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On the Cones of a- and Generalized a-Positivity for
Quantum Field Theories with Indefinite Metric

By

Gerald HOFMANN *

Abstract

In order to construct a Krein-space theory (i.e., a *-algebra of (unbounded) operators which are
defined on a common, dense, and invariant domain in a Krein space) the cones of a-positivity and
generalized a-positivity are considered in tensor algebras. The relations between these cones, algebraic
#-cones, and involutive cones are investigated in detail.

Furthermore, an example of a P-functional ¢ defined on (C?)¢ (tensor algebra over C?) not being
a-positive and yielding a non-trivial Krein-space theory is explicitely constructed. Thus, an affirmative
answer to the question whether or not the method of P-functionals (introduced by Ota) is more general
than the one of a-positivity (introduced by Jakobczyk) is provided in the case of tensor algebras.

§1. Introduction

The present investigations are motivated by the algebraic approach to general
(axiomatic) quantum field theory (QFT). The formalism introduced by Borchers
[8] and Uhlmann [30] works for massive fields as well as for massless or gauge
fields and is entirely equivalent to the Wightman axioms. Starting with a tensor
algebra Eg over some nuclear space E of test functions and a normalized
continuous Hermitean functional WEEs' satisfying some further physically
motivated conditions (linear program), a QFT is reconstructed by means of the
GNS (Gelfand, Naimark, Segal) construction.

It is now necessary to distinguish between i) massive fields, and ii) massless or
gauge fields. In the case of i) W is taken to be a positive functional (Wightman
functional), and thus the space of state vectors becomes a Hilbert space. In the case
of ii) there are no-go theorems (see [22], [29]) stating that locality, covariance
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and positivity cannot be satisfied at the same time. From the point of view of
general QFT it seems to be better to keep covariance and locality, and thus the
positivity condition has to be abandoned. Such models were discussed, e. g., in [2],
7], [10], [14], [15]. The GNS representation then gives a state space with
indefinite metric. Hence, indefinite metric is a general feature of all local and
covariant formulations of QED, but also of gauge theories of Yang-Mills type and
other similar theories (see also [11], [21], [24]).

The pseudo-Wighman axioms introduced by Strocchi [28], [23] ; [6 ; Chapter
10] are an axiomatic approach to such theories. A publication by Araki [3]
considers the specific problem of group representation on a space with indefinite
metric such as is found in the situation of Gupta-Bleuler QED, and this theory also
applies to the algebraic approach to QFT with indefinite metric. —Further
discussions on this subject are contained in [9], [31].

The present note is concerned with one mathematical aspect of this formalism,
namely the GNS representation in state spaces #~ with indefinite metric. In order
of decreasing generality, #" can be chosen to be :

a) a general space with indefinite inner product,

b) a Hilbert space with an inner product <., .),
connected to (.,.) by a bounded linear Hermitean operator G (Gram operator)
such that (.,.)=<,G.), ([5;p.89]).

c) a Krein space (see §3).

(Other choices of " are also posible.)

In order to make the theory mathematically manageable and in particular to
avoid topological complications (e. g., in the case of ¢) M**CM holds for every
subspace M C %" and thus the results of [3] apply immediately), it is desirable to
obtain a Krein space for # (see [4], [5], [16]). The pseudo-Wightman axioms are
formulated in this case. There are also physically motivated conditions for
achieving that goal (see [20; Ch. 3]). Thus the following question arises in our
context : Are there conditions upon the functional WEEg  so that the space of
state vectors /" becomes a Krein space. Answers were given by Yngvason [33],
Jakobezyk [17], Antoine and Ota [1], [25], Morchio and Strocchi [23]. While
topological methods were used in [33], [23], the considerations in [1], [25], [17]
are on a purely algberaic level.

For tensor algebras E g, Jakobczyk introduced the concept of a-positivity and
showed that every a-positve and invariant linear functional yields a Krein-space
theory via GNS representation (see §3). Ota generalized that to the case of
arbitrary *-algebras with unity. Among others the concept of a-positivity is
generalized to the one of generalized a-positivity (see §3). Let us also mention
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that there is a minor generalization of the concept of a-positivity (see Remark 3. 6),
which coincides with the “usual” one in the interesting case of alg-# cones in tensor
algebras (Corollary 4. 6).

The aim of this note is threefold. 1) The setups introduced in [1], [25] are
applied to the case of tensor algebras Eg (Proposition 3. 1). 2) The cones derived
from a-positivity and generalized a-positivity, respectively are discussed for Eg.
Along these lines it is shown that every cone of a@-positivity also is a cone of
generalized a-positivity (Proposition 4. 5). Furthermore it is investigated whether
or not those cones are alg-# cones and involutive cones, respectively (Proposition
4.1). These considerations are of interest because the concepts of alg-# cones and
involutive cones fit tensor algebras very well, and all the results given in [13] apply.
3) About the relevance of the considerations given in [1], [25] for the case of
tensor algebras, the following question arises :

(Q) Are there P-functionals (see 8 3) on Eg which are not a-positive and yield
a Krein-space theory with indefinite metric via GNS representation?

Proposition 5.5 gives an affirmative answer to (Q) and shows that for tensor
algebras the results of [1], [25] really apply to more functionals than those of [17].

From the mathematical point of view it is of interest to develop a general
theory of unbounded representations of *-algebras, and there one has to deal with
a class of representations which are not *-hermitean ([27]). Typical examples of
such representations are J-representations on Krein spaces (see § 3). The results
obtained in this note fit this theory. Furthermore, in § 5 there it is shown how to
construct examples to test and discuss the general theory of unbounded
representations.

The pattern of the present note is as follows. In §2 there are collected the
definitions and facts from the theory of tensor algebras needed in the following.
The GNS representation yielding a Krein space as the space of state vectors and the
concepts related to it are recalled and applied to Eg in § 3. The relations between
cones of a-positivity and generalized a-positivity, alg-# cones and involutive cones
are discussed in detail in § 4. The aim of § 5is to answer (Q). There is explicitely
constructed a functional @ which yields a “non-trivial” Krein-space theory via
GNS representation using the methods doveloped in 1], [25], while on the other
hand the methods explained in [17], [18] do not apply to ®.

Physical interpretations of the theory reconstructed from @ such as the
construction of the gauge group, the distinction of the vacuum sector and the
physical subspace of the space of virtual states will be discussed in a subsequent
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paper.

§2. On Tensor Algebras and Alg-i Cones
Let us recall some definitions and facts of the theory of tensor algebras needed
in the following. For the following let us be given a vector space E over the field
of complex numbers C, and let

E,=EQEQ® - QFE

stand for the n-fold (algebraic) tensor product of E by itself, n&=N. The tensor
algebra Eg over the basic space E is then defined by

Eg=CPOE PE,P --- (direct sum),
i.e., the elements fEE are of the form

=(fo,fis e s fu,0,0, ..,

where f,EE,, and all but finitely many f,=0, E,=C, E;=E. Further, f, will be
called the n-th homogeneous component of f.

Defining algebraic operations componentwise by putting
(ftgn=fatgns
Wf)n=tfn,
(f8)n= 2 /B8, (fo®8:=8x®fo=fogs)
for f, g€Ee¢, uEC (n=0, 1, 2, ...), Eg becomes an (associative) algebra with
unity 1=(1, 0, 0, ...). If an involution “ * ” is given on E, then E¢ becomes a *-
algebra by setting
f* = (ﬁ)*’fl*’ 1f1\)/k7 09 0: )s
_fn* =pW*x ... QRA*

for f,=hVY® --- QKW EE, (mEN), ff =f,, and using antilinearity of *.

Let us be given some f= (0, ..., 0, fwps +ev » S, 0,0, ...)EEs, where fy, 70, f,
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#0, N;, N,N*(:=1{0, 1, 2, ...}). Then put

Grad(f) =N,, grad(f) =N, for f+#0,

Grad(0) = — oo, grad(0) =0,

where 0=(0, 0, ...) €Es.

For the following let Q,; E ®———>(@ E)=: E" denote the canonical
pro_]ectlons, where E" is considered as a subspace of Eg, i. e., for f=(fo, ..., fx,
0, ...)EEg it follows

b

0.(N=Cfos s f2, 0,0, ...).
(For further considerations and some applications of Q, the reader is refered to

[12])

Furthermore, let

£=0,...,0,£,0,0, ..)EEs,

frE€E,, and F,={f, ; f,EF.}, F,CE, (nEN*).
Let us now be given an operator 4 : Eg——>Eg. Then, A will be called graded,
ifA(E,)CE,,m=0,1, 2, .... In the case that 4 is linear (resp. antilinear) and

graded there are linear (resp. antilinear) operators 4, : E,—E, (n=0, 1, 2, ...)
such that

Af=Aofo, ALfi, .-),

f=fo, fi, ...)EEg. In the following, A= (4,, A;, ...) will be written. There is
the following characterization of gradedness.

Lemma 2. 1. Let us be given a linear or antilinear operator A. Then A is
graded, if and only if

AQn:QnAs (1)
n=0, 1, 2, ..., are satisfied.

Proof. (<) : Let us be given f=(fo, ... ,fx,0,0,...)EEg. Then, Af,€E" (n
=0, 1,2, ...) due to (1). Hence, for each f, there are ,,=E, (i=0, 1, ..., n) such
that

Af;,:(h(), h1, cery hn, 0, 0, )
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Noticing
Q,,—lAf::(ho, h], ee s h,,_l, 0, 0, ),
AQ,—1 f,=4(0) =0,
and using (1), ;=0 (j=0, 1, ...,n—1) follow. Hence Af,EE,, and 4 is graded.
(=) : Assume that there is an neEN* such that 4Q, #Q, 4. So there is an
£=for e s fir 0,0, ..)EEq with AQ, f#Qu Af, Grad()=N. i) Let no>N.

Then, Af#Q,,Af. Hence Grad (4f) >n,, and 4 is not graded. ii) Let no<N. Using
the linearity (resp. antilinearity) of 4,

A(fos oy fay 0,0, o) %0 A (foy ov'y foy 0,0, ..0)
+0u A0, ooy O, frosts coes fiy 0,0, ..

and
0., A0, ..., 0, fuss1, oo s fv, 0,0, ...) #0 ©))
or
Grad(A (fo, .. s fap 0, 0, ...)) >ng @)

follow. (2) and (2'), respectively, imply that 4 is not graded. The proof is
completed.

Let us now define the class of alg-# cones which fits the algebraic structure of
Eg very well. Let us be given a subspace

F=OF, 3)

of Eg, where F,CE,. Further, let us consider an antilinear mapping # : Es——>Es
which satisfies

f## :f, (4)
0. =0 (%) 4"

for all fEEe, n=0, 1, 2, ... . Notice that # is bijective. Let us put
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M
{F, #} — {Zf(i)#f(i) ;f(l) EF, MEN}
1=1

It is immediate that {F, #} is a convex cone (containing its apex 0). In the
following such cones {F, #} will be called alg-# cones. If # additionally satisfies

(fe)t=g'f* (5)
for all f, g=Eg, then {F, #} will be called involutive cone. Notice also that
Ei=(Es, *) = {3 0% 1} fOSEs, MEN)
is the well-known cone of positive elements of Eg.
Further, a linear functional T on Eg is called {F, #}-positive if T (k) >0 for all

ke {F, #}. Among others, the {F, #}-positivity of T implies that the Cauchy-
Schwarz inequality

| T(Ffg) 12 < T(FAHT(g%), (6)

f, gEF, is satisfied (see [8; Lemma 2. 1]). Using T=(T,, T, ...), (3) and (6)
imply

| Tn+m(fﬁ®fm)|2 g T2n(f§®ﬁx)T2m(ffn®fm)y ﬁl’meFs n, mEN* (6’)
In order to construct {F, #}-positive linear functionals the following is of

interest. Let us be given a linear functional T and a sequence (w,) >0, w, >0, such
that (6") is satisfied in the modified version

| Tn+m(f§®fm) |2 S wnmeZn(f§®f;1>T2m<f?n®fm)y T2n(fﬁ®ﬁ1) ZO: (6”)
f=(fo, fi, ...)EF. Now the following question arises. Is it always possible to

relate an {F, #} -positive linear functional S to T ? With this in mind let us define the
following.

Definition 2. 2. A sequence (B,)nzo, 8.0, is called to be of positive type
(with respect to T and {F, #}), if the functional

S:T(ﬁ) ::(BOTO, BIle BZTZ) --')

is {F, #}-positive.
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The following example shows that (6”) implies that there are always sequences
of positive type.

Example 2. 3. Let us recursively define a sequence (Bn)m—o0 by B2a-1=0, Bo=
B 2= 21

/34n = Zl 2mw2nw2n—2m(ﬁ4n—2m)2+ 1

@)
,84n+2:§ 2" W20+ 10200 -m)+1(Baan—m+1) >+ 1,
n=1,2,....
Lemma 2. 4. The sequence (B3,)x=o is of positive type.
Proof. Setting @pm=T,m (fi®fn), f=(fo, fi, ...) EF, (6”) implies
| @umt@mn | < 2007 Wn@nn) (€WOmAmm))* < €700 Gun +CWOmAmm ®

for every constant ¢ >0, n, mEN*. Putting ¢ =2"w2n-2mBan—2m (r€ESP. =
2"Wan—2m+1Ban—2m+2), (8) implies

B4n—2m | A2(n—m), 2n +(12n, 2(n—m) ‘

SZ-mal(n—m), 2{n—m) +2mw2n‘2mw2n (B4n—2m)2a2n, 2n (9>
(resp.

Ban—2m+2 | @2ta=m)+1, 2041 2n+1, 20 —m)+1 |

<27 st—my+1, 21—-m)+1F 2" W2 (n—m) +1W2n+1(Ban—2m+2) @an+1, 20 41)
m=1,2,...,n Then,

SUHN=LBTCE F28M) =3 Bu T am)

M

=

E n
BZrarr—ZEﬁZH(Zl |an+m,n—m+an—m,n+m l )
n= m=

I
o

r

:go BZrarr_Z Z (/34n—2n | Ar(n—m), 2n+aln, 2(n—m) |

n=1 m=1

+B4n—2m+2 | a2(n—m)+l,2n+l+a2n+l, 2(n—m)+1 I )
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8

Z,BZrarr 2 Z (2' aZ(n —m), 2(n— m)+2 Wap— 2mw2n(ﬁ4n 2m) Q2n,2n

27" —m) +1 2(n—m)+1+2mw2(n—m)+1w2n+1()34n—2m+2) Aon+1, 2n+1)

n=1 m=

(/34r02r 2r Zl 2_SaZr, 2r Zl zmwz(r-m)wzr(ﬁw-zm)z azr, 2r
5= m=

uMs

w
- Z 2_S(12r+1, 2r+1
s=1

+Bart22r+1, 2041

T
- Z 2mﬂ)2(r~m)+1ﬂ)2r+1(B4r—2m+2)2 Arr+1, 2r+1)
m=1

1— (,Bwﬂ_ 1))alr+l, 2r+1=0,

H"

2: (/34r_1_ (ﬁ4r—1))a2r,2r+(,84r+2_

where Z =0, and the sums i . actually are finite ones due to Grad(f) < co. The

proof i is completed

In order to construct positive linear functionals explicitely, the following is

more suitable. Let B;= {b® ; 5& 4} be an (algebraic) basis of E, where A is a set

of indices. Then,

B,= {b’® - @b% ;54 (j=1,2,...,n)}

is a basis of E,, n&EN. Setting
bOr 0 :=pOD R ... ®b(5n),

assume now that there is a sequence (w,)rz0, w,>0, such that

Ty (B -+ WE@pCr %) 2 0,
< 0w Tan (O S* @ pCre - 50)) 6”)

b(6l, ., 6n)#®b(6n+1, e, 6n+m)) 12 <

’ 6n+m))

l Tn+m
Ty (B 41 Onem* @ pOnt1o

6;&4, n,mEN.

Lemma 2. 5. If a linear functional T satisfies (6”), then T® is{E g, #}-positive,

where (B,)n=¢ is taken from (7).

Proof. Let us be given f=(fo, fi, ...) EEs,



650 GERALD HOFMANN
fi=2 oPbf2, gPEC, bi?EBR,, IEN).
J=1

Then,

TOFH=3 3 X BT.((6f™bP) @b,

J=1 t=1 r=0 m+I=r

(Notice that X ., > ., X. are finite sums!) Setting
J t r

a5 P =T (b @0b(?),

it follows as in the proof of Lemma 2. 4 that

o

> 2 Ba$P=0

r=0 m-+l=r

for each pair of indices (j, t). Hence, T*® (f*f) >0 completing the proof.

§3. On GNS Representations of Tensor Algebras in Krein Spaces

The aim of this section is to recall some concepts from the theory of GNS
representations in a Krein space and to discuss their applications to tensor algebras.

Let us be given a Hilbert space ", a symmetry J on 4 (i.e., J=J*=J"'E

B(A)), and a sesquilinear form

(£, {,=UE O,

£ e, where (L, .) denotes the scalar product of . Then, A equipped with

[.,.]sis called Krein space (or J-space).

Let o/, % be x-algebras with unity 1 such that 1% C .o/, and suppose that %
is a *-subalgebra of /. A linear mapping P of ./ onto % is called abstract

conditional expectation ([26]), if

i) P1)=1,
ii) P(axb)=a P(x) b for alla, bER, xE A,
iii) P&x*)=Px)* forallxc.«.
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Following [1], an Hermitean and linear functional ¢ on & is said to be a
P-functional if it satisfies

D ¢Px)=¢G), an
ID ¢((a&x*))x)= 0,
I ¢(1)=1

for all x&€ o, where a(x) =2P(x) —x is a linear involution on /. Further, the
cone

M
¢@={2 (@Gx®*))xY;xYex, MEN}
=1
will be refered to as the cone of generalized a-positivity.
For («Z, @, P) and ¢ as above, the GNS representation for ¢ consists of
(possibly unbounded) operators acting on a Krein space. Let us briefly recall the
main steps of this construction. For details and explicite example the reader is

refered to [1; p. 270] and [14], respectively.

Setting
Neo={xeEA; p(p*x) =0 for all ye.#/}

and considering the residue classes 74(x), 74(y) in the quotient space <4/ N s,
define

s (x), 1s(»)) = (a(y*)x). (1)
Noticing that definition (11”) is correct and using (11, II), it follows that (11")
defines a positive definite inner product on o/ As. Let A =(A/ N o)™

(completion with respect to || . || = (., .)/?). Define then a representation 7 of o/
on 4 with domain

D (my) = {ns(x) ; xE A},
1 (¥) =ns(xy),  x,yEHL,

and strongly cyclic vector 775(1) for 7;. Furthermore, there is also a bounded and
continuous sesquilinear form

(e(x), ns(p) ] =0 (p*x)

defined on D(7;) and by continuous extension also on 2. Note that 4", [. ,]
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becomes a Krein space.

The concept of x-representation ([27]) is generalized to the one of
J-representation ([25]). Along these lines it is implied that 7, is a J-representation
of .

Let us now apply the concepts given above to tensor algebras. More precicely,
let us first give characterizations for a graded conditional expectation P on a tensor
algebra Eg. Using Lemma 2. 1,

P=(P,, P\, P,, ...)

P,: E,—E, (n=0, 1, 2, ...), is implied. Let us introduce the subspaces
F,=range (P,),
G,=range (I,—P,)

of E,, where I, denotes the identity mapping on E,, n=0, 1, 2, ... . For any
subspace X,CE, let

Xi=x,EX, ; x,=x,}
denote the Hermitean part of X,,.

Proposition 3. 1. Let P be a graded and linear operator on Eg. The following
are satisfied for P.
a) P satisfies (10, 1), if and only if Py=1I,.
b) The following are equivalent :
i) P satisfies (10, ii),
ii) P,zf)=P,(z))* forall z,€E,,n=0, 1, 2, ... & =2,),
iii) x,EF,, if and only if x} EF,,
Yo EG,, if and only if y¥<=G,,n=0, 1,2, ...,
iv) F,=F!DiF!, G,=G'@iG:, n=0,1, 2, ...,
v) P,:E'—F!' n=0,1,2, ....
c) The following are equivalent :
i) (10, iii) is satisfied,
i) Prisr/(P.(x,) Qp,®P,(z,) =P,(x,) ®P,(y,) ®P,(z,) for all x,<E,,
y:€E,, z,€E,,and r, s, t&N*,
iii) for a,&F,, b,&F,, it follows a,8b,EF,+, ;
and if yoEG, then y,@xnEGrim, X QY EGyin for all x,EF,, (n, mEN*).
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Proof. Using Lemma 2. 1, the proof is straightforward.

In order to decide whether or not the representation obtained by the
construction given above is the direct sum of two independent Hilbert space
representations (and thus the indefinite metric is irrelevant), S. Ota introduced the
concept of invariant dual pairs, see [1 ; Definition 4], [25 ; Definition 4. 13.

For a given subspace .# CD(x,), let us define

E(M)={xEEe; ns(x)=M}.

Recall that if {#, 4/} is a mg-invariant dual pair, then
i) Eq=E(M)+E(N), (12)
ii) E(), E(/) are left-ideals in Eg,
iii) ¢&* x) >0 for all x€EE(A) with x&EN
d(x* x) <0 for all xEE(AN) with x&E N o,
iv) ¢(y* x)=0for all x€E(M), ycE(N),
see [1; Lemma 6].

In the case of tensor algebras there is the following criterion which is easy to
handle and will be used to show the absence of 7s-invariant dual pairs in the
example given in § 5.

Proposition 3. 2. Let us be given e;=ei EE, with ¢,(e,®e,) >0. If there is
some x,=E, (nEN*) such that

a) Gn2(fi®x,®e;) #0 (13)
Jfor some fi=f*EE, with $,(fi1®f) <0,
or if

b)  Pai2(e1®x) ®x,Re1) <0 (13")

then there are no mginvariant dual pairs.

Proof. a) Assume that {, /} represents a mg-invariant dual pair. Because
of ¢(6f &) =¢,(eff ®ey) >0 and (12), 6;EE(MA) and (x,_,Qe)VEE(M) are
implied. Noticing that ff€E(4"), (13) is a contradiction to (12; iv)).

b) Assuming again that {.#, 4"} is a mg-invariant dual pair, é,CE (), (x,®e;)"
EE (M) follow. Now, (13") is a contradiction to (12, iii).

An other method to construct a Krein space theory was introduced by L.
Jakobezyk ([17]). There is started with a linear involution

a: E—FE

(a3=1I,) satisfying
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a(fH)=(f* a4
for all fiEE. Setting
aG=a;® - ®a; (n factors), (14")
let us introduce
a(N)=fo, a:(f), a2(f2), ...), (147)

fEEg. Then,

M

H@= {32 a(fO*)fO; fOCEs, MEN}

=1
will be called the cone of a-positivity. It is shown in [17] that every linear functional
¢ which is # @-positive and a-invariant (¢ o @ =¢) yields a representation of Eg ,
where the field operators act on a Krein space.

Concerning the Hermiticity of ¢ there is the following.

Lemma 3. 3. Every X “-positive and a-invariant functional ¢ is Hermiten.

Proof. Recall that the a-positivity of ¢ implies ¢ (& (x*)y) =¢ (a (y*)x) for all
x, yEEg, see [1; Lemma 2. 1c)]. Using now the a-invariance of ¢,

¢G*a(y)) =¢(aly™)x)

follows. Setting y=1 and using ¢ (1) =a(1*) =1, the assertion to be shown is
implied.

In the following it will be shown that to every a-positive P-functional ¢ on E¢
there is a whole class of generalized a-positive but not a-positive P-functionals ¢
yielding the same GNS-respesentation.

Let us be given two tensor algebras Eg, Eg, where
E=FE,=E,®F,, F,# {0} (linear space),

EzzEz@[(E1®F1) @ (FI®E) D F®F)]

BB OLERR® — OF)® - @ (S - oF)], (1)
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n=3, 4, ..., and all of the summands in [---] of (15) only contain factors E;, F,,

but there is at least one factor F; in each summand. Let us abbreviate

En :En @Fn ’
where F,=[:--] is taken from (15). Setting F=F @®F,® -,

E®:E®C‘DF

follows. Furthermore, let ¢ be a J# @-positive linear functional on Es.

consider the liner extension @ of ¢ from Es onto E given by

o (x) for xEEs
0 for x&F.

G ={

(15"

(15")

Let us

This extension @ is called the trivial one. (For a further discussion of such an

extension, the reader is refered to [32].)

Proposition 3.4. Let us be given a P-functional ¢ on Eg such that ¢ is
H @-_positive. Then, every trivial extension ¢ onto Eg is a P-functional not being

A @_positive.

Proof. Using P,,(x,,):%(a,,(xn) +X,), X, €E, (n=1, 2, ...), let us define

projections

P,(x,) for x,E,
0 for x,€F,,

P, (xn) Z{

P={,, P,, P,, ...). Define further

dnzzpn_in’ d:(IOa ala al,---)-

It is straightforward to show that ¢ (¢®) >0 and ¢ (Pf) =¢ (f), fEEs.

is a P-functional on Eg. Consider 0#y,EF,. Then,
(@ ®a) (31®y) = QP —I)y:® 2P, —I)y,=y:®y1,
@ (3 ®y) = 2P, —L,) (3 ®y) = —y:Qy1,

imply that @,#a& ®a,. Hence, ¥ is not any cone of a-positivity.

Hence, ¢
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Corollary 3.5. The GNS-representations obtained from ¢ and ¢ are unitarily
equivalent.

Proof. Consider
No={xEEg; $(y*x)=0 for allyEEs},
Nig={xEEg; $(»*x)=0 for all yEE}.

Using that F defined beforehand of (15”) is a two-sided ideal in Eg and that ¢(f)
=0 for all fEF, it follows that

(%) =9 (y*x),

where j=y+g, X=x+f, yEEg, xENy, g, fEF. Hence, /=N y+F. The
assertion under consideration is now obvious.

Remark 3. 6. a) Sometimes the following minor generalization of the concept
of a-positivity, which is also refered to as a-positivity in some notes, is considered
(see [18 ; Definition III. 3]). For distinction, let us write respectively, @-positivity
for this concept and cone of @-positivity for the corresponding cone X @,
Generalizing (14), ..., (14”), here it is started with a *-automorphism & : Eg——>
Eg. Noting that & represents a *-automorphism on Eg, if and only if

P(fe)=P(NP(e) +0(HA(g), P(f*)=P(N)*

for all f, g=E g, where P Z%(d +I), P+Q=1, it follows straightforwardly that P
is an abstract conditional expectation. Hence, every functional satisfying [18 ; Def.
III. 2] is a P-functional, and thus yields a GNS representation of E¢ by operators
acting on a Krein space.

b) Obviously, the concept of &-positivity is between the one of a-positivity and of
generalized a-positivity, i.e. every functional being a-positive is @-positive, and
further, every @-positive functional is generalized a-positive.

c) A further discussion on this concept is given in Corollary 4. 6, and it will be
shown there that the concepts of a-positivity and @-positivity coincide in the most
interesting cases.

§4. On Cones of a-Positivity and Generalized ¢-Positivity in Tensor Algebras

For the following let us be given any tensor algebra Eg. If a linear involution
a is given on Eg, then let us define an antilinear bijection “#” by
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fi=(Mm*, (16)

fEEg. The restriction of # to subspaces E, (n &N*) will also be denoted by #.
The following proposition and example are concerned with relations between
a-positive (resp. generalized a-positive) cones, alg-# cones and involutive cones.

Proposition 4. 1. a) Every cone A “ of a-positivity is an involutive cone with
H@={Eq, ).
b) Let us be given a cone of generalized a-positivity €.
The following are equivalent.

i) €@ is an alg-1 cone, (where # is given in (16)),
ii) PQ,=Q.P,n=0,1,2, ..., where P=%(a+1),

iii) the projection P is graded,
iv) the involution a is graded.

Proof. a) Let us be given ' @. Using (14), (14'), (14”) and (10),
(D= (. (N*=(f)"n=0,1,2, ...,
follow for all fEEs. Hence, the mapping # is graded. Using Lemma 2. 1, (4")
follows. Noticing (a, (f,))* =a, (fi¥) and using a>*=1I, (4) is implied. Using now

the antilinearity of #, it is sufficient to prove (5) for monomials f, ®g,, frEE., gn
€E,, (m, nE*). Consequently,

(f;z ®gm)#:an+m<g:: ®f;l*) :am(g::) ®an<ﬁt*) :gfn ®fﬁ

yield (5). Hence # = {Eg, #} represents an involutive cone.
b) i)=ii): Assuming i), inserting «=2P—1I in (4'), and using Q,(f*) =
(Q.0)*, ii) follows straightforwardly.
ii)=>i): Noticing that (10iii) implies ¢ (f*) = (@ (f))*,
fE=(ala(HM))=a*(H=f

fEEg, follow. Assuming now ii), it follows that

@.N)'= @@ )Y =(QP-DQ.)*=(Q.QP-Df)*

=(@.a(NY =0, ((a(HI)=0.(fD,

fEEg, nEN*. Hence #” = {Eq, #} is an alg-# cone. The equivalences of ii) <>
iii) and ii)<>iv) are immediate consequences of Lemma 2. 1.
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The following example shows that there are also cones of generalized
a-positivity not being alg-# cones.

Example 4. 2. Consider the tensor algebra
Ce=C,DC, DGO -,
where G;=C (j=0, 1, 2, ...). Define an involution on Cg by setting
alx)= (2(2 X)) —Xo, —X1, —X3, ...),
and notice that a defines a projection P : Ce——>C,, where
PE)=(3 %, 0,0, ...),

xECg. Itis straightforward to show that P is a conditional expectation, where &/
=Cy and #=C, in the setting beforehand of (10). Hence,

M
69= {3 @(fO)fO; fOECs, MEN)

=1

represents a cone of generalized a-positivity. However noticing that
PQ,#Q, P,
nEN*, €@ is no alg-# cone due to Proposition 4. 1b).
Let us now investigate the GNS-representation 7z, of Ce for any P-functional

@, where a and P are given above. Recall that there is a *-isomorphism between Cg
and C{z] (algebra of polynomials in one (real) variable ¢ given by

CeDx<—%(@)EC[1],

where (1) =X x,t", Gi4+)” O =20 +5 @, o) O=2WF®, G ©=
%), x=(xo, x1, ...), yECg. Note that

Px) " =%(1).
Using (111, III), it follows that
P =3 4:) =90(Z ) = 3 x =2,

xECg. The left kernel A"y of ¢ is then given by
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No={xECg; ¢(y*x) =0 for all y=Cg} = {x=Cq ; £(1) =0}.

Thus, D(ns) =Ce/.AN 3=C and dim(D (7)) =1. Hence there is no chance to get
an indefinite metric on D (zs). Furthermore,

73 G () =15 (xp)<—% (D3 (1),
xECs, 74( * YED(zy). It holds further
[x, x] = G*x)= | (D |2
(x, ) = (x*x) =¢ ((ax) *x) = @x (1) —x(OIZ(®) |,-1= [ (D[

Thut, [x, x] = (x, x) =0 showing also that there is no indefinite metric in the theory
obtained in that way.

The following is concerned with relations between the cones of a-positivity and
those of generalized a-positivity. Let us start with some definitions and general
considerations needed in the proof of Proposition 4. 5.

For a linear involution a given on Eg let us consider the fixed point set of a

F={fC€Es; a(f)=f},
and the following subspaces
F1={fiI€E:; a(f) =},
4 ={HEE; a(f)=—f1},

Fn,=span P ® - ®e™; e PEF U%,, the number of ¢ with

e’=%,is 0 or even (j=1, 2, ...n)}

4, =span{e’® -+ ®e™ ; eWEZF,U%,, the number of e with

e=%,is odd (j=1, 2, ..., n)}

n=2, 3, ... . Set further #,=C, %,={0}. It is straightforward to show the
following.

Lemma 4. 3. If a is graded, then the (algebraic) direct decompositions E,, =%,
DF ., m=0,1,2, ..., follow.
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Remark. i) Considering Example 4.2, it follows that the involution «
constructed there is not graded. Further, #,=%,= {0}. Hence, the assertion of
Lemma 4. 3 is not satisfied. The assumption of the gradedness of a is thus not
redundant. ii) If a is graded and @ = (o, a;, @, ...), then &, is the fixed point set
of aP"=a,® --- ®a; (n factors). Furthermore,

gn:{ﬁEEn;al®nﬂ:—ﬁ}, n:]., 2, cee s

For all that follows now assume that @ is graded. Let us relate projections to the
subspaces given above. Consider operators P, , : E,—>E, defined by
P, ,=Pi®:---QP,Q® - QI +P®---QI, QP ®--- QI

+o +L® - QLIQPQ - QP an

where the sum on the right-hand side of (17) is over all the (Z ) summands of u

factors I, and n —u factors P1=%(a1+11), ©=0,1,2, ...,n Set further

P= (3 2 (— Py L), ar)
#=0
n=0,1,2,....

Lemma 4.4. The operators P, : E,——>E, are the projections onto %, with
respect to the decomposition E,=%,D%,,n=1, 2, ....

Proof. Using a;=2P,—1,, it follows that
a"=QP,—1)Q® - @ QP —1) =2 2"*(—D"P, ,=2P,—1I,. (18)
2=0
Recalling ii) of the remark to Lemma 4. 3, (18) implies the assertion to be shown.

Proposition 4.5. a) Every cone of a-positivity is also a cone of generalized
a-positivity.
b) Let us be given a cone €“ of generalized a-positivity.
The following are then equivalent.
i) % is a cone of a-positivity,
i) %< is an involutive cone,
iii) the involution a is graded and there is a projector P, : E,—>E; such that
a,=2P,—1I,, where P, is given in (17')(,‘n= 1,2...,
iv) the fixed point set of & satisfies F 2’@0 Fn, where F,, F are given
beforehand of Lemma 4. 3.
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Proof. a) Let us be given a cone " of a-positivity. Then, a= (@, i, @2,
D) witha,=aP" (n=1,2, ...), ap=I,. Recalling that a projector P, I%(a,, +1I,)

belongs to every involution a,, (10, i, iii) are satisfied for P=(I,, P;, P,, ...)
because of Proposition 3. 1a) and (14), (14’). Using the linearity of P, it is
sufficient to show (10, ii) for monomials a,®x,;®b,,, where a,&range(P,), b,E
range(P,), x;SE;, m, n, IEN*. Noticing that a,(a,) =a, and a,(b,) =b,, (10,
ii) follows from

Pn+l+m (an ®-7C1®bm) :_;"(an (an) ®a1(XI) ®am (bm) +an ®-xl®bm>

= (@, ® (@ () +x) ®by) =a, OP (1)) Gb

b) i)=iv)=>iii) are immediate consequences of the remark ii) to Lemma 4. 3
and of Lemma 4. 4. iii)=ii) : Using (18),

an:2Pn _In:ai@n,

n=1,2, ..., are implied. Analogously to the proof of Proposition 4. 1b), it is now
shown that ¥ is an involutive cone. ii)=1) : Assuming ii), Proposition 4. 1b)
implies that « = (Iy, a1, @, ...) is graded. The further proof is given by induction.
Assume that a, =a®" for some n EN. Recalling that (10, iii) implies &, (%) =
A1 (fos ), fus1E€En+1, it follows that

i (1®f) =an 1 (S @1 (f,* ®gF)*E
= (gl*)”® (fn*y:al(g,) ®an(f")

for all g,€E,, f,€E,. Hence, a,+;=af""P. Consequently, ¥‘“ is a cone of
a-positivity.

Recalling Remark 3. 6, the following holds.

Corollary 4. 6. Let us be given a cone A @ of @-positivity. Then, # @ is a cone
of a-positivity, if and only if # @ is an alg-# cone.

Proof. (=) : Assuming that # @ is a cone of a-positivity, Proposition 4. 1a)
implies that 2 @ is an involutive cone, and thus an alg-# cone. (<) : Assume now
that @ is an alg-# cone. Remark 3. 6b) and Proposition 4. 1b) imply that & is
graded. Using that & is a *-automorphism, it follows that 2#@ is an involutive
cone, and hence a cone of a-positivity due to Proposition 4. 5b).
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Remark. Noticing that the cone ¥® constructed in Example 4. 2 is a cone of
a-positivity too, it follows that there are cones of @-positivity not being alg-# cones.
The following example shows that there are cones ¥ of generalized
a-positivity which are alg-# cones but not involutive ones. Applying Proposition
4. 5b), it follows that these cones are not any cones of a-positivity.

Example 4.7. Let us be given a tensor algebra E¢ with dim(E) =2, and a
projection

P=(,, P, P, ...)
on Eg, where P, (x{) =P(x)*, x,€E, 0#P,#I,, and
P,=P,® ... ®P, (n factors),
n=1, 2, .... Obviously, (10, i, ii, iii) and PQ,=Q,P (nEN*) are satisfied.
Applying now Proposition 4. 1b), #®={Eg, #} is an alg-# cone, where f¥=

a(f*), a=2P—1I, fEEs.
Considering a,=2P,®P,—1I,, it follows that

(fl ®g1)#=az(f1 ®g1) * :az(gl* ®f1*> =2P1(g1*) ®P1(f1) * —gl* ®fl*, (19)
fi, 81€E;. Assuming now that ¥ were an involutive cone,
(fi®g)*=gi®fi=2P (g) —gf) ®QP.(fF)—f) (19

would be implied. If fi, giEE; with g;#0, P,(g:) =0, 0#f,#P,(f1) are inserted
in (19) and (19") ; then the contradiction

g1*®(f1—P1(f1))*=0
follows. Hence, ¥ is not any involutive cone.

The following lemma shows however that the projection P introduced above
cannot be used to construct a nontrivial Krein-space theory by the GNS
representation recalled in § 3.

Lemma. Let ¢ be some P-functional, where P is taken from Example 4.7.
Constructing the GNS representation, the inner product [1s(x), 7s(y)]1=¢ (y*x),

x, yEEs, is positive definite (i.e., the Krein space # =D (n,)~ is a Hilbert space).

Proof. Noticing that P(f*g) =P(f*)P(g), f, g<EEs, it follows from (11, I,
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ID) that

162D, ms )] =9 (x* x) =g (PG* x)) = (P(Gx)* P(x))
=¢((@PG)))* P)) =¢((PGx))* P(x)) =0

for all x€Eg. This completes the proof.

§ 5. Construction of a P-Functional not Being a-Positive

Examples 4.2 and 4.7 provide P-functionals which are not a-positive.
However, it is explained there that these examples cannot be used to construct non-
trivial Krein-space theories by GNS representation. The aim of this § is to
construct an example of a P-functional which is not a-positive and gives a Krein-
space theory with indefinite metric via the GNS representation recalled in § 3. This
is an answer to question (Q) formulated in § 1.

Let us consider the tensor algebra (C?) ¢ over the basic space C°.. Further, let
e®=e@x (i=1, 2) be a basis of C?. Recall that a basis of E,, is given by

B,={W® - ®e;ie{1,2} (=1,2,...,m)},

m=1,2, ...
In order to define an abstract conditional expectation on (C?)s, let us
introduce sets X,CE, (nEN™*) by setting
XC‘: {1}’ Xl:{e(1>}’
X,={W® - ®e%;ie{1,2) (j=1,2,...,n), e? occurs only in
pairs of two neighboring elements e®}. (20)
(Notice that, e.g., X,= {¢’ ®e?, e® ®e®},

X;={PRePRe®, eV RePRe®@, P ®e®ReM}.)

The sets X, satisfy the following properties that are the key for the construction
of the P-functional given in this §.

Lemma 5. 1. a) If x,€X,,, %,EX,, then x, ®%,EXy+m ; and if y,=EB,\ X,
then ¥, @z By im\Xyim, Zn @Y EBysm\ Xy im for all z,EX,, (n, mEN*).

b) Ifa}®ad,=X,+, for an=B,, @,<B,, then a)®a,EX,, and a) Qa, <
Xon.
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The proof follows straightforwardly.
Let us define

b, if bnEXn
P,.(b,) = @D
bn) {o if B EBm\Xnm,

m=1,2,....
Proposition 5.2. P=(I,, Py, P,, ...) is an abstract conditional expectation.
Proof. (10, i) follows from Py,=1I, and Proposition 3. 1a). Noticing
X, =X (={x]; x.€X,}), (22)

nEN¥*, (21) implies (10, iii). Using Lemma 5. 1a) and range(P) =X, {EN*),
Proposition 3. 1c) yields (10, ii).

M
Lemma5.3. 49 ={X a(x®)*x? ; xY= (C?) o, MENY} is not any cone of a-
1=1
positivity, where ¢ =2P—1.

Proof. Notice that

b, if b,EX,
a,(b,) = 23)
b2) {—bn if b,€B,\X, (

follows from (21). Then,

Qs (e(z)®e(1)®e(z)) * —e(2)®e(1)®e<2),

al(e(Z)) * — _e(Z)’ az(e(‘)®e<2)) * — _e(2)®e(1)
are implied. Hence,

;P ®ePRe®)*£a, (P ®e®)* Rq, (@) *

and ¥ is not any involutive cone. Proposition 4. 5b) yields now the assertion to
be shown.

Remark. Noticing that ¥ is an alg-# cone and using Corollary 4. 6, it follows
that ¥@ is also not any cone of @-positivity.

The aim of the following is to define a P-functional ¢ on (C?)g. Let us start
with the definition of a linear functional T that will be used to define ¢. Let us put
To=1, T,,—-1=0. For defining T,, let us consider subspaces
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Zn= {gz,,ze(’l)® ®e(‘2n)EX2,, s 145 lan—,j=0, 1, ...

n—1,i,={1, 2} G=1,2,...,2n)}.
Let us define

1 if £.5Z;,and e%+PQ -+ QeM2)EX,
TZn(an): —1 if anEZZn and e('"+1)® Ehd ®€(12")$Xn (24)
0 1f gz,,E.Bz,,\Zz,,,
n=1, 2, ---. Notice that, e.g.,

T,V ®e™)=—T,(?PRe?) =1,

T4(e(1) ®e(1) ®e(1) ®e(1)> — T4(e(2) ®e(2) ®e(2) ®e(2))
=T (P RePRe®PReM) =1, (24"
Setting 2, =span(X,,), ¥,,=span(B,\X,,), the (algebraic) direct decomposions
C)n=ZnDYnm,
m=0, 1, 2, ..., are implied.
Lemma 5.4. The following hold for the linear functional T=(T,, 0, T, 0,
Ts, ...).
D) T2.(y2,)=0 fory,,EY,,,

ii) Ti,(a,(b,)*®b,) =0 forb,=B,,
111) i Tn+m (an (gn) * ®hm) i 2 < T2n (an (gn) * ®gn> T2m (am (hm) * ®hm): for gn

€B,, h.EB,, n, mEN.

Proof. i) follows immediately from (24). ii) Notice that b, =B, implies b} ®
b,EB,,. Let us now distinguish the following: a) b} ®b,EB;,\Z,,, b) b} ®b, &
Z,, and b,EX,, c) b ®b,EZ,, and b,EX,. In the case of a), ii) holds because
of T,,(at,(b,) * ®b,) =0, where (23) was used. For b), ii) follows from

T2n<an (bn) * ®bn) :TZn(br:k ®bn) = 1,
where (23), (24) were applied. In the case of ¢), ii) is analogously implied by
TZn(an (bn) * ®bn) = _TZn(br:k ®bn) = (— 1) =1

iii) Ifn+misodd orn+m=2Ilis even and g; ®h,EZ,;, then T1,(a,(g,) * h,,)
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=0. iii) is now a consequence of ii). Assume for the following that g, ®h,.EZ,,.
Then,

| Toi(a.(g)*®h,) | =1 (25)

and h)}®h,EZ,,, gf ®g,=Z,, follow. Arguing as in the proof of ii, b), ¢), it
follows that

Tom (@ () * ®h) =T, (2, (gn) * ®g,) =1. (25")
iii) is now a consequence of (25) and (25").

Let us consider the functional

1w
5T, (26)

b=
where (B.)r=o is taken from (7) with w;=1, i=0, 1, 2, .... The following
Proposition answers question (Q) given in § 1.

Proposition 5.5. a) ¢ is a P-functional on (C®)g, where the abstract
conditional expectation is taken from Lemma 5. 1.

b) There are no myinvariant dual pairs.

c) ¢ is not the trivial extension of some a-positive linear functional.

d) The Krein-space reconstructed from ¢ by GNS representation carries an
indefinite metric [x, y] =¢(3*x), x, yE((Ne.

e) There is not any involution 1, : C>——>C? such that 1,(f*) =1 (fU*, HE
C, T (f*)N) 20, T(f) =T(f) for all fE (T e, where = Lo, 71, 725 -+), Ta=
Go® (n=1,2,...).

Proof. a), i) Noticing that ¢o=1, (11, III) is implied.
ii) Using Lemma 5. 4 ii), iii), Lemma 2. 5 implies that

T® (a(H*f) =0,

fE(CYe. Hence, ¢ satisfies (11, II).

iii) Notice that I —P)xE% for each x= (C?) ¢, where % = (—B %,. Applying
Lemma 5. 4i), ¢(x—P(x)) =0 follows. Hence (11, II) is 1mp11ed

iv) Consider fo,= Z o;bsh, bSDEB,,, ¢;=C. Recalling (22) and (24), it
follows that Ty, (b$5*) =T, (b$2) ER.

Hence,
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Tom (ff'::.) = Z ‘Pszm (bgir). *) = Z (pjTZm (bgjn),) =Tom (flm)
7 7

implying the Hermiticity of ¢.

b) is a consequence of Proposition 3.2 and (24").

c) Assume that ¢ is the trivial extension of some functional ¥. Because of dim
(E) =dim(C?») =2 and (15), ..., (15"), it follows that ¥ is defined on Cg. Hence,
¢ (xp) =¢(yx) for all x, yE(C*g. Considering x=e®, y=ePReP®e®, a
contradiction follows from

¢ () =hs (e ®e@Re@ @) = —1,
¢(yx) :¢4(e(2) ReP Re® ®e(1)) =0.
d) is obvious due to (24').

€) Assume that there is an involution 7, satisfying the conditions stated in e).
Write

7€) =aue® +ape®,
where

a11ay —a12a5 70, @7
and axER(j, k= {1, 2}) due to 1 (fi*) =7r(f)*, AEC. Then,

0=T,(71(?) ®71(e®) —T2(e® ®e®) = (@) T (e’ ®e™®)
= (021>2,
0_<_T2(')’1 (e(l) ®e(l)) =an,

and (27) imply a;; =0, a;; >0, a»#0. Now,

0<Ts(71(e®) ® (71(e®) ®7:1(®) ®e® ®e¥ ®e?)
=an ((122>2T5(e(2) ®e(1) ®e(2) ®€(2) ®€(1) ®e(2)) = —an ((122)2
yield a contradiction.
Remark 5. 6. a) Proposition 5. 4c), e) shows that there is not any cone of a-

positivity in (C*) e such that ¢ is invariant and also positive with respect to that
cone. Hence, it is not possible to apply the method of a-positivity for constructing
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a Krein space theory.
b) The proof of Proposition 5. 2 shows that every sequence {X,} = of sets X,,
CE, defines an abstract conditional expectation P on a tensor algebra Eg if
) Xo={1},
i) X,=X¥,n=12, ...,
iii) Lemma 5. 1a) applies
are satisfied. @ Along these lines, there is the following straightforward
generalization of the definitions given in (20). Let us be given a vector space E with
dim(E) =co and an involution “ * ”. Choose then a sequence (¢®);2, of linearly
independent elements e =e®@xEE. Analogously to (20) define sets X, CE, by

X,={W® - ®e% ;;,EN (j=1,2, ..., n), each e®

occurs only in a cluster of i neighboring elements e®}.

Substitute (®)2; to a basis B;= {©}scq with e® =@+ E, &4 (4 is a set of
indices). Noticing that

B,={W® - ®eW;ied (j=1,2,...,n)}

is a basis of E, define projections P, analogously to (21). It follows now that P=
(Io, Py, P,, ...) represents an abstract conditional expectation on Eg.

c) Analyzing the construction of the functional ¢, it follows that every
sequence {X,};>0, X,CE,, defines a P-functional by (24), and (26), if {X,};>
satisfies bi), ..., biii) and Lemma 5. 1b) applies in addition. Thus a further
example of a P-functional ¢ on (C?) is given in the following way. Let X, be the
set of all the elements g,=e“’® ... ®e"EE,, =11, 2} (j=1, 2, ..., n), such
that z,(g,) is even or O for s=1, 2, where z,(g,) stands for the number of factors
e occuring in g,. It follows straightforwardly that an analogous statement as the
one of Proposition 5. 5¢) also applies to @.
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