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Indecomposable Restricted Representations
of Quantum s/,

By

Vyjayanthi CHARI'™* and Alexander PREMET?®*

Abstract

We construct and classify all the indecomposable restricted representations of Ug(sly)
when ¢ is a root of unity.

§1. Introduction

Let Uy(sl:) be the quantum group associated to the complex simple Lie
algebra s/(2, C). The irreducible representations of Ug(sl,) are well-understood
[9], [10], essentially with a small restriction, there is upto isomorphism, exactly
one irreducible representation ¥, for each non-negative integer n. If ¢ is not
a root of unity then it is known that any finite-dimensional representation of
Uy(sly) is completely reducible [9], [14] and hence the indecomposable finite-
dimensional representations of Ug(s/;) are just the irreducible ones. If ¢ is a
root of unity, the finite-dimensional representations are no longer completely
reducible and the study of indecomposable representations becomes an interest-
ing and natural problem [16].

The representations V, for 0=<n</ remain irreducible when regarded as a
representation of the first Frobenius kernel of quantum s/, which was introduced
in [10]. They are called the restricted irreducible representations of quantum
sl;. In this paper we study the restricted indecomposable representations of
Uy(sl;) when g=¢ is a primitive [** root of unity. Thus we classify all inde-
composable representations of the first Frobenius kernel of quantum si/,, We
show that any indecomposable reducible retsricted module is either projective
or isomorphic to a Weyl module or to a dual Weyl module or to a maximal
submodule of a Weyl module. The representation theory of quantum groups at
roots of unity is closely related to the representation theory of Lie algebras in
characteristic p. Our results are analogous to the results for modular Lie
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algebras [2], [12], [15], although some of our techniques are different. The
results of [12] used the action of the corresponding algebraic group and the
support varieties of restricted modules introduced in [3]. In this paper we
give simpler proofs which in fact ‘specialize’ to the case of modular Lie

algebras.

The paper is organized as follows. Section 2 is of a preliminary nature.
In Section 3 we give explicit constructions of the indecomposable modules.
Finally in Section 4 we prove our classification theorem.

§2. Preliminaries

In this section we recall the basic definitions and properties of the restricted
finite-dimensional Hopf algebra U7

2.1. Let ¢ be an indeterminate. For n, r&N, let

_q"=q"
[n]q—‘ q_q_l ’
[nlg!=[nl{n—114 - [2]s[1]s,

[n],!
n;rl,mee .
[ Je [r1g[n—r],!
It is known that these are all elements of Z[g, ¢7!] and can be specialized by
letting g=e¢ where ¢ is a primitive /** root of unity, with / odd and greater
than 1. We denote the corresponding complex numbers by [n] etc.

2.2.
Definition. red(sl,) is the associative algebra over C with generators e,
f, k and the following defining relations:

kek l=¢%e,
Rfk1=¢2f,
—_ -1
[e, f1= 2K
€E—E€

e'=0, f=0, k*=1.

Notice that k! is central in [J7¢4(sl,) and hence acts as +1 on any indecom-
posable 0 7¢%(sly)-module. It suffices to study the indecomposable representations
on which k'=1 since the other case is obtained by twisting these with the
automorphism e——e, k——*% and f—f.

Denote by U7¢¢ the quotient of {J7¢(sl,) by the two-sided ideal generated
by k'—1. Let U7 (resp. U;) be the subalgebra of U7*® generated by e (resp.
f) and U the (semisimple) subalgebra generated by %£*!. As vector spaces we
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have
Urt=U:UW¢,

and hence the elements fTk"e’, 0<r, s, n</—1 form a basis of U7¢¢. The
Cartan involution @ of U/¢* is defined by extending,

we)=f, o(f)=e, w(k)=Fk7,

to an algebra automorphism.

23. It is well-known that U7 is a Hopf algebra with comultiplication
given by,

Ale) =eQRkl+1Qe,
AN)=IRN+E'QRS,
ACR)=RQE .
The antipode S is the anti-automorphism of U7¢? defined by extending,
Stky=k",  S)=—ck™,  S(H=—kf.

The counit is the algebra homomorphism that sends 2 to 1 and ¢ and f to zero.

2.4. The quantum Casimir element of U7¢® is defined by,
ck+e k-2
(e—€™1)?

It is easy to check that £ is in the centre of U7°¢. The following Lemma can
be proved by a simple induction.

Q=fe+

Lemma. For any i=1, we have,

62j+1k+6-2j—1k—1_2
(e—e)? )

fiei:;EI: 0-—

2.5. For any non-zero complex 'number p, let 7,:U7*“—U7 be the auto-
morphism defined by extending,

T;z(k):k: Tp(e):)ue; Ty(f):/«l_lf .

Clearly, Tp-T:=T,;. Let T be the group {T,: p=C*}. The action of T on
U'red defines a Z-gradation on U7T¢?. The subalgebras B==U%;: are T-invariant
subalgebras of U7%¢. Let ¢ be the anti-graded anti-involution of U7¢¢ induced
by,

a(e)=f, a(f)=e, o(k)=Fk.

If M is a left UT*%-module then ¢ defines a U!%?-module structure on the dual
vector space M* as follows,
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(gNHm)y=f(a(g)-m), geU!**, [feM*, meM.
Any irreducible representation of U? is one-dimensional and so is determined
by a character, 2: U%—C. It is clear from the definition that A°=A. Thus
Ure? together with the grading induced by 7 and the anti-graded anti-auto-
morphism ¢ satisfies the conditions of [5].

2.6. The Hopf algebra structure on U¢? implies that U7°¢ is a Frobenius
algebra [8], i.e. U7%? admits a non-degenerate bilinear form (,) satisfying,

{uv, wY=<Lu, vwp, for all u, v, weUr.

As a consequence we have,
Proposition {1, Thm 62.11]. Every projective module for UT? is injective.

2.7. We conclude this section with some results on indecomposable pairs
of linear maps A, B: V—W where V and W are distinct non-zero finite-dimen-
sional vector spaces.

Definition. We say that (A, B) is an indecomposable pair of linear maps
if there do not exist subspaces V,, V, of V and subspaces W,, W, of W such
that,

(i) V=V.PV, W=W,PW,,

(ii) AWV)CW, BWV)CW, i=1, 2,

(iii) at least one of V, or W, is non-zero.

Suppose that dim (V)=n+1 and dim (W)=n. Choose a basis v, vi, **-, Vs
of V and a basis w;, w,, ---, w, of W. It is easy to see that the maps ¢,, ¢,:
V—W defined by,

6n(v)=0,

Pa(v)=w,, i=+0,
Iw)=w,r, iEn,
Pn(vn)=0,

are indecomposable.

Another example of an indecomposable pair of maps exists in the case
when dim (V)=n, dim (W)=n+1. Choose a basis v,, -=-, v, of V and a basis
Wo, Wy, Wy, -+, Wy, Of W. The pair ¢,, ,: V—W defined by,

5n(vz>: W,
Na(v)=w. 1,

for all 1=</<n is indecomposable.
The next result is a direct consequence of the Kronecker-Weierstrass
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theorem [4, Ch. XII].

Theorem. Let (A, B) be an indecomposable pair of linear maps from V lo
W. Assume that the dimension of V is m and that of W is n. Then exactly one
of the following statements is true:

(1) m—n=1 and A=¢,, B=¢,,

(ii) m—n=—1 and A=2n,, B=¢,,

(iili) m=n and either A and B are bijective or A (resp. B) is bijective and
ker(B) (resp. ker(A)) is one-dimensional.

§3. Construction of Indecomposable Representations

In this section we give explicit constructions of some indecomposable re-
presentations of U7¢¢.

3.1. For any non-negative integer #n and for any 0=r=/(—1, let V(n, r)
denote the Weyl module of dimension n/+7». More precisely, if (n, »)#(0, 0)
and m=n{+r—1, then V(n, ») has a basis v,, vy, *-, v, on which the action
of the generators of U7¢* is given by,

k'ULZEm#.“UL ’ (l)
ev,=[m—i+1Jv,_, (@)
Fo=li+11v, &)

where we set v_;=0 and v,.;=0. Notice that the group T introduced in (2.5)
acts on V{(n, r) as follows,

Tpv,=p"""v,, =0, -, m.

The following lemma is trivial.

Lemma. Lel p denote the representation of Ul on V(n, r) defined above.
Then

Turple)- Tyl =pp(e),

T, 0(k)-Ti'=p(k),

Tp-0()- Ty =p""0(f).
3.2, For 0<:<]—-1, let

Vin, r)y={weVn, r): k-v=e™"2}.
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Proposition.
(i) . . )
dim V(n, r),=n-+1 if 0=<i<r—1,

=n otherwise.

(ii) The modules V(0, ) are irreducible and each irreducible UT%-module
is isomorphic either to V(0, ) for some 1<r<I[—1 or to V(1, 0).
(iii)
(R—[r/21»)-V(n, r)=0,
where [r/21=[I+1)r/2].

Proof. To prove (i) observe that if 0</<r—1 the elements {v,, vi4s,
Uni+:} form a basis of V(n, r), and that if r<i<[—1 then the corresponding
basis of V(n, 7) is {v., Viss, =", Vin-1y14i) -

Part (ii) is well-known, (cf. [9]). Part (iii) is a simple calculation.

3.3. For any U7°%-module M, the maximal semisimple submodule of M is
called the socle of M and is denoted by soc(M).

Theorem. Let n>0.
(i) V(nm, r) is indecomposable if r>0.
(ii) For 1=r=I—1 we have,

soc(V(n, )=V (0, [—r)®".
If v=0 then V(n, 0)=V (1, 0)°".

Proof. To prove (i), assume first that »+#0. Let 4 be the subalgebra of
End (V(n, r)) consisting of operators that commute with the action of U7** on
V(n, r). Using Lemma 3.1 it is easy to see that 4 is T-stable. Since T is a
one-dimensional algebraic torus we can write,

A=z

where A, ={Aed: T, AT '=p*A}. It is immediate that A,-A,C Ay Thus
A, consists of nilpotent endomorphisms for all 7 =0.

We now show that .4, consists of scalar endomorphisms. Let A=J,. Since
[A4, T,]=0 we have

Av,=a,v,,
for some scalars a;&C. The conditions [A, e]=0=[A4, f] imply that
m—i+1]a;=[m—i+1]a,, [+1la,a=[+1]a,,
for all 7=1, ---, m—1. This forces,

Qo= "'+ =1, 1= " =Ag1y, " Up= " =Q&nier-1 -

In addition, since
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Im—Fkl4+1]a, ., =[m—kl4+1]a;,#0

for k=1, ---, n we get,
Apr1=py -

Thus A=a,-id and so A, consists of scalars as asserted.
It is now convenient to consider 4 as a Lie algebra with the Lie bracket,

[x, yl=xy—yx, x, yEd.

Clearly, [A,, A;]CA,,; and [ Ay, A;]1=0. Since A is finite-dimensional it follows
that all T-homogeneous elements of A are ad-nilpotent. This implies that the
Lie algebra A is nilpotent by the Engel-Jacobson theorem [6, Ch. 2].

Let N denote the Jacobson radical of the associative algebra 4. By Wed-
derburn’s theorem the algebra /N must be commutative since A is a nilpotent
Lie algebra. Hence N coincides with the set of nilpotent elements of A. Thus
A,CN for all 7, forcing

A=CEBN .

If the Weyl module V(n, ) is decomposable, then A has a non-zero non-invertible
idempotent. This contradicts the fact that all non-invertible elements in A are
nilpotent.

For part (ii) notice that for each 0</<n—1, the elements v, ,, ***, Vis1-1
span a submodule of V(n, ») isomorphic to V(0, [—7). It is not difficult to see
that for any other element weV(n, r), with e-w=0 one has f' ' -w=0. Thus
the socle of V(n, r) is the direct sum of #n copies of V(0, [—r). Since the
dimension of V(n, 0) is n/ it follows also that V(n, 0) is completely reducible.

3.4. The dual M* of a U7%“-module M is defined by using the antipode :
(gHm)=f(S(gym,  for all geU!*, feM*, meM.

Fix a basis of M. Then the action of gcU7 on M* in the dual basis is the
transpose of the action of S(g) on M in the original basis. Clearly the dual
of an indecomposable representation is again indecomposable. Thus, the dual
Weyl modules form another class of indecompossable modules for U7¢®.

Lemma. The dual Weyl module V(n, r)* is not isomorphic to V(m, s) for
any m=20 and 0<s=<[—1 if n+0. The modules V(0, r) and V(1, 0) are self-dual.

Proof. 1t suffices for dimension reasons to show that the modules V(n, )
and V(n, r)* are not isomorphic. Therefore it suffices to observe that,

soc(V(n, r)=V(0, |—r)®", soc (V(n, r)*)=V (0, r)®m+b

The first isomorphism was proved in the preceding theorem and the second can
be proved similarly. That the modules V(0, ) and V(1, 0) are self-dual is im-
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mediate from Proposition 3.2 (ii).

3.5. We now give a construction of a one-parameter family of non-isomor-
phic indecomposable modules of U7¢¢. These modules can be identified with a
family of maximal submodules of the Weyl modules, we shall prove this in
Section 4. '

Let {v,, v1, -+, vi_1} be a basis of C!. Let X, Z be elements of End (C")
defined by :

Xv,=v,_1, Zv,=€e %,
where we set v_,=v,_;. Clearly,
Xi=7'=1, ZX=eX7 .

The elements X*Z7, 0<7, j</—1 form a basis of End (C*). We denote by Z'/*
the operator Z¢+i®,

Proposition. (i) Let AcEnd (C") and 1=<r<i—1. The following formulas
define an action of UT* on C'QRQC™:

h— "' ZR1.

1/2 __ 7-(1/2)
2T g,

€—E€

ETZI/2_€—_TIZ—(1/2)®1+MXZ§Zi®A.
€—€ A i=0
(ii) The module V(A, n, v) defined in (i) is indecomposable if and only if
C" is indecomposable as a CA-module.
(iii) V(A, n, r)=V(B, n, r) if and only if A and B are conjugate.
(iv) V(A, n, r)*=V(A, n, |—7).
(v) (2-[r/21%)-V(4, n, r)=0.

f—

e —> X

Proof. A simple checking shows that the formulas given in (i) do define
a representation of U7¢?., If C™ is decomposable as a CA-module then it is
clear that the representation of U7¢¢ is decomposable. Conversely assume that
the representation of U7¢? is decomposable. Let P: V(A, n, r)>V(A, n, r) be
the projection onto one of the submodules. Writing P as a polynomial in the
non-commuting variables X, Z with coefficients in End (C*), we find by using
the fact that [P, k]=0 and [P, f]1=0 that P=1®RQ for some Q<End(C").
Now using the fact that [Q, ¢]=0 we see that [@Q, A]=0. Hence A preserves
both the image and the kernel of @ and so C™ is decomposable as a C A-module.

If A and B are conjugate, say B=CAC™!, then it is easy to check that
1®QC defines an Ur°?-module isomorphism from V(4, n.#) onto V(B, n, 7).
Conversely by using the methods involved in proving part (ii) one can show
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that any U7*“-module isomorphism from V(A, n, ») onto V(B, n, ») must be of
type 1QC for some C=End(C"*). This forces B=CAC™.

Using the remarks in (3.4) one can write down the explicit formulas for
the action of the generators of U/¢* on the dual module V(A, n, r)*. These
formulas show that V(A, n, r)*=V(d', n, r). Since 4 and A’ are always con-
jugate, (iv) now follows from (iii). Part (v) is a simple calculation.

3.6. If 4 is a single Jordan block with eigenvalue A4, denote by V{4, n, )
the module V (A, n, r). Let V(4, n, r)* denote the module obtained by twisting
the module structure on V(4, n, ) by the Cartan involution .

Proposition. [/ A=—1 we have,
Vi o, r)“'zV(——l—%, n, r).

This can be proved by a direct calculation which we omit. The import-
ance of this proposition is that V(—1, n, ) is not a module of type V(g, n, s)
where p+—1. To see that V(—1, n, »)® is not isomorphic to V(—1, n, s) it
suffices to notice that:

dim ({veV (-1, n, s): e-v=0})=n+1.
dim ({veV(—1, n, s): f-v=0})=n.
Since it is obviously not a Weyl module, this is a new indecomposable module

which we denote by V(eo, n, 7).

3.7. The modules V(0, 1, ) can be identified with the Verma modules over
Uret. Recall that for 0<r</—1 the Verma module M(r) is the quotient of
Ur? by the left ideal generated by e and 2—e"!. Clearly M(r) is [-dimensional.
Further, if M is any other U/‘*-module generated by an element m satisfying,

e-m=0, k-m=¢e""1m,

then M is a quotient of M(r). With these comments it is now easy to check
that V(0, 1, r)=M({—r) for any 1<r</—1. Hence M(r)*=M(—r) by Proposi-
tion 3.5(iv). The module M(0) is isomorphic to V(l, 0) and so is irreducible.
The module V(0, ) is the unique irreducible quotient of M(r) for 1<r</—1.
The following lemma can now be proved easily.

Lemma. For 1<r=<[—1, there exists a non-split exacl sequence.

00—V, [—¥) —> M(r) — V0, r) —>0.

3.8. Our final set of examples are the indecomposable projective covers
X(r) of the irreducible modules V(0, ) for 1<r<[—1. Such projective covers
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exist by (cf. [11, §6.3]).
Proposition. Let 1<r<[—1.
(i)
[X(r): M(5)]=1 if j=vr or l—r,
=0 otherwise.
(ii) dim X(»)=21.
(iii) soc (X(»))=V (0, r).
(iv) The following short exact sequence of UT¢*-modules is non-split :

0 — M(—r) — X(r) —> M) —>0.

Proof. By (2.5) the algebra UT¢? satisfies all the conditions of [5]. Theo-
rems 4.5 and 5.1 of [5] now imply that each X(») admits a filtration in which
the corresponding quotients are Verma modules and the following formula holds:

[X(r): M()I=LM(7): VO, r)].

Parts (i) and (ii) are now immediate from (3.7).

By Proposition 2.6, X(r) is an injective module over U7¢?. Using the argu-
ments of [7, pp. 50-52] one can show that an injective U7¢¢-module is inde-
composable if and only if its socle is simple and that two injective modules
are isomorphic if and only if their socles are isomorphic. This yields soc (X(7))
=V(0, ). Part (iv) is now immediate.

3.9. We now give an explicit basis of the modules X(7).
Propesition. dim Ext'(M(»), M({—r))=1.

Proof. By Proposition 3.8 we know that Ext!'(M(»), M({—r)) has dimension
greater than 0. Consider a short exact sequence of U““-modules,

0 —> M(—r)—> N~ M) —> 0.
Let vo, vy, -+, v;_; be a basis of M(/—7) such 1hat
kv,=e "%y, foa,=[+1]v,., e-v,=0.
Choose w,=N such that,
krwo=e"""w,, Bwe)#0, e-B(w)=0.

Since the k-eigenspaces of M(/—r) are one-dimensional and e-w,eM(—7) it
follows that,
e Wo=ptoVi-7-1 -

If =0 then it is clear that the subspace spanned by the elements {w,=
(f/LiD) we: 0=<i<(—1} is preserved by U’®. Since B(w,)#0 we get, N=
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M@»)@M(—r) contradicting the fact that our sequence is non-split. Thus g,+0
and by rescaling the w, we can and do assume that g,=1. It is now easy to
calculate the action of ¢ on the w,, namely,

e-w,:[7’~l-:|w1ﬁ1+/llvl—r—l+1 ’

where y,=[[—r—14i;i] and as usual v, and w, are zero if /<0 or ¢>/—1.

Corollary. (i) X(r) is a 2/ dimensional module with basis {v,, vi, =+, Vi1,
Wy, Wy, -+, Wi_1} on which the generators of UT°® act as follows,
kv,=e"T" 2 1, brw,=e" "% 1w, ,
fo=li+1]vi, frw=l+1]w,..,
e-v,=[l—r—ijv,_y, e w,=[r—iJw, .1+ vioroisr

where p,=[l—r—141i; 1] and we assume as usual that v, and w, are zero if i<0
or i>[—1.

(ii) The action of 2 on X(r) is not semisimple.

(iil)  X(r)*=X(r).

Proof. Part (i) is immediate from Proposition 3.9. Part (ii) is a computa-
tion. To prove (iii), observe that the non-split exact sequence in Proposition
3.8(iv) induces a non-split exact sequence of the dual U!*¢-modules,

0 —> M(ry* —> X(r)* —> M(l—r)* —>0.
Since M(r)*=M(l—r), (cf. (3.7)) we have a non-split exact sequence,
0 —> M(—7) —> X(r)* —> M(r) —> 0.
Applying Proposition (3.8)(iv) and (3.9) vields the desired isomorphism X(r)=
X(r)*.

Remark. The modules X(») were defined in [13].

§4. Classification of Indecomposable Representations

We state and prove our main theorem in this section. We begin with the
following simple proposition.

4.1.
Proposition. Let M be an indecomposable representation of UT¢t. There
exists 0<r=<(I—1)/2 such that,

(2—[r/21) M=0.
If r=0, Q is zero on M.
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Proof. Since k'=1 on any U7°*-module M, the action of 2 on M is semi-
simple and the eigenvalues of % are contained in {¢': 0</</—1}. Using Lemma
2.4 we get,

a-n/2
Q- ];[1 (Q—[i/2]%*-M=0. 4)

As a result any eigenvalue of £ must be of the form [i/2]* for some 0<i<
({—1)/2. Further since M is indecomposable £ has only one eigenvalue on M,
say [r/2]%, for some 0<r</—1. In particular the operators (2—[7/21%) are
invertible on M for all 0</</—1, i#r, [—r, The proposition now follows.

4.2. For 0=r=<(/—1/2) let C. denote the category of Ur°“-modules M with the
property,
(Q—[r/2]15)*-M=0.

For 0=/</—1 set, M,={meM: km=e""""'-m}. The main result of this
paper is,

Theorem. Let M be an indecomposable object of C-.

(i) If »=0 then M is isomorphic 1o V(1, 0).

(ii) If >0 and Q is semisimple then M or M* is isomorphic to precisely
one of V(n, 1), V(2, m, i) where i=[—vr or r, n is any non-negative integer, m 1is
any positive integer and A€ C\U{o}.

(iii) If 8 is not semisimple on M then r>0 and M is isomorphic to X(r).

The rest of the section is devoted to proving this theorem.

4.3.

Lemma. Lel M be an indecomposable object in C..

(i) The restriction of fe (resp. ef) to M, is invertible if i=£0, r (resp. i+
r—1, [=1). If in addition R acts semisimply on M, the restriction of fe (vesp.
ef) to M, and M, {(resp. M,._, and M,_,) is identically zero.

(ii) The map f: M,—M,., (resp. e: M,—M,_,) is injective if i+r—1, [—1
(resp. 1=0, 7).

(iii)

dim (M,)=dim (M,) if 0=:<r—1,
=dim (M,_,) if r<i<[—1.

Proof. Since Me(C. and the restriction of fe to M, is (2—[(r—2i)/2]%),
the proof of part (i) follows. Parts (ii) and (iii) are now immediate.

4.4. We now prove part (i) of Theorem 4.2. Let »=0. By Lemma 4.3
(ii) e is injective on every eigenspace M,, 1=0. Since ¢'=0 it follows that
e-M,=0. Let {my, -+, m,} be a basis of M,. Clearly for each 0<s<n the
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subspace M(s) of M spanned by {f*-m,:0<;<[/—1} is an irreducible submodule
of M. Applying Lemma 4.3(ii) again we see that M=®%, M(s). Since M is
indecomposable this means that #=1 and hence M=V (1, 0) by Proposition 3.2(ii).

4.5. Assume now that (2—[7/2]?)-M=0 for some >0 and that M is in-
decomposable and reducible.

Proposition. The pair of mapse, 171 : My—M,_, is non-zero if and only if
the pair f, e ': M,_,—M, is zero.

Proof. Suppose first that both pairs are zero. Using Lemma 4.3 one deduces
easily that the subspaces Pi=¢ M, and @izt M, are submodules of M. Since M
is indecomposable this means that M,=0 either for all 7= {1, ---, r—1} or for
all 7e{r, ---, [—1}. Proceeding as i the proof of Theorem 4.2(i) we see that
M must be irreducible contradicting our assumption.

For the converse assume that the pair ¢, f'~! is non-zero when restricted
to M,. Let V,=Kker (e)"ker (f*")\M, and let W, be a subspace of M, com-
plementary to V, (notice that W,=0). Let V, and W, be subspaces of M;_,
defined similarly by interchanging e and f. Set,

T=1 l-r-1

N:aj”vl@ i;ﬂ e'W,, )
T=1 l-r—

N=Z 1w 3 ev,. 6)

By Lemma 4.3 M=N@N’. Suppose in addition that N and N’ are submodules
of M. Since M is indecomposable and N’=+0 it follows that N=0. In parti-
cular W,=0 and so,

M,_,=V,=ker (f)Nker (e ")NM,_, .

Thus to complete the proof of the proposition, we must show that N and
N’ are submodules. We show now that N is a submodule, the proof for N’ is
similar and left to the reader. By definition V, and W, are contained in eigen-
spaces of k. As £ acts semi-simply on M one checks easily that,

efV,CN, feW,CN,

for all 7= {0, ---, r—1}, 7y {0, ---, [—r—1}. Thus, to prove that e and f pre-
serve N it is enough to show that,

el—rwfchr—lvl s J'TVICel—'r--lW2 .,
By Lemma 4.3 this is equivalent to,
el"IW'gCVl ) fl~1‘/1CW2 .

The second inclusion is obvious since f'!V,=0. The first can be deduced
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from the fact that ¢!=0 and the following easy consequence of Lemma 2.4,
f11et W o= T ([ /23— (25 +7+2)/21)- Wa=0.

The proof of the proposition is now complete.

Corollary. If the pair e, f'"! (resp. f, e'™') is mom-zero on M, (resp. M,_,)
then it is indecomposable in the sense of Definition 2.7.

Proof. Assume that the restriction of e, f'"! to M, is non-zero and that
M=V, BV, M, ,=W.@W,, with e, f:"{(V, )CW,, i#j. Let N and N’ be de-
fined as in equations (5) and (6) above. Since the pair f, ¢'"! is zero on M;_,,
it follows as before that N and N’ are submodules of M. Hence either N or
N’ is zero proving that the pair e, f'~! is indecomposable. The case when f,
e'”! is a non-zero pair can be treated similarly.

4.6.
Lemma. Let M and N be two modules in C.. Then M=N if and only if
there exist isomorphisms of vector spaces =, : M,—N,i=0, [—1 such that,

e My=Ty;_1°€, Srhemy=m, ;- f17,
and
[mi=mryf, el =m0t
Proof. Given m, and w,_, define maps 7;: M,—N,; by setting,
r(ftm)=fim,(m),  for 0<i<r—1, meM,,
and

m (et im)=el ", (m'), for r+1<:<i-1, m"eM,_, .

Using Lemma 4.3 it is easy to check that @;z,: M—N is an isomorphism of
Ured-modules. The converse statement is trivial.

4.,7. We can now prove part (ii) of the Theorem. By the results of Section
4.5 exactly one of the pairs of maps e, f'"': My—M,_,, f, e"': M,_,—M, is
non-zero and the non-zero pair is indecomposable. Consider the case when the
first pair of maps is non-zero, the other case is similar and we omit the details.
By Theorem 2.7 dim M,—dim M,_, is either +1 or 0. If the difference is one
then by Theorem 2.7(i) there exist bases of M, and M,_, such that,

e|}10:¢n , fl—1|M0:</’n ,

where n=dim M,_,. The Weyl module V(n, r) is indecomposable and satisfies
all the above assumptions. Thus one can define linear maps 7, and =;_, satis-
fying the assumptions of Lemma 4.6 and so one may conclude that V(n, r)=M
as Ur¢?-modules.
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The case when the difference is —1 can be dealt with similarly by using
Theorem 2.7(ii) and we find that V(n, [—r)*=M.
Now suppose that dim M,=dim M,_,=n. By Theorem 2.7(iii), either f!!
or e is bijective on M,. If f'°! is bijective, choose a basis m,, -+, m, of M,.
Since f: M;—M,,, is injective if i#=[/—1 the elements,
—_— P <;<[— =
{[i]!mJ.0=z=l 1, 7=1, ,n}
from a basis of M. In other words M=C'®C™ with the action of %k and f
given by:
1/2__ 7-(1/2)
=(Z Z ) 1

1 ’

k=e"1ZR1, f

€—e

where X, Z are the elements of End (C!) defined in Section 3. The action of e

on M can be determined by writing ¢ as a polynomial in the non-commuting

variables X and Z and imposing the defining relations of U7¢?. It is not hard

to see that the action of e is exactly as in Proposition 3.5. Hence we see that

M is isomorphic to V(4, n, ) for some A. If the restriction of f!~' to M, has

a non-zero kernel then the restriction of e!~! to M;_; is injective. Now using
the Cartan involution w one shows that M=V (co, n, r).

The proof of part (ii) is now complete.

4.8. The proof of part (iii) proceeds as follows. We first prove that if @
does not act semisimply on M, then M contains a 2/-dimensional submodule N.
Next we show that N corresponds to a non-trivial element of either Ext'(M(#),
M(l—r)) or Ext'(M(I—r), M(r)). Propositions 3.8(iv) and 3.9 then imply that
N=X() or N=X(/—r). By Proposition 2.6 N is projective and injective and
so a direct summand of M. Since M is indecomposable, M=N and the Theo-
rem follows.

Choose N to be any submodule of M of minimal possible dimension on
which 2 does not act semisimply. Notice that this implies that £ acts semi-
simply on every submodule of N. Since £ does not act semisimply on N it
follows from Lemma 4.3 that £ does not act semisimply on either N, or N,_;,
say on N,. Let m&N, be such that,

(Q—[r/21%)-m=+0, (R—[r/21?7-m=0, (7
or equivalently,
fe-m=0, (fe)2-m=0. 8)
By applying Lemma 2.4 it is easy to see that:
(i) for 7>1, the element fe*-m is a linear combination of m and fe-m,
(i) frtem+~0.
Since U7*¢-mCN is a submodule on which £ does not act semisimply, we
have N=U!**-m (by the minimality of N). We now prove that dim N=2I.
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By Lemma 4.3 it is enough to prove that N, and N,_, have dimension 2. Since
N, is spanned by fie'-m it follows from (i) that dim Ny=2. As an immediate
consequence of this, we find by using Lemma 4.3 that,

(Q—1r/21%)- fr'm#0. 9

The elements e-m, f*'-m of N,_; must be linearly independent since f!-m
=0 whereas fe-m=0. So dim N,;=2. If £ acts semisimply on N;_; then
(ef)e-m=0 by Lemma 4.3. It is now easy to check that the span of {f%-m,
fte-m:0<i<[—1} is a submodule of N on which £ does not act semisimply
and hence is equal to N. Since dim N=2/, we conclude that dim N=2/.

We claim that £ must act semisimply on N;_,. Assume for a contradiction
that it does not. Then reasoning as before one can prove dim N,_,=2. Since
the maps e, f'"': Ny—N,_, are non-zero, one of the following possibilities must
occur :

(@) im(e)Tim(fL1),

() im(fPHNim(e)=0,

(¢) im(f-Yim(e).

The first case cannot occur since fe-m=0. The scond implies that

Ny =im(e)@im(f*7).

Since £ preserves each summand this would force £ to be semisimple on N,_,
contradicting our assumption. Since e-m and f!"!-m are linearly independent
the third possibility implies that ¢ is an isomorphism from N, onto N,_,. One
proves similarly that f: N,_;—N, is injective. By Lemma 4.3 £ does not act
semisimply on N,_; and N,. Working with these subspaces we conclude as
before that e¢: N,—N,_, and f: N,_;—N, are injective. But then Lemma 4.3
implies that ¢ and f are injective on the entire module contradicting e'= f'=0.
Hence £ must be semisimple on N,_,.

Consider the element m’=¢'""-m. By Lemma 4.3 m’+0 and e-m’=e'"""'.m
=0. Further using Lemma 2.4 and equation (9) we get,

l-r—
frrom=fro e o= T (@—[@747)/23) 77 m #0,
5=
The results of Section 3.7 imply that the Ur¢%-submodule generated by m’ is
isomorphic to M({—r). By Lemma 2.4,

frrloml = zﬁ;z(g_[(2].+r+l)/212), em,
=

and the operators in the product are invertible on N,_,. Therefore e-meU7¢¢-m’
=M(l—r). Since all the k-eigenspaces of M([—r) are one-dimensional, this forces
fitomeeUreem’. Hence, the quotient module N/M(l—r) has dimension [ and
is generated by the image m” of m with e-m”=0 and f'"*-m”+=0. Thus we
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may conclude as before that N/M({—r)=M(r). Since £2 does not act semi-
simply on N the short exact sequence,

00— M(l—r)—> N—> M) —0,

is nou-split and so N corresponds to a nan-trivial element of Ext'(M{r), M{l—r)).
The proof of the Theorem is now complete.

4.9. To conclude the paper we now use our classification theorem to prove
that the modules V(2, n, ») can be identified with maximal submodules of the
Weyl module V(n, 7).

Let {v,:0=:<[—1} denote the basis of C' from Section 3.5. It is easy to
see that one can choose a basis {w,:0=<7</—1} of €™ such that, the action
of Ur¢? on V(4, n, r) is given by extending,

kv.Quw,=e" o, Qu,,
[ vQ@u=L+1v..Qu;,
e-v,Qw,=[r—i]v,_.,Qu;, =0,
e-v,Qw,=[r]vi_ @ ;1 +rI14+Dr . Quw,,
where 0</<(—1, 0<7<n—1 and w_,=0.
The following Lemma can be proved by a straightforward verification.
Lemma. Let neZ, n=0, 0<r=(—1, 1eC.
(i) The following formulas define a deformed action of UT** on V(n, r):
kv, =e™ ",
fro=li+1v,
e-v,=[r—ilv._y, 170 mod [,
e v ="r]v,+[r]J1+DvGenie

(ii) Let V*(n, r) be the deformed Weyl module defined in (i). The assign-
ment v,QW;—v,., defines an isomorphistn of V(A, n, r) onto the submodule of
V(n, r) spanned by {vo, vy, -+, Vni1}-

(iii) £ act on V¥n, r) as [r/27%-id.

(iv) dim V*(n, r)o=n+1 and dim V*(n, r)i_1=n.

Proposition.
(i) V*n, n=V(n, r).
(ii) V(eo, m, r) is isomorplic to the submodule of V(n,r) spanned by

{UT7 Urety ©°0 1'm}-
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Proof. 1t is clear from the definition of VZ(n, ) that the pair of maps
f, et i Vi(n, #)—V*(n, r) is zero. Also, it is not hard to check that the
subspace of Hom (V(n, r)s, V*(n, 7);_1) spanned by the maps e, f'"1: V4(n, r),
—Vn, r);-, contains the maps ¢,, ¢, defined in Section 2. This implies that
the pair e, f!°! is indecomposable.

By Lemma 4.9 and Theorem 4.2 we can conclude that V?(n, r) is isomor-
phic to either V(n, r) or to V(n, 7)*. Since the submodule of V*(n, ) spanned
by v, Urs1, -+, V1o 18 isomorphic to V(0, [—r) it follows from Lemma 3.4 that
Vi(n, r)=V(n, r).

Recall that V(co, %, r)=V(—1, n, r)*. By Lemma 4.9(i), V(—1, n, r) is iso-
morphic to the submodule of V(n, ») spanned by {v,, ---, vsi-1}. Hence V(oo, n.7)
is isomorphic to a submodule of V(n, #)*. To complete the proof of (ii), it is
enough to note that there exists a U/**-medule isomorphism % : V(n, »)*—V(n, r)
such that, Cv,)=Cvn_; for all 0<i<m.
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