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A Generalized Grothendieck-Riemann-Roch Theorem for
Hirzebruch’s x,-Characteristic and T,-Characteristic

By

Shoji YOKURA *

§0. Introduction

The Grothendieck-Riemann-Roch (abbr. GRR) is a relative version of the
Hirzebruch-Riemann-Roch (abbr. HRR), x(X, E) =T(X, E). Hirzebruch’s y,-
characteristic x,(X, E) and T,-characteristic T, (X, E) are a generalization of the
Euler-Poincaré characterisitc x (X, E) and the Todd characteristic T(X, E) such
that when y =0 xo(X, E)= x(X, E) and To(X, E) =T (X, E), and they are equal;
%X, E)= T,(X, E), which is called the generalized Hirzebruch-Riemann-Roch
(abbr. g¢-HRR). In this short note we show that we can get a generalized GRR
version (abbr. g-GRR) such that when y =0 our g-GRR specializes to the original
GRR and such that the Hirzebruch’s g-HRR is induced from our g-GRR by
mapping X to a point, just like HRR is induced from GRR by mapping X to a point.
For the statements and the proofs of our main theorems see § 2.

Our g-GRR is entirely a formal consequence of the original GRR, achieved by
some formal calculations with power series and Grothendieck’s A-rings. It remains
to see whether there are some geometric constructions for g-GRR.

I would like to thank the referee for some useful suggestions and comments for
revising the paper.

§ 1. Hirzebruch’s x,-Characteristic and 7,-Characteristic

Hirzebruch’s x,-characteristic x,(X, E) and T,-characteristic T,(X, E), for a
non-singular complex projective variety X and a holomorphic vector bundle E on X,
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are a generalization of the original Euler-Poincaré characteristic y (X, E) := 2gz0
(—1)dimcH?(X ; E) and Todd-characteristic T(X, E)=<{ch(E)td(Ty), [X]),
where( , is the Kronecker pairing, [X] is the fundamental homology class of X,
ch (E) is the Chern character of the bundle E and td (Ty) is the total Todd class of
the tangent bundle Tx of X :

rankE dim¥ B
ch(E) 1=Ze“i and td (Ty) :=11 d

Fl—e™f

where @; are the Chern roots of E and 3; are the Chern roots of Tx. For more
details and related topics of these two characteristics see Hirzebruch’s books [6]
and [7].

Definition (1. 1) (x,-characteristic x,(X, E)).
%X, E) =2 520(2g20(— D¥dime H* (X, EQAPTY))y”
=2pz0X (X, EQAPTY)y?,
where Ty is the dual of the tangent bundle Ty, i. e., the cotangent bundle of X.

For E=1, the trivial line bundle, x,(X) :=y,(X, 1) is called the y,-genus,
which is a generalization of the arithmetic genus x(X) :=x (X, 1).

Definition (1.2) (7,-characteristic T,(X, E)). Let us set: (as elements of
H*X; Q)®Z[y])

rank E —~ dimX (1+
ch(1+y) (E) = ; %) and td(y) (Tx) = H <—1&<—2)——Bjy>,

=1 —e Bt
where @, are the Chern roots of E and §; are the Chern roots of Tx. Then 7,(X, E)
is defined by
T,(X, E) :={ch,(E) tdi,y(Tx), [X]).

For E=1, the trivial line bundle, T,(X) :=T,(X, 1)=<t:i\£y) (Tyx), [X]) is
called the generalized Todd genus or the T,-genus. For three distinguished values
(i.e., 0, —1 and 1) of y, this T,-characteristic becomes the following :

y=0:T,(X, E) ={ch(E) td (Ty), [X!)=T(X, E), T-characteristic (or Todd-chara-
cteristic)

y=—1:T_ (X, E)=<{rank(E) [T (1+8), [X])=<rank(E)c(Tx), [X])=
rank (E)e (X),



GROTHENDIECK-RIEMANN-ROCH 605

where c(Ty) is the total Chern class of the tangent bundle Tx and e(X) is the
topological Euler-Poincaré characteristic of X,

rankE dimX B
y=1:T.x E)={ 3. & L, [x]) =sign(X, E),
= ¢ tanhp,

the signature of X with values in the vector bundle E (see[7, Chapter 6]).

With the above definitions Hirzebruch showed the following generalized
Hirzebruch-Riemann-Roch [6, §21.3]:

Theorem (1.3). (g-HRR) x, (X, E)=T,(X, E).

Note that xo(X) =To(X) =x X), x-1X)=T_1(X) =e(X) and 3, X) =T, (X)
=sign(X), the signature of X.

§2. A Generalized Grothendieck-Riemann-Roch

In this section we show our main results. We formulate our generalized
Grothendieck-Riemann-Roch (g-GRR) in the same spirit as that for the formau-
lation of the original GRR.

A. Grothendieck generalized HRR to non-singular quasi-projective algebraic
varieties over any field and proper morphisms with Chow cohomology ring theory
instead of ordinary cohomology theory. For the complex case we can still take the
ordinary cohomology theory. Since our argument is formal, it works in whatever
context GRR is known. Here we stick ourselves to non-singular complex projective
varieties and cohomology theory for the sake of simplicity.

For a variety X, let K;(X) be the Grothendieck group of algebraic coherent
sheaves on X and for a morphism f: X—Y the Grothendieck pushforward f,:
Ko(X)—K,(Y) is defined by

FIF) :=2020(—1)'Rf«F,

where R'f«F is (the class of) the higher direct image sheaf of F. Then K, is a
covariant functor with this pushforward. First we generalize this covariant functor
K, as follows :

Theorem (2.1). Let Ko™ (X) :=Ko(X) ®Z[ y]. For a morphism f : X—Y, we
define the pushforward f,: Ko (X)—K,"(Y) as follows :



606 SHOJI YOKURA

f[y]!F = Zpgoﬁ(F®Aprv)yp
where f1: Ko(X)—>K,(Y) is the Grothendieck pushforwand and T :=TyY —f*Ty is
a virtual “relative cotangent bundle” as an element of K°(X), and this pushforward is

extended linearly with respect to the polynomial ring Z[ y]. Then Ko’ is a covariant
Sfunctor with the above pushforward.

Proof. Letf:X—Y and g : Y— Z be morphisms and let F be a coherent sheaf
on X. By defintion

g[yj!f[”]gF=g["]!(Zpgof!(F®/1”TfV)y”)
=2 520220t (AFRAPTY) ®NITY )yDy?

= Zpgo(zqgog!f!(F®Aprv ®Aqf* Tgv>yq)yp
(by the projection formula for f;)

= ngo(gf)!(F@) Zp+q=jAprv ®/1”f*TgV)y"
(by the additivity of (gf),)

= ijo(gf)!(F®Aj (va +f* T;))yi
(by the property of the exterior power A/)

=2 20(gf ) (FRQATy (since TY +F*Ty =T,
=(gfHVF. Q.E.D.

Remark (2.2). For y=0, f1%), is nothing but the original Grothendieck
pushforward f.

The original GRR (e. g., see [1, 2, 5, 6]) is the following :

Let 7: Ko()—H™*(; Q) be the transformation defined by t( > ) =ch( e )td (Tx) for
any variety X. Then t is actually natural, i e., for any morphism f: X—Y the
Sfollowing diagram commutes

T

Ko(X) H*(X ; Q)
Sy | f
Ko(Y) H*(Y; Q)

T

where fy : H* (X ; Q) —~H* (Y ; Q) is the Gysin homomorphism.
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This GRR is generalized to our g-GRR as follows :
Theorem (2. 3). If we define T : Ko’ (X)—H* (X ; @) [ y] as follows
2 (F) :=chqsy) (F) tdey) (T),
which is extended linearly with respect to the polynomial ring Z[ y1, then t% : Ko7

—H*( ;Q)[y] is a natural transformation, i. e., for any morphism f: X—Y the
Sfollowing diagram is commutative :

Ko 0O———H* (X, @) [ ]
VP Vs
K" (V) ————H"¥; Q) [yl

Proof. 1t suffices to show that for a coherent sheaf F
I (fUF) =fi V),
i.e.,
@3.1) chavop (FP P () (Ty) =f i (char oy (Ftdiyy (T).

By the projection formula fx(a ° f*b) =fxa ° b and using the “virtual relative

tangent bundle” T;:=Tx—f*Ty, we can see that (2.3.1) is equivalent to the
following equation :

(2.3.2) chaip (fFPUE)) =f*<ch<1+y> (F)M>=f* (ch(r oy P)id(,y (T)))

td(y)(f*Ty)
i.e., Ch(1+y) (Zpgof! (F®/1"va)y") :f* (Ch(1+y) (F)t";-(’y) (Tf))y
i.e.,
(2.3.3) ZpgoCh(Hy) (f!(F®/1”TfV))y" =fx (Ch(1+y) (F){Jzy) (Tf))-

Before going on to the proof of (2.3.3), we recall a result form our previous paper
[91:

Proposition (2.3.4). Let q be a variable and let

rankV’ ankt gy rankV
ch) = Z{]’ e’ and td ) = l—In W: zo:qltd, 42
= = s
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where 7; are the Chern roots of a complex vector bundle V. Then for f: X—>Y
qmldim(f)Ch (@) <f' F)td(q) (TY) =fx (Ch (@ (F) td(q) (TX)>

or, equivalently,

(2.3.5) g™ Och oy (fiF) =fx (chgyFtd ) (T)))

where teldim(f) :=dim X —dim Y is the relative dimension of a morphism f: X—

Y. (Note : (1) For a coherent sheaf F the definition of ch)(F) is similar to that of

ch(F). (2) This proposition is a formal translation of GRR, with the “q” doing

nothing but keeping track of degrees.)

Therefore, by (2.3.5), the left hand side of (2.3.3) becomes as follows :

2 pz0ch 1y (AFRAPTY))y?
=2 0p20(1+y) 7O  (chr 1y FRAPTY )td (1.4 (Tp) )y?
= i (20p20(1+p) ™D 11y (F)ch 14y (APTY )id (143 (Tp) )y?
= fx (e F) (14p) 4D (30 2 0¢h (1) (AP T DyP)td 4y (T))

Hence, if we can show the following equation (2.3.6), then we get (2.3.3), thus
(2.3.1) :

(2.3.6) ( +y) reldim(f) (szOCh(Hy) (/1"TfV )y")td(Hy) (Tf) :{‘;Zy) (Tf>-
In fact, this equation is a special case of the following more general equation :
Lemma (2. 3.7). For any virtual bundle E,
(142) 7™ (3, 200h 14 (APEV)y)td 14 (E) =td 5 (E).

Proof of Lemma (2. 3. 7). If E is a bundle of rank  and a, are the Chern roots
of E, then by definition we have

(1+p) =B (X 20ch 14y (WPEV )y td 1+, (E)

oy 7y %)
(1+) H(Hye AT =a
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d ( 1+ye s q.(1+y)
=1 1+y 1—e %0+

I

= 1T (225 —as)=idiy ),

—e a(1+y)

To see that the equation also holds for any virtual bundle E, it suffices to observe
that both sides of the equation are multiplicative. And for that we need the theory
of Grothendieck’s A-ring structure on the contravariant functor K° (e. g., see [3] or
[SGA 6] ; for our purpose we just recall the definition of 2,E=3,2¢(APE)y?)).
The multiplicativity of the middle term X,zoch+y,)(APEY)y?, which can be
expressed as chq+y)(4,(EY)), follows from the multiplicativity of ch(i+, and 4,.
Q.E.D.

Our g-GRR becomes the original GRR when y =0, and g-HRR follows from
g-GRR by mapping X to a point.

Remark (2.4). Now that we have established a generalized Grothendieck-
Riemann-Roch theorem, it is quite natural or plausible to pose the question whether
there is a “singular” extension of our generalized GRR theorem ([?]in the diagram
below), just like Baum-Fulton-MacPherson’s Riemann-Roch theorem [1] (abbr.
BFM-RR) is a “singular” extension of the original GRR.

“mapping to a point” “smooth”
HRR GRR BFM-RR
T“yzol! T“y:OJJ Tffy:()”
g-HRR g-GRR
“mapping to a point” “smooth”

We do have a solution for such that when we restrict ourselves to the smooth
category |? | becomes our g-GRR and such that when “y=0” [? | becomes BFM-RR
([10]). But our solution is still not satisfactory in the sense that it does not unify
BFM-RR, Chern-MacPherson classes [8] and Goresky-MacPherson’s homology
L-classes [4]. Note that our g-GRR unifies GRR (in the case of y=0), Chern
classes (in the case of y=—1) and Hirzebruch’s cohomology L-classes (in the case
of y=1). We hope to return to the question whether there is an ideal theory
unifying BFM-RR, Chern-MacPherson classes and Goresky-MacPherson’s
homology L-classes.



610

(1]
(2]
[3]
[4]
(5]
6]
(7]
(8]
[9]
(10]

[SGA 6]

SHOJI YOKURA

References

Baum, P., Fulton, W. and MacPherson, R., Riemann-Roch for singular varieties, Publ.
Math. THES, 45 (1975), 101-145.
Borel, A. and Serre, J.-P., Le théoréme de Riemann-Roch (d’aprés Grothendieck), Bull.
Soc. Math. France, 86 (1958), 97-136.
Fulton, W. and Lang, S., Riemann-Roch algebra, Grund. der Math. Wissenschaften 277,
Springer-Verlag, (1985).
Goresky, M. and MacPherson, R., Intersection homology theory, Topology, 19 (1980), 135~
162.
Hartshorne, R., Algebraic Geometry, Graduate Texts in Math, Springer-Verlag, 1977.
Hirzebruch, F., Topological methods in algebraic geometry, Third enlarged edition, 1966.
Hirzebruch, F., Berger, T. and Jung, R., Manifolds and Modular Forms, Aspects of Math.,
E. 20, Vieweg, 1992.
MacPherson, R., Chern classes for singular algebraic varieties, Ann. of Math., 100 (1974),
423-432.
Yokura, S., An extension of Baum-Fulton-MacPherson’s Riemann-Roch theorem for
singular varieties, Publ. RIMS. Kyoto Univ., 29 (1993), 997-1020.

, A generalized Baum-Fulton-MacPherson’s Riemann-Roch, preprint ESI
(Erwin Schridinger Institute), 146 (1994).
Berthelot, P., Grothendieck, A., Illusie, L., et al, Théorie des Intersections et Théoréme de
Riemann-Roch, SGA 6, 1966/67, Springer Lecture Notes in Math., 225 (1971).



