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Small Resolutions of Schubert
Varieties in Symplectic and
Orthogonal Grassmannians

By

Parameswaran SANKARAN* and P. VANCHINATHAN*

§1. Introduction

Let G be a semisimple algebraic group over C, and B a Borel subgroup of
G. Let P be a parabolic subgroup of G that contains B. Denote by W the
Weyl group of G with respect to a fixed maximal torus T < B, and let W, =« W
be the Weyl group of P. We denote the set of minimal representatives of
W/W, by WP. For weW?, X(w) denotes the Schubert variety in G/P
corresponding to w. X(w) is the Zariski closure of the B-orbit of a unique
T-fixed point e, of G/P. We call ¢, ‘the centre’ of X(w). Our conventions
for labelling the simple roots in W are the same as in [1].

Recall [3] that a resolution p: X » X of an irreducible complex variety
X is said to be small if, for each i > 0, one has

codimy {xe X |dim p~!(x) > i} > 2i.

If p is a small resolution, then for any i>0, for the intersection
cohomology sheaf #(X) (with respect to the middle perversity), the stalk
A'(X), is isomorphic to the singular cohomology group H'(p~!(x); C). (See
(3D.

If p: X(4) > X (/) is a small resolution of a Schubert variety X(4) in G/P,
then for t <, the Poincaré polynomial P,(p~'(e,)), q=t* -equals the
Kazhdan-Lusztig polynomial P,, ., where w = wy(P). A.V. Zelevinskii [7]
has constructed small resolutions for all Schubert varieties in the Grassmannian
G,,=SL(n, C)/P,, 1 <r <n, where P, is the maximal parabolic obtained by
omitting the simple root a,. In §2 of our paper we generalise Zelevinskii’s
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construction to obtain resolutions of Schubert varieties in any G/P and address
the question as to which of them are small

Existence of Schubert varieties for which the known procedures of
desingularisations do not yield small resolutions have been observed earlier
(see [7]). However, to the best of our knowledge, examples of Schubert
varieties not admitting any small resolutions at all are not to be found in the
literature. In Theorem 1.2 below we give examples of such varieties in
Sp(2n)/Q for every parabolic Q < P,. Here P, denotes the maximal parabolic
obtained by omitting the root «,. Our proof of Theorem 1.2 is based on the
following observation. If p: X - X is a resolution of a normal irreducible
variety then by Zariski’s Main Theorem, the fibre p~!(x) over any singular
point x of X, has positive dimension. Therefore, any normal irreducible variety
X with codimension 2 singular locus cannot have any small resolution. Using
[6] we exhibit Schubert varieties with codimension two singular loci.

Let G = Sp(2n, C) or SO(2n, C), and let P = P,. Recall, from [5], that
the Schubert varieties in Sp(2n, C)/P are indexed by Ug<,<.l,, where
I,,={(44,...,4)|1 <A <--< 4 <n}. There is a unique sequence of length
0, namely the empty sequence ( ). The Bruhat order on W/W, agrees with
the ordering on UI,, where A = (4,,---,A) = pu = (uy,,u) f r<s, 4, =y for
1 <i<r The dimension dim X(4) is given as

. U 1
dim X(J) = Z/Li+(n+1)(n—r)—5n(n+1), (1.1)
i=1
where Ael,,.

Similarly, the Schubert varieties in SO(2n)/P, are labelled by the set
U&S—'riﬁen I, ., with the Bruhat ordering on W/W, exactly as in the symplectic

case. Here, for Ael,,

dimX(A) =) A4 +nmn—r)— %n(n +1). (1.2)

i<r
The main results of this paper are

Theorem 1.1. Let i€l,,.

(i) The Schubert variety X(A) = Sp(2n)/P, has a small resolution if
A S<n—r.

(i) Assume n —r is even so that ) gives rise to a Schubert variety X(A)
in SO(2n)/P,. X(A) has a small resolution if
(a) A, <n—ror
(b) Forr>2, A =n A _,<n-—r.

Theorem 1.2. Let A=(n), n>3 and let Q be any parabolic subgroup
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contained in P, = Sp(2n). Let X(A) be the inverse image of X(A) < Sp(2n)/P,
under the projection Sp(2n)/Q — Sp(2n)/P,. Then X(A) does not admit any
small resolution.

The above theorems are proved in §4.

Actually, we construct small resolutions for a larger class of Schubert
varieties than that considered in Theorem 1.1. See Theorem 4.2 for the precise
statement. Incidentally Theorem 1.2 shows that the condition “A, <n —r” in
Theorem 1.1 (i) cannot be dispensed with in general.

This paper-and in particular our proof of Theorem 1.1-was inspired by
the work of Zelevinskii [7].

In our future work we plan to investigate the existence of small resolutions
for Schubert varieties in the case of exceptional groups.

Acknowledgements: We would like to thank Prof. C.S. Seshadri for suggesting
this problem and for encouragement. We wish to thank Prof. V. Lakshmibai
and Prof. Seshadri for helpful discussions.

§2. Bott-Samelson Resolution

Let G be any semisimple group, Q a parabolic subgroup containing a fixed
Borel subgroup B and a maximal torus T < B.

Let X(4) = G/Q be any Schubert variety, and let P, be the largest
subgroup of G which leaves X (1) invariant for the left action of G on
G/Q. Clearly P, is a parabolic subgroup containing B. We refer to P, as
the ‘stabilizer’ of X(1). Note that it is possible to find a parabolic subgroup
P < P, and a Schubert subvariety X (1), 4’ < 4, such that P, X(1) = PX(1) =
X(4). Let Ry=P;nP;. Then the map 7my: P; X g, X(4)— X (/) given by
[g, x] —gx is surjective and P,-equivariant, but not birational in general.
However it is possible to choose P and 1’ < A such that dim P/R, equals the
codimension of X(4) in X (4) and so 7, : P x g, X(4') > X (1) where R, = PnP},
is P-equivariant and birational. For example one can choose A’ = s, for a
suitable simple root « and P = P, the minimal parabolic corresponding to the
simple root o.

Since any 1-dimensional Schubert variety is smooth, iterating this
construction leads to a P-equivariant resolution

o~

p: Py x g, Py x - X g, Poyy X g, X(A) = X(A) — X (1)

where A' =4, > =1,---,PycP,, 1<i<r, P,,=P,;, Ri=PynP;,,, and
X (A" is smooth.
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The above resolution is usually referred to as a Bott-Samelson resolution.
When X(A) = G/B such resolutions were obtained by H. Hansen [4] and
M. Demazure [2]. When X(1) = G,, is a Grassmannian Schubert variety
the small resolutions constructed by Zelevinskii [7] are of the above type.
Indeed one can check that his resolutions correspond to choosing P, to be
equal to the stabilizer of X (1) at each step. In all our applications below it
turns out that, as in Zelevinskii’s work [7], at each step one can choose P,
to be the stabilizer of A', so we can iterate the construction 7y: P; x g, X (1) —
X(A) to obtain a desingularization of X(4) which is P,-equivariant.

We need a formula for the dimension of the fibre pi(jc) for a given
Bott-Samelson resolution p: X(4) —» X(4). Suppose that X (1) =P x g X(4)
where P=P, < P;, R=R,, and p": X)X is a P’-eqlii_\iairiant Bott-
Samelson resolution of X(4'), P'< P,.. Since p: m) =P x g X(A)>X) is
P-equivariant, p~*(x) = p~'(y) if x and y are in the same P-orbit. In fact if
U is a P-orbit in X (4), then p|p~'(U): p~*(U)— U is a locally trivigl bundle,
and therefore dim p~(x) = dimp~'(U) — dim U for all xeU. If U denotes
the Zariski closure of U < X(4), then U is a P-stable Schubert subvariety of

X ().

Conversely, if X(t) is a P-stable Schubert subvariety of X(4), then it is
the closure of the P-orbit of e, the centre of X(r). We shall denote the
dimension of p~'(e,) by f, . and the codimension of X(r) in X () by codim,.

Lemma 2.1. Let U(1) = X (7) be the P-orbit of e., and let m: P x g X(') >
X(A) and p: P x g X(A)—> X (&) be the birational morphisms constructed
above. Then

(@) n *U()) =P x xZ where
Z =, Re,, peS(, i) = {6 < /| PX(s) = X(1), RX(0) = X(0)).

(®) p ' (U(x)) =P x gp' " Y(Z), where p': )?(\/'.")—»X(/'.’) is a P'-equivariant
Bott-Samelson resolution, P' = P;..
In particular

(€) fp.=codim;/i" — codimpu + f, , for some pueS(t, 4).

Proof. (a) Let ueS(r, A). Suppose ge, = e, for some geP. Then, as
U(z) is the orbit of e, it follows that Pe, = U(r). Hence n(P x gRe,) = U(1).
On the other hand if n[g, x]=gxeU(z), then clearly z(P x g Rx) < U(z).
Now the Zariski closure Rx is a Schubert variety X(o) < X(4) which is
R-stable, and Rx = Re,. Hence there exists an he R such that he, = x, and
an element h'e P such that Wx =e,. Thus h'he, =e, and so PX (o) = X(1).
This proves (a).



SMALL RESOLUTIONS 447

Part (b) follows from (a).

To prove (c), note that dim U(tr) = dim X (t). Since p|p~ *(U(z)): p~ 1 (U (7))
— U(t) is a locally trivial bundle, denoting by V(g) the orbit of e, under R
we see that P x xp' ~!(V(c)) is the total space of a fibre bundle with base
space P/R and fibre p'~!(V (o)) and so

fp: =dimp~i(e)
= dim p~}(U(r)) — dim U(x)

= max {dlm P/R + dim p'"'(V(9))} — dim X (1)

aeS(t, 4

= max {codim,;A" 4+ dim V(o) + f, ,} — dim X (1)

= max {cod1m A+ f ., — (dim X (1) — dim X (o))}

O'El'

Jmax {codim;A" — codim.o + f, ,}

= codim;A" — codim_u + f, ,
for some peS(t, 1), completing the proof.
Corollary 2.2. If X(A) is smooth, and p = then
fp.. = codim; A" — codimy,, X (4)n X (7).

Proof. Since f, , in 2.1. (c) above is zero, the max {codim;A" — codim,o}
is attained when dim X (¢) = dim X () n X (4).

Remark 2.3. Since {xe X (4)|dim p~'(x) > i} is P-stable, and since there
are only finitely many P-orbits, codim {xe X (4)|dim p~!(x) > i} = codim U(t)
= codim,t for some P-stable X(r) where dim p~'(e,) = f, . =i. Therefore, to
check smallness of p, it suffices to verify that for each P-stable X(t), and for
each geS(t, 4), codim;4’" — codim,o + f, , < 3 codim,, for i > 0.

Theorem 2.4. Let f: Y— Z be a locally trivial bundle with smooth fibres
between irreducible projective varieties. If p: Z — Z is a small resolution, then
q:YXx ,Z->Y, qly, z] =y is a small resolution.

Proof. Let
Z,={zeZ|dimp '(z) =i} = Z

Then Y;={yeY|dimgq '(y)>i}=/f"'(Z), and codim,Y; = codim,Z; since
f:Y—>Z is a locally trivial bundle. This completes the proof.
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§3. Schubert Varieties in G/P,

It is a well-known fact that, the Schubert subvarieties of SL(n)/P, are indexed
by the set I,,={(4;,,4)/1 <A <--<Z,<n}. When G=Sp(2n) or
SO(2n), and P = P,, the end parabolic, one identifies W/ W, with Ug<,<,l,,
in the case G = Sp(2n), and with {J,_,_, [I,, in the case G =SO(2n), as

(n—r)—even
described in the introduction (cf. [5]). )

Thus any A€, , defines a Schubert variety in Sp(2n)/P,, a Schubert variety
in SO(@2n)/P, if n—r is even, and a Schubert variety in SL(n)/P, if
1 <r<n-—1. We denote any one of these varieties by the same symbol X (1)
and it will be made explicit which one is meant whenever there is possibility
of confusion.

Let 1 <r<n, and let A =(4,,---,4,)el,,. A maximal subsequence of i
of consecutive integers will be referred to as a ‘block’ of 4. The element
Ael,, is simply the concatenation of the blocks of A. In fact if g; is the
length and k; is the last term of the i™ block, then A is determined by the
ky - k,

where m is the number of blocks in A.
al aae am

2 X m matrix (

£ e f
On the other hand, starting with a 2 x p matrix < ! ? ) with
cl e Cp

0<l,<ly<-<tp<n 0<c¢—{¢;—4i_y, ({o=0), Yc;=r, we obtain a
unique element u of I, , with at most p blocks. We often write

</ L /p)
p= :
cl e Cp
Theorem 3.1. With the above notations, one has the following description
of P,, the largest parabolic which leaves X (1) stable:

(i) Let G = SL(n) or Sp(2n). Then P, is the parabolic subgroup obtained by
omitting the simple roots {a,,---,o, }.

(i) Let G=S0OQ2n). Let a,>2 when k,=n.Then P, is the parabolic
subgroup obtained by omitting the simple roots {a, |1 <i<m}. If k,=n
and a,, =1, then P, is obtained by omitting {0, |i <m — 1}.

Proof. We will only prove part (i), part (i) being similar. Let

P, X(4) = X(u). (Here P, is the minimal parabolic subgroup of G and should
not be confused with P,, the latter being a maximal parabolic obtained by
omitting the simple root o;.) Write A =(4,,---,4,). Let 1 <i<n—1. Then
p = max {4, A'} where

J if either both i, i + 1 occur in 4 or neither of them occur in 4.

A=A Gpsrirdimts by Aprssdy) if Ai=041, A4y #1.
(Apyrors bty i+ 1 Apyyyey i) i A =0, Ay #i+ L
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It follows that A’ < 4 (equivalently pu = 4), if and only if i is not the last
term of a block in 4. Thus, in this case P, X(4) = X(4). In case i =n, one
has p = max {4, I’} where

i,_{/l, if 4,_,#n—1

(Agsshoy) if 4,_,=n-1

Therefore A’ < A except when 4,_; =n — 1 (and hence 4, = n). It follows that
P, X(A) = X(4) unless 4,_; =n—1, A, =n. This proves part (ii).

Example 3.2.
(i) Let 2=(1,2,3,6)els,. In case G = SL(6), or Sp(12), P, corresponds
to omitting {3, as}. When G = SO(12), P, is obtained by omitting {a5}.
(i) Let u=(2,3,5 6)els,. Then for G =SL(6), Sp(12), or SO(12), P, =
{os, g}

Corollary 3.3. Suppose X (1) is a (Schubert) subvariety of X(7), Ael,,.
(i) Let G =SL(n), or Sp(2n). Then X(z) is P;-stable if and only if there

exists a sequence c(t, A) =(cy, -+,¢,) Of nom-negative integers such that

0<a,+c¢;—ci_y <k,—k;_y, with ¢,, =0 when G = SL(n), and

( kl k2 km >
T = )
ay+¢p A +C3—C vt GptCy—Cpy

(i) Let G=S8S0Q2n). X(1) < X(4) is P;-stable if and only if there exists a
sequence c(t, 1) = (cy, -, Cp) Such that0 < a;+c¢; —¢;_, < k;—k;_1, ¢, =0
mod 2 when k,, = n, and, moreover, 0 <a, +c, —Cn_1 <1 if (k,,a,) =
(n, 1) so that

(a) When k,, <n—2, one has

T_( k, k, k,, n)
a,+c¢, a,+c,—c¢y 0 apte,—Choq &

where &€ = 3(1 —(— 1)),
(b) When k,,=n— 1, one has
kq k, n—1 n
T=<a1+cl a, +C;—Cy + Ap+Cp—Cp_y 8>
with e =%(1 —(— 1)) and a,, + Cpy — Cpp—y = 0 when & = 1.

(¢) when k,, =n, one has

< kl k2 km >
T= .
a,+c¢y a,+¢c;—¢; - Apt Cp— Cp—1
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In particular © has at most m blocks.

Proof. Suppose X(t) = X(4) is P,-stable. Then the existence of the
sequence c(t, 4) such as in the corollary follows from Theorem 3.1 and the
fact that

W(SL(n))/ Wp, = I,

W(Sp@2n)/We, = U 1,,
O0<r<n

W(SO(2n))/Wp, = U
0<r<n

(n—r)—even

Conversely, suppose (c;,-*-,c,) is a sequence of non-negative integers
satisfying the conditions of the Corollary. Then te W/W;_ in case G = SL(n),
and te W/W;,_ in case G = Sp(2n) or SO(2n). From Theorem 3.1 it follows
that X(t) is P,-stable, and so we need only show that X(r) = X(4). This
follows from the observation that

¢; being non—negative.

Definition 3.4. For t, 2 as in the above theorem, we call c(t, 1) = (¢1, -+, Cp)
the ‘depth’ of © in A. [cf. [7]]

Corollary 3.5. Let A=(1,2,---,r)el,,, with (n — r) even when G = SO(2n).
Then X(1) = G/P, is smooth for G = Sp(2n) or SOQ2n). If u=(1,2,---,r — 1,
nyel,, with n —r even, then X(u) is smooth in SO(2n)/P,.

Proof. From Corollary 3.3, it follows that P, acts transitively on
X (4). Hence X(4) is isomorphic to the homogeneous variety P,/I; where I; is
the isotropy at e;. In fact for an obvious inclusion of Sp(2(n — r)) (respectively
SO(2(n —r))) in Sp(2n) (respectively SO(2n)) one has X (1) = Sp(2(n —r))/P,_,
(respectively SO(2(n —r))/P,_,).

Similarly one proves X(u) is smooth.

The next lemma gives a formula for the codimension codim;t for a
P,-stable subvariety X(7) = X(4) = G/P, where G = Sp(2n) or SO(2n). If 4,
tel,, we write X (1) for the Schubert variety X (%) = SL(n)/P, and we write
codim§"t for the codimension of X% (z) in X" (A).

Lemma 3.6. Let G = Sp(2n) or SO(2n). Suppose X(t) is a P,-stable
subvariety of X(4) < G/P, with depth c(t, A) = (¢;,*,C,). Then

codim;t = I'(t, ) + q(1, 4)
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where
I'(t, ) = cha+b,
1'/1=—Z
where 2i=1
ki+1—ki_ai+1 lf 0£l<m,
b;=4 n—k,+1/2 if i=m, G=SpQ2n)
n—k,—1/2 if i=m, G=S0(2n),
c0=0=k0.

Proof. Let N=n+1 or n according as G = Sp(2n) or G = SO(2n).
From equations 1.1 and 1.2,

dimX(4) = ) Ai+N(n—r)—%n(n+ 1),

1<i<r

and

1
dim X (1) = Y ‘cj+N(n—r—cm—s)—5n(n+l).

1<j<srtetcom

Let s=r +c,+ & so that tel,,. Note that e =1 implies N=n=1,. 4+
Thus,

codimr= Y (h—t)+Nea+e— 2 T

1<i<r r+1<j<s
Z (hi—1)+ Z (N — Tj)
1<i<r r+1<j<s—e

Y -+ ¥ (N+k—r,+k)—§cm(cm+1)

1<is<r 1<k<cm

Culcn + 1)

_ der ’ m\~¥m ,
= codl ————~—2 (31)

where A=Ay, .4, N+ 1, N +c)elyi., o—p T = (11,7, Ts—)-
Writing

<k1 ok, N+cm>
A= ,
al e am c

m

) < k, k, k., N+cm>
T = ,

a+c¢; ay+c,—c¢y - Ayt Cy,—C

m—1
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we see that (cf [7])

codim§'t’ = Z ci(a; + b) + Z (¢ —cicimy) + cul@n+ N + ¢y — (ky + ¢,))

1<i<m 1<is<m
1
= Z ci(a; + by) + z (¢ —cicioy) + = ¢
1<ism 1<is<m 2

Therefore, substituting in Equation 3.1,

. 1 1
codim;t= Y cla;+b)+ Y (F—ccimy)+ —Cp— Ec,,,(c,,, +1)

1<ism 1<i<m 2

= Z ci(ai+bi)+% Z (c;—cioy)?

1<i<m 1<i<m
as required.

Remark 3.7. Note that in Lemma 3.6, codim,t > I'(t, ) where equality
holds if and only if g(z, ) = 0, equivalently, T = 4.

§4. Proof of the Main Theorems

Throughout this section we use the notations of §2 and §3. In particular,
Ael,, with m blocks,
ky - k,
A :( ! )
al e am

P:= P, is the stabilizer of X(1) = G/P,, G = Sp(2n) or G = SO(2n). The proof
of Theorem 1.1 is based on induction on m. Unlike in the case of Schubert
varieties in SL(n)/P, where m =1 corresponds to a smooth variety namely a
Grassmannian G,, ,,, a Schubert variety in Sp(2n)/P, or SO(2n)/P, with m = 1
is not smooth in general. So we first try to construct a small resolution for
X(A) = G/P, when m =1, in the theorem below.

We write /(4) = r (the “level” of 4) if Ael,, for X (1) = G/P. We caution
the reader that /(4) is not the length /p(4) in W/W,. In particular,
4 (4) # dim X (4).

Theorem 4.1. Let I'(z, A) be as in Lemma 3.6.

(i) Suppose X(A)<= G/P,, A=(k+1,---,k+r)el,,. Let k<N —2r, where
N=n+1if G=Sp2n), N=n if G=S02n). Then there exists a
P;-equivariant small resolution p: )?TZ)—>X (4) for X(2) such that 2f, . <
I'(t, 1), with equality only when t = A

(i) Let X(1) =SO(@2n)/P, where A=(k+ 1,---,k+r,n), and O <r<n-—1,
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k<n—2r. Then there exists a P,-equivariant small resolution for p: X (1)—

X (A) where for any P;-stable X (1) < X(4), 2f, . < I'(t, ) with equality only

if A=r1.

Proof of (1). Let A'=(1, 2,---,r). By Corollary 3.5 X (1) is smooth, and
using 3.3, we see that PX(4)= X(4). Thus P xzX(4) is smooth where
P=P, P=P,. R=P,nP;,. Consider the morphism p: P x x X(4) = X(4),
plg, x] = gx. Note that from Equations (1.1) and (1.2), codim;A" = kr. Also
a simple computation shows dim P/R = dim G/R — dim G/P = kr. Hence
p: P xgX(A)— X(4) is a Bott-Samelson resolution.

Let X (1) be P-stable with depth c(t, A) =(c;). Then

. {(k —cy+ 1,k +r,n)if c; is odd, G = SO(2n)
(k—cy +1,---,k + r) otherwise.
From 3.6,

I'e, )=c(r+ N—(k+r)—1/2)
=c;(N—k—1/2).
Now, by Corollary 2.2
fp.. = codim; A" — codimy, (X (A1) n X (7).
Note that X(1)nX (1) = X(zr A 1) where
min {7, 4{}, i</(A)

Tis i>£(4).

(r/\/l')={

Hence tAA =(1,2,---,r, 7,,4,--,7), wWhere s=/(1r). In particular /(1) =
Z(t A A') and so by Corollary 2.2,

S, = codim; A" — codim,(t A 1)
= codim§’" A’ — codim® ¢ A X'

=kr —r(k —c;) =rey.

Therefore I'(t, A) — 2f, .= c¢;(N —k —2r —(1/2)). The RHS is non-negative
since kK +2r <N, and N —k — 2r is an integer. Also 2f, = I'(t, 2) implies
¢y, =0, in which case f,, =0=1(t, ) and 7= 4

Proof of (ii): In this case let A’ =(1,2,--,r,n). By Corollary 3.5
X(A)~ S0@2n)/P,_, is smooth and as in case (i) above p: P x g X(4) = X (4)
is a resolution. Proceeding as in (i), for the P-stable X(1r) = X(4) with depth
1 —(— 1)

5 .

c(t, ) =(cy,c,) one has ¢, =¢; — 3, 0 = Also
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I(t, ) =ci(n—k—1)+ (c; — 9)(1/2)
=c(n—k—(1/2)-46/2,

and, as before

Spe =70,

Hence I7(t, 4) — 2f, . > 0 with equality if and only if ¢; = 0 = ¢,, equivalently
T=4A

We now turn to the proof of Theorem 1.1. In fact we prove the following
stronger result.

Theorem 4.2. Suppose X(1) < G/P,, G = Sp(2n) or SO(22n). Then there
is a P,-equivariant small resolution p: )’(‘(71’)—*X (4) of the Bott-Samelson type
such that for any P,-stable subvariety X(t) = X(4) one has f, . <3I(z, 1), in
the following cases:

ky -~ k

m

(i) If A =< >EI,,_,, has exactly m blocks, then for all i > 1,

al cee am
ky<N—a, and k,<N-—(a,+ +a)+b,—,+-+0b), (41)
where N=n+ 1 if G=Sp2n), N=n if G=S0(2n).

k, - k, n

(i) For 4 =<
a, - a4, 1
SO(2n), one has for all i > 1

)(EI,,,,Jrl with exactly (m + 1) blocks and G =

ky,<n—a, and k,<n—(a,+ - +a)+(b,-,+ - +Db). 4.2)

Proof. When m = 1, this is just Theorem 4.1. By induction assume that
the theorem holds for any Schubert variety X (i) with fewer blocks than
X(4). One can assume, without loss of generality, that a, <k,. For, if
a, = ky, then X (1) is isomorphic to a Schubert variety X (u) in SO(n — a,)/P,_,,
where p; = A,, + i — a,, with (m — 1) blocks in case (i) and m blocks in case (ii).

Writing s =r — a,
l’ts:’ir—al<N—(am+"'+ai)+(bm—1+"'+bi)—a1

and hence by induction hypothesis, there exists a small P,-equivariant resolution
of X(u) as stated in the theorem.

Therefore we assume that a, < k;.
Proof of (1): As usual, we define
b=k, —ki—a;s1, 0<i<m, (kg=0) b,=N—k, —1/2, ag = .
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Choose an i, 0 <i <m such that b, < ag;, a;,; < b;;,. Such an i exists because
a, = o, and b, =N —k,, — 1/2 > a,,.
We let
l,_<k1 ki kit aiy kivg oo km)

ay v 0oy G+ Gy Giyp o Gy
Then A’ has (m — 1) blocks, Z(A)=/¢(A)=r, and A, =4, =k, ifi<m— L

It is easy to verify that Equation 4.1 is satisfied for A'. Therefore by
induction hypothesis, there exists a P,.-equivariant Bott-Samelson resolution
p': X(A)— X(A) such that for any P’ = P,.-stable subvariety X(6) < X(4),

1
fp’,ﬂ < EF(69 ll)

with equality only when 6 = 1.
Note that with P = P,, one has PX(1)= X(4). Let R=PnP. One
shows that codim;4’ = a;,,b; = dim P/R and hence

P X)) =P x g X(F) =5 P x g X() "> X (4)

is a P-equivariant Bott-Samelson resolution. We claim that for the resolution
p, and for any P-stable subvariety X(t) = X(4), and for every o€ S(z, 4),

1
codim;t — codim,o < E1“(r, A= fro
By Remark 2.3, this would then imply that,
1
foe < =1(z, A).
2
Since, by induction hypothesis, writing X (6) = P'X (o),
1 :
fp'.a‘ =Jp.e < Er(ga }")9
we need only show that, for every oeS(t, 4)
1
codim,;t — codim,s < 5(1" (t, ) — I'(6, 1)).

Let c(t, 4) = (1, ¢3,°++,Cp), SO that writing a; =a; + ¢; — ¢;—; (¢ = 0),

(kl ky, - k, n
T= ’ ’ ’
al a2 e am &
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where ¢ =0 if G = Sp(2n), and ¢ = (1 —(— 1)) if G = SO(2n).

Using arguments similar to the proof of 3.3 it is easy to show that any
geS(t, A) must be of the form

6_<k1 ky o ki kit ki kiva -k n)
a, a; - G t div1—1 Giyy Gy ¢

Since X (o) = X(4), one has a; + -+ a; +t=a, +---+(a; + a;.,) and hence
t>a;.,—c. Writed=t—a;,;+¢,sothat d>0,and t=a;,;+d—¢; <

a;., implies 0<d<c¢,. Also a/,,—t>0 implies d<c;.,. Note that
ft)=~(0)=c, + ¢

Since X (#) = P'X(0), one must have
6=<k1 ki ki +a;4q k., ek, n>.
a; - ai_; atai,+d—ci_y Gyy+Ci,—d - a, &
Therefore the depth c(6, 1) is
(@, A)=(C1s+5Ci1, By Civas s Cp)-
From equations 1.1 and 1.2, since Z(t) = /(g), we get
codimo = (a;4; —d + c)(kir1 —aiv +t — (k; + a;1 1))
=(a;41 —d+c)(b; —ciyq + 4).
Also since codim;A’ = a;,,b;, we get
codim; A’ — codim,o6 = a;, ,(¢;+; — d) + bi(c; — d) — (¢; — d)(c;s 1 — d)
<a;4q1(¢ceq —d)+ bic; — d).

Now, from 3.6,

and

F(e, l')': Z cj(aj+bj)+d(a,-+a,-+1 +bi+bi+1)'
l1<j<m
jELi+1

Hence
I, ) =10, 2)=cia;+b)+civ1(aivy + bipy) —d(@; + a;y + b; + biiy)
=(c;—d)(a; + b) + (civ1 — ) (@11 + biyy)-

Since b; < a; and a;,., < b;.,, we see that

= 13
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1
codim; A" — codim, o < E(f(r, A) —I(6, 1)),

which completes the proof of (i). Proof of (ii) is similar.

Corollary 4.3. Let A be the maximal representative in W/ W, for Ae W/ W ,
for Bc Q < P,, with 4 as in the above theorem. Then X(A) < G/Q admits a
small resolution which is P,-equivariant.

Proof. Let f: X(A)—> X(4) be the map obtained from =: G/Q — G/P,.
Since X(A4) = n~*(X(4)), and since = is a locally trivial bundle with fibre P,/Q,
it follows from 2.4 that X(A) x XM,)?(T)AX (4) is a small resolution, which is
clearly P,-equivariant.

We single out an observation made in the introduction for the purpose
of possible future reference as a

Remark 44. If p: X - X is a resolution of a normal irreducible variety
then by Zariski’s Main Theorem, the fibre p~!(x) over any singular point x
of X, has positive dimension. Therefore, any normal irreducible variety X
with codimension 2 singular locus cannot have any small resolution.

We now prove Theorem 1.2 showing the existence of Schubert varieties
which do not have any small resolution.

Proof of Theorem 1.2. Let X(O) be the inverse image of X (t) < X (4), where
T = (n — 1, n), under the projection Sp(2n)/P — Sp(2n)/P,. Then codim,® = 2.
Therefore by the above remark it suffices to show that X (@) is contained in
the singular locus of X(A). Since the singular locus is B-stable, it suffices to
show that the centre eg is a singular point of X(A4). Equivalently, we show
that e is a singular point for X (A) = Sp(2n)/B where A and @ are the maximal
lifts in W for 4 and @ in W/ W,.

Using the results of [6] we now show that eg is indeed a singular point
of X(A). We follow the notations of [6]. From [6] one knows that
dim T, X (1) = #N(1, ). Now, if a= ¢, — €, 1 <j<k<norifa=2¢,
1 <j<mn,itis trivial to see that «e N(4. @). An easy calculation shows that
2e,eN(A, @). Again, for 1 <j<k<n, and j<n—1 one can show that
€;+ ekeN(Z, @). Whenj=n— 1, k=nonehasr=ns=n—1,a,=n+ 2.
It follows that condition (b) of Prop. C.1 of [6] is satisfied and hence €,_, +
€,€N(A, @). Thus #N(A, O) = number of positive roots = dim Sp(2n)/B >
dim X (4). Hence the proof.
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