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A Process Associated with the Radially
Symmetric Dirac Equation

By

Brian JEFFERIES*

Abstract

The dynamical group associated with the Dirac equation with a radially symmetric
potential is represented in terms of integrals with respect to the operator valued set
functions associated with the Dirac equation in four space-time dimensions.

Introduction

It has been suggested that the Dirac equation is only of historical interest
for contemporary quantum physics. Nevertheless, V.S. Popov [Pl, P27 has
argued that the Dirac equation with a Coulomb potential provides a good model
for the spectra of one electron atoms with critical nuclear charge, in whose
regime quantum electrodynamic effects are negligible. Questions concerning
the essential selfadjointness of Dirac operators seem best to be answered by
the introduction of the physically relevant term corresponding to an anomalous
magnetic moment [Be]. The present work is concerned with the path integral
representation of the dynamical group associated with a radially symmetric
Dirac operator. The mathematical phenomenon of singular perturbations present
in quantum field theory is already illustrated by the Dirac equation with a
Coulomb potential, so this is a good area to test path integration techniques—
this aspect is discussed in greater detail below.

In a series of papers by T. Ichinose and H. Tamura [I1], [12], [I-T1], [I-
T27, [I-T3], the existence and support properties of a countably additive matrix
valued path-space measure for the Dirac equation in two space-time dimensions
are established. The properties required of a semigroup S and a spectral
measure @ in order that for each t>0, there be an associated countably additive
operator valued measure M, were given in the article [J3], and the operator
valued measure associated with the Dirac equation in two space-time dimensions
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realised as an example of the general scheme outlined there. In four space-
time dimensions, the operator valued set functions M, associated with the
Dirac equation are unbounded [12], [Z], [J4].

By representing the Dirac operator in four space-time dimensions as a direct
sum of operators unitarily equivalent to operators acting on a space of C?*-valued
functions on the positive real line, T. Ichinose and H. Tamura [I-T2] also
constructed families of matrix valued path space measures, but only for short
times and restricted initial data.

The purpose of the present note is to show that the notion of integration
with respect to a closable family of set functions [J1] may be applied to the
same representation of the Dirac operator in order to represent the dynamical
group U(t) associated with the Dirac equation with a radially symmetric
potential as an integral with respect to the operator valued set function M,
for each r>0. The restriction to radially symmetric potentials is related to
the well-known fact that a symmetric hyperbolic system is LP-bounded for
p+2 if and only if the associated system of hermitian matrices commutes [Br];
this excludes the Dirac operator. The radial symmetry realises the Dirac
operator as a sum of operators unitarily equivalent to hyperbolic systems with
a single matrix coefficient of the radial derivative, at the expense of introducing
a 1/r singularity at zero. The radial symmetry thereby facilitates control of
convergence in the path integral.

The term “process” mentioned in the title refers to the underlying random
process in which the operator valued set functions M,, >0 are used to measure
random events in place of a probability measure. The idea of associating set
functions with a general semigroup S and spectral measure @ is due to
I. Kluvéanek [Klu].

Ideas similar to those of [J3, Theorem 3] and [I-T3] establish the property
that M, is closable with respect to a family of operator valued measures
M{=, >0 supported on the space £ of radial paths in R*® with speed of light
¢. If V is a suitable radially symmetric potential, then the dynamical group
U associated with the Dirac equation has the representation

U(t):SQexp[—z’S:V(a)(s))ds]th(w)

for all >0, in the fashion of the Feynman-Kac formula for the Wiener process.

An unfortunate consequence of the support property of the operator valued
measures M{®, ¢e>0 is that for the Coulomb potentials defined for each a>0
by x = V. (x)=—a/|x|, x&R*\ {0}, the function s — V(w(s)), 0<s<¢ is not in-
tegrable on [0, ¢t] for a set of paths weQ which is non-null with respect to
the operator valued measure M, ¢>0; these paths w first hit the origin at
some time 0<?¢,<?¢, so that the integral of the function s— V,.(w(s)) has a
logarithmic singularity in a neighbourhood of #,. For the Dirac operator, it is
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well-known that the Coulomb potential is singular in the sense that squaring
the Dirac equation gives rise to a singularity more like %/#* in the Schrodinger
equation—it turns out that only for a<+/3/2 is the Dirac operator with the
potential V, essentially selfadjoint on C7(R*\{0}; C*)[W, Theorem 6.9]. In
the range +/3/2<a<1 there is a “physical” selfadjoint extension which ceases
to exist in the range a=1 (see [KS] and the references there).

The situation for the Dirac equation is in contrast with the Schrédinger
equation in R®. There the Feynman-Kac formula for the Wiener process picks
out the “physical” selfadjoint extension of —1/24+4V in the case that the form
sum of the free Hamiltonian —1/24 and the potential V' is bounded below.
The potential V may have singularities on a set of capacity zero.

The natural interpretation in the present context is that the Kac functional

T t
wHexp[—iSoV(w(s))ds], we 2 is not the right multiplicative functional to use

in the case of the Coulomb potential or other singular potentials associated with
physically reasonable dynamics. The situation is reflected in the P(¢),
Euclidean quantum field theory [G-J], where the construction of multiplicative
functionals of the field involves “renormalisation”.

General results guaranteeing the existence of bounded (S, @, ¢)-set functions
on LP-gpaces are presented in section one. Properties of the semigroups as-
sociated with the Dirac operator D are established in section two. Here a
number of results concerning approximation of semigroups to be used in section
six are established.

As mentioned previously, the free Dirac operator D with mass meR may
be represented as the direct sum of operators unitarily equivalent to the dif-
ferential operators

0 —1\/g./"(») m —kr ™\ (g.(¥)
0.1) 7 gF—>< )( )+< >( ) g2eCF((0, 0); C?),
L 0 /\g/(r)) \—kr™"  —m J\gsr)

for k=Z\{0}. The operators 7, are essentially selfadjoint [W, Theorem 6.97,
so we actually need to use their closures in L0, o0); C?). For each ¢>0, M{®
is the operator valued set function associated with the family of operators (0.1)
in which the expression k»~! is replaced by kr ! for »>¢ and by ke ! for r=<e.
The results of section one ensure that M{®, ¢>0 are operator valued measures.
The diameter of the range of M {9, ¢>0 diverges as ¢ — 0.

In section four we establish the support property of M{®, t>0 by writing
M{® in terms of a perturbation expansion. Section five is devoted to proving,
in the terminology of [J1], that for each >0, the (Sp, @, 1)-set function, for
the dynamical group S, associated with the free Dirac equation in four space-
time dimensions and the spectral measure Qg of multiplication by radiaily
symmetric Borel subsets of R* is closable with respect to M{*, e>0. Integra-
tion with respect to M, is also supported by £.
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Thus, armed with the notion of integration with respect to M, relative to
M, e>0, the representation of the dynamical group U(¢), >0 associated with
the Dirac equation with a suitable spherically symmetric potential, in terms of
an integral with respect to M,, is established in section six, see Theorem 6.3.

The existence of the dynamical group U is most easily verified by traditional
operator theoretic means. However, as noted above, the Dirac equation shares
features with Euclidean quantum field theory in two and three space-time
dimensions, where there is a corpus of ad hoc techniques for the construction of
dynamical groups. The systematic use of real time functional integration may
reveal some new mathematical structure underlying the current proofs of the
existence of non-trivial dynamics in two and three space-time dimensions.
Already for the Dirac equation, the need to use some multiplicative functional

other than the Kac functional wHexp[az’EZV(w(s))dS}, ws to represent the

dynamical group for the Coulomb potential V is suggestive of the situation in
Euclidean quantum field theory.

§1. (S, Q,t)-Measures

Some facts concerning (S, @, t)-set functions for semigroups acting on L?-
spaces are collected in this section. First we fix some notation.

All vector space are assumed to be over the complex scalars. A locally
convex space X is said to be quasi-complete if every closed and bounded subset
is complete. In particular, a quasi-complete space is sequentially complete.
The space of all continuous linear operators on a locally convex space X is
denoted by .£(X). It is endowed with the topology of strong convergence. If
X is a Banach space, then by the uniform boundedness principle, £(X) is quasi-
complete.

The identity operator on X is denoted by I. A semigroup S of operators is
a function S: [0, o0)—.L(X) such that S)S(s)=S(+s) for all s, t=0. A semi-
group S is called a Cy-semigroup if lim,,o+S({¢)=1I in £(X); this terminology
applies exclusively to a Banach space X in this work.

At some stages in the arguments of the present paper, it is necessary to
integrate vector valued functions with respect to vector or operator valued
measures. Fortunately, only the finite dimensional case is needed, so certain
technical difficulties are avoided. For example, if T: £(C")XL(C™) — £(C™)
is a norm continuous bilinear map such as (A4, B)— AB, Ae.L(C"), Be.L(C®),
then Bartle’s bilinear integral [B] is sufficient for our purposes. Another case
we need is for the example of the bilinear map (4, x) — Ax, Ae L(C"), xeC™.

The variation of a scalar valued set function m is (an extended-real valued
set function) denoted by [m|. The set [0, ) is denoted by R.. The space
of all smooth C?2valued functions on (0, o©) with compact support is denoted
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by CZ((0, ), C?. The Borel g-algebra of a Hausdorff topological space X is
denoted by ®(2).

Let (2, 9, p) be a o-finite measure space and let X be a Banach space
with norm denoted by |:||x. For each 1=p<oo, (L?(y; X), |-Il,) denotes the
Banach space of (p-equivalence classes of) strongly p-measurable functions f:

X such that | fupz(gsn f(a)ﬂf;;dp(a))“" is finite. For p=oo, (L=(u; X), | -l)

denotes the Banach space of (u-equivalence classes of) strongly p-measurable
functions f: 2—X such that the number ||f|l.=inf{l: | f(o)|x=2 for p-almost
all o2} is finite. For p=2 and X a Hilbert space, L*p; X) is a Hilbert
space with the inner product (f, g):Sv(f(a), g(a))du(a), for all f, geL¥p; X).
For the applications of section two, X is either C? or C* with a p-norm, 1<
p=co.

Let 94 be a sub-g-algebra of g and suppose that @ is the spectral measure
of multiplication by characteristic functions of sets belonging to 9,. Then for
each A€TJ,, Q(A) defines a bounded linear operator on each space LP(p), 1<
p<oo. The same symbol denotes the operator acting on each of these spaces.
Let X, be a set for which Q(AN(E\Xy)) =0 for all A=T,. In the case that
Q is regular, X, is assumed to be its support.

Now suppose that 74 is the generator of a C,-semigroup acting on the
Hilbert space L*(u). For example, if A is selfadjoint, then S {)=e™¢, teR is
a unitary group of operators, by Stone’s theorem [R-S, VIII.8]. However, in
the examples of interest in section two, A is not selfadjoint. Let ¢t>0 be fixed.

Denote by £. the collection of all functions w: [0, o) — %,. For any set

(1.1) E={wef.: ot,)eB,, -, ot,)EB,}
with 0<t;<--<ta<t, and with B, -, B, belonging to g, the operators
(1.2) { M dBI=Sat=t)QU S aln=tn) - Sulta=1)QUBIS A1)

My #(E)=S (1) BS alt—t2) S a1 OB S Al —12)

act on the Hilbert space L*(y).

The collection of all such sets F as 0<t,< - <t,<t, By, -+, B, and n=1,
2, .- vary is denoted by S;,. Then &, is a semi-algebra of subsets of the set
Q.. The suggestive terminology is that S, is the collection of elementary events
before time t. Sometimes sets in the algebra a(S;) generated by S, will be
referred to as cylinder sets.

The semigroup and spectral measure properties ensure that M, ,, M, * are
additive operator valued set functions on &,. It follows that M, ., M, .* have
unique additive extensions to the algebra a(S.) generated by S;. We denote the
extension by the same symbol. The set function M, , is called the (S, @Q, ?)-
set function.
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Our next aim is to give a condition for which the .L(L*p))-valued set
functions M4 .1 a(S)—L(L*w)), M4, *: a(S,)—L(L*p)) have bounded ranges,
in which case they are said to be bounded.

1.1 Lemma. Suppose that iA is the generator of a contraction Co-semigroup
acting on the Hilbert space L*(u) such that for each feL'(p)N\L*y), the ine-
qualities |le*** f.<| [l and [(e**)* fIL=| /]I, hold for all t=0.

Then for each 1<p<co, there exists a unique linear operator A,: D(A,)—
L?(y) such that iA, is the infinitesimal generator of a C,-contraction semigroup
Ty on LP(p) and T,@t)f=e***f for all feLP(w)NL*y) and all t=0.

For p=oco, there exists a unique linear operator Ae: D(A)—L>(p) such that
1A ts the infinitesimal generator of a weak*-continuous contraction semigroup Te
on L=(p) and T(t)f=e"**f for all f& L(u)N\L*p) and all t=0.

Proof. We first make a few obvious remarks. If S(), t=0 is a family of
bounded linear operators on X such that for some dense set of vectors xeX,
the equality S(¢)S(s)x=S({-+s)x holds for all s, 7=0, then S is actually a semi-
group of operators. If, in addition, S(¢), 1>0 is uniformly bounded in a neigh-
bourhood of ¢t=0 and lim,.,+S{¢)x=x for a dense set of vectors x&X, then S
is a C,-semigroup of operators acting on X.

Because L'(p)NL%*y) is dense in L'(p), for each t=0, there exist unique
operators T.(t): L'(p)—LYp), Si(@): LY (p)—LYp) such that T.(t)f =e¢*4'f and
Si(t)f=(e*ty* f for all fe L N L*y). Now the measure p is not assumed to
be finite, so the space L'(u)NL=(g)NL*(p) need not be dense in L=(yg). Con-
sequently, an alternate argument is needed for the case of L>(p).

The duality between L'(g) and L=(p) is given by <{f, g>:g2f(a)g(a)dy(a),
felyp), geL=(p). For feLl(wWNL¥w, g=L=(w)NL*y), the inner product
of f with g is (7, g)zgvf(o)é'@—)dy(a), so {f, g>=(f, Jg) for the antilinear

complex conjugation operator J: L*p)— L*y). Furthermore, <S:(t)f, g> =
ety f, go=((et4t)* f, Jg)=(f, e*4t]g)=<f, Je***Jg>, so the Banach space dual
operator of Si(t): L¥(p)—L'(y) is Je*4*].

However, for any g€ L*(p)N\L¥p), there exists gn& L' (p) N L=(p) N L¥(p),
n=1, 2, --- such that [g,[-=<|lglle forall n=1, 2, --- and g,—g in L*y) and p-
almost everywhere. Such a sequence may be obtained, for example, from the
martingale convergence theorem. Then for every fe& L(p)NL¥p), <f, Je'4iga)
=SV f, Jg.>—<Sit)f, Jg> by dominated convergence, and {f, Je*4ig,>—
{f, Je'4tg) by convergence in L*(y). If follows that |{f, Je**'g>|=I<S:®)f, Jg>|
< fIhlglle for all fe& L (p)N\L¥y). Because L'(p)N\L¥p) is dense in Li(p)
and J is norm preserving, it follows that [¢*4'g].<lgll. for all g L=(u)N\L*p).

The Riesz-Thorin interpolation theorem [R-S, Vol. II, pp 38-39] shows that
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for each =0 and 1< p< oo, there exists a unique bounded linear operator T ,(t)
such that || T,(0)fll,<|fll, for all f€L?(x) and the equality T ,(t)f=e%4*f holds
for all feL?(w)NL*y). The remarks at the beginning of the proof serve to
show that T, is actually a C,-semigroup acting on LP(g). If A, is its infini-
tesimal generator, then the operator A, has the required properties.

For p=oo, the Banach space dual operator of JS;(t)/, t=0 defines a weak*-
continuous semigroup Tw(t), t =0 on L>(g) such that T(t)f =e*¢f for all fe
LN L¥y). &

Suppose that A satisfies the condition of Lemma 1.1. Then S, defines a
unique continuous semigroup of operators on L?(y) for each 1<p=<oo. Because
@ is a spectral measure acting on LP(y) (for p = oo, L=(y) has the weak*-
topology o(L>=(p), L'(p))) the operators defined in (1.2) also act on L?(y) for
each 1<p=<o. The same symbols are used to denote the corresponding oper-
ators acting on each of the spaces L?(p), 1< p=oo.

1.2 Lemma. Suppose that A satisfies the condition of Lemma 1.1. Then the
additive set functions My,,, My, % are bounded in L(L>(y)) on the algebra a(S:)
generated by S,. Moreover,

sup{Ma, (E)l| rzocun : E€a(S)F =1, sup{|Ma, H(E)raep : E€alS)} =1
for each t>0.

Proof. Because S, is a contraction on L*=(g), the result follows from []3,
Proposition 1]. However, we distill the essential argument here for the additive
set function My ..

Discarding g-null sets, if necessary, for any element £ of the algebra a(S,),
the additivity of M, , ensures that operator M, ,(F) may be represented as the
sum of the operators M, (E,,,) with

E.,={oel: ot)EBY, -, olt,1)€ By, ot,)€ By}

j=1, -, Jk), k=1, ---, m for 0<t,< -+ <t,<t. The sets BEeF,, k=1, -, m
are assumed to be pairwise disjoint. Then

m J (k) m J (k)
M dEy= 3 Mao(\J Evy)= 2 Salt—1)QBIMa.c,(\J Fi.;)

with F, ;={0cf: ot)eB%?, -, olt,_.)eB%}.

If we knew that the operator T,=M, ., (\J#¥F: ;) had its norm bounded
by one for each k=1, ---, m, then so would the operators 3, Q(B%)T, and
S S(E—t.)Q(BE)T s, because for all f,eL>(y), k=1, ---, m in the closed unit
ball of L*(¢), the inequalities |ZfLi(Q(B%)fe)(0)] = 2t |(Q(BY)f)(0)| =
DiiXpe(0)| fr(0)| <1 hold for p-almost all ¢<2. It is clear that the proof can
now be completed by induction. The analogous argument holds for the additive
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set function M, .*. @&

1.3 Proposition. Suppose that iA is the generator of a contraction Cy-semi-
group acting on the Hilbert space L* ), N is a unitary operator acting on L*p) and
K =0 is a number such that for each f< L ()N L*(y), the inequalities |N*e*4*Nf ||,
ZeX fy, IN(H4*N*f||,<eXt|fl, hold for all t=0. Suppose also that N and
Q commute.

Then for each 1< p=<co, >0, [N*My (E)Nflp<eXt|fllp for all feL?(p)N
L*p) and all sets E belonging to the algebra a(S.) of sets generated by S,.

Proof. Let 9(B)=N*D(A) and set B=N*AN—KI. Let ] be the complex
conjugation operator on L*(y) and set C=/JB*J. Then /B is the infinitesimal
generator of the C,-contraction semigroup e®8¢= ¢ KiN*g4tN, >0 satisfying
the conditions of Lemma 1.2. Similarly, /C is the infinitesimal generator of the
Ce-contraction semigroup J(e*B4)* ], t>=0 satisfying the conditions of Lemma 1.2.
The adjoint semigroup ¢— (e*2%)* t=0 is clearly weakly continuous on L*(u),
but this implies that it is also strongly continuous too [H-P, 10.6.5].

Moreover, the equalities <e‘Btf, g>=(e'B'f, Jg)=(f, e B Jg)=<f, Je B* ] g>
valid for all fe L (wNL*yp) and geL~(p)N\L*(y) ensure, in the notation of
Lemma 1.1, that /C. is the infinitesimal generator of the weak *-continuous
semigroup e*°~f, t=0 adjoint to ¢*F1*, t=0 with respect to the duality between
LY(y) and L=(p). The semigroup e*°‘, t =0 also satisfies the conditions of
Lemma 1.2. An application of Lemma 1.2 to the operators B and C establishes
the inequalities sup{|Ms, ((E)|| £=w) : E€a(S)} =1 and sup{||Mc, *(E)ll £ e, :
Eca(S;)} <1. It is easily checked that for each Eca(S;), the dual of the
operator Mc¢, #(E): L=(p) — L=(p) with respect to the duality <-, -> between
L'(p) and L=(p) is Mg (E): L'(p) — L*(p), so by duality, the norm estimate
sup{IMz, (E)ll ccz1cpyy : E€a(S)} <1 holds. An application of the Riesz-Thorin
interpolation theorem [R-S, Vol. II, pp 38-39] shows that |[Mp (E)f|,<Ifl»
for all feLP(u)NL*p) and all sets E belonging to the algebra a(S:) of sets
generated by ;. According to formula (1.2), the equality Mz (E) =
e XtN*M, ,(E)N holds for all sets E<S,. because N and Q@ commute. By the
additivity of the set functions Mz, and M, ., the equality must hold on the
algebra a(S;) generated by S;; the conclusion follows. ®

Up until now, we have been concerned not with the ¢-additivity of the
set functions M, ., but only with their boundedness on the algebra a(S;). For
the next statement, it is convenient to introduce a regularity assumption on
the spectral measure Q.

Let g, be a sub-g-algebra of the Borel subsets of a Hausdorff space X.
Let E be a locally convex space. A vector valued measure m: 9,—FE is said
to be regular, if for every A9, and every neighbourhood U of zero in E,



Dirac Process 305

there exists a set B9, and a compact subset K of X such that BEKZ A,
and m(C)eU for all Ce9g,, such that CSA\B.

1.4 Theorem. Let X be a locally compact Hausdorff space, u a o-finite
regular Borel measure in Y. Let Q be a regular spectral measure of multiplica-
tion by characteristic functions of a sub-c-algebra of the Borel subsets of 2.
Suppose that iA is the gemerator of a contraction Cy-semigroup acting on ihe
Hilbert space L*(u) and N is a unitary operator acting on L*p) such that for
each fe LN\ L¥y), the inequalities |N**4*'Nf[,<e®t|f|;, |N(e*4*N*f|,<
eXt\ fll, hold for all t=0. Suppose also that N and Q commute.

Then there exists a unique o-additive operator valued measure M ac: 0(S)—
L(L¥p)) defined on the o-algebra o(S,) generated by S; such that for each Ec
S, the equality MA_t(E)f =M, (E)f holds for all [ L¥p). Moreover,
||M4.z(E)!|_£(L2(p)>§€m Jor all E€a(Sy).

Proof. According to Proposition 1.3, for each 1<p=<oco and t>0, the in-
equality [[N*My, (E)Nfll,<eX*|fll, holds for all feL?(u)NL*p) and all sets
E belonging to the algebra a(S.) of sets generated by &;. Because N is a
unitary operator acting on L*(g), the density of LP(p#)N\L%*p) in L%*y) ensures
that My o(E)| e <eXt for all E€a(S,), that is, My, is a bounded additive
set function taking values in the space _£(L%(y)) of bounded linear operators
on L*w).

The o¢-additivity on the algebra a(S,) of subsets of £ follows from [J3,
Proposition 2], a result of Kolmogorov concerning projective limits of measures
on X! [Ne, III. 3] and the Orlicz-Pettis theorem [D-U, 1.4.4].

The problem reduces to showing that there exists a ¢-additive extension
of an operator valued measure from an algebra of sets a(S;) to the g-algebra
o(S,) it generates. Any bounded subset of .L(L%(y)) is relatively weakly compact
because L*(y) is reflexive. An appeal to the Carathéodory-Hahn-Kluvanek ex-
tension theorem completes the proof [D-U, 1.5.2]. m

Remarks. (i) The results of this section can be reformulated in terms
of the spaces LP?(y, H), I=p<oo where H is a Hilbert space.

(ii) If ¢4, t=0 is merely a bounded group of operators on Li(y), then
the space L'(p) can always be renormed so that it becomes a group of iso-
metries. However, the pleasant properties of the spectral measure @ may be
lost for this new norm. In Proposition 1.3, the renorming operator commutes
with Q. ®

§2. Approximation of Semigroups Associated with the Dirac Operator

The free Dirac operator may be represented in L% IR®; C* by means of
the differential expression
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3
chjZ a,p,+amc®,
=1

where ¢>0 is the velocity of light, m>0 is the mass of the particle, p,=
h/id/dx;, and

0 o a, 0
a,= for j=1, 2, 3, = .
g, 0 0 —ao

Here ¢., 0,, 0, are the Pauli matrices

01 0 —z 1 0
ool ol )
10 i 0 0 —1

and ao-—-((l) (1)) is the 2Xx2 identity matrix. In the sequel, units are chosen in

which ¢ and 7 are equal to one.
The space L*(R®; C*) is a Hilbert space with the inner product (f, g)=
Sm(f(x), g(x)dx for f, geL*R?*; C*. For any n=1, 2, ---, the space C" is

assumed to be equipped with the inner product (a, b)= X%, a,-l;]- for a=
(a,, -+, a,) and b=(b,, -, b,) in C*. The space C" endowed with the p-norm
lalp,=%=1la;|1P)Y?, a=(a,, -+, a,) is denoted by CF, except as just mentioned,
when p=2 where the notation C” is used. If v, is the counting measure on
{1, ---, n}, then C:=L?(v,), so the results of section one apply to the spaces
L?(p; C%) which may be identified with L?(u¢®v,) for all 1S p=co.

By virtue of the angular momentum decomposition of the Dirac operator,
there exists a family %, », k==+1, *+2, --- and m=— k|, —|k|+1, ---, |RI—1
of mutually orthogonal subspaces of L%(R?; C*), such that L%R?; C*) is the
Hilbert space direct sum of 4, ., each space %, . is a reducing subspace for
the free Dirac operator D and in each 4, », D is unitarily equivalent to the
closure in L*R,; C?, of the operator 7, defined by (0.1) on the space
C3(R, ; C?) of smooth C?-valued functions with compact support. The essential
selfadjointness of the operator D with domain CP(IR*\ {0} ; C*) serves to establish
the essential selfadjointness in L*R,; C?) of the operator r, for each k=+1,
+2---. A convenient reference for these and other standard facts from the
spectral theory of differential operators is [W]. The details are laid out more
explicitly in [A]. Thus, for each k==+1, +2, --- and m=—|%|, —|k|+1, ---,
lk|—1, we have 7, =U,, n(D| K1, 0)Ur »* for a unitary operator U, m: Hi, n—
L¥R,; C%. Here D! 4, , is the restriction of D to the reducing subspace
Ky om Let 0=Xy .« on R.

2.1 Lemma. Let 1<p<co. Let 9(T.) be the collection of all functions f&
L?(R,; C2) such that f is absolutely continuous on all bounded subintervals of
R,, f/'eL?(R,; C%) and f.0)=0 for T. and f,(0)=0 for T_. Let T.: 9(T.)

—LPR,; C32) be the linear operator defined by T¢f=i<(l) _?)f’ for all fe
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D(T.). Then T. is the infinitesimal generator of the Cy-contraction semigroup

on LP(R,; CZ) mapping f< LP(R,; C2) to the function x H((affﬁf(ﬁ)n)’ Jor

almost all x=0, and T_ is the infinitesimal generator of the Cy-contraction semi-
group on LP(R, ; C2) mapping feLP(R,; C3) to the function x H((of;()x(ﬁ_?)t)),
for almost all x=0.

For each t 2 0, e¥-te"~* = Q,, e"'e’-* = P,, where Q,, P,: LP(R,; C%)—
L*(R,; C2%) are the projection operaiors given by (Q.g)(x) :(0(7;;26%1(76)),
S52

(P,g)(x):(a(x%gfg)z(x)) for x=0 and g€ LP(R,; C2). The operator T, on

LP(R.; C%) is the Banach space adjoint of T_ on L¥(R,; C2), 1/p+1/q=1.
Movreover, T, is the Hilbert space adjoini of T _.

Proof. Let 1< p <o and for each fe LP(R,; C3), set (S@)f)(x)=
((0],]]’2;;1)75)) for almost all x=0. Then for each t=0, IIS(t)fII,,:U:Ifl(x-l-t)[p
+10(x—1t)fo(x—1)] ”dxi‘w;i]]fnp, in view of the assumption that C3 is equipped

with the [?P-norm. Because (S()f):(0)=0 for all feL?(R,.; C2) and >0, if
follows that f,(0)=0 for all functions j belonging to the domain 9(T.) of the
infinitesimal generator 7. of S. The identification of T, follows from Lebesgue’s
differentiation theorem. The identification of 7_ follows in a similar manner.

The remainder of the statement involves straightforward calculations. ®m

Remark. Neither ¢'-¢ nor ¢’~* is a contraction semigroup on L?(R.; C?)

for p+2. For example. for p>2, HeT”“(%E“Z'/;)Hp:2“2‘”7’>1. The case 1<
0.1
p<2 follow by duality. m®

Let N:1/\/?(} #). Then zN*((l) _O]>N:<(l) 9))- Let 9(z) be the

collection of all functions fe L*(R.; C? such that f is absolutely continuous
on all bounded subintervals of R,, f'e L*R.,; C?* and (N*[),(0)=0. Let 9(z_)
be the collection of all functions f= L*R,; C?) such that f is absolutely con-
tinuous on compact subsets of R, f'eL*R,; C?) and (N*f),(0)=0. Let 7.:

D(r.)— L*R . ; C?) be the operator i((l) _01>d/dx.

2.2 Lemma. The operators it. are lhe generators of Cy-semigroups on
L?(R,; C2) given by e**-*=Ne"+*N* such that He“i‘HﬂLT‘(m;cgngz for all t=0.

Proof. The resolvents of the semigroups t — e**=t, t=0 and t~— Nel=!N*,
t=0 are equal, so the equality of the two semigroups follows from the uni-
queness theorem for Laplace transforms [H-P, Theorem 6.2.3]. By Lemma 2.1,
the norm inequality lleir-*t”_C(meHc;‘,né”NH.C(cg)HN*“_f(cfpéz holds. =
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2.3 Proposition. Let g: R,—R be locally square integrable on (0, o). Let
D(H,) be the collection of all functions feL*R.; C?) absolutely continuons on
all bounded subintervals of R.,, such that (N*f),(0)=0 and H,f=t.f—qfe
L¥R, ; C*. Similarly, let D(H_) be the collection of all functions f€ L*R, ; C?)
absolutely continuous on all bounded subintervals of R., such that (N*f),(0)=0
and H_f=r_f+qfe L} (R, ; C?).

Then iH, is the infinitessimal generator of the Cy-contraction semigroup e
on LAR,; C?), such that ¢*¥+* maps fe L*(R_.; C? to the function

iH ¢

t
exp[—isoq(x —i—s)ds](N*f)l(x +t)
x— N , for almost all x>0.

0(x—t)exp[—z'gzﬁ(x—z‘)q(x—s)ds](N*f)z(x—l‘)

Similarly, iH_ is the infinitesimal generator of the Co-contraction semigroup e**-¢,

such that ¢*®-* maps f L¥R,; C?) to the function

O(x—t)exp[igzﬁ(x —t)q(x—s)ds}(N*f)l(x—t)

x—N ) , for almost all x>0.
exp| ] gCe-+s)ds [V e+

Proof. The statement is verified for H.. The rest of the conclusion for
H_ follows in the analogous manner.

Dominated convergence and the local integrability of ¢ ensures that the
expression defining e'#+¢ gives a C,-semigroup of operators on L¥R, ; C?). Let
9 be the range of the resolvent operator R(,{):Swg-“e“f +tdt of the Cy-semigroup

0
e*#+t t=0. The range 9 is independent of A= C, Re(1)>0. Let feL¥(R,; C?
and set g=N*f. Then for x>a>0,

o0

(N*R(A)f)l(x)zgoe “exp[—ig:q(x—i-s)ds]gl(x-{—i)dt

=exp [iS:q(s)ds]e“S:e‘“ exp[—iS:q(s)ds ]gl(u)d U

The function (N*R(A)f),€ L*( R, ; C?) is plainly absolutely continuous on bounded
subintervals of R,. A similar argument applies to (N*R(1)f),. Because
(N*etH+t £),(0)=0 for all >0, we have (N*R(2)f),(0)=0 as well. A straight-
forward calculation shows that H,R(A)f=t,R(A)f—qRA)fL¥(R,; C?), so D&
D(H,) and the restriction of H. to @ is the infinitesimal generator of e+,
Integration by parts shows that ‘R(A)H,f = AR(A)f—f for all f & D(H,), so
D(H)S D and H, is actually the infinitesimal generator of e+,
—kr!
—m
) for 0<r<e. Then U, . is a bounded function with values in

For every =0, let U,e,s<r)=(_’,;1r_1 ) for r=¢ and U,.(r) =

( m —ke?

—ket —m
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the 2X2 hermitian matrices. According to [K, Theorem IX.2.17, #(z,+U4..)
and i(z_—U,,.) are the generators of C,-semigroups on LP(R,; C2) for each
e>0 and 1<p<oo. In the case p=2, the operators 1(t,+U; ) and i(z_—Uy,.)
are the generators of C,-contraction semigroups on L*(R,; C?) for each ¢>0.
The following results are stated for the operator z,, but the analogous
statements also hold for .. Let 7, .=7,4U. . The same symbol e**k<t =0
is used on each space LP(R,; CZ%). By virtue of [K, Theorem IX.2.1], the
mapping e—e'*ke! >0 is continuous on the open interval (0, o), in the strong
operator topology of .L(L*R. ; C?%), uniformly for ¢ in compact subsets of [0, o).
The operator 7, defined by (0.1) is essentially selfadjoint; its closure in
L*R, ; C?) is denoted by the same symbol. A result of Trotter [T, Theorem 5.2]
ensures that lim,.,e* %< =¢* %’ in the strong operator topology of L(L*R,; C?),
uniformly for ¢ in compact subsets of [0, «). The operator 7, , is set equal to 7;.

2.4 Lemma. The norm |[N*e*re!N| of the operator N*e**ns!N on LY(R.;
C3) is bounded by e™*'*1/=t,  Similarly, |[N(e*™<"*N*| cLiry;c2n=e™#I/=L

Proof. A calculation shows that N*U""E(r)N:(—imo—k/r imak/r) for
r>cand N*U IN=(_; 0 - TR for r<e, so IN¥UL (0N oz =m

+1k|/r for r>e and [N*U, (r)N|cz<m+|k|/e for r <. Because N*r,N =
T., N*¢ne!N, t=0 is the Cy-semigroup generated by T, +N*U,, .(r)N. As noted
in Lemma 2.1, T, is the generator of a contraction semigroup on LY(R,; C3%),
so the result follows from [K, Theorem IX.2.1]. The estimate for the adjoint
operator is proved similarly. =

2.5 Lemma. Suppose that q: R.—R s locally integrable on [0, o) and locally

square iniegrable on (0, o). Let qo,=qX:qi<n, n=1, 2, ---. Then for every 1>0,
the function s— (A—i(th.c—qn)) " 0 < e <1 s continuous in the strong operator
topology of L(L*R.; C?), uniformly for n=1, 2, ---. Furthermore, as ¢ — 0%,

@ keIl gt kI iy the strong operator topology of L(L¥R, ; C?), uniformly
for n=1, 2, --- and t in compact subsets of [0, o).

Proof. Let X be the Banach space of all continuous functions f: [0, 1]—
L*(R,; C* with the norm | f|.=Supeszs:l|f(x)|.. For each t=0 and f&X, set
(SO f)e)=e"ret f(e) for all 0<e<1. Then SEfeX and S(s)SE=S(t+s) for
all s=0. Moreover, as noted above, ¢ — e**ks!, 0 < ¢ <1 is continuous in the
strong operator topology, uniformly for ¢ in compact subsets of [0, o). It fol-
lows that t—S(#), t=0 is a C,-semigroup acting on X.

Now U, . is a bounded operator on L%R,; C?), so by Proposition 2.3 and
[K, Theorem IX.2.1], the operator i(z. .—¢q) is the generator of a C,-semigroup
on L*¥R,; C?), and as before, the mapping & — ¢!+ :"9! ¢>( is continuous on
the open interval (0, «), in the strong operator topology of L(L*R.; C2),



310 BRIAN JEFFERIES

uniformly for ¢ in compact subsets of [0, co).

The function ¢ is assumed to be locally integrable, so according to [Be,
Lemma 3], 7,—q is selfadjoint. Another appeal to Trotter’s convergence
theorem [T, Theorem 5.2] ensures that lim,.,e*¢te Pi=¢*¢+ D! in the strong
operator topology of L(L¥R.; C?), uniformly for ¢ in compact subsets of [0,
o0). For each t=0 and feX, set (S,@)f)(e)=ei"re Dt f(e) for all 0<e<1. The
same argument as before shows that t—S(), t =0 is a Cy-semigroup acting
on X.

The set C2((0, =), C?) isa core for v,—q [Be, Lemma 3] and, as is easily
verified, the set C([0, 1])QCZ((0, o), C* of all finite linear combinations
fle)r) =2, g,(e)hr), 0<e<1, »=0 of functions g, C([0, 1]) and Ak,
C2((0, o), C?), j=1, ---, n, n=1, 2, --- is a core for the infinitesimal generator
of S, Moreover, (7%, e—qs)f(€) — (tr..—q)f(e) uniformly for 0 < e <1 for any
such f e C([0, 11) ® C((0, =), C?. Again, [T, Theorem 5.2] implies that as
n—oo, Sg (t)—S,(t) in the strong operator topology of .£(X), uniformly for ¢ in
compact subsets of R,.

For each he L¥(R,; C and n=L,2, -, the function | e"*'S,,()1hdieX

is just the mapping &— (A—i(z4, c—qn)) th, where the function identically equal
to one on [0, 1] has been denoted by 1. As n— oo, these functions converge
uniformly on [0, 1] to the function e¢— (1—#(ts..—¢q)) *h, 0<e<1. This implies
the first conclusion. The second follows from the existence of the limit
limpowSy,A1A=S,(t)1h in X. ®&

2.6 Corollary. Let g,, n=1,2, -+ be as in Lemma 2.5. For any bounded
linear operators T,, -, Ty on L*R.; C? and any numbers s, ---, s,>0,
iMoo [T%21 [t Cr e T =TT, [ 2 e~ DT ] in the strong operator topology of
L(LYR, ; C?), uniformly for 1<e<1.

Proof. This follows from the Banach-Steinhaus theorem, and the observa-
tion that \Upses:, ne**k 95K, 0<e=<1 is precompact for any precompact subset
K of L¥(R,; C?. m

2.7 Lemma. Let g: R, — R be a bounded Borel measurable function. Then
as n—oo, the operators [e ' /"e* et/ " n=1 2 -.- converge to e'“k:"D! in the
strong operator topology of L(L¥ R, ; C?), uniformly for 0<e<a, for each a>0.

Proof. The statement is a version of Trotter’s product formula with the
convergence uniform as the parameter ¢>0 varies. The operators 7;,., €¢>0
have a common domain 9(z,) and the function ¢— 7z, .x, e>0 is continuous for
each x€9(r,), so the conclusion follows from [J2, Theorem 1]. =

Let Cy(R,, C? be the space of all continuous functions f: R,— C? such
that f(x)—0 as x—oo. The bilinear integrals referred to in the next statement
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are to be understood in the sense of Bartle [B], as mentioned earlier, or more
simply, componentwise. The equivalence class of a Borel measurable function
g: R.— C?* with respect to Lebesgue measure is denoted by [g].

2.8 Proposition. There exists a unique semigroup T, . on Co(R,, C?) such
that [Te (O)f] = e“rst[f] for all feCy(R,, C?) and t=0. Furthermore, there
exists a unique 2X2-matrix valued function (I, x, B)— p(x, B), t=0, x>0, Be
B(R.,) with the following properties:

(i) for each t=0 and x>0, B— p,(x, B), B€ 8(R.) is a 2X 2-matrix valued
measure,

(ii) for each B B(R,), the function (t, x)— p,(x, B), t =0, x>0 is jointly
Borel measurable,

(iii) for each t, s=0, x>0 and B B(R.), pr.s(x, B):S:ps(x, dy)p(y, B),
and

(iv) for each t=0, x>0 and feCy(R,, C?), (Tk,sf)(x):S:pt(x, dy)f(y).

Proof. The dual estimate from Lemma 2.4 shows that the semigroup e¢**# <
on L=(R,; C2) satisfies |[N*e*™he!Nf | ,<e™*t1kot) [ for all feL=(R.; C2)
and t=0. If feC?(R,, C?), then it is easily verified that ef*xfeCy(R,, C?)
(in the sense that there exists a unique continuous representative of e®"xs!f), so
continuity ensures the existence of the stated linear operators T, (t): Co(R,, C?)
—Cy(R,, C?) for each t=0 and the semigroup property for T, . follows from
the semigroup property of ¢*&<! (=0 on L*(R,; C&).

The existence and properties of the matrix valued “transition function”
(t, x, B)— p(x, B), teR, x>0, B€ 8(R.) are proved in the manner analogous
to that for Feller semigroups, only now we deal with matrix valued measures
rather than probability measures. Put simply, the Riesz representation theorem
ensures that the Banach space dual operator T .(t) of T, () maps the space
of C?%valued Borel measures on R, into itself. Then for each t€R, x>0 and
Bea(R.), set p(x, Bv=[T, (t)0,03B) for each vector v=C®* Here d, is
the unit point mass at x&R,. Then (t. x, B)— p(x, B), teR, x>0, Be 3(R,)
has the stated properties. ®

§3. Existence of the Spherically Symmetric Dirac Cut-off Measures

Denote the semi-algebra of all sets E of the form (1.1) with =R, by R,
and set [,=2t">, For each t, ¢>0, the associated (e*"#¢", Q, t)-set function is
denoted by R{*: a(R,)—.L{L*R,; C?). Here Q is the spectral measure of
multiplication by bounded Borel subsets of R,, acting on the Hilbert space
LR, ; C?).

According to Lemma 2.4 and Proposition 1.3 we have the following result.

3.1 Lemma. supucacapllR{® (A cizery; oo Se™ AU
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Moreover, it follows from Theorem 1.4 that R{*® has a unique o¢-additive
extension to the o-algebra ¢(R,) generated by R,.

For each k=Z\{0}, let T, be the unitary group of operators defined on
LR, ; C?) by T.t)=e**' for all t€R. For each t>0 there exists, according
to formula (1.2), an operator valued set function R{®: ®,— L(L*R,; C?)
defined on the semi-algebra R, of all sets E of the form (1.1) with =R, and
I'w=23", such that the restriction of R{*’ to R, isthe (T, Q, t)-set function.
Here Q is the spectral measure acting on L* R, ; C?) of multiplication by Borel
subsets of R.. It will prove useful to formulate this observation in terms of
an R®valued process whose distributions are operator valued set functions
acting on L%R?*; C*).

Now let . be the space of all paths w: [0, ©)—R% Let Br be the sub-
o-algebra of the Borel sets in R® consisting of radially symmetric Borel sets,
that is, Br is the collection of all sets {x&R?®: |x|eB}, Be 3(R,).

The spectral measure acting on L% R*; C*) of multiplication by charac-
teristic functions of sets belonging to Br is denoted by Qr. For each >0,
the semi-algebra of all sets of the form (1.1) with the sets By, ---, B, belonging
to Br is denoted by S;. Let Sp, be the C,-semigroup of operators acting on
L*(R®*; C*) and defined by Sp (t)=e*P* for all t=0, where D=3 nDUs. n*(z.
+U4, Uk, wn Then iD, is the generator of the C,-contraction semigroup Sp(f)
=20 DUy a*e U, » acting on L*R®; C*), but D, is not selfadjoint.
Moreover, D.—D in the strong resolvent sense.

3.2 Theorem. Let S, be lhe semi-algebra of elementary events in 2. For
each t>0, there exists a unique g-additive operator valued measure M : ¢(S,)
— L(LAR?; C*) such that the restriction of M{ to S, is the (Sp,, @, t)-set
Sfunction.

Proof. Let ¥: Q.,—R.1°* be defined by (¥(w))t)=|w()| for all =0 and
all we Q.. Then for any t>0, $;={¥Y(E): EER,}.

Let @ be the spectral measure of multiplication by characteristic functions
of Borel sets, acting on L*R.; C?. Then for all indices k, m, the spectral
measure Qr satisfies

Rr({xeR®: [x1€eB)f=Us, n*Q(B)Us,nf, for all B€B(R.) and feIdy n,

with respect to the unitary operators U, , defined earlier, so a simple calcula-

tion shows that for all t>0 and E< R, the (Sp,Qr, t)-set function M{* is given

by METYE)=0. n@PUs. n*RF(E)U, ». The result follows immediately.
|

Remarks. (i) The notation LYR.; C? used in Lemma 2.4 is not just
pendantry. It was noted earlier that neither T, nor T_ is the generator of a
contraction semigroup on LY(R,, C?). This difficulty actually precludes us from



Dirac ProcEess 313

deducing the boundedness of the (Sp, Qr, f)-set functions as follows: if, say,
T, were perturbed by iU for an hermitian matrix multiplication operator U(r),
and if T+, t=0 were a contraction semigroup on L'(R.; C?), then the ine-
quality [(eT+/meW™) 2| r 11w, cey <1 would obtain for all n=1, 2, ---. 1f, in
addition, the range of the operator A—i(T.+U) were dense in L'(R,; C?), then
general results on semigroup convergence [T] would ensure that the closure
of T,4+U generates a contraction semigroup on L}(R_; C?). A slight variant
of Proposition 1.3 would then allow us to conclude that the (Sp, Qr, f)-set func-
tions acting on L2*(R?®*; C*) are actually bounded; the use of the appropriate
norms on C™ is therefore crucial.

(ii) Proposition 2.8 show that for each k< Z\{0}, there exist matrix
valued measures P{* 79 : g(R,) — L(C?%, x >0 such that for each bounded
measurable function f: R.— C® with compact support and each bounded,
scalar valued, cylinder function F, the equality

(RED(FINW=] . 4P = (@) f@W)F (@)

holds for almost all x>0. Here /.=R.1°*. The sum of the operator valued
measures U, *R{* 92U, ., ke Z\{0} converges in .L(L*(R?*; C')), but there is
no corresponding result for the matrix valued measures P{** . &

$4. The Support of the Spherically Symmetric Dirac Cut-off Measures

In this section, we show that there is a distinguished subset £ of the set
Q. of all paths in R® such that for any 4<e(S,) disjoint from 2, M{(B)=0
for all sets Beo(S,) such that BS A and all e>0. It follows that for each
¢>0, the operator valued set function A2 — M (A), 1<a(S,) is well defined
and g-additive. It is in this sense that 2 is the support of M.

In this section the operator 7. defined in section two is merely denoted by

7. The following argument is similar to that of [[-T2, Lemma 4.4]. By iterat-
. . ¢ . " .
ing the formula e®¢*Vke)t :e’”—f—zg -, et lUhnaady it follows that the

0
“Dyson series”

o0 t
(A1) ertUret=gritt EZ"'S ”'Snzei“"‘f’Uk.s---e“(“Z‘“1>Uk.;e”"1da1-~-daz
i=1 0 0
converges in the uniform operator norm (see the proof of [K, IX.2.17).
t (ag . _ .
Let Vi (t)=e** and V]m([):g 5 e e @0, eitida, - da,
0 0

for all t>0 and j=1, 2, ---. Then |[VEWO| LU, |#7!.
The equality e*C¢+Ure s — pi=2Up tpi+2Uk 05 g true for all ze= C
[K, 1X.2.13. Equating the coefficients of z™, m=0, 1, 2--- ensures that

4.2) 3 VEOVE()=VEE+s)

L+j=m
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for all s, t>0. The sum is over integers [, 7=0. If we set
4.3) RE?'JE’(E)ZJ_ ZJ JV‘”(t—tn)Q(Bn)V;‘;’_,(tn—z‘n_l)'--V D(t,—1)Q(B)V 52 (t)
ot tin=

for each set E of the form (1.1) and /=0, 1, 2, ---, then it follows from equa-
tion (4.2) that the set function R{®# is well defined and additive on the semi-
algebra R, of subsets of R,1*, The sum is over integers j,, ---, j»=0. By
(4.1), the equality

(4.4) R{:(A)= T 'Rk (4)

holds for all Aca(®R,). The convergence is in the uniform operator norm.

Furthermore, it follows as in Proposition 1.3 that for each /=0, 1, -,
that the additive set function R{*® is bounded on a(R,) with norm
SUPEca (s, “R(k E)(E)||.£(L2(R+ cony = a’t’/]1, where a = HN*UL'.SN“.L’(LI(RHC%)) =
m—+ k| /e.

Because each set function R{® >0, J=0,1, 2, --- is bounded on the
algebra a(R,), it follows as in the proof of Theorem 1.4, that R{*® is the
restriction to a(R.) of a unique .L(L%R.; C?)-valued measure on ¢(R.), which
is denoted by R{*® as well. To examine the support properties of the R,
some additional notation is needed. In this context, it is sometimes useful to
consider set functions defined on R, a(R;), d(R,) as being defined on subsets
of R, instead of R.[>>, Because there is a one-to-one correspondence be-
tween the semi-algebras ®, and ®,NR. [, we shall pass from set functions
defined on one family of sets to the other without further mention. The same
cavalier attitude is adopted for the algebras and o¢-algebras they generate.

For each =1, 2, -, let 4, be the collection of all J-tuples (s, -, s;) of
numbers such that 0<s;<---<s;<t. Let =, be the collection of all maps &
{0, 1, -, J}—{0, 1}. Define the map A,: R, X4d;XE;—R= for x>0, (s;, -,
sp)edy; and £ 5, by Ay(x, (sy, -+, sg), §)) =7, where 7: [0, ) — R is the
polygonal path defined by 7(s)=x+4+(—1)*®s for 0<s<s, and

Hs)=x-+(—1)Es, + él(—1)“’“(skTl—sk)+(—l)5‘j+1)(s—s,+1)

for s,.1<s<s,,5 7=0, -+, J—1, with s;,, defined to be t. Let j, -+, j. be
non-negative 1ntegers and T(Jo, =+, Ju; ti, ==, ta) the set of all (sy, -+, s;) such
that

0<sl< <s]0§tll

t1<3j0+1< <S]0+]1§t2)

tn<310+ HIp- 1+1< <3;0+ = =t,

with the appropriate inequality omitted if s, =0. Writing T =T (o, -, Ju;
ty, -+, ta), We have



Dirac ProcEss 315

(4.5) Vi t—t)Q(BVE (ta—ta-y) -+ VP G—t)QBIV ()

Jo
n-1
:STPll(ajﬂT“"']7l—l+l} Tty a10+---+]n) ;[;Io [Q(Bkﬂ)

ka(a]0+---+jk_1+1, Tty a]ﬂ‘r-'-‘r]k)]dal da.l-
If 7,++0, the operator valued function P, is equal to

eit(ck+1—ajo+"'+’k)Ugéir(ajo*'"'“k—nfo"'"""jk—1)
v U, 0¥ Whgts g 427 Qhgtetf gy + D @3 G tertd g 41

otherwise it is equal to the constant e**tt+1, for all =0, ---, n.

As mentioned earlier, there exists a 2X2 unitary matrix N such that for
each g L¥R,; C?, N*e*"!Ng=f, where f,(x);=g(x-+t), for all x=0, f,(x),=
g(x—1t), for all x=t and f,(x),=0 for 0 x<¢t. It follows that if B,, ---, B,
are Borel sets and ¢, ---, ¢, are times such that there is no path we4,(R,X
(Toy oy Jus by oy L)X ENNRLEY ™ such that w(t,)EB,, -+, w(t,)EB,, then
the integrand on the right hand side of (4.5) is identically zero for all values
of (ay, -, a;)E Ty, =+, Ju; b, =+, t.) — the integrand may be written as a
finite matrix sum over paths belonging A;(R.X(T(Jo, -+, a1, =, ta) XS NN
R.!>= and passing through the sets B,, ---, B, at times ¢, ---, t,. The re-
presentation (4.3) shows that for any set E of the form (1.1) disjoint from
AR, x4; X E)NR =, the operator R{¥#(F) is the zero operator, and the
additivity of R{*® ensures that R{*?(A)=0 for any set A belonging to the
algebra a(R,) generated by sets of the form (1.1), which is disjoint from
AR, Xd; X EHNR 0=,

We summarise this discussion in the next statement.

4.1 Lemma. For any set Aca(R,) disjoint from A;(R . Xd;XE)HNR .,
Rk (A)=0.

The map A;: R, XxX4,XE;—-C([0, t]) is uniformly continuous, so it has a
unique continuous extension to the closure R_Xd;X5; of R, x4;X5; in R, X
R7%5;. The extension is denoted by the same symbol. Moreover, no new
paths are introduced by the continuous extension. It follows that for every
compact subset C of R,, the set A;(CXd;XE;)=A;(Cxd;xE5;) is is a com-
pact subset of C([0,t]). We give 4;(R,x4,XZ,)) the relative topology of
C([o, ¢D.

Any vector valued Borel measure m on complete separable metric space X
is regular, in the sense that for any neighbourhood U of zero in the vector
space, and any Borel set A in X, there exists a compact subset K of A such
that m(B)eU for all Borel subsets B of A\K[S, Theorem 9, p 1227, [K-K, II.1
Theorem 17.
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4.2 Lemma. There exists a unique L(L*R_.; C?)-valued Borel measure
Rékp : (A (R, XAs X} ENNR =) L(LAR, ; C?) such that R#P(ANA,(R, X
AJXE])): (k E)<A) f07' all AERL

Proof. The spectral measure @ is g-additive in L(L* R, ; C?), so for any
function fe L¥R,; C?) and §>0, there exists a compact subset C; of R, such
that | RS (BN {w: 0(0)eR \Cs}) fll.= [ RFA(B)QIR\Cs) f[.<0 for all BEa(Ry).
If Aca(R,) is disjoint from A,(C;Xd;XE)NR.= then AN{w: w(0)=Cs}
is disjoint from Ay(R,X4;XEZ)NR_ =, It follows from Lemma 4.1 that
[ R¢=#(B)fll,<d for all BSA.

For any gL R ,; C?), |gll. <1, the variation W |[(R{:2 f, g@)|(W), We
o(R;) of the scalar set function (R{#Pf, g): W—(RE=PW)f, g), W € a(R,)
satisfies the inequality [(R{%2f, g)|(W)<4 supyew||RE2(V)f|.[D-U, 1L.1.11]. In
particular, for any set A=a(R,) disjoint from the compact set A,(CsX4;XZ )
NR,1=  the inequality [(R{®®f, g)|(A)<4d is valid for all geL*(R,; C?
with |gl.<1.

The set function |[(R{*%# f, g)| is therefore cylindrically concentrated on
compact subsets of C([0, t]) [S, p 188]. An application of Prokhorov’s theorem
[S, Theorem 21, pp 74-75] (which has a direct extension to scalar valued set
functions) to the measure (R{%# f, g) yields a regular Borel measure on A,;(R
XAy X E)NR = for each g LA R, ; C?. The L*bound in g and the Orhcz-
Pettis theorem give the required Borel measure R{*®. It is unique because the
sets ANA;(R,.X4;XE,), A€ R, generate the Borel g-algebra of A,(R,Xx4,X%X
E)NR =[S, Lemma 18, p 108]. =

We give the F,-subset I'=\U5-, A;(R, X 4; X E;)NR.I= of the space
C([0, t]) the relative topology.

4.3 Theorem. There exists a unique .L(L*R,; C?)-valued Borel measure
Rito: () —L(LY R, ; C») such that R{E2(ANT)=R{*9(A) for all A€ a(R,).

Proof. It follows from Lemma 4.2 and equation (4.4) that for any set A<
d(R,) disjoint from I, R{* ©(A)=0. Thus, the set function ANI" — R{*(A),
Aco(R,) is c-additive and it has a uniquely defined extension R{*® to the
Borel subsets of I, such that for all Ae @(I"), R 9(A)= %0/ REP(AN
AR XAy X E 7).

Denote the space of real valued continuous functions on [0, o) by C([0, o0)).
It is endowed with the topology of uniform convergence on compact subsets of
[0, co). It is easily verified that the closure of the set \U;so\UJ=1 A,(R, X4;X
E;)NR. = in the space C([0, =)) is the set of all continuous functions f:
[0, c0)—[0, o) such that | f(r)— f(s)|<|r—s]| for all r, s=0.
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Remarks. The argument of Theorem 4.3 provides an alternate proof and
a generalisation of the main result of [I-T3]. In the situation considered in
[1-T3], for each J=1, 2, ---, the subset of =, consisting of alternating functions
is used. m

Now let 2 be the space of those paths w: [0, o) — R? for which there
exists a unit vector v& R?® such that w=v|w| and |w|=I". It follows that
lo(s)|—lo@®)| L |t—s]| for all ¢, s=0. The space € has the topology of uniform
convergence on compact subsets of [0, c). By the triangle inequality, the space
2’ of all paths w: [0, o0)—R*® such that |w(s)—w(t)|<|t—s| for all ¢, s=0 would
do as well, in that it contains the former space. Let X,: £ — R?® denote the
evaluation map X,(w)=w(s), o€, s=0.

As defined earlier, Br is the sub-g-algebra of the Borel sets in R® consist-
ing of radially symmetric sets. The spectral measure acting on L*R?®; C*) of
multiplication by characteristic functions of sets belonging to Br is denoted by
Qr. For each :>0, the semi-algebra of all subsets of £ of the form (1.1) with
the sets By, ---, B, belonging to ®Br is denoted by S,. Let Sp be the unitary
group of operators acting on L%R?; C*) defined by Sp(t)=e*?* for all teR.
The (Sp, Qr, t)-set function is denoted by M,.

Because the formula M@ YE) = 3w DU w*REN(E)U, » from the
proof of Theorem 3.2 works for Borel subsets £ of [ as well as cylinder sets,
the following result is immediate.

4.4 Theorem. Let S, be the semi-algebra of elementary events in 2. For
each t>0 and >0, there exists a unique operator valued measure M : ¢(S;) —
L(L*R?; C*)) such that the restriction of M (¥ to S, is the (Sp,, Qr, t)-Set function.

The operator valued set function M, is the limit of the o¢-additive valued
measures M{® in the sense that, as e—0%, M {?(A)—M,(A) in the strong operator
topology for each A belonging to the algebra «(S;) generated by the collection
S; of elementary events.

§5. Integration with Respect to M, and (M {9D.,

The operator valued set function M, is the strong operator limit of the
family <M {®).>, of operator valued measures on the algebra a(S;). It is there-
fore natural to view integration with respect to M, as being controlled by the
measures <M {¥>.,; this is the viewpoint adopted in [J1] in the context of the
Schrédinger equation. What results in the present context is a quasi-complete
space LYM{, M,;) of functions integrable with respect to M,, relative to the
family (M {®>.>, of operator valued measures. The payoff is in the next section,
whose results are proved as if M, were actually a o¢-additive operator valued
measure.
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The few facts and definitions we need concerning integration with respect
to vector measures are given in [K-K]. For example, in the present context,
all bounded measurable functions are integrable [K-K, II.3 Lemma 1]. A set
N is a null set with respect to a vector measure m with values in a locally
convex space X, if and only if N is null with respect to the variation |[{m, x">|
of the scalar measure {m, x’) for each x’ belonging to the continuous dual X’
of X [K-K, p22]. The usual terminology concerning properties occurring
“almost everywhere” with respect to m then has a meaning.

Throughout this section >0 is a fixed number. An S;-simple function s is
a finite linear combination 37-, ¢, X4, ¢,€C of characteristic functions of sets
A,eSy, j=1, -, n, n=1,2, ---. The set function sM,: S;—L(L*R?; C*) is
defined by sM,(A)=3"_,¢,M.(ANA,) for every AcS,. Set M,(s)=sM,(Q).

Let f: 2—C be a d(S;)-measurable function. The collection of all functions
g such that the set {weQ: gw)=~ f(w)} is M{®-null for every ¢>0 is denoted
by [f].. Let L'KM{®).,) denote the collection of all equivalence classes [ f].
of ¢(S;)-measurable functions f which are integrable with respect to M {® for
every ¢>0. Then L'(<M§{>.>,) has the vector space structure defined by [ f].
+lgli=[f+gls, alf1l.=laf]. for all [f]., [gl.€ L'{M{?):) and a C.
For every ¢>0 and ¢ L¥R?*; C*), let I, . be the family of measures
{I((M§2¢, d)| : ||gl,<1}. The space L'((M{¥).>) is given the locally convex
topology defined by the family {p,q..: >0, g=L*(R*; C*)} of seminorms,

defined for each e>0and g= L3 (R*; C*) by pt|¢,£([f}+):sup{gzif|dp: ‘uel"w,s}
for each [f1.€ L'(KM{?)e>0).

A subset A of a Borel set N for which [Xy],.=0 is said to be M{-null. A
property which obtains off an M{-null set is said to be satisfied M ;-almost
everywhere (briefly, Mf-a.e.). A function f such that [f],&€L(KM{®).5) is
said to be M{-integrable. The space L({M{*>.>,) Will sometimes be written,
more briefly as LY(M7).

5.1 Proposition. The locally convex space L*(MY) is quasi-complele.

Proof. A small modification of the proof of [K-K, Theorem IV.7.3] shows
that it is enough to exhibit a finite measure p: ¢(S,) — [0, o) such that M{®
is absolutely continuous with respect to g for each ¢>0, for then the associated
measure algebra is complete. The conclusion of quasi-completeness rather than
completeness is related to the observation that the space L(L*R?*; C*)) of
bounded linear operators acting on L%IR®; C*) is only quasi-complete.

First we construct a related operator valued measure acting on LR, ; C2).
Let T denote the operator 7, defined in section two. Then for the matrix

N = 1/\/7(21 {), the equality N*zN =T obtains and we have N*U, (»)N =

0 im—Fk/r ) _ 0 im—k/e
(_Z.m_k/r o ¥/ for r>¢ and N*U, (rIN= (_Z.m_k/e o /%) for 0<
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r<e. Let 0'1:((1) é) and set W (s)=¢T* and

Wio(s)=(m+ | k| /e)"gs ---Saze“““‘f’ol---e““f“l’ole“ldal---dou
0 0

for all s>0, j=1,2, --- and k€Z\{0}. Then [W(s)| < (m+|k|/e)s?/jl. 1If
we set

ﬁé?f)(E):j Ej JI/V;;)(t—tn)Q(Bn)WJ(’i,,)_l(tn‘—zn—l)"'VVJ('i)(tz"tl)Q(Bl)WJ('g)(tl)
ot tin=

for each set E of the form (1.1) and /=0, 1, 2, ---, then it is a simple matter
to check that the sum ﬁgk-“:zf;:oﬁgﬁ,ﬂ defines an L(LY(R. ; C?)-valued Borel
measure, as in section four. Moreover, if d= L (R, ; C?) has real, non-negative
components, then 0=<(R{* 99, ¢)<(R{* 96, ¢) for all 0<d<e and if N*¢ has
non-negative components, then [(f?ék'”cﬁ, ¢)](A)§(ﬁ£"‘”N*¢, N*¢)(A) for all A=
B().

In the notation of section four, M & @ YE) = Xt n DUs, a*REE)U . m
for all Eca(R,). Let @i m., j=1, 2, -+ be an orthonormal basis of the ortho-
gonal subspaces 4, . Wwhich reduce D, introduced in section two. Then by
the preceding observations, each of the measures M{®, ¢>0 is absolutely con-
tinuous with respect to the finite measure g with

,u(w—l(E)):] & lzm na],k,l,m.nl(ﬁgkl“n)(E)qu,mqsk,m,j; r:Uk,'rngbk,m, l)l:

for all Feod(R,),
normalised with

aj, k, L, m.n:[ | (ﬁﬁk'”n)qjk. m¢k, m, Js CUk, m¢k, m, l)!(l—')]_lz_(j+k+l+m+m . =

5.2 Lemma. M {®(A)—M,(A) in ihe strong operator topology as ¢—0%, for
each AES,.

Proof. The limit lim,.,e'?*=¢'?® exists in the strong operator topology
of L(L*R?; C*)), uniformly for s in compact subsets of [0, =), so the result
follows from formula (1.2) by the Banach-Steinhaus theorem. ®

If s is any S;-simple function, then sM {®(A)—sM,(A) in the strong operator
topology as e—0" for every A=S,. It follows that the map [s],~—sM,, defined
for all S;-simple function s is well-defined. Then the subspace sim[S;]={[s].:
s is S;-simple} of L'(M$) may be endowed with the locally convex topology
(M,) defined by the family {g. 4. 4: AES:, = L¥(R*; C*)} of seminorms with
Qe.¢. A[512) = SuPoces: | (s M {2)(A)g, &)|, [s]. €sim[S.], for each A€S, and g
L¥(R?*; C*).

The next assertion shows that the identity map on sim[S,] is a closable
linear map from L!(M7) to the completion sim{S,] of sim[S,] with respect to
the topology z(M,).
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5.3 Lemma. If {[s;1.>ics is a net in [S,] converging to zero in L(MY)
and {[s11:1e; 1s a Cauchy net in ©(M;), then limc;[s,].=0 in =(M,).

Proof. That {[s;].>ie; is a Cauchy net in z(M,;), means that the net
{(s:M ) A)p, d)er converges uniformly for all 0<e<1, for each A=S; and
¢ L¥(R®; C*). But the limit must be zero, because <{[s;].>cr converges to 0
in LY(MY), so lime;[s;],=0 in =(M;). m

It follows from Lemma 5.3 that the linear space of all bounded Cauchy nets
of elements of sim[S,] in the locally convex topology determined by the family
Pe={Dt.p.:+qt.4.4: >0, 6= L¥(R?*; C*), A=S,} of seminorms can be identified
with a subspace L'(M{, M,) of L\(M7). The locally convex space L(M7{, M,)
has the topology determined by the family of seminorms 2,. We note here an
obvious consequence.

5.4 Proposition. The locally convex space L*(M{, M,) is quasi-complete.

5.5 Lemma. For each [fl.€L' (M, M) and AES,, the limits fM,(A)=
lim.., fM{P(A) and (fFM)*(A) =lim. [ fM{®(A)]* exist in the weak operator
topology. Moreover, fM,: S; — L(L¥R?*; C*) and (fM,)*: S, — L(L*R?*; C*))
are additive set functions.

A function f: Q — C such that [f].e L(M{, M,) is said to be M#-M,-
integrable. The conventional notation SA f(@)dM(w) is sometimes used for the
operator fM,(A), AcS;. The limitlim.,,[ fM{(A)]* also exists in the weak
operator topology, so we write this as fMt*(A)ngm—)th*(w).

The next section is devoted to a class of M{-M,-integrable functions. For
the moment, we have the following

5.6 Proposition. Let F,, ---, F, be radially symmetric, bounded, Borel mea-
surable functions on R®. Let 0<t,<---<t,<t. Then the function f : w— F(w(t,))

w Folo(t,), o€ Q is M{- M,-integrable and ngth = g!PU~tn) Qp(F,) -
¢iPta=t0 Qp(F,)etPh,

Proof. Suppose that F is a radially symmetric bounded Borel measurable
function. Then there exists radially symmetric simple functions s,, n=1, 2, ---
on R? such that s,—F uniformly on R® as n— co. Then Qr(s,)— Q(F) in the
strong operator topology and uniformly on precompact sets as n— co. In parti-
cular, as n—oo, Qr(s,)e’#d—Q(F)e'Pe*¢ uniformly for 0<e<1 and for ¢ rang-
ing over a precompact subset of L%R?®; C*). The conclusion follows by in-
duction. ®
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The following convergence results are immediate consequences of the de-
finitions and the corresponding convergence results for vector measures [K-K,
1.4 Theorem 2].

5.7 Proposition. Let f,, n=1, 2, -~ be M{-Mintegrable functions for
which there exists a function g=0 with [gl.€L*(M7?) and |f,| < gM{-a.e. for
all n=1,2, ---. If fa., n=1,2, - converges Mif-a.e. to a function f, and for
each AES,, the operators foM(A), n=1, 2, --- converge in the weak operator

topology, uniformly for e>0, then f is M¢-M,-integrable and SAfdM‘:
limn_.ngf,,th in the weak operator topology for each AES;..

5.8 Proposition. Let f,, n=1,2, -+ be a sequence of M{-M-integrable
Sfunctions, increasing M{-a.e., for which sup,|(M{¥@, @)|(fn)<oco for every ¢c
L¥R*; CY and e>0. If f,, n=1, 2, --- converges M{-a.e. to a function f, and
for each AES,, the operators foM((A), n=1, 2, --- converge in the weak operator
topology, uniformly for e>0, then f is M{¢-Mintegrable and SAfdML:

limnmhfndML in the weak operator topology for each AES,.

Remark. It is unreasonable to expect that the seminorms g4 4 could be
replaced by, say, ¢, 4 ([s])=I(sM)(A)¢|, [s].esim[S,], for each AeS, and
¢ L}(R?*; C*), that is, setwise convergence on S,, because e’ is convolution
with a distribution of order one. A similar phenomenon occurs with the
Schrédinger equation, although the relevant kernel x — (2zit) 3224122 x = R3
is a distribution of order zero.

§6. Path Integral Representation of the Dynamical Group

Now that the notion of integration with respect to the operator valued set
functions M, t>0 is established, the representation of the dynamical group for
the Dirac equation with a spherically symmetric potential follows in a straight-
forward way from dominated convergence, Proposition 5.7.

A function V: R*—R is said to be spherically symmetric if there exists a
function ¢: [0, ©)—R such that V(x)=¢(|x|) for all x&R".

By [K, V.4.3], for any bounded function V: R*—R, the operator D—V is
selfadjoint on the same domain for which D is selfadjoint (the Sobolev space
CHY(R*)IY.

6.1 Lemma. Let V: R*>R be a bounded, continuous, spherically symmetric

function. Then the function wHexp[—iS:V(w(s))ds], ows? is Mi{-M-integrable.

Proof. 1f V is bounded and continuous, then for each w=$, the function
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s—V(w(s)), 0<s<t is continuous, so the Riemann sums X%, V(w(tj/n)t/n, n=
1, 2, --- converge to S:V(w(s))ds, so by dominated convergence, 1%, expl—iVe
th/n;‘/n]—)exp[—z'SZVoXsds} in Li(M®) for each ¢>0.

It is enough to show that as n—oo, the operators S.@ 1 expl—iVeXjmt/n]

dM®, n=1, 2, --- converge in the strong operator topology of .L(L*R?*; C*),
uniformly for 0<e<1, for then, the same statement holds for the operators

SEH?=1 exp[—iV X, mt/nldM®, n=1, 2, ---, EES, by virtue of formula (1.2).

It then follows from the definition of the family ®, of seminorms in section
t

five, that T1%-, exp[—iVX,,/;»t/n] converges in L'(M{, M,) to exp[—z’SOVoXsds}.

Now MEOWYE) = 3% n@DUs n*RFENE)YUs. m, E = a(R,) for the map ¥ :
R-R.1>= defined by (T(w))(s)=|w(s)| for all s=0 and all w2, so by virtue
of the spherical symmetry of V(x)=q(|x|), x&R? it is enough to show that

for each ke Z\{0}, the operators Sr T1%- exp[ —ig o Xiyut/n] dR{H® =

[e-tingitp.et/nn » =1 2 ... converge in the strong operator topology of
L(LAR,; C?), uniformly for 0 <e <1; this follows from the conclusion of
Lemma 2.7. ®

6.2 Lemma. Let V: R*— C be a bounded, spherically symmeiric Borel
measurable function. Then for every wsQ2 and t>0, the function s— V(w(s)),
0<s<t is integrable, and the function wHexp[iiS:V(w(s))dsl, wel is M{-M;-
integrable. Furthermore, the equalities e*P~"¢ :Sgexp[—z'StV(w(s))ds]th(w)

0
and e-iw—w°:Sge><p[z'§:v<m(s>)ds}dM?*(w) hold for all +>0.

Proof. The function s—V(w(s)), 0<s<t is bounded and Borel measurable,
so it is integrable for every w2 and t>0. It follows from the assumption of
spherical symmetry that the function wHexp[iz'SzV(w)(s))ds], we 2 is bounded

0

and o(S.)-measurable, so it is M7-integrable [K-K, II.3 Lemma 17]. It is M-
M,-integrable by virtue of Lemma 2.7.

The conclusion follows from Lemma 2.7, however, the following proof is
more integration theoretic, see [Si, p 50] for the case of Wiener measure. Let
e>0. Suppose that f, geL*¥(R*; C*). For every 0<s<t and >0, let

u(s)zsgexp[—z'gz V(w(r))dr] AME® f)@).
Denote the Lebesgue measure on [0, t] by A. The function

(@, s)— V(w(s)) exp[—z‘S:V(w(r))dr], wef, 0<s<t
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is bounded and ¢(S,)®B([0, 1])-measurable, so it is integrable with respect to
the product (M f, g) ® A4 of the scalar measure (M{f, g) with 2. Then ac-
cording to Fubini’s theorem

I, —z'V(w(s))exp[—iSSV(w(f))dr}d((Mis’f, 2R@, 3)
Q.10 t1 0

=, L exp| i Viotrnar|ame s, 9@, 9

Q<u1ds

=(u(t), &)— (M f, gXD=(u(®), )—(Sn,1)f, &)
=—i{ (Sot—)Qr(V)uts), g)ds.

From this equation, we deduce that t— u(¢), t>0 is continuous in L*R?*; C?)
and it has the same “Dyson series” expansion as e¢*‘P<"")!f  see, for example,
[K, Theorem 1X.2.1]. The analogous argument holds for ¢ *?e~">t. In the limit,

- =lim ¢ @t =lim|_exp| i vio(s)ds | aM @)

:SQexp[——z’S:V(w(s))ds]dML((D)' »

6.3 Theorem. Let V: R*—C be a function such that V(x)=q(|x|), x€R*
for some locally integrable function q: [0, c0) = R which is also locally square
integrable on (0, ). Then for every t>0, the function s—V(w(s)), 0<s<t is

integrable for all wsQ and the function w— exp [—Z'YV((D(S))dS}, wcsQ is Mi-
0
M -integrable.
Futhermore, D—V 1is essentially self-adjoint on CP(R*, C*) and

e“D""‘:SQeXp[—ig:V(a)(s))ds}th(w), for all >0.

Proof. Let V,(x)=V(x) for all x&R® such that |V(x)|<#n, and let V,(x)
=0 otherwise. Then by dominated convergence, as n—oo, exp[—z’S:V,,(w(s))ds—l
— exp [—z'g:V(w(s))ds} for M¢-almost all w=Q. On an appeal to Lemma 6.2?
we see that the function f,: wHexp[—iS:V”(w(s))ds], ws Q is M{-M-
integrable, and e“D“'n":ngn(a))th(w) for all t>0.

As mentioned in Lemma 2.5, 7,—¢ is essentially selfadjoint on CZ((0, ), C?)
for each k= Z\ {0}, so D—V isessentially self-adjoint on CP(R?, C*). Corollary 2.6
and dominated convergence, Proposition 5.7, ensure that the functions f,,

n=1, 2, --- converge in L'(M¢, M,) to the function f: w~>exp[—z’SLV(w(s))ds},
0

ws$. In particular, the operators gofn(w)th(a)):e”D“’n)‘, n=1, 2, -~ converge

in the strong operator topology to Sof(w)th(w)ze“D“’”. |



324 BRIAN JEFFERIES

The treatment of the Coulomb potential requires a multiplicative functional
t

other than the Kac functional waexp[—ig V(w(s))ds], because there is a non-
0

M {-negligible set of paths which hit the origin.

In view of the observation of [I-T] that for certain f, g L¥R?*; C*), the
set function (M.,f, g) may actually be the restriction to S, of a scalar measure,
we state the following simple consequence of the dominated convergence the-
orem and [K, VIIL.1.6].

6.4 Proposition. Let f, g L¥R*; C*) be functions for which (M,f, g) is
the restriction to S; of a scalar measure and let V : R*—R be a spherically sym-
metric Borel measurable function in L%o(R*\{0}), such that for every t>0, the
function s— V(w(s)), 0Ss<t is integrable for (M.f, g)-almost all ws§. Then

for every t>0, the function wHexp[—iS:V(w(s))ds], wcQ is (M, f, g)-integrable.
Furthermore, if D—V is essentially selfadjoint on CZ(R®, C*), then

N t
e >tf, @)= exo| —i] Viasnas |t f, o),
for all t>0.
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