition (cf. [7]):

Is(X XY )= 'g(XABY )V e[ 5(XVsY).
Definition 2.7. Let I” be a co-looplike space in Tops. Let p: XXzV — Z
be a pairing in Tops. We define the I's-Hopf construction
Jr (el l'sXN\sY), I'sZ1%
by Jr. a(p)="pp)ov for the element ve[l'gXAgY), I's(X XY )14 obtained in

Theorem 2.4.

Remark. If B={x} and ['=S!, then the [z-Hopf construction coincides
with the ordinary Hopf construction (cf. §4 of Chapter XI of Whitehead [8]).

Proposition 2.8. Let p: XXV —Z be a pairing in Tops. Then the follow-
ing formulas hold.
(1) Jr.s@Qew)=IsC]r s(p) for any map {: Z—Z' in Topj.

(i) Jr.plpCtaxsB)t=IspJr . slaxXsB)=]r s(p)e 'slaNB) for any maps
a: X'—X and B: Y'—Y in Tops.

Proof. (i) Jr s@em)=IsCep)ov=0"5I"pprov=(I"s0)eJ 1 s(p).
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(ii) The first equality is a result of (i). We prove the second one.
Jr. slp-(aX st =p{p-(aXxpB)} v’
=1DppeI's(@X pB)ev’
=T"gpoveI's(@Npp) by 2.5
=Jr. 5w I's(aNgf). g.e.d.

§3. Fibrewise /-Suspension Formula

Now we generalize the suspension formula of Hoo [3] to the case of [ 'a
suspension space I'pX for any space X in Tops. Consider a diagram

Igj I'nq
I's(AV pA) T2 I'e(AX pA) == I's(ANBA).
0 v

In this situation we prove the following theorem.

Theorem 3.1. Let I" be a co-looplike space in Topg. Let p: XXg¥—Z be
a pairing in Top} with axes f: X—Z and g: Y—Z. Then the following rela-
tion holds in [I'gA, I'sZ1% for any maps a: A—X and B: A—Y in Top§:

FB(a'f'B,B):jP.B(ﬂ)°PB(a/\B,8>°FB((]°AA.B)'I_B{[’B(f"a)'i"B[’B(g"‘B)}-
(Remark. Jr s(p)e'slaNsB)>I's(qgeAs 5)=J r p{p-(aXsB)} - I's(geA4 5)
=Jr.s(p)es{(aNsB)oqeAs st =] r s(p)o I's{ge(aX pB)A4 5}.)

Proof. Since 1rguxp=w<Isq)+5(I'sjep) by Theorem 2.4, the map
pelaxgB): AXpA—XXgY —Z induces

Igipe(aXsf)t =Ipip-(aX s}t < {(veI"sq)+ (I '3 0)}
=Ig{pe(ax sP)}ove g+ sl s{pe(ax sP)} < I'pjep0
=Jr.slpe(aXsP)} o I'sq+ 5l p{p=(aX 5P)ej} o p

by the definition of Jr 5. Now, the last term is:
I's{p-(aXpB)ejtep
=I"plp(ax pf)e s} o {I's(i° p1) + 51 B(iz° p2)}
=Ig{p(aXpB)ejeiropi} + sl s{pr=(@X pf)e joise po}
=lglpe(aXprp)eAys g pr} + sl s{p(x5X 5)eAu, 5o po}
=Ip(fs(@) p)+ sl 's(gx(B)e p2),
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since a-+p*p=fx(a) and xp+pB=g«(B) in [A, Z]5. We compose ['3A, z from
the right and obtain

I's(a+pB)=I"p{p(aXsf)°A4, 5}
=Jr.slp-(aXsP)}t e I's(qoAu )+ {'s(fs(@)o pr1oAs 5)+ BT '(@x(B)o pocAa, B)}
=Jr s{p=(aX P} - I'e(goAu, 5)+ {5 f(@))+ 2K gx(B))}

:f['.B(ﬂ)°FB(aAB,8)°FB<q°AA.B)+B{r3<f°a)+BFB(g°,8)}-
g.e.d.

Corollary 3.2. Assume the conditions of Theorem 3.1. If I's(qgeAs 5) ~p*s
or I'(aN\pB)=p*p or Jr s(p)=p%*s, then the I'g-suspension map I'y: [A, Z]§—
[I'8A, I'sZ1% satisfies

PB(a'i"B,B):PB(f"a)_;_BFB(gﬂB)~
Proof. By the formula of Theorem 3.1, we have the result. g.e.d.

A space A is called a co-grouplike space in Top% or a fibrewise co-grouplike
space over B if it is a homotopy associative co-Hopf space in TopZ with a
fibrewise pointed homotopy inverse v: A— A, namely,

la+tpv=p*p=pgv+ply.

If I" is a co-grouplike space in TopZ, then so is /'3X for any space X in TopZ,
and hence [[I'3X, Y1% is a group for any spaces X and Y in Top3.

Theorem 3.3. Let I" be a co-grouplike space in Topi. Let p: XXg¥ —Z
be a pairing in TopE with axes f: X—Z, g: Y—=Z, and (Z’, p’) a Hopf space
in Top}. If the pairing induced by p is denoted by +p and the one induced by
y’ denoted by +5, then for any maps {: Z—Z', a: A—X and B: A=Y in
TopZ, the following formula holds in [I'gA, I's(Z')1%:

I's{C-(a+p)}

=[I'sJ r.s()= 5] r.s(p)e I's{(C )N BCo)t 1o I'p(@N pB) I"5(q°Au. 5)

+8l B fea)+5C-g-P)}-

Proof. We see by Theorem 3.1 that

I'(a+eB)=Jr.s(p) I'laN sB)e I's(goAu 5)+ s 's(foa)+5I's(g- ).

It follows that
I'p{Ce(a+aP) =I5 I"s(a+5p)
="l Jr. 8(p)° I'sla N B)°I'5(q°Au. 5)
+ 5l fea)+ sl 5(Log2P).
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On the other hand, by Theorem 3.1, we see
I'p{Cfea)+5(Leg°B)}
=Jr. (@) sl fea)NplogeB)t e I's(qeAn )+ 5'5(Ce fea)+ 5l s(Log=p).
It follows from the two equations above that
I'p{C(a+ 8P}
=I5l Jr.s(w)I's(aNsB)>I's(q°A4 5)
~ ] r. () [{(Ce fea) Np(LogeP)t e I'(qeAu, 8)+ I "3{(Ce foa) + 5(Cg )}
=[S r. o) —s) r.s(p)e I's{(C INBLe gt 1o 's(a N ) ['5(g°Au. 5)
+alp{(Ce foa) +5(Log-B)}. g.e.d.
Corollary 3.4. Assume the conditions of Theorem 3.3. Then we have
['s{lo(a+ st =I"p{C foa) +5(Ceg°B)}

if one of the following conditions is satisfied ;
(i) I'slgeAs B)=p*s
(i) I's(aNpB)=p*s,
(il) I'sCeJr.s(g)=s/r s(g")I's{(C /INBCL-2)}.

Proof. By the formula of Theorem 3.3, we have the result.

§4. Fibrewise ['*-Hopf Construction

We now study the dual constructions. Consider a fibrewise pointed fibration
sequence

0 ) j
-——)QB(XXBY)_%XbBY —->X\/BY —‘>X><BY,

where XpgY is the fibrewise homotopy fibre of the inclusion map j: XVgYV —
XX 3gY (cf. Crabb and James [1]). Then we have a fibrewise pointed fibration
sequence
%o I'¥i rsi
o —> QpIM§(X X gY) —> I'§(XhpY) —> I'§( XV gY) —> I'§(X X 5Y)
(cf. (23.2) of [5]). Since I'}(X\Vv3Y) is a Hopf space in Top, we define a
fibrewise pointed map e=a(I", X, Y): I'§(X XY )—T"$XVY) by

0':77"{Fﬁ(iﬂﬁx)xlspﬁ(iz”j)z)} °Ac,B=F§(i1°p1)+BF§(ig°pz)

where p,: XXgY =X, i,: X > XV3gY, py: XXgY =Y, i,: Y - XVY are the
fibrewise projections and the inclusions and C=7"%(XXzY). The map 7 is the
fibrewise Hopf structure of I"§(XV gY) induced by the fibrewise co-Hopf structure
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v: I'-I'\gl of I

Proposition 4.1. Let I' be a co-Hopf space in Tops. Let j: XVg¥—
XXxgY be the inclusion map. Then the map o: ['E(X X gY )T XV 3gY) defined
above satisfies a relation

(I'§5)e0>=p IF‘;g(XxBY) .

Proof. We remark that I'¥(X XY )=pl 3 XX g'$Y (cf. (9.9) of [5]). Then
we have

(TEp)(TENeo=T"5po I F i AL F(Gre p)+ 5l Hiae po)}
:F’g(;’)ﬁj%’ﬂ[h)fBF§(1)1°J'°Z'2°P2)
=051+ p*5~=l 5p:=("5D) L rycxxgp -

Similarly, we have (Fi}pz)o(l”;j)oG:B(F’gpg)nlr%(xwy). It follows that (I'%7)-¢

=plryxxgn- g.e.d.

Now we prove naturality of fibrewise pointed map o¢. Consider another
fibrewise pointed fibration sequence:

I'$o’ ¥’ I’

> QuTHX X Y ) —> THX'h V") —> THX'N 5¥") —> THX X5V ).
Then we have another fibrewise pointed map
o'=I"501 p0)+ 650G ps) s THX' X gY") —> 5 X'V Y").

Proposition 4.2. Let I" be a co-Hopf space in TopE. The following diagram
is strictly commutative in Tops for any maps a: X—X’ and §:Y—Y’ in Topi.

THXXgY) —> I'S(XV5Y)
1@ 58) Lo I"§(aV 6)

I'{X'XgY") — I'§(X'VY’)

Proof. We use the symbols 7;, pi, ¢’ etc. for those maps corresponding to
71, 1, 0 etc. respectively.

o' I§ax sB)= {51 p1)+ sl §(ése p2)} o ' X 5B)
=I"§{i1opie(aX P} + iz pio(aX )}
=I"5{(aVsf)eire pi} + sl E{(aV 5f)etz° Pol
=T"¥aVeB) G p)+ sl 5V sB)e I ¥(izo ps)
=I"5aV af)e {I'§(ie p1)+ s §(Gse p2)}
=I"}aVgp) 0.
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Lemma 4.3. Let I be a co-looplike space in TopE. Then
(I [A, I'i(XbsY)1E —> [A, I'S(XVY)1E

is a monomorphism for any space A in Tops.

Proof. By Proposition 4.1 and the long fibrewise pointed homotopy exact
sequence, we have the result. g.e.d.

Theorem 4.4. Let I' be a co-looplike space in Tops. There exists a unique
element w=w(I", X,Y) of [I'5XV3gY), I'iXbsY)]E such that

ll"ﬁ(XvBY):<F§i°w)+8(0°l1§].)
in [IEXVY), I'SXVEY)]E.
Proof. Consider an exact sequence of algebraic loops and homomorphisms :

(IE)«

[IHX VYY), I'f(XbsY)1E [IEX VYY), ' XVeY)1E

(TEi)«

[IHXVY), I'(XXsY)E.
For elements 1rsyxvyy and goI'%j of [I'E(XVY), I'§(XVgY)]E which is an
algebraic loop, there exists a unique element t=[I"5(XVgY), I'$(XVsY)1E such
that

t+a(a-I'EN=1ryavgn -
Then we see (I'§)«{t+ao-I'5N =57« {lryxvgnt =1"%7. We note that

IEDAt+ 5o TN =T jot)+ s(I"§jo0°1"%))
:B(F§].°t)‘f‘ﬂ(ll"§(XxBY)°F§]-):B(F§]'°t)'i'£r§j
by Proposition 4.1. It follows then that
(I'§jt)+sl'5=T%;

in [IM3(XV3gY), I'S(XXpY)1E. Thus we have I'%j-t=(I"%7)«(t)=0. Hence there
exists an element ws[I'§(X VYY), ['5(XbsY )12 such that (I'¥)«(w)=t. It fol-
lows that

{(Ig)ew} +plo=(I'EN} =1ry vy -

The uniqueness of w is obtained by Lemma 4.3. g.e.d.

The element w defined in Theorem 4.4 is natural. Consider another fibre-
wise pointed fibration sequence

ATy % xi

7 ]
> QuTHX X 5V ") —> TEX paY ") —> TEXN Y1) — THX! X 5Y7).
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Then we have another element o’ of [I'§(X'VaY’), I'§X’'hrY’)]% such that
Lryaevgen =8 @)+ 50" I'%j")
in [I¥X'VsY"), I'SX'VeY")15.
Theorem 4.5. Let I be a a co-looplike space in Tops. Let a: X— X' and

B: Y=Y’ be any maps in Topi. Then the following diagram is homotopy com-
mutative in Tops.

w

I'$XVsY) —> I'§(XbsY)
ryeVs) | CL rHass)

PHXN Y —> THX sV
Proof. Consider the monomorphism
(L5 [IHXVBY), T'HX bsY )G —> [IHXVEY), I'SX'V Y ")]15
of Lemma 4.3. 1t is sufficient to show that
(I'5")s A« I aV sf)t =) { I "E(abh sB)-w} .
Now we see
(5 de - I'EaV sB)} +alo’ < I'E) - ['§aV 5P}
={I"§i" ' - I'§aV sB)} + p{o"~ ['Ej" - ['§aV 5B}
={I5" )+ (e’ I'§j) o I"E(aV 5B)
=lryavgroe IHaVef) by 44
=I"¥aVsB)-lryuvgn
=I'$aV ) {(I'}i-w)+sla-I"5} by 4.4
={"§aVsf)-[fi-w} +s{"KaV sf)oa-1"5]}
={I"}aVp)-I'fi-w} + o’ I'§axXsf)-I'}s} by 4.2
={I"}i" - I'iahsf)ow} + p{o’ - I'5) < "V sB)}
=5 Al K abpB)ow} + slo" I'57 < I'iaV s8)}
Thus we have (I'§)x{w’ - I'§(aV )} =("5") {1 ¥ absp)-w}. g.e.d.

Consider the following diagram :

I 1'%
¥XpgY) T T XVeY) = T X X 5Y).

w g
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We have already shown that FB]°G~Blp§<XxBY) (Proposition 4.1) and ].[’*B(XVBY)
=p(I"$i-w)+s(c°1"%j) (Theorem 4.4).

Proposition 4.6. Let I” be a co-looplike space in TopE. Then the following
relations hold.

(i) we 352311’;(“3?)

(ii) weog=p*p.

Proof. (i) By Theorem 4.4, we have
Lrgyevgr o L 5= {(I§iew)+ g(a "%}
It follows then that I'#i=("%i-w-1"%i)+ s(c-1'%j- %) and hence
I'ielrycxopry =1 5i=(I"}icwe I'5i) + p*p=pl jicw° o['%i

Since (I'%0)«: [['5(XppY), ['s(XbpY ) 15— 's(XbsY), I's(XV Y )14 is a monomor-
phism by Lemma 4.3, we have lryxym=pw-l'}
(ii) By Proposition 4.1 and Theorem 4.4, we see

(I'§iew-0)+p0=p(I"§i~w-0)+ 5(0°1"}j°0)
={I"ficw)+ a5 c0=plrsxvgroo=0.
It follows that [M¥icwe0=g*z=1%i-xp and hence woo=p*pz. g.e.d.
Remark. The existence of such w and ¢ with the relations mentioned
above corresponds to the fibrewise pointed homotopy decomposition (cf. [7]):
FXVBY )= g $(XbsY )X s HX X 5Y).

Definition 4.7. Let /" be a co-looplike space in Top%. Let 0: A— XVgY
be a copairing in TopZ. Then we define ['§-Hopf construction

JEO)UEA, I'iXbsY)1E

by JF s(@)=w-I'%0 for the element ws[['¥XVgY), ['5(XbsY )4 obtained in
Theorem 4.4.

Proposition 4.8. Let I" be a co-looplike space in Toph. Let 0: A—XV3gY
be a copairing in TopE. Then the following formulas hold.

(i) JEx0:0)=J% 50)°I'56 for any map 6: D—A in Topj.

(i) JE sl(@VR)0t=JF saV sB)I's0 = '(absB)-JF 5(0) for any maps
a: X—X' and B: Y—Y’ in Tops.

Proof. (i) JF s(00)=wel"¥0-0)=w-I%0-IF50=]F 5(6)-1"%0.
(ii) The first equation is the result of (i). We now prove the second one.
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J5.51(@V 58):0} =0’ " {(aV 5p)- 0}
=o' I}V 5B)- I"§(0)
=I¥absf)-w-T56) by 45
=I"§absp)eJF. 50).

§5. Fibrewise [™*-Suspension Formula

Consider a diagram

Iy I
HZbpZ) T2 I'HZN 32) T2 I'HZ X 8Z).
[0} g

In this situation we prove the following theorem.

Theorem 5.1. Let I' be a co-looplike space in Top4. Let 0: A—>X\/ gY be
a copairing in Top} with coaxes h: A—X and r: A=Y. Let a: X—Z and §:
Y—Z be maps in Tops. Then we have the following formula in [['§A, I'5Z1%5.

Iiat sB)=1"5(z po0) I"§abpB)JF. 8(0) + {1 Heoh)+ s H(Be7)}.
(Remark.  I'§(Nyz, pei)e I"iabsB)eJF. 8(0)=1"5(Vz 1) JT. {(V 5B)- 0}
=1"5{Vz poi=(absP} ° JT. 5(0)=1"5{Vz 5°(aV sf)7} ° JT. 5(0).)

Proof. We have 11«7}(ZVBZ):(F}"giua))%;g(avl’zj) by Theorem 4.4, and hence
HHaV POt ={(I"}icw)+ (a5} - i@V )0}
=0 I'5{(aVpP)0t +pa- [ [ {(aVsB)-0}
=15 Jt.5{(aVsp)o0} +pa-I'5{j-(aVp)-0}.
Now we see that the last term is:

oo I"5{7(aV )0V = {5 po)+ 8l §(ize o)} o L F{j(aV pB)- 0}
=I"3{ioprojo(@V 5)°0} + sl B ize pocjo(aV 5f)0}
=I"5{i,°Vz, 2@V p*5)e 0} + 5 5 1isoV 7, 5o(x5V 5B)- 0}
=I"${iro(a+ p#p)t + 8l {lae Cept 5B}
=I5 h* (@) + 5L 5o *(B)) .-

Composing with 7%V, 5 from the left, we have

[‘f‘(a‘i' Bﬁ)zrﬁ {VZ,B°(01\/B,3)°0}
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=I5z 0 JF.8{(@V BB)° 0} + s {5z, peire h*(@)) + 5 "5 z, potzor*(8)}
=I"5(Vz,5°0) I"5(ab ) JT. 5(0) + s{L K(ao h)+ s "5(B-7)} .
q.e.d.

Corollary 5.2. Assume the conditions of Theorem 5.1. If I'}§(Nz pot)=p+*s
or I'§(abpB)=p*s or J§ p(0)=pxs then the [-loop map I'%:[A, Z15—
[(['3A, I'3Z71% satisfies

I'{(a+pB)=1"5(ah)+ sl 5(Ber).

Proof. By the formula of Theorem 5.1, we have the result. g.e.d.

Theorem 5.3. Let I be a co-grouplike space in Topi. Let 0: A— XVjY
be a copairing in TopZ with coaxes h: A—X and r: A—Y. Let (A’, 0’) be a
co-Hopf space in TopB. If the pairing induced by 6 is denoted by + 5 and the
one induced by 0’ denoted by 7%, then for any maps é: A’ — A, a: X— Z and
B:Y—Z in Tops, the following formula holds in [I'§(A"), I'$Z13.

I3 {(a+ 5B)-0}
=I5z 5oi)e I 5ahpB)e[JF. 8(0) 50 51" 5{(h0)ps(r=0)} < J T, 5(6")]
+al"F{(@ohe0)+5(Bor-0)}.
Proof. We see
ot sB)=1"5Tyz 5o0) 'S absP)oJT. 5(0)+ s Kaoh) + s "H(Bor)
by Theorem 5.1. Then composing with ['%0 from the right, we have
"% {(a+ 5B)-0}
=I5z 520 I"§absB)oJF. 5(0) 50+ sl 5o hod)+ s §(Ber0).
On the other hand, by Theorem 5.1, we have
I§{(@chod)+5(Bor-0)t
=I5z poi)e "5 {(@chod)pu(Boro0)}t o JF, 5(0") + pI"H(ao hod) + I "%(Bor0).
It follows that
I'}{(a+ 5B)-0}
=I"%(Vz pei)- 1" §absf)eJF. 5(0)- 150
=85z, 5o0) G {(@cho0)bg(Bor0)} o JF. 5(0) + o {(@e hod) + 5(Bor =)}
=I"5(Vz 520)IabsB)[JT. 5(0)° 505l 5{(h0)b5(r-0)} o J ¥, 5(6")]
8l {(acho0)+5(Ber-0)}. g.e.d.
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Corollary 5.4. Assume the conditions of Theorem 5.3. Then the formula

I {(a+5p)-0t =15 {(achod)+5(Bor-d)}

holds if one of the following conditions is satisfied :

(i) I'$(Vz pi)=p*s,
(ii) [‘E(abB,B):B*B:
(i) JT. 8(0)° 150~ sl 5{(hod)bs(re0)} - JF, 5(0").

Proof. By the formula of Theorem 5.3, we have the result.
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