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Presentations of AF Algebras
Associated to 7-Graphs

By
David E. EVANS and Jeremy D. GOuLD*

§1. Introduction

An AF algebra is an inductive limit of finite dimensional C”-algebras F,, and an
embedding of F, in F,,, is represented by a graph whose edges are the (multiplicity of
the) embeddings of the simple factors of F, in those of F, (see [1, 3]). Thus from a
graph I', with distinguished vertex * we can build up a unital AF algebra A(I"), by
iteration of embeddings represented by I', but starting with the complex number C at *.
The space of semi-infinite paths Finl beginning at * will be the graph of a Bratteli
diagram for A(I").

Suppose I'is locally finite, and let I'® and I'® denote the vertices and edges
respectively of I, and A the incidence matrix of I'. We write |I'| =|A]. A Markov
trace Tr on A(I") is given by a solution (¢,:ve I'”)>0, y>0to

¥9,= X AW, . (L.

Using a solution to (1.1) projections {e;:i € N} in A(I") can be defined which

satisfy the relations:

ee,.e,=1Te, ee, =e.e, [m—n/>1 (12)

n-m

Tr(ae, )= 1Tr(a), ae C*(lLe,....e,_,) (1.3)

where 7=y72,[15,12,11,13]. Let A(1) be the C-algebra generated by projections
{e,:i € N} satisfying relations (1.2) and (1.3) for some 7€ R, and trace Tr on A(T).
Then we have a pair of AF algebras A(7) < A(I") . Moreover we know by [10] that

1/ te{dcost (/1) 1=3,4,..}U[4,0) (14)
A(D)=A(A,) if 1/T=4cos*(n/1), 1=3,4,5,... (1.5)
A(T)=A(A.) if 1/7>4, (1.6)
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where A, 3 <m <o denote the usual Dynkin diagrams (see Figure 4).

In this paper we give an algebraic characterisation of A(7,,,) for 1<r < (see
Figure 1, 2, 3 for these graphs). Let e;, e, ¢,,... be a sequence of projections

satisfying relations (1.2) and additionally:
€€, =e.e; n= L2,....,p—Lp+1l,p+2,... (and ese = 0, if p=2) @1.7)
e;e,e; = Te; (1.8)
eeqe,=T(l-¢ev...ve, ,)e,. 1.9

Then we show in Theorem 3.1 that A(7,p)=C"(1, eﬁ,el,ev...) is non-trival only when
B=1/NTe(|T,,,|:r2BUI|T,,..].)- (1.10)
In which case there exists a surjective *-homomorphism

A(T,,,)®C(l-¢ Vv...ve
A(T

p

pira V€)= A(T,p), when B=|T,, [, r<ee. (1.11)
22) = A(T,p), when B2|T,,_|. (1.12)

If r<oco, ie. B< "prz,m,“, then this map (1.11) is automatically an isomorphism as
A(T,,,) is simple. If there exists a Markov trace on A(T, p) (cf. (1.3), or see §2 and the
statement of Theorem 3.1 for a precise definition) then in all cases (1.11) and (1.12) we
have an isomorphism between A(7,,,), 1 <r<co and A(T, p) ; moreover in the case

r<eco, = ||Tp‘2_, , we have

l=¢v..ve

Ve (1.13)

ptr—

We give a constructive proof of the existence of the above homomorphisms (1.11)—
(1.12) constructing matrix units in A(T, p) labelled by paths in the graph fp,Z,r' Thus

even in the case of p = 1, our proof does not reduce to that of Jones for the A, -series.
Indeed we prove a stronger result in that the existence of the homomorphism in (1.11)
and (1.12) does not depend on the existance of a Markov trace. Moreover we show that
the homomorphism in (1.11) is an isomorphism even without the assumption of a
Markov trace. It is also striking to note that by throwing in the extra relations (1.7)—
(1.9) to those of Temperley-Lieb and Jones (1.2), we find a rigidity above index four.
Note also that our construction of matrix units is different from that proposed by [14] in
the A, -case. This result was announced in [4].

0 1 2 p-1 p p+l

TP

*pP+q-2
Figure 1: Tp,, .
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Thus T,,,.=A., T,,.=D,, Ts,.. =E,,as in Figure 2.

0 1 2 3 4
A.
0 1 2 3 4
D, I
2
0 1 2 3 4
E, |
23
Figure 2
0 1 2 p-1 p p+1 p+r-2
p-2 |
3
i p+qg-3
cp+g-2
Figure 3: T, .,
0 1 2 3 n-3n-2n-1
A,
0 1 2 3 n-3n-2
D, |
2
0 1 2 3 4 n-3n-2
E,

Figure 4

§2. Preliminaries

Let I"be a graph with distinguished vertex *. We assume throughout that I"is
unoriented, connected and locally finite i.e. the number of edges adjacent to a vertex is
finite. We say that vy e I'© is even (respectively odd) if it can be joined to * by an
even (respectively odd) number of vertices. On the Cantor set I of sequences (x,)
with

o
v=0"

(x,,%,,)€T® 2.1

Xy =* 2.2)

consider the equivalence relation ~ with countable orbits given by (x,) ~ (y,) if and
only if x, =y,except for finitely many v. Let A= A" = A(I') be the corresponding
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C" -algebra, with Bratteli diagram identified with I". For each finite subset A of N, let
A(A)=AT(A) bethe C*-algebra [2,6,7] generated by the following partial isometries
f,, Both y and 7y’ are elements of

g ={yeT": (v, Yu) €T}, 23)

where A’={i:d(i,A)<1} ,and y(j)=7’(j) if j & A . The partial isometry f, . has
as initial domain the cylinder set Z, ={(x,):x, =7,, V€ A’}, and it replaces any
such (x,) in Z,, by (y,) in the cylinder set Z,,where y,=x,, VEA, y, =Y,
veA. Then we let A(I'), = AT[0,n], denote the algebra at the nth level of the
Bratteli diagram [". Let Abe the incidence matrix of the graph. Note that A is
symmetric. If ve I'?, let t(v)={weI'P:(w,v)eI'P}. Let (¢,:vel@)>0 be a
solution to

yp,= 2 A(,w)p,, 24

wel'©

for some positive number y. Then X(v)=(+/(¢,/ ¢,)): wet(v)) defines a unit vector
in Z2(t(v)).If k<leN, s5,teI'? let £ ={yeZ™: y,_ =s, 7,, =1t}. Then for
each ne N, let

e, = X XWXV 25)

where the summation is over all ve I'? ,and y,y” € E!. Then e, is a projection,
being identified with a sum of the rank one projections on X(v) in End(/2(¢(v))). The
family {e,:n=0,1,2,...} satisfy the relations

e.e..e, =1Te, ee, =e.e., [m—n=>2 (2.6)

n-nt

where 7=y [11,13].
We define a trace Tr, called a Markov trace, on a A(I') to be the unique state on
A(T) such that

Tr f,, =0 if y=y 2.7
Tt f,, =y *Dveys if ye gk, 238)
Then
Tr (ae, ) = y>Tr(a) a€ Al0,m—1] 2.9)
Tr(e,)=y?, Tr(l)=1. (2.10)

Note that if the graph I'is finite and connected, then by the Perron Frobenius
theory there is an unique normalised strictly positive solution to (2.5) and y =|A4].

If I"contains no cycle of odd length then there is a partition I"=I'© U I'?, with
r'nr®=¢, such that there are no edges between two vertices in I'®
(respectively I'®). Such a graph is called bipartite. Then it is more convenient to
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describe I as follows [11]. There is a distance function d: I'®© — N, where d(v) is
the number of edges in a minimal path from #* to v. Then we can identify

IO ={(v,d)+2k):vel®, k=12,..}

with distinguished vertex (*,0), and where there are p edges between vertices (v, n) and
(w,m) in I if and only if |n—m| =1 and there are p edges between v and w in I'®.
We identify I with the subgraph of I, called the underlying graph, having vertices
{(v,d(v)): ve I'™} and whose edges are those in ro connecting these vertices. The
distance function d on I extends to a distance function on I'® also denoted by d,
where d(v, m) = m.

To construct matrix units in A(7, p) we will need a certain family of rational
functions associated with the graphs 7, . Here we give some properties of these
functions that will be needed later (see [5] for more details).

If A is the incidence matrix of I', we will aim to find a family {¢,:ve I'?} of
rational functions in an indeterminate x satisfying

x0,= Y A(,w)e, @.11)
wel©
0. =1. 2.12)

Consider the graph I'=T, _ withp zg =1 and * =0 (see Figure 1). Then
functions {¢,} satisfying (3.1) and (3.2) exist and are unique. They are
6.=S, 0sr<p-1
¢p = Sp+q—l /Sq—l
0:=8,.,2,5./S., f g22, pSr<p+q-2
¢, =xp,,—¢,,, r2p+l, (2.13)

where S, € Z[x] are Chebyshev polynomials of the second kind satisfying

S, =xS,_,-S_,, S,=1, S,=0. (2.14)

Let I, I',, I's, ... be the sequence of subgraphs of T,,_ givenby: I' =4,
consisting of vertices 0, 1,2, ..., p—1, p, and all edges of T ,,_ joining these vertices.
Forr=z2, I' = TP,Z', , consisting of vertices 0,1,2,...,p—1,p, p,..., p+r—2 and all
edgesof T

2. joining these vertices (see Figures 3, 4).

Proposition 2.1 [5]. Let {¢,} be the family of rational functions associated to the
graph T,,.., p22 given by (3.3). The roots of ¢, are real, and if B,, v, denote the
largest, and second largest respectively, roots of @,,.,_, for r 21 then:

@ B, =Ll
() the sequence {B,} is strictly increasing and converges to "T,,‘z,,, ",
© v,.,<B, <B,.,, for al r21,
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@ i B, <B<B,then 9,,,,(B)I B9, ,(B)<0. forall r21,
© ¢,(8,)>0 for all veI'®, r2>1.

Let {¢,} be a family of rational functions associated to a graph I, satisfying (2.11)

and (2.12). Then we define, for ve I'® :
0,1)=x""¢,(x)
where t=x"2.Thenfor I'=T,, ., p2q22
0. =P 0<r<p-1

Q,=pP,~-tP, P ,IP =P, /P
0 _tr“_pP A Ppigar | Ppys (1fq>2) p<r<p+q-2

0 =0_-t0_,, rz2p+l
where P eZ[t], r=0,1,2,...... are defined by

P (t)=x7"S,(x)
t = x2, and are the Jones’ polynomials [10]:

P.=P_ —tP_,, Py=1,P, =0.

Note that Q,(¢) € Z[¢] for all v € TO

g’
The vertices of the graph T are labelled as in Figure 5.

P’

0,0

\. (1
/\\ @.2)
AN

(3.p-1) ¢ SN G

/

(3 e, @.p

xﬁ\/\wm
N/
/\/\

0,2)e

'G‘

We associate to each vertex (v,n) of T

g » the polynomial

Q(v.rl) (t) = t(”_d(V))IZQv (t)

ifand only ifg=2,0r g|p.

2.15)

(2.16)

2.17)

(2.18)

(2.19)
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where d is the distance function on T, . Thus our notation is consistent with the
embeddingof 7, in T, .

§3. An Algebraic Presentation and Matrix Units for A(T,,,)

Consider the graph 7T ,,, as in Figures 1 and 3 where 2< p<eo, 2<r<eco. We
have already noted in Section 2 that A(7) c A(T,,,) where 1/ 7= "Tpvz,, " if r<oo,
and 1/ 72 ||Tp,2,m,|l2 otherwise. In the path algebra A(T,,), the projection e, may be

p2.r
described as follows. In the notation of Section 2,

Aln—1,n+1]2 ®End 2 (1(v)) G.1)
where the summation is over all even (respectively odd) vertices ve T with

A p2.r
(v,n—1)€ T}, when n is odd (respectively even). Three situation arise:

End/%(t(v))=C if v=0, or v=p+r—2, when r<e, or v=p. (3.2)
End/2(t(v)) = M,(C), if v=p—1. (3.3)

Figure 6

End/?(t(v)) = M, (C) othrewise. (34

In the case (3.3) the matrix algebras End#2(¢(v)) live on those portions of the Bratteli
diagram shown in Figure 6. In the identification of (3.3) and (3.4), we will order paths
with initial vertex (v,n-1), and final vertex (v,n+1) from left to right. In the first case
(3.2), e, will be 1 on these components and in the second and third cases will be the
rank one projections in these components given by

0, (0,20, (9,,0,)°
(0,0,)° ¢, (0,9,)° (3.5)
(6,6,2)"  (6,6,)° 9,

1
B¢,

1{ o, (¢v-1¢\,+,)% (3.6)

Pol0.0 0
respectively. We now introduce a new projection, e, € A[p—1, p+1] , which lives in
End/?(¢(p—-1)) and is given by the rank one operator corresponding to the middle
path, namely (p—1Lp,p-1)in T,,, or (p—Lp-1),(P,p).(p—1,p+1))in T,,,:
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(-1,p-1)

@-2.p)e e(p,p e (P.P)

(-1, p+1)
Figure 7
0 00
i,e. |0 1 0] in End(£%(p—1)). We observe the following facts:
0 0O

(3.7) The projection eeqe; ... e,,,; (a projection by (1.2)) corresponds to the projection
fs5 given by the extreme left hand path § as shown in Figure 8.

Figure 8

(3.8) The projection f, =1-¢ V... Ve, corresponds to the projection f,, given by
the extreme right hand path 7 as shown in Figure 9, forn <p — 1.
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Figure 9

We know by Wenzl [16] see also [8] that if e,,...,e, is a sequence of projections
satisfying (1.2) and if s=(N+4)/2, then either

B=4cos’(nw/q) 39
for some integer g with3<g <s, or
B=4cos*(m/s). (3.10)
In which case
fo=rfi=1; (3.11)
fn=F—BS_1S)fef, (3.12)

where S, =S,(f), for i=1,2,..., N-2, for details see below (3.30)—(3.31). We can
then easily verify (3.8) from (3.11)-(3.12). Moreover, we can then deduce the
following relations:

ee;=0, n=12,...,p-1 (3.13)
ee;=ee, n=p+tlp+2,. ... (3.14)
ee,e; = Te; (3.15)
eeze,=T(l-¢e Vv..ve, ,)e,. (3.16)

Conditions (3.13-3.16) together with the Temperley Lieb relation for ¢, e,, ... in the
presence of a Markov trace serve to characterise A(Tp‘z‘,) r=2,3,...,00.

Thoerem 3.1. Let p=2,7>0,andlet ¢, e,,..., e; be a sequence of projections
satisfying

ee,=ee, mn=12,..,|m-n22 (3.17)
ee;=eze,, n#p (and ee; =0 if p=2) (3.18)
€,6,41€, = Ten (319)

ese,e; = Te; (3.20)

ee;e, =T(l—¢ v...ve, ,)e,. 3.21)

Let
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A(T,p):C*(l,el,ez,...,e;). (322

Then A(7, p) is non-trivial if and only if

B=1/NT llT,, Jir 2110, =) (3232)
where T,,, = A,.,. Moreover there exists surjective *-homomorphisms
A(T,,)®C(l—¢ Vv ...ve,, ,ve)— A(T,p) when B=|T,, |, (3.23b)
and
A(T,,..) > A(%,p) when B2|T,,.|. (3.23¢)

Ifr<e,ie B= ||Tp'2', < “Tp‘sz ”, then (3.23b) is automatically an isomorphism.
Suppose there exists a trace tr on A(T, p) such that

tr(xe,)=71trx, x € A(T,p), (3.24)
C(le,e,....e,) n<p
where A(T,p), =19 (3.25)
C (l,el,ez,...,en_l,eﬁ) n2p.
Then
l=¢v..ve,, ,Ve; (3.26a)
and

{A(sz.r)’ B=|T,,,| 1<r<e
Aln.p)= (3.26b)
A(T,,.). B=|T,,.|

We will give a constructive proof of (3.26), obtaining expressions for matrix units
in A(7,p), under conditions (3.17)—(3.21). This yields a *-homomorphism from
A(T,,,) into A(t,p) for appropriate r <o, depending on 7. This will be a *-
isomorphism under the assumption of a Markov trace on A(7, p) (3.24).

To describe the matrix units in A(T,,,), it is convenient to label paths in the
Bratteli diagram T, by certain sequences of half-integers as follows. In the first
place, if a,feT), , are on level m, respectively n, where m<n, let Path (v,w)
denote the paths of length n —m fromvtowin T,, . For a=(v,m) labelled as in
Figure 5, put n=(m-d(v))/2. Then if

1={0,1,2,3,....p=2,6, p=1,p,...} (3.27)

where €= p—2+1/2 define
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I={i=(,...i)el"i <dv)-&

v.p’

Then we may identify the sets Path (*,&) and I, as illustrated in Figure 10.

Level
0

(v m)

Figure 10

i S+, <0, +1)

771

(3.28)

The numbers i, i,, ..., i, correspond to the number of diamonds in the diagonal strip

where:
p-1
p-2 P
p-1
Figure 11

counts as half a diamond. For example when p =3, o= (4, 10), i =(3/2,2,3/2)in I,

corresponds to the path in Figure 12:
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o =(4,10)

Figure 12

On A(7T,,,) we have an endomorphism obtained, essentially by shifting each
vertex of a path down two levels, and then rejoining this path to (*,0) via (*#,1). If
a=(v,m)e 7:,‘,‘_’2", ,and i e Path(*,@),ie. i=(i,i,,...,i,), where n=(m-d(v))/2,
then put i’ =(0, i, ..., i,) € Path(*,(v, m,+2)), as in Figure 13.

i a=(v,m)

J ‘= (v, m+2)

Figure 13

Then there exists an induced *-endomorphism of A(T,,,) such that
Y(fi))=fij- (3.29)

One can obtain a formula, inductively, for the projection g, corresponding to the
extreme right hand path in terms of 1, ¢, e,, ..., €. First take g, =1, then suppose we

have g for 1Sv<p-1.0Onlevel v+1of T,,,, g, splits into two paths, i.e. we have
8, = 8, +1i,as shown in Figure 14.
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N
N
N

SN

Figure 14

But the path i clearly corresponds to the projection C)) (1)) in End Z2(¢(v—1)), and by
(3.4) and (3.8) we see that, since g,,,e, =0, we have
8.8, =(9,/B0,)i. (3.30)
It then follows that
8n=8 (B9, .19,)8e.8, (331

For v = p—1, note that the path g, , splits as a sum of three paths on level p, as shown
inFigure 15,ie. g, , =g, +§&; +i

' \.p -1
AN

.
P

N\,

Figure 15

where g; =e; . Again it is clear that i corresponds to the projection (?) (1)) in
End (#%(¢(p—2))) . Hence
i=(B0, 2/ 0,.)81€p18p1>
and so
8, =81~ (B, ,10,,)8, 1,8, — 8- (3.32)

The situation for v 2 p is similar to that for v< p—1.
Consider, for v# 0, p—1, the operator e,,,g,,, (Where g, = f, ,forv=0,..,p-1)
contained in A[v, v+ 2]. This is given by



780 DaviD E. EvaNs AND JEREMY D. GouLD

L 0 (¢v—l¢v+l)% 3

on End (Z2(#(v))) , and is zero on the other components in the decomposition (8.1).
Defining

uv = (ﬁ¢v / (¢v—l ¢v+1 )) ev+1gv+1 (334)

1 0
we see from (3.33) that u, (0) = (1) ie. u, flips the left hand path of End (£2(¢(v)))

to the right hand path as shown in Figure 16.

v
o

v
o
\ /
N .
N .
N .

N — v
o ) o

~
.
N
. N
] o

Figure 16

When v = p -1, the operator e,g;, e, g, are both elements of A[p—1, p+1],and
are only non-zero on the component End (#2(¢(p —1))). It is clear from (3.5) that, if
we define

U, = (B, 1 \(9,.05))e,8; (3.35)
U, , = (ﬁ¢p—-] /\/(d’p—z‘pp)) €8, (3.36)
1 0 1 0
where €=p-2+1/2, then u;|0|=|0|,and u,,| 0 |=|1|. This is illustrated in
0 1 0 0
Figure 17.
i s S N

Figure 17

Note also, that for v # €, /(@ /ﬁ¢v)uv is a partial isometry with final projection,
e,.f,, and initial projection, (89, /9,,,)f . e,nf- Also (8, /B¢, Ju, is a

partial isometry with final projection, e,g, ,,and initial projection, e;.

Matrix units for A(T,,,) are constructed as follows. Let o =(v,m) € T}, then if
n=(m-d(v))/2,put G, =y"(g,), then by considering Figure 13, we see that G,
corresponds to the path shown in Figure 18. To obtain an expression for the diagonal
matrix unit G, in the component labelled by o corresponding to the path
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i=(i,i,,...,i,) shown in Figure 10, one conjugates by the operator
PHA YA, ) ¥(A,)A,  where A, =uu,...u,.
Thus, y*'(4, ) G,¥""(4, ) corresponds to the path obtained from that in Figure 18

by flipping i, diamonds in the n™ diagonal strip shown in Figure 10. Conjugating the
new path by 7"_2(Az,,_. ), flips i _, diamonds in the (n—1)" strip etc. Off-diagonal

n—1

matrix units corresponding to pairs of distinct paths are constructed in a similar way.

Level
0

m-2

2n

m=2n+v .
.
(v, m)

Figure 18
Proof of Theorem 3.1.
Lemma 3.2. €,e; = 0, m=12,...,p—1.

Proof. We see from (3.21) that e ee-e =0, m=1,2,...,p—2. Thus

m-ppp

(e,e,e;)(ese.e,)=0, shows that e,e,e; =0. Then using [e,,e;]=0, and

e,e,e; = Te;g We see that €,e5 = 0 for m=1,2,..., p—2. In particular €, 265 = 0.

Consequently Te, €; =€, €, e, ;= 0,as [e,,_n e;]1=0.

Lemma 3.3. Let p>2, 7>0, such that €5, €156y, ... is a sequence of projections
satisfying (3.17)—(3.21). Define

Y, (x)=1"ee, ...e.xe, ...ee,, x€A(T,p). (3.37)

1

Then there exists an unique *-endomorphism y of A(T,p) such that
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y(x)=1limy,(x), x€A(7,p) (3.38)
y(x)=7,(x), xe€A(T,p),, (3.39)
Y1) =e, (3.40)
Y(e,) =ee,., (341)
Y(e;)=T7ree, ..., 1€,6;€,,€,€,  ...€€. (342)

Proof. Let A, denote the set of y € A(7, p) such that lim 7, (y)exists. For y€ A,
let y(x)=limy,(y). Then elementary computations show that 1, e;, e, ¢,,... € A,

(3.40) - (3.42) hold, and indeed

Y.L =¢e, n2x1 (3.43)
Y.(e,)=¢€e,.,, n>m+l (344)
Vo(e;)=T7ee, ...e, €€, e€.€,, ..6€, n>p. (345)

Thenif x,y€ A,,
e, ...e5e8, ..., =T, (3.46)

cf. (3.43), and so:
Y, ()Y, (y)=7T"ee,...e,xeye,..e. (3.47)

x]—> 0 as n— oo, for any x € A(7,p), as [e,, e,]=0 for n large, veT’(,“’z).a.

But [e,,
Thus xy € A, and y(xy)=y(x) y(y). Thus A, is a dense *-subalgebra of A(7,p) and
(3.39) holds. Now

[t e, ...e, xe, ...e,|< e, ...e, | lIx]
=177"e, ...eqe, ...e | Ixll = |l || I1xI by (3.46).

Hence 7, is a contraction, and so A, is closed. Thus A, = A(7, p) and the Lemma
follows.

Definition. Suppose e;, ¢, e, ..., is a sequence of projections satisfying (3.17)-
(3.21) where 1/+/7 =B is such that ¢,(8)#0 for all ve T®,,, and some r>2,
where {¢, (x):ve T,(;?z),m} is the family of rational functions associated with the graph
T,,.. asin Section 2. Then we can define a sequence of operators g, € A(7, p),,, for

veT® by

p2r

& =1L (348)
gv+l =gv—(:B¢v—l /¢v)gvevgv’ V=O, 1""’p—2 (3'49)
g =e (3.50)

8,=81—(B0,,/90,,)8,.¢, 18, — & (3.51)
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8&n=8—Bo,./0)s8e.zs, p<v<p+r-3 (3.52)
where ¢, = ¢,(B).

Lemma 3.4. Under the preceeding conditions, the family
{eksgv, kyve T(O) k¢ﬁ} satl'sfy

p2.r-1°
@ eg, =8¢ v=0,1,...,p+r-2, k2v+1
® @O e,gze,=(0;/B0,.)e,8,,
@) ege =, /B0, )esg, v=12,...,p+r-2
) eg,=0 v=273,...,p+r-2, k=12,...,v-1
@ gl=g,=¢ veT9,  ={01,...p+r-2,7)
© O 88 =8 v=0,1,...,p-1
(i) g8, =0 v=p,p+1,...,p+r-2
(iii) g8, =8, v=0,1,...,p+r=2, k=12,...,v.
l-¢v..ve,, v=2,3,...,p-1
® gv={1—e,v...vev_1ve; v=p,p+tl,....

Proof. For v=0,1,2,..., p—1, the relevant parts of the lemma are clear. Next
note that ¢, =f7'¢,,, and so (b)(i) follows immediately from (3.21). To see
(e)(i), note that g =1-¢vVv..ve,, for v=2,3,...,p-1, and so g, =
e (l-e v....ve, )= e =g; by (8.5). Moreover, to show (e)(ii):

838, = gﬁ(gp—l - (ﬂ¢p—2 / ¢p—l )gp—lep—lgp—l - gﬁ)
=8~ (ﬁ¢p—2 16, )g;,ep-lgp_l -8 =0

since g;8,, =g, and gye, , =e;e, , =0 by Lemma 3.2. It follows inductively on
v=p,p+1l,...,p+r-3 using (3.15) that g,g, =0 for such v, i.e.(e)(ii) holds.

We now prove the properties listed for g, . It is clear from (3.48-50) that g, is in
the algebra generated by 1, ¢, ¢,,..., e, and €. Thus (a) holds for v = p. Next, since

e, and 8,1 commute, we have
epgpep = ep [gp—l - (ﬂ¢p-—2 / ¢p—l )gp—lep—lgp—l - g,‘; ]ep
=€p8p1 T (ﬁ¢l’—2 19,108,188 1€,8 1 — €,85€,
=€,8,1 —(¢p—2 /ﬂ¢p—l)gp—]epgp—] - (¢§ /ﬁ¢p—] )epgp—] using (b)(i)
=1- (¢,,_2 /B¢p—l)_ (¢; /ﬂ¢p—l )epgp-l .
But ¢, = ﬁ¢P_, - ¢,., — ¢5, and so we obtain (b)(ii) for v=p.
We know that (c) holds for v < p—1 by definition of g, (3.12), and ¢,g; =0 by

Lemma 3.2 for k=1,2,..., p—1. Thus €8, =0 by Lemma 3.4(c), for k=1,2,...,
p—2. Also we have, using (b)(ii) for v=p—1, and noting that e, ,g; =0 that

€p18p = €pi18p1 ~ (ﬂ¢p-2 / Op1)e, 18, 1€p 1851 ~ €5 i85
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=€p18p1 T €p18p28p1-

But g, ,8,, =8, by (e)(iii) for v=p-1, k=p-2,and so e
holds for v=p.
Next note that by (b)(ii) for v=p-1, one easily shows that

81— (BY,,/9,,)8,.€,,8,. is 2 projection. Consequently,
gﬁ =8p1 (ﬁ¢p-—2 1 9,1)8,1€p18,-1 —285(8,1 _(ﬁ¢p—2 19,.)8,1€,18,-1% &
= gp—l - (ﬁ¢p—2 / ¢p—l )gp—lep—lgp—l - 2g§ + gﬁ = gp .

8, =0. Thus (c)

p-1

Here we have used Lemma 3.2 and the fact that g, g; = g; by (€)(i). This gives (d) for
v=p, and (e) for v =p is clear.

Now suppose, for some v, p<v<p+r-2,that g, has the properties listed. Then
we show that g, also satisfies these properties. In the first place, (a) follows from the
definition of g,,,.Then since ¢,,, = B¢, — ¢, ,for v> p, we have

18,116 =€,l8, — (B9, / 9,)8,e,8,]e,,
=8,6,1 ~ (B0, 1 9,)8.6,..€.6,.8,
=g,6,u~ (B0, 1 $,)B78.e,.8,
=(1—(9,.,/ Bo,)g.e, =(9,../ BD,)8.€,.:-

Next, by the inductive hypothesis, we have e;g, =0 forl1<j<v-1,and so ¢g,,, =0
for 1< j <v-1.Moreover, by b(ii), and e(iii) for v,
evgv+1 = evgv - (ﬁq)v—l / ¢v )evgvevgv = evgv - evgv—lgv = evgv - evgv = O .
Thus (c) holds for v+1. For (d), one has, using g? = g, and (b)(ii) for v that
8n=8~-12B0,. /0,88 +(Bo,./0,)8ez8e8,
= gv - (2ﬂ¢v—l / ¢v)gvevgv + (ﬁ¢v—l / ¢v )gvevgv—lgv = gv+l .

Finally (e) for v + 1 is clear.

It follows from (c) and e(ii) that 1- g, is an upper bound for e, e,,..., e, , ;. To
show that it is the least upper bound note that 1—g, is a linear combination of
monomials in e, e,,..., €, ,, €.

Definition. Let p,r>2 be fixed, >0 with ¢,(8)>0 for veT() . Put
€=p—2+1/2. Then we define operators u, u,, ..., u,,, 3, U, u, as follows:

u, = ﬁq)k U/ (1 P))e18in> k=1,2,...,p+r=3 (3.53)
U, = ﬁ¢p-—] a/ \/(‘Pp_zq); ))e,,g; (3.54)
u, =Bo, ,(1//(9;9,)e,8,- (3.55)

Note that u, € A(7, p),,,, 4, € A(T,p),,, and
(3.56)

uu, = up—l
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for Lemma 3.1 (b)(i) and (e)(iii). Fork=1,2,..,p +r—3 put

A =, .y, (3.57)
A, =uy ., U, (3.58)

Lemma 3.5. Let p,r>2 be fixed, and e,,e,,..., e; , a sequence of projections
satisfying (3.17)~(3.21) where ©=72>0,and ¢,(8)>0 for all veT(),. Then we
have:

(@ AA =0forkyve{l,2,....,p+r-3,€},and k#v.
b AgA, =44, v#p, 1<v<k+1
Ag:A,=AA, k=€,
) eA,Ae =v(g) k=1..,p+r-3
e A Ae, = Y(8,-1)
@ wuy(x)=0, xeA(t,p), k=1.
) ug, =0, ve T;fz)‘r, dv)>i+1, i#€.
ug, =0, v=p,p+1,...

(f) A:y(gv)Av =(ﬁ¢v /¢v+l)fv+lev+1fv~rl’ VE T[(JOZ)r’ V¢O’ ﬁ’ p+r—2 (l-f r<°°)'
® A;’y(gp—])Ag =85

Proof. (a) For v#e,

usu: = ﬂ¢p—l (1 / \/ (¢p—2¢ﬁ ) ))8¢v (1 / V (¢v—l¢v+1 ) )epgﬁgv+lev+l = O

since if v<p-2, g8, =g and gy, =0, whereas if v2p-1, we have
858,m = 0. Similarly for v,k # £, we have, assuming that k < v:

w, =B, 1/~ (0, 10,80, (1/\(,,0,.1))e. 18418011801 =0

since g,,,8,. = &,-a0d €.,,8,.,=0.
(b) For v#p,onehas u,gu, =uu, for k<v+1,since g,8,,, =g, for ISv<k+1.
For 1<k<p-1, one has ug,u =0, since g,g,=g;, and gye,, =0 for
1<k<p-2,and g8, =0 for k=p—1.Moreover u.g,u, =u.u,as g;=g;.
(¢) For k=1,2,...,p+r—-3:
AA, =uu, ...uu, ...uu
= 11462856385 -+ €1118k+16k+1 -+ 83638262
= 11,8265 ---€,418283 - 8i8i+18k -+ 83826416362

= €285 - €41 84416k41 -+ €2 (3-59)
where we have used Lemma 3.1(a) and (e), and
N = (B¢1)2 (ﬁq)k )’ /(¢0¢2 ---¢k—1¢k+1)- (3.60)

Then from (3.23) and Lemma 3.1(b)(ii) we obtain
2,48, =N (D [ B )ese; 008,88 - €,
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and so by Lemma 3.2 we have

e A Ae, =10, 1B, )eee, ...eep, e, e, =M (D | BOIB*Y(fL).
But

(ﬂk )(¢k /ﬂ‘pk_l )(I/ﬁZk) =

(B*)(97937 .- 0D) | (990,005 .- 0,18 ))(Bis / BOIA ) =1, (3.61)

which establishes (c) for k # €.

Similarly, one uses e,g;e, = (¢, /ﬁql)p_l)epgp_l and Lemma 3.2 to show that
elAeAzel = Y(gp_1)-
(d This follows because 7y(x)=¢y(x) by (3.16), and g,,e =0=g,e for
k=12,...,p+r-3.
(e) This follows immediately from Lemma 3.4(c), and (e).
(f) We have by Lemma 3.2, and Lemma 3.1(a) and (e) that for v as stated:

* — 2V *
Avy(gv)Av _ﬂ AveIEZ "'ev+lgvev+l "'eZeIAv
— R2v
=B N,8,1€ 001 - 8262€1€) - €,118,€,41 - 2816285 ---€,11 8,01

— R2v

=B1,8,118, -+ 828011 - €261€; +-€,,18,8,,1 - €2€1€; ... €18, ... 8,
— R2v

=BV N,80118001 - €2€1€) - €,,18,8,4) - €,€1€; ... €,,18) .. &y

where 1, = (B¢, /¢,,,) by (3.61). But using (3.46) and Lemma 3.4(a) and (e)(iii)
we have

A; Y(gv )A v = ﬂ—Zv nvgv+lev+lgvev+1gv+l

= (ﬁ¢v / ¢v+1 )gv+1gvev+lgv+l = (ﬂ¢v / ¢v+l )gv+lev+lgv+l

(g) Similarly, we have

AEy(gp_l)A; =[%r DA e, -€,8, €, e AL

=ﬁ2(P—”[32(P““(¢l¢p_l ! 0005)85€,8,1€p-1 - -82€2€1€7 ---€,8, 1€, .- €,€,8) .. €,85
=ﬁ2(P—”ﬁ2P"(¢p_l /([)Tu)gr)gp_l 0 82€,€, 1 - €r€1€, ...€ 8, €, ...0€€, ...C,8, ...8, 8
= ﬂ_z(p_l)ﬁzp_l(¢p—1 /¢§ )87€,8 p-1€,87

=B(9,-1 1 B95)85¢,8,-1,85-

But ¢, , = B¢, and by Lemma 3.4 we have g;e,g, ¢,8; = 8;¢,8; =B g, and the
result follows.

Assumption. Let p, r,and 7= be fixed, where p>2, 2<r < oo, and suppose
that

¢,(B)>0 forall ve T}, . (3.62)

Recall from Proposition 2.1, that if r<eo,and B =|T

2001 if r=c0,and B 2| T,
then (3.62) is true.
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Definition. Let o = (v,m)e 7%, ,and put n=(m—d(v))/ 2. Then define

G,=7"(,) (3.63)
and for i, j € I, = Path(*, ¢r) define

GI =4, 7(A,) ..y (4, 1"(8)Y(4,)...Y(A,)4, . (3.64)
Note that G¥ =G,, and (G!)'=G%. Put G, =G, and v,, =G,7"(4,)...
7(4,)A4, .

Lemma 3.6. For o= (v,m), B=(w,m)eT9,,

i,j € Path(*, ), k,l e Path(*,f)
we have

GIGH =§,,8,G1. (3.65)

Proof. (a) GGJ =G2.
It is clear that G2 = G, . Now suppose that n>1,and i # 0. We prove by induction on
n that

€y ey VA ) A A YA, ) gy ie, = 1(8,)  (366)

where z=[i ].If n=1, this follows immediately from Lemma 3.5(c) since i, # 0.
Now suppose that (3.66) is true for n»>1. Then by the induction hypothesis, and
Lemma 3.5(c) we have

ey .y V" (4, ). A, A Y4, ) ey 08

=e,,7"(4, ee,...ep ¥ (4, )...4, 4, ..y (4, Ye, ee 174, Ve,
= €yn?" (Ai,,+, )" (gz)yu(A:,,“ Vs = V" (‘31Ai,,,,ngj,,+I e).

But z<i, +1,and so by Lemma 3.5(b) and (c) we have

elAi,,H ng:,,,, e =¢4,; AT,H, e =78,

n+l

where z’=[i,, 1. Hence (3.66) is true for all n. Now it follows from (3.66), noting that
G,=7"(g,)=ee,...e, 7"(g,),that

VoiVas =G, 7"(8,)Ge = 1"(8,8:8,) = 7"(8,)=G,
since z < d(v). This gives (a).
®) G'GY =0, for j#k.
We may assume that n>1. We show that for i # j, va_,v;_j =0.If i # j, then there
existsa k <n such that i, = j,...,i, = j,,and i, # j,,,. Then by (3.66) we have
VaiVa, = GaV" (4, ) ... Y (4, )7 ()Y (4,.)) .7 (4, ) G,.

i+l
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But z<i,, +1,andso 4, g =4, .Itfollowsfrom Lemma 3.5(a) that

L3

;}/k (A )yk (gl)yk(Ajkn )* = yk(Aik-H glA*flm ) = yk (A A;kn ) =0

L] Lt
since iy, # jiu-
© G ,’,”' =0, for v£w.
Put k =(m—d(w))/2.Suppose that n=k ,then v=p, w=p,or v=p,and w=p.
We must show that
VeV, =GV (A4, ). A A 74, )Gy

vanishes. First suppose that there exists t <n such that i, = j,...,i, = j,,and i, # j,,.
Then as in the proof of (a) we have

VaVs, =Go 7" (4,)) . ¥ (4, DY (g )Y (4, ) .7y (4, )Gy

if i, # £, otherwise we replace y'(g, ) by ¥'(g,.,). Thensince i, <i,, +1, we see that

bl

8, = A,.l+| ,and so

Bl

ViV, =G ¥ (4,) ..V (A, A5 ) ...y™(4, )Gy

ol By i1 e
But i,, #j,,, and so A, A, =0 by Lemma 3.5(a). Similarly, if i =€ then

81 = Am. .If no such ¢ exists, then i, = j, ..., i, = j, and so

VauVs, = GV (8.)G, = 1" (8,)7"(8)7"(8,) = 1"(8,8.8.)

where z=i, if i, #€,and z=p—1,if i =€.But i <d(v),and sog,g, = g,,and by
Lemma 3.4(e) g,8, =0.

Now suppose that n # k , with n> k. Note that d(w)=d(v)+2(n—k). If there is
at<k,suchthat i =j,...,i = j,,and i, # j,, then as before we have

Vavp, =GV (4,) .7 (4, DY (8)Y(4, ) ... v(4,) G,

where z =i if i, # €, z=p—1 otherwise. But z<i,, +1,andso A, g =A, ,then

bt

by Lemma 3.5(a) v,,v; =0, since i, # j,,. Finally if i, = j,...,§, = ji, then we
have
VaVs, =GV (A, ) ... 7" (A

o’ B,y

e )7 (8.)Gy
=7y @)Y (A,) A, 88,1
where z=[i,]. But z<d(w), and so g,g, =g, . Note also that by definition of
i=(,...,i,),wehave i, <d(v)+n—-k—1,and so
iy t1SdW)+n—k<dW)+2(n-k)=d(w).
But this implies that U, 8y =0 by Lemma 3.5(e). Hence a,.8. =0, and so

Voo vl}_j =0.
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Lemma 3.7. (a) Gy, ., =G 1y L€ Lo my € L pary -

= v ; 7(0) 1%
®) G, =Gy + Gt ety P€1, yy VE Ty, - v#0,p-1,p.
) ;
(c) G(’E, - = G(",_L minys LE I(’_,, m-
— @1 1 1
@ Gt my = Gz mity ¥ Clpmety + Gl mary -

— — ((ptr-3)
(e) When ﬂ - “Tp,2.r“ 4 and r<eo ’ G(p+r—2,p+r—2) - G(5+:—3,p+r—l) + gp+r—l ’ and for
m>p+r-2, G =G iel

(pv-2.m) (pir3m+]) (pir-am - 1f there exists a faithful trace sat-
isfying (3.24), then g,,, , =0.

Proof. For (a) note that g, = g,,and if ot =(0,m) € f";oz)r then m is even. Thus

Gom = 71" (8)=7""(8 )Gty

and so (a) follows.
For (b) note that when v#0, p—1, p, (p+r—2if r <o), then by Lemma 3.5(f)

gv = gv+1 + (B¢v—l/¢v )gvevgv = gv+1 + A*v—l y(gv—l )Av—] .

= y"(g,) where n=(m—v)/2, we have

G(v,m) = ;},n (gv+1 ) + ,yn (Av—l )* y"-‘—l (gv—l ) }/" (Av—l )’

Then since G

(v,m)

and so
Gl =4, 7" (A, ) Y (8,:)Y (A, A,
+A A, ) Y (AL Y8, )Y (ALY (AL A,
But 7"(8,.) =Gy ey -a0d 7"(g,) = G| vy » and so (b) follows.
By Lemma 3.5(g), we have g, = A*E)/(gp_l )A,,and so if n=(m~— p)/2, we have
Gim =7"(85)=7"(4,) ¥"(g,.)7"(4,),
but y"*'(g,) =G, ms1»and so (c) follows.
For (d) we use Lemma 3.5(f) to obtain
8p1=8,F (ﬂ¢p—2/¢p—-] )8p1€pi8p1 T 85 = g, t A;—zy(gp_z A, +8;-
Hence if n=(m—-(p—-1))/2, we have
Gty = V" (8,m) = 7"(8,)+ 7" (4,,) V"™ (8,.)7"(A4,) + V"(85)
= G(p, m+1) + yn (Ap—Z )4 G(p—2, m+1) y" (Ap—Z )* + G(f;, m+l1)
and (d) follows.

@©1If B=IT,,,,then ¢, ,(B)=0.Then putting ¢t = p+r—1, it follows by Lemma
3.4(b) that e,g,(e,g,) =e¢,8e, =(0,/Bd,_)eg,_, =0,and so e,g, =0 .But then we have

— A2 — 32 —
€18 —ﬂ €41€:€118; _/3 er+l(ergr )e1+l =0
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and by induction e, g, =0 for all k >¢, and thus for all k.

It follows that y"(g,) =0 forall n>1. Then from (3.16) and Lemma 3.5 we have
8., =8 +4A,_,7(8.)A,,, from which we obtain (e) by applying ¥ .

If a faithful trace, tr satisfying (3.24) exists, then since ¢,(8)=0,

tf(g,) = tr(g,_1 )— (ﬂ¢r-2/¢t—l )tr(gt—let—l)
=(1-(¢_, /ﬁ¢r—l Nr(g,;) = (9, /B¢t—1 r(g,)=0.

Hence g,,, , =0.

Lemma 3.8. Suppose that (3.62) holds for r = o, then we have for each m 20
1=Y Gy m 3.67)

where the summation is over all vertices (v, m) on level m of ZA"[(,"Z), andall i€l,, . If
(3.62) holds for some r < e, then (3.67) is true for m< p+r—2, and for each
m> p+r—2 we have

l = Z G(iv,m) + gp+r—l . (3 .68)

Proof. We use the splitting rules for G',  in Lemma 3.7.

(v, m)

Definition. Let m21, p>2,and re(2,3,...,}. Let a=(v,m+1)eTY,,

with d(v)<m+1. Put n=(m+1-d(v))/2. Note that for such a, we have
a'=(,m-1)eT®,. Let I,={i€l,;(ii i) €l,}. For example, if
v#£0,p—1,p, andif r<oo,v# p+r—2,then I, consistsof all ie I, with i, =v-1,
ori,=vandi,_ <v.

n—-1 —

Lemma 3.9. (a) Let te{l,2,...,p—2,&,p-1,...}, and s2=1, then if
m2t+2s+3 we have y5(A)e, =e,Y5(A,).

®) Let i=(,...,i,)el,, then we have i <i_,+(n—k-t) for t=0,1,...,n-1,
and k=12,...,n—t.

() For v#0,p, and if r<ee, v£p+r-2, we have y(g,)A e, =~(9,./B¢,)

v
‘Bree,...e,.8,

(d) Forv#0,1,p,we have y(g,)A, e,., =(9,,/Bd,)B¢e,...e,.g,, and when v=1
we have (g, )e, = \/(¢o/ﬁ¢1 )Bee,g, -

(€) Forv#0,andif r<oo, v#p+r—2,wehave y(A)A, e,,=0.
® y(gE)AsepH=ﬂpeleZ"'ep+lg§‘

® (g, )Ae, =B""\(9;/B0, )ee,...e.8,.,.
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th) Gpe, =0.

Proof. (a) First note that ¢, A, =A e, for m=r+3,and r#¢. Also e,A

m=r mBe =

A.e,  for m=2p+2,ie. m>¢e+3.Thensince m=k+2s,with k=>t+3, we have
e,V (A)=7(e)7 () =7 (eA) =7 (A ) =7°(A))e,.

(b) This is clear from the definition of 1.
(¢) By Lemma 3.4(a), (b) we have

Ae,,, = (B9, /V(¢v—l¢v+l ))€,8,€:85.-.€,,18,.1€,.
=B"(9,9,/99,.1)e,8,-.-¢,8,-(9,../B9,)e,..8,)
=B"'(9,9,/9:9,.)(9,../B,)ese;...e.e,.8, = B'\(D,. /BP,)ees. . ¢,..8,-

Hence by Lemma 3.3 we have

y(gv )Avev+l = ﬁzveleZ' * 'ev+1gvev+l . 'ele \) (¢v+l /ﬁ¢v )6263' : 'ev+lgv
=B"\(9,../Bd,)ee;...e,.8, (B, ...e;ee,...€,.,)8,
= ﬁv V(¢v-&l/ﬁ¢v )eleZ“'evﬂgvevﬂg\»

and so (c) follows using Lemma 3 4.
(d) Using Lemma 3.3, and Lemma 3 .4(a), (¢) and (3.46) we have

v(g,)Ae,., =BB 7\ (8,0,.,/9,0,)ee,...€,,.8,€,..-- €,€,8,-..€,8,6,.

=B\ (B, /0,)ee,...e..8 (e, ...eee...e,..)8,

=B (BY,./9,)ese, .. €,.8.€,.8,
But ! \/@d)v_l/q)v) = [3\/(¢v_l /B9,),and e,g.e,..8 =e,..¢g,,and so we have the
first part of (d). Also

7(8))e, = BPeje,8.6,e,e, = eie,8, = B (y /B, )ese,8, -
(e) First note that y(A )= *"*Pese,...e ;A e,,5...€,¢ ,and so, using Lemma 3.4(a),
(e) and (3.46) we have
Y(A)A, e

=0e,...€,30,8,.5...€,6,8,€:8;...€,,,8,.7€,.3
=0e...e,;Ae,;...ee6,...€,.8,,

_ ’

- 5 el' v+3A €,138,12

v+3

where J,0’ are scalars. But A, =uu,...u,,and

uvev+3gv+2 = )'ev+lgv+lev+3gv+2 len+le\+3gv1-2 A’ev+3€\ +lg|+2 0

where A is a scalar, by Lemma 3.4(a), (c) and (e), and so ¥(A))A e
(f) Asin (d), we have

Y(gﬁ )Agep-rl

=0.

v+3
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= ﬂzl’ﬂ"‘lql((])]qbp_]/%d)ﬁ )€1€, .-, 185€ 11 €1€282€385 - €,85€
=B7\(9,./Bo;)ee,...€,.8;(Be,.,...e.e,...€,.,)8;
= [3”1/(4),,_1 /ﬂd)ﬁ)elez...el,ﬂgﬁel,ﬂg?.
But ¢, , /B¢, ,and so (f) follows.
() Since e gze, = (¢,_,/ﬁ¢p_, )e,8, > we have
v(8,-)A e,
= [i'“”“"elez...epgp_lep...elﬂp“‘1/(¢l¢p_l/¢0¢5 )e,8,.--€, 18, 1€,85€,
=g y B 0, /¢5)e1ez €8, (ﬂZ(p_l)ep €616, ---e,,)\/(q)ﬁ/ﬁ%_; )8 -1
=Br'\(BY,.[9;)e...e,8,.e,(9; /B, .8,
=ﬁ”"w/(d)ﬁ/ﬂ(bp_l)e,ez...epep_,.
(h) Since m=2n+v—1, we have by Lemma 3.4(c) that
Gye, =v"(8,)7"(e,.))=7"(8,¢,,)=0.

Proposition 3.10. If a=(v,m+1)e f‘,(,?z),,-’
i,j€l, wehave

r\/ ¢m(1)¢a)(/) 5

ﬁ(pv Ueh .”6111—]..]"—!

\ ¢C(r)¢C(1)

ye =y t—=>=——L96 0 v=p-1

ﬂ¢p_1 LTV T Y P

oa"mTa

,V¢O,p—'1,1_7,andifr<oo,v;tp+r_2

19, , -9, ,v=0,p,and if r<oo,v=p+r—2

LY I PRSPV

andifi,or jel,, then y’ =0.Here we have
v—lifi,=v-1
w(i)z{v+lz;:i"=v
and
p-2ifi,=p-2
f@)=<p ifi, =e=p—-2+1/2
p  fi=p-1

Moreover if B=(w,m+1)eTY , with w# v, then G'e

pr’ a~m
Finally we have G, ,..\e, = 0.

i,jel,; then Gle,G) =7.G3

a~a’

G,’3=Oforall i€l,,jely.
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Proof. First suppose that v#0,p,p—1,0rif r<oo, v#p+r—-2,. Let iel,,
then i,_, <v,and so by Lemma 3.9(b) we have i, <v+n+k—1,for k=12,...,n-1.
Then since i, +2(k-D+3<v+2n—-1=m, for k=1,2,...,n—1, it follows from
Lemma 3.9(a) that

vll.lem = Ga yll_l (Al" ) ot A!, em = Ga »}/ll—l (Al” )emy'l—z (Al,,,, ) ttr A

0t

But e, = y"(e,,,) , and so by Lemma 3.9(c) or (d) we have

Ga yn_l (Al" ) em = },n_l ( y(gv )Al" ev+1 ) = \/ (¢m(1" ) /ﬁ(p\- )ﬁl'»y”—l (elez e ev+lgv ) .
Now, it follows from the proof of Lemma 3.6(b) that for je I,
Vo Ve, =G, y""(A," Je,, }/"‘Z(Aln_l ). A, AJ ...}/"‘Z(Aj”_I ) el,,}/"“(Aj" )' G,

vanishes if (i,i,,...,i,_,) # (ji» Jy» -5 J,.1) » Otherwise using (3.66) we have
VoV, =V (Y(8)A, €07 (8, DY (e,04) 7(8,)

= ('\/(¢(D(l")¢w(j"))/ﬂ¢|’)y”_l(ﬁ2velez +€,118,8(,, 18vEu -+ €1)-

But g, 8 =8 and so by Lemma 3.3

va.t vl;,j = ( V (¢w(1,,)¢w(j,,))/ﬂ¢v)yn_l(y(gv )) = yz y" (gv) = ‘J/ZGD! :
Hence G.e, G, = y.G).

a“m 24
Now suppose that i ¢ [,,, then either i <v-1,o0r i, =v+1. If i <v-1, then
by Lemma 3.9(b), i, <v+n—-k-2, for k=12,...,n. Then since i, +

2k—1D)+3<v+2n—-1=m,for k=1,...,n we have

=Gze, 7" (A,)...A,

va,rem

but this vanishes by Lemma 3.9(h). If i, =v+1, then i +2(k-1)+3<m for
k=12, ...,.n—2,and so

V(x,lem = Ga »y”—l (Al" )y!l—Z (Al"__| )em ’},”_3 (Al”_z ) e A

e

e . . a2
Nowif i , =v+1,then i, =v,thussince e, = y"*(e,) we have

Ga /y"“l (Al” )y“_z (AIIH ) = y"_z (}/2 (gv ) ‘y(A\ )AI"?]e\"F} )

and so it follows from Lemma 3.9(e) that v_e =0.

ag-m

The proof that Gle G. =vy’G!, for a¢=(v,m+1), with v=0,p—-1,p, or

a“m-o oo’
p+r—2 when r<eo,is similar, using Lemma 3.9 (f) and (g) for example.
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The proof that G;emGé =0 for o # B, is essentially a combination of the above
proof, and that of Lemma 3.6(c). Thus if i ¢ I, then G.e, =0, otherwise we proceed
as above to get

Veai€nVp,

=G, 1" (4,) .. 7 (4,)e, 724, ) .. A, A&, Y4, ) e, v (4,)
774, Gy,

and then either y*?(A, )...A,.A| ...y"*(A, )" =0, or more detailed arguments

L1
are necessary as in the proof of Lemma 3.6(c).
Finally we have G,., ,...,€, = &ni1€n =0

Lemma 3.11. For m21, we have e, =Y, Y.GY where the summation is over all
vertices o onlevelm + 1 of T,,,, and all i, j € 1,, and the coefficients y; € C are
given in Proposition 3.10.

Proof. By Lemma 3.8 we have 1= 2 G, +u, where we can take u = 0, if r =00,
orif m < p+r -3, otherwise note that ue, =0 for all k, and the summation is over all
vertices ¢ onlevelm+1of T,, ,and i€ I, .1t follows using Proposition 3.10 that

e, =le, 1=(3 G, +ue, (Y. G, +u)=Y Gie, G, = viG..

Remark 3.12. It follows immediately that G’ is a minimal idempotent in
A(7,p),,, foreach a=(v,m+1),onlevelm+10f T,,,,and i€ l,.

Lemma 3.13. Let p22, 7>0, and €,,€,,...,€; a sequence of projections
satisfying the relations (3.17)-(3.21).If t= ||Ap+,||'2, then A(7,p)= A(T), the Jones
algebra with parameter T, otherwise A(T, p) is trivial unless

B=1/Vre{T

pi2.r!

lsr 22} OIIT, 50 %)

Proof. We can clearly assume that if f<2, then 8 =2cos(n/m) for some
m23. We first show that B <, is not allowed. Suppose that = ,, then using
Proposition 2.1(c) we have (g,e,)*(g,¢,)=¢,8,e,=(¢,/ B¢, )e,g,, =0.Hence
8,2, =0. Next, from (3.12) and (3.50) we have f,6 =g, +e;, where
f,=1-¢v...ve, ;. Then since B=|A,|, and S,,,(B)=0, we have S5, (B)
/S,(B)=B*. Thus

fp+l =f,,—(ﬁS -1 /Sp)fpepfp =fp_ﬁ2fpepfp =gn+eﬁ_ﬂz(gp+eﬁ)ep(gp+eﬁ)
=g,+e;, —PBleee;=g,.

It follows that e; = f b, f i1 is in the C*-algebra generated by l,e,,ez,...,e,,.
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The only other cases we need to consider for B<p,, are when B=|A.]|
=2cos(mw/(k+1)),k=3,....,p.Then,if f, =1-¢v...ve,_,since S,(f)=0, we have
e.fee. =(S, /BS,_)fi.e, =0,and hence f,e, =0=e¢,f,.Then we have

0=e, frlr = il = B2 Bin
and by induction f,e, =0 forall [ > k.It then follows that
1-fra=A-fve, =¢, +(A-f)-e (A= f)=1-f,

and by induction that 1-f, =1-f, for all /2k. In particular f,=f,,. But
e;f,=e;, and so e;<f =f,_,. It then follows that (e;e,)*e,e, =¢,e,e,
<e,f,.e, =0 andso e;e, =0.Thus e, = B%;e,e; =0.

Now suppose that B, <f<p,,,, for r>1, then since ¢,,,,/B9¢,,, ,<0, by

Proposition 2.1(d) we have, putting t=p+r—1,
0<(ges) =(0,/PB9._)ges =9 /B9 )eg)*(eg)<0,

and so e,g, =0 . Then using Proposition 2.1(d) again gives 0 =e,g,e, = (9, / B9,_,)e.8,_,
and so e,g,_, =0.
If r = 1, then we have by (3.51)

0=e,g,=¢,(8,,~ (ﬁ¢p—2 19y 1)8p-18p-18,1 — 85) = —€,85 = —€,¢;

and so e, =%, —e,e; =0.

For r 22, note first that e,g, =0 for all k (see the proof of Proposition 3.7(e)),
and it is clear also that when m+12>¢, we can write the identity as 1= ZG(’, +g,,
where o runs over all vertices on level m + 1 of TA",,‘ZA,A and i € I,. We now show that if
m =2t ,then G, =0 forall o onlevelm +10f T,,, ,andall i€ /,. Note that for
a=v,2t+1)€eT,,,,d(v)is odd, and if n=(2t+1-d(v))/2, then we can assume
n22.If n=2,then d(v)=2t-3=2(p+r—-1)-32p+r—1,since p,r>2, and so
we can take i = (i;,i,) € I, with iy =0,and i, =¢—2. Next we show that if n > 2, then
we can choose i€l , with i, =0, i, =¢-2. First note that by Lemma 3.9(b),

i, <i,+(n—2),and that

i +(n=2)=i +Q2t+1-dW))/2-2=i,—-d(v)/2-1/2+(t-2).

Now if v# p, d(v)=v is odd, and so if we consider paths ie,, with i, =v, then
i,—d(Wv)/2-1/2=v/2-1/220,ie. i, +(n—-2)2¢t—-2.1It follows that a path with
i, =t—2 is allowed. If v=p,then d(p)=p isodd,and so p>3. Thus taking i€,
with i =p—1,wehave i —d(p)/2-1/2=p—-1-p/2-1/2=(p-3)/2=0.Then
since i, +(n—2)=t—1,we canchoose i€ I,,with i, =¢t-2.

Next note that Y(A_,)y(g._,)=Y(A,8.)=7(A_,). But ge =0, and so
¥(g,.;) =0, which means y(A,_,)=0.Butif i e, is chosen as above with i, =7-2,
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then it follows that G) =0, and finally since G, is equivalent to G, for all je I,
that G, =0 forall jel,.Itfollowsthat 1=g, ,andso e, =0 forall m=>1.

Lemma 3.14. Let =1/ V1= IT,,\, for some r, 1< r < oo. Suppose that there
exists a faithful trace tr, satisfying (3.24). Then we have

(@ tr(y(x)=1tr(x)
®) tr(g,)=0,(1), forveTy,
© tr(G,)=Q,(1), foracTY

p.2.r

where Q,,Q, are as defined in (2.15) and (2.19).

Proof. (a) For x € A(, p), we have by Lemma 3.3 that
Y(x)=T"ee,...€,,Xe,.,...€,€,,

and so by (3.46), (3.24)

tr (y(x))=17"tr(ee,...e, xe,,,...e,e)
=17"tr(e,,...,€8€,...,,,X)
=17 tr(1"e,,,x) = tr(e,, x) = T tr(x).

(b) Now g, =g, =1,and Q, =0, =1, and so (b) is true forv=0,1. Forv=2, ...,
p—1,we have
8, =8.-(B /0,88
and so by (3.24), and noting that ¢, = B¢ _, —¢,_, we see
tr(g,)=tr (g, )~ (Bo,,/¢, )tr(e, g )

=(1- (¢v—z /ﬁ¢v_1 ) tr (gv—l)
=(9, /ﬁ(Pv—] )tr(g,.,)-

It follows that for v=2,..., p—1,

tr(g,)=(0,/B0, )0, /B9, ,)...(0,/Bd,)tr(g,)=9, /B = 0.(1).
Next, by (3.20), (3.21) and (3.24), we have
tr(e;) =tr(g;) = T'tr(eze e;) = T7'tr(e eze,)
=1'tr(Te,g, ) =tr(e,g, )= Ttr(g, ) =10,,(T)=0;(7).
Then by (3.14), (3.24), and the facts that ¢, /ﬂd)p_, =72, and ﬂ¢p_, -0,,—0;=90,,
we have
tr(g,)=tr(g, ) —(Bo,,/ ¢, )tr(g, e, ,)—tr(e;)
=(1-(9,, /B, )-/B*Ntr (g, )=(9,/Bo, )0, /B")=0,(7).
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For v> p, one shows that tr (g,)= (9, / B¢, ) tr (g,_,) , using (3.15), and (b) follows.
(c) Let a=(v,m),and n=(m—d(v))/2,then G, = y"(g,) and by (a) we have

tr (y"(g,)=1"tr (g,) = 7"Q,(7) = Qo (7).

Proof of Theorem 3.1 continued. For 7 as in (3.23) choose the corresponding r,
2<r<c, and define a map Y:A(T,,,)®C(l-¢V...ve,, ,Ve;) > A(T,p) as

follows. Put g=1-e¢v...ve,, ,Vve; . For «eT), ,and i,jel, =Path (*,a)

¥(f,)=G;, ¥(g)=q.

It is clear from Lemma 3.7 that this map is well defined. From Lemma 3.6 we see that
it defines a *-homomorphism and by Lemmas 3.8, and 3.11, it is surjective. It remains
only to show that the map is injective under the stated conditions.

When r<e,A(T,,,) is simple, and so ¥ is injective. Suppose there exists a
Markov trace. To show that ¥ is injective in this case, it is enough to show that
tr (G,)>0 for each e fg,Z,r' But by Lemma 3.14(c) we have tr (G,)=0,(1),
which we know is positive if 1/ 72T ,,_| (see Proposition 2.1).

Remark 3.15. The method employed in the proof of Theorem 3.1 should also
work for infinite graph J"of the type indicated by Figure 19. Here I" is a tree, with an
infinite branch which has attached to it a finite number of branches of length one, and a
distinguished vertex .

*

IZ NN

Figure 19

In these cases a presentation of A(I") would be as follows. Let {e, ;v e I} be a set of
projections indexed by the vertices of T such that the following relations are satisfied:

ee, =ee,  dv,w)=2 (3.69)
eee, =1e, dv,w)=1,v,wedl'/{*},orvedl/{*}andwe dl/{*} (3.70)
eee,=Tfe, dv,w)=1v,wedl/(+}, we ol (+} 3.1
ee, =0, v,wedl/{*} (3.72)

where f, =1-Ve,,and the join is over all u e I'” such that d(*,u) <d(*,w)-2,
and dI' denotes the boundary of I. This would include certain star shaped graphs
considered in [17].
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