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§0. Introduction

Classical Lie groups are important examples in the category of locally compact
groups. The general theory of unitary representations is developed for these objects as
harmonic analysis, which provides us a good theoretical framework for the detailed
study of the unitary representations of the classical Lie groups. This is regarded as an
extension of the Fourier analysis to a general context. For a locally compact group, its
dual i.e. the set of all the equivalence classes of irreducible unitary representations
plays an important role, and the duality established by Pontrjagin for Abelian groups,
Tannaka and Krein for compact groups, Steinspring for unimodular groups, Eymard
and Tatsuuma for locally compact groups is an important theoretical basis for the
harmonic analysis. On the other hand, at the formal level in the framework of pure
algebras, we use the notion of Hopf algebras to deal with the algebraic groups, discrete
groups, or the dual of those objects at the same time. Then functional analysis is
necessarily combined with the algebraic framework of Hopf algebras to have a good
control with the infinite dimensional unitary representations. This theory, especially
the argument utilized by Steinspring, suggests us to introduce the notion of Kac
algebras in the language of von Neumann algebras. The first take off from the group or
the group algebra to the Kac algebra was considered by Kac [7] and performed by
Takesaki [23] by introducing the, so-called, Kac-Takesaki operator or the fundamental
operator for the semifinite i.e. the unimodular case, and then completed by Enock and
Schwartz [4, 20, 5] for the general case, in which the above mentioned duality was
established by Takesaki, Enock and Schwartz, and others [24, 21].
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In the recent study of the quantum inverse scattering method, non-commutative
and non-cocommutative Hopf algebras were introduced in [6, 3], as a natural “g-
deformation” or “g-analogue” of the universal enveloping algebra of simisimple Lie
algebras and called by name “quantum groups”. Around the same time, Woronowicz
[26] also discovered independently an object as a C*-algebra which looks like a non-
commutative deformation of the Hopf algebra of complex valued continuous functions
on the compact Lie group SU(2). It then turned out that these objects were essentially
the same. (See [18], for example.)

At the present stage, the “quantum groups” are known by these explicitly given
examples for which the finite dimensional representation theory is developed. As an
object of pure algebra, “quantum group” makes sense as a Hopf algebra with no
assumptions on its commutativity or co-commutativity. However, if we take the
complex number field C as the coefficient field of these particular Hopf algebras as the
coordinate rings of corresponding “quantum groups”, we are able to specify the *-
structures and the unitarity of the representations make sense with which we are
allowed to manage the infinite dimensional representations in some explicit cases.

Those success in the representation theory are considered to be still formal.
However, these are the good evidences to believe the existence of a suitable category
which naturally contains not only group duals but also “quantum groups”. Up to the
present stage, nobody seemed to have already defined some good frameworks to deal
with the infinite dimensional representations of these “quantum groups” in a rigorous
way. The purpose of this paper is to develop an abstract framework of harmonic
analysis which works also for these “quantum groups” including the non-compact
cases (see [17] for example). In this paper, we use the language of von Neumann
algebras to formulate the category in which we are able to deal with the “quantum
groups” and prove that the duality holds.

We now describe the arrangements of this paper as follows. In Section 1, we define
a Woronowicz algebra (M, 6, R, 7,h) by introducing a deformation automorphism {z,}
into a Kac algebra, where M is a von Neumann algebra, § is a coassociative coproduct,
R is a unitary antipode and # is a left invariant Haar weight. When the Woronowicz
algebra is commutative or finite dimensional, it goes back to a Kac algebra. According
to the succeeding discussion, this concept will be recognized as a natural object of the
von Neumann algebra version of quantum groups. In Section 2 we construct a left
Hilbert algebra coming from the predual M, of the Woronowicz algebra. We also
show the unitarity of the Kac-Takesaki operator W, whose adjoint will play the role of
the left regular representation. The unitarity is also equivalent to the density of the
linear span of quadratic elements of the Hilbert algebra. In our subsequent argument,
the commutativity of four positive selfadjoint operators, the modular operator A with
respect to the Haar weight, the deformation operator H implementing the deformation
automorphism and the module operators p, JpJ of the Haar weight is extensively used.
Utilizing the Fourier transform 7(¢)=(¢ ®id)(W*) for ¢ € M, , we construct the
dual Woronowicz algebra in Section 3. Our Section 4 is devoted to the proof of the
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general duality theorem. Finally, in Section 5, we discuss, as an example, a
Woronowicz algebra which corresponds to the quantum group SU, (n).

We have to remark that the complex number field C is not the only possible
choice for the coefficient field of the coordinate rings of the “quantum groups”.
However, the global geometrical nature of the Lie groups are very well described by
the unitarity of the representations which play important roles in the theory of locally
compact groups. This is why we are more or less obliged to use the language of
operator algebras which is not apriori automatic. It also has to be mentioned that, for
the purpose of obtaining a reasonable framework in this direction, the language of
C*-algebras should be used to formulate the category which corresponds to the
category of locally compact topological groups. Indeed, Woronowicz had also studied
the same type of problem for compact quantum groups by using the “polar
decomposition” of the antipode mapping as we will discuss in terms of the unitary
antipode and the deformation automorphism. However, for the purpose of avoiding
some technicalities in the full algebraic generality, we use the language of von
Neumann algebras in the present publication. It is desirable to discuss the framework
using the language of C*-algebras, which will be our future subject.

The primitive ideas of this publication were already presented in [9]. This
publication is a detailed version of our previous talk [11]. The crossed product in our
context was also developed in [16].

§1. General Framework

We start by clarifying our situation in which we deal with the unitary
representations of “quantum groups” using the language of von Neumann algebras.
Since our motivation comes from the “quantum groups”, we have an essential difficulty
which is the unboundedness of the antipode mapping of our “involutive Hopf algebra”.
This is a difficulty which is apparent even in the “simplest case” SU,(2). Algebraically,
this corresponds to the non-triviality of the automorphism of the Hopf algebra obtained
by the square of the antipode mapping. This difficulty is not particular for the
framework using von Neumann algebras which still exists even in the C*-algebraic
framework. Therefore, this point is considered to be one of the essential features of the
new category in which we are able to deal with the “quantum groups”. So, for the
purpose of formulating our category in terms of operator algebras, we introduce an
auxiliary structure i.e. one parameter family of *-automorphisms which we call
deformation automorphism. It is also remarked that, in the classical situation, the unit
element is negligible with respect to the Haar measure. (This is one of the
disadvantages to use the language of von Neumann algebras.) Therefore we have to
give up using the counit of our “involutive Hopf algebra” in our framework. The
axioms for the counit and the left invariant Haar measure (Haar weight) are combined
and replaced by a condition which we call the strong left invariance. This condition
technically simplifies our formulation as in the case for the framework of Kac algebra.
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First of all, we remark on our basic notational convention of this paper that all the
tensor products of the von Neumann algebras are the spacial tensor products which we
denote simply by ®. Then, all the tensor products of the Hilbert spaces are also
denoted by the same symbol ® with which we have no danger of confusions. The set
of all bounded operators on the Hilbert space § is denoted by . (). We also give an
obvious remark that we use the usual notions of Tomita-Takesaki theory. For example,

n, ={x € M:h(x*x)<oo}.

We also use the notation x € n, — 77,(x)€ £, which identifies an element of n, with
the element of the Hilbert space £, which is given by the GNS construction using 4.
For x € M , we denote by 7, (x) the corresponding left multiplication operator acting
on the Hilbert space £, given by

7, ()N, (y)=n,(xy) for yen,.

Furthermore, the left involution operator obtained as the closure of the conjugate linear
mapping : 7,(x) = 1, (x*) and its polar decomposition are denoted by S and JA'?,
where the modular conjugation operator J(=J,) is conjugate unitary and involutive,
and the modular operator A(= A,) is positive and self-adjoint. The adjoint F of S is
the right involution operator and the polar decomposition is given by JA™2 = AY2J,
The modular automorphism group {o!} is given by o/ (x)=A"xA" for xe M. For
these notations, we refer to the standard reference [22] of Takesaki.

Now, our basic definition which we introduce in this section is given by the
following.

Definition 1.1. The family (M, 8, R, T,h) with the following conditions is called
a Woronowicz algebra:

(i) M is a von Neumann algebra with a comultiplication 6:M — M ® M which is
a normal *-isomorphism with the coassociativity (6 ®id)o§=({id® §)o 6.

(i) Unitary antipode is a =-antiautomorphism R:M — M such that R? =id and
0°o(R®R)o6=86°R, where oc-MOM >MOM, x®y—>y®x is the flip
mapping.

(iii) Deformation automorphism is a continuous one parameter group {7,} of *-
automorphisms 7:R — Aut(M) such that the mappings & and R are invariant
ie.(1,®71,)0o0=00c7 and T,oR=Ro7, for teR.

(iv) (left invariant) Haar weight h is a {,}-invariant semifinite faithful normal
weight on the von Neumann algebra M such that the following conditions hold :

a) Left invariance: For any positive ¢ € M, , the weight (¢ ® 2)o § coincides
with the weight ¢(1)h.

b) Strong left invariance: For any x,yen,, and ¢ € M, which is entire
analytic with respect to the action of the deformation automorphism {7,} on
the predual M, , the following equality holds:

(@®R)((A®y*)8(x))=(9° T, o ROM)(S(y*)1®x)).
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¢) Commutativity: The two weights 4 and hoR commute (i.e. the
corresponding modular automorphisms commute).

We remark that for any positive ¢ € M, satisfying ¢(1)=1, the mapping
O®id: M®M —> M defined by x®y— ¢(x)y is a conditional expectation
under the identification M > M®M by x—1®x. Therefore we have
(0 ®id)(6(x))* (¢ ®id)(6(x)) < (¢ ®id)(6(x*x)) for xeM. This inequality
combined with the left invariance of the Haar weight implies (¢ ®id)(6(n,)) cn, for
any ¢ € M, . This inclusion relation guarantees that the both sides of the equality in
the above strong left invariance are finite.

By the commutativity of the weights # and ko R, there exists a positive self-
adjoint element p affiliated with M such that the Radon-Nikodym cocycle satisfies
(DhoR:Dh), =p™ for t € R.Since R= R, it satisfies

(1.1) R(p")= R((DhoR:Dh)_)=(Dh:DhoR)_ = p™.

Remark 1.2. An involutive Hopf algebra (A, u,, 6,, €,, k,) is a Hopf algebra
with the following additional conditions: (i) A is an involutive unital algebra with
respect to the multiplication 1,:a®be A® A — ab € A ; (ii) the comultiplication &,
and the counit &, preserve the involution. Then it is known that the antipode x,

satisfies the Woronowicz condition x,(a*)=«, ' (a)* for ae A and
1.2 Oo(k,®K,)o0,=0,0K,.

Further, if the involutive Hopf algebra has a Haar state &, i.e. if he A* is a positive
linear functional which satisfies the normalization condition A(1)=1 and the left
invariance (id ® h)(8,(a)) = h(a)l, then the strong left invariance

(id®h)((1®b*)6,(a)) = (x, ®h)(5,(b*)(1®a))

automatically holds. Moreover, h = ho K, , because ko k, is right invariant by (1.2)
and hence hox,(a)h(l)=(hoKx, ®h)(S,(a))=h(1)h(a). The left and the right
invariance of the Haar state yields the uniqueness of a Haar state: A (a)h(1)
=(h, ®h)(8,(a))=h (1)h(a) if h, is another Haar state.

Remark 1.3. a) It should be mentioned that the antipode mapping of the involutive
Hopf algebra associated with the “quantum group” corresponds to the formal ex-
pression Re7T_, =17_, o R.Furthermore, if 7 is trivial, our situation reduces to that of
Kac algebras.

b) When the Haar weight /4 is bounded i.e. it satisfies h(1) <o, the strong left
invariance implies the left invariance of 4 by putting y = 1. The normalized bounded
Haar weight is sometimes called the Haar state.

c) The weight ho R is right invariant: (ke R® ¢)(6(z)) =ho R(z)¢(1) for ¢ € M,
by the property of the unitary antipode. If 4 is bounded, then h=hoR (or p = 1) and
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the uniqueness of the Haar weight up to scalar is deduced from its bi-invariance
property as above. The uniqueness for an unbounded case is also proved in Remark 4.7.

d) If the von Neumann algebra for a Woronowicz algebra is finite dimensional or
commutative, then the deformation automorphism turns out to be trivial and hence the
Woronowicz algebra reduces to a Kac algebra as shown in Remark 3.18. In addition, in
the finite dimensional case, the concepts of a Woronowicz algebra, a Kac algebra and
an involutive Hopf algebra are the same as shown in Proposition 4.6. Furthermore, a
commutative Woronowicz algebra is nothing but a Kac algebra defined by a locally
compact group by [23].

In this paper, we will introduce several kinds of left Hilbert algebras as listed
below:

1) left Hilbert algebras associated with (M, k)
A, =1n,(a,); the achieved left Hilbert algebra

A, =1,(a,); @, is the entire analytic part of a, with respect to four
continuous transformations {c”}, {o™}, {7,} and {L,} (see the
beginning of Section 2 for the definition of {L,})
2) left Hilbert algebras associated with (AZ’ , ﬁ)
A =1,(a,); the achieved left Hilbert algebra

A = 7(b); see Definition 2.3
A, =1;(4y); @, is the entire analytic part of a. with respect to the
corresponding four continuous transformations

3) left Hilbert algebras associated with (M , i;)
‘Zl’: = nﬁ (a;); the achieved left Hilbert algebra
A= 721([;); see Definition 2.3

4) left Hilbert algebras associated with the co-opposite Woronowicz algebra
A, =1, (a,.); the achieved left Hilbert algebra

A° = 7°(b°); see Definition 2.3
5) left Hilbert algebras associated with the commutant Woronowicz algebra
A,. = n,.(a,); the achieved left Hilbert algebra

§2. Left Hilbert Algebra and Kac-Takesaki Operator

In this section, we discuss some properties of the Kac-Takesaki operator to
construct a left Hilbert algebra which we use in the subsequent section. If we deal with
the purely algebraic Hopf algebra A over C, the dual Hopf algebra is constructed
inside the linear dual Hom(A, C) of A under some technical conditions. However,
since we deal with a framework which involves functional analysis, we need an
appropriate framework for the construction of the dual.
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For the purpose of constructing the dual object, we take a nice subspace of the
predual M, of the original Woronowicz algebra to start with. Our discussion is based
on the standard representation Hilbert space £ of M associated with the Haar weight A
which is a semifinite faithful normal weight on M. Therefore {M, £} is identified with

{r, (M), ,}. The construction of our dual Woronowicz algebra (M 6 R, 7, h) is
such that the Hilbert space $) is also the standard representation Hilbert space of M
associated with the dual Haar weight (Plancherel weight) h which is a semifinite
faithful normal weight on M.

The predual M,, is endowed with a multiplication structure dual to the coproduct
defined on M. Namely, the product ¢* y € M, for ¢, ¥ in M, is defined by

(0*Y)(x)= (0 ® Y)(6(x)), xeM.

This product is associative due to the coassociativity of the coproduct. Thus M, is a
Banach algebra. We denote by (M,,), the set of all entire analytic elements in M,
with respect to the action ¢ — ¢ o 7, of the deformation automorphism {7,} on the
predual M, . Then for ¢ € (M,),, the involution ¢* e (M,,), is defined by ¢*(x)=
0*(7_,, °R(x)), x€ M, where ¢* denotes the linear functional on M with ¢*(y)=
o(y*) and ¢* o 75 =(¢o1,)* for a € C. This involution, combined with the above

associative product, makes the set (M,), an involutive algebra.
We next define the L?-boundedness for an element in the predual M,, .

Definition 2.1. An element ¢ € M,, is said to be I?-bounded if there exists a
constant A >0 such that
0O )< Am, )| for yen,.

We denote by 7(¢) the unique element in $ satisfying ¢(y*)=(7(¢)In,(y)) for
yen,.

The mapping 7 is linear and injective. Since $ is the standard representation
Hilbert space of the von Neumann algebra M, any element in M,, is of the form

0, (x)= (L), xeM, EneS.

In addition to this standard notational convention, we also use the same type of
notations. Namely, in this paper, for the purpose of the notational simplification, we
adapt the convention of writing x or ¢ instead of 7,(x) or 1(¢), respectively only in
the case that these elements are put as the subscripts of @ . For example we write
®,, € M, for [>-bounded ¢ € M, and x €n, to express a linear functional defined by

@,,(»)=0n(@)In,(x), yeM.

Due to the conditions described in the axioms for the Woronowicz algebra, the one
parameter group of unitaries {p“:¢z € R} in M are invariant under the actions of the
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modular automorphisms {c"}, {o/°®} as well as the deformation autemorphisms {7,}.
We also introduce a one parameter family of linear transformations {L,} on M defined
by L (x)=xp”, te€R and x € M. Then p“xp™ = c’(c"%(x)) for teR, xe M and
hence the four weakly continuous linear transformations {c"}, {o**}, {7,} and {L,}
are commutative with each other, and the set @, ={x €n,:x* en,} is invariant under
these four transformations. We denote by g, the set of all entire analytic elements in
@, with respect to these four transformations. Then q, is also invariant under the
actions of the unitary antipode R as well as these four linear transformations. The
analytic continuations of these four transformations preserve not only the *-algebra
structure of @, but also the additive group structure of C on a,. For example, for each
x, yeaq,and ¢, o, ¢, €C,

0, (x+y)=05(x)+05(y), 0q(Ax)=Aog(x) (L€,

o4 (xy) = 04, (x)04 (7). k(1) = o} (x*)
and

0, (04, (X)) =07 4, (X).
However L,(x*)=(L; o 0%%o o, (x))* for x€a,. If ¢ € M, is entire analytic with
respect to {7,},then (¢o7,)(x)=¢(7,(x)) for ¢ € C and x € ¢, by the unicity of the
analytic continuation.
We see that the linear functional @, , € M,, for x, y€a, is [*-bounded and the

vector ﬁ(ww) is given by 7, (x0" (y*)). This, in particular, implies that the set of all
I*-bounded elements is dense in M, . It is also seen by the same reason that the set

{1(¢):¢ € M, is [*-bounded} is dense in £.
Now, the following lemma is easily obtained.

Lemma 2.2. (i) The functional @, for x, y€a, is entire analytic with respect

to four transformations in the above.

(ii) If z€a,, then the vector 1,(z) belongs to the domain of the operator Jp~J
and Jp~Jn,(z) = n,(L,z) for teR.

(i) If z € ay, then R(L,(z*))=(L,(R(2)))* for teR.

V) If X' = Ly (R(T,,(x*))) for x€ayand y' =L, (R(T_,(y*))) for y€a,, then
x, yea and ©f , =, .

(v) In addition, if x” =L (R(t,, (x*))) and y”= R(t_, (¥*)), then x", y” €a,
and @,,, =@ ...

Definition 2.3. Let b be the involutive subalgebra of (M,,), generated by the set
{w,,:x,y€aq,}.Let A= 7n(b) be the involutive algebra with respect to the product

N($)7(y)=17(¢*y) and the involution 7(9)* = 7(¢*).
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The purpose of this section is to show that A is a left Hilbert algebra. Let
A, =1,(ay) . Then it is a left Hilbert algebra dense in £ with respect to the usual
operation. Hence the algebra b is dense in the predual space M, . This fact will be
used in the proof of Theorem 2.17. We also use the fact that the predual M, is an M-
bimodule. This bimodule structure is given by (¢x)(y) = ¢(xy), (x@)(y)= ¢(yx) for
¢ €M, and x, ye M. The set of [?-bounded elements in M,, is a left M-module by
xN(y) = N(xy) for xe M.

Throughout the whole discussion of this paper, the mapping MM - MO M
defined by

@D P(x®y)=5(y)(x®]1)

plays an important role.

Lemma 2.4. (i) If x, yen,, then @(x®y)en,q, . The operator Won HRH
defined by
2.2) When (X ®Y) = 1,0, P(x B y)), X, yEN,,
gives an isometry W on $® 8, where 1,q,in (2.2) is the GNS-mapping for the
weight h®h on MO M .

(ii) The operator W defined by (2.2) satisfies 6(z2)W =W ®7z) for ze M.

(iii) The operator W satisfies the pentagonal relation:
(2.3) W, Wy = Wy Wis W), ,

where W, is the tensor product of the operator W acting on the i-th and the j-th spaces
and the identity operator on the remaining space of H X HX H.

Proof. For x,yen,,since (id ® h)(8(y*y)) = h(y*y)1 by the left invariance of
the Haar weight 4, we have

(h®h)(DP(x® y) D(x® y)) = (h®h)(x* ®NE(y* y)(x ®1))
= h("0h(* ) =1, GO [, I
This proves assertion (i). Assertion (ii) is immediate by replacing y by zy in (2.2).

Assertion (iii) is a consequence of the coassociativity of the comultiplication 6. QED

Definition 2.5. The operator W: H® H — £ ® § defined by (2.2) is called the
Kac-Takesaki operator.

One of the main problems in our argument is to show the unitarity of the Kac-
Takesaki operator. Using this property, we will show that A is a left Hilbert algebra in
Theorem 2.17.
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Remark2.6. Let (A,1,,0,,€,,%,) be an involutive Hopf algebra with a faithful
Haar state . By the GNS construction we have a representation {x,,%,,7,} such that
(7, (a)n, ()|, (c)) =h(c*ab).Then x,(a*)c &, (a)* and hence 7,(a) is closable.

Now we define two operators V and Won £ ® § by

Ve (@ ® b) = 1,6, (D, (a @ b))
Wien(a @ b) = 1, (Py (a ® b)),
where @, and @, are the mappings of A® A into itself:
D, =(x;' ®id)o(u, ®id)e(x, ®id®id)o(Id®F,)
D, =(x;'®id)o(u, ®id)o(x, ® Kk, ®id)o(id®F,).
Due to the existence of the counit, it is shown that @, = @ and VW = WV =1, where
@ is defined by the same formula as (2.1). The unitarity of the Kac-Takesaki operator
for this case is then an immediate consequence deduced from the existence of a

faithful Haar state on an involutive Hopf algebra contrary to the case of Woronowicz
algebras as discussed below.

Lemma 2.7. The isometric operator W acting on the Hilbert space $® £
belongs to the von Neumann algebra M ® £ (9).
Proof. For x,,Y, €q,,j=12,
(J®J)(y, ®y,)(J @ J)Wq, (X, ® X,)
=(J ®J)(y, ® y,)(J B J) 1, (8(x;)(x, ®1))
=6(x,)(x, ®1)(J ® J) 1, (¥, ® ¥,)

= 6(x2)(Jy1-] ® 1)(71;, (xl )® Jnh()’z)) )

where we used the fact that JyJn, (x) = xJ7,(y), x,y € a, for the second and the third
equalities. Therefore, the existence of the strong net y, — 1 implies

1e Jyz-])th(ah (x, ® xz) = 6()62 )(17,, (x, )® Jm ()’2 ).

Due to the density of A, =1,(a,) in $, 71,(x,) can be replaced by z’£ for z’ € M’
and & € $ and hence we obtain

(A® Jy, NW(2’E ® 1, (x,)) = 8(x,)(2’E ® I, (¥,))
=(Z®1D6(x,)E® N, (3,)) = (2’ ® Jy, NW(E® 1, (x,)) .
Therefore the existence of the strong net y, — 1 and the density of 7,(a,) in $
implies W(z’®1)=(z’®1)W for z” € M’ and proves the assertion. QED
Lemma 2.8. Let @, v be the elements in M. If y is [?-bounded, then the
product ¢*y is I?-bounded with its L[*-norm satisfying |1(¢* )| <[l N(w)].
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Proof. Let @,y € M, be [*-bounded elements and x,y e a,. We define a linear
functional @, on Z(9) by 0, (2)= (ZN(W)|N,(x)), z€ L(H). It is easy to see
that gy* = @, . Then by using W € M ® £ ($) which was proved in Lemma 2.7, we
have

(@y* ® o, YW =(W*i(0)® A(y)In, (») ® 1, (x))
= (1(@) ® N(Y)I 1,0, (8(x)(y ® 1))
=(@@Y)((y* ®DS(x*))=(py* ® y)(5(x™)).

The existence of the strong net y* — 1 combined with the density of I?-bounded ele-
ments in the predual M,,, @y* in the both sides of the above equality can be replaced
by an arbitrary element ¢ € M, Therefore |(¢® y)(6(x™))|=1(¢® o, )(W*)<
ol )l 1, (x)]. This proves the assertion. QED

Definition 2.9. We denote by 7(¢) for ¢ € M, the element in ()
determined by 7(¢)7(yw)=1(¢*y) for all [2-bounded elements ¥ in M, , and by
M the von Neumann algebra generated by the set {7(@):¢ € M,,}

The mapping 7:M, — M is called the Fourier transform. By Lemma 2.8, it is
bounded : |7(¢)|<|¢]| for ¢ € M,,.

Lemma 2.10. (i) 7(¢*y)=7m(d)A(W) for ¢,weM,;

(i) (E®ENW(N® ) = (m(w,,)E1N) for §,&",n,1" €D, where o, is
identified with an element in M,;

(iii) (@)= (¢ ®id)(W*) for ¢ € M, ; and

(ivy WeM®M.

Proof. (i) It is clear from Definition 2.9.
(i) Due to the proof of Lemma 2.8,

(N(P)® (W)W, (x® y)) = (x™* ® Y)(8(y)).
for I*-bounded elements @, yin M, and x,ye a, . Therefore, using ox* = w,, ,we
have
(@) ® AW W, (x®@ ) = (@, * W)y ) = (7@, )AW)IN, (7).

Then the density argument combined with the inequality Hﬁ(a)éﬂ N< llw;,,ll <IElnl,
we obtain the assertion.

Assertion (iii) is clear from assertion (ii). Since W e M ® ¥’($) by Lemma 2.7,
assertion (iv) follows from assertion (ii) by replacing £’ by y’&” with y’e M’. QED
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Lemma 2.11. For ¢ €(M,.),, 7n(¢*) = n(9)*.

Proof. Let x;,y; €a, and put z; =x,0"(y}) forj=1,2. Then, for ¢ € (M,),,

(#(oM) Ao, (@, )= ®a, ) (8())
=(¢" ®h) (1®Y)(8(z;) 1®x,)).
Here we use the KMS condition for the weight 4. Then the right hand side is equal to

(9* ®h)(6(2))(1®2,)) = ($* 0 T, o ROB)(1® 23)8(2,))

=(* ®h)(1®2))8(z)))=(§ ®h)(8(z])(1®2,))

=(0®w, , )8(z) =(FP N, (@,,)
= (f(w, ,)IA@®)T(@,, ).

where the first equality follows from the strong left invariance and the second equality

follows from ¢*o7,,oR= ¢* . Therefore the density argument proves the assertion.
QED

By Lemmas 2.10 and 2.11, the Fourier transform 7 is a *-homomorphism of
(M), to M. To show the unitarity of the Kac-Takesaki operator we need the
following lemma giving a relation between the Fourier transform with the left
involution operator S, the right involution operator F, or the modular operator A for
the left Hilbert algebra A, =1,(a,). In what follows, the domain of an unbounded

operator T will be denoted by Dom(T).
Lemma 2.12. (i) If ¢ € M,,, then 7(¢)Dom(F) c Dom(F) and
FR(§)E = R(¢*)FE" for £’ € Dom(F).
(i) If ¢ € (M), then 7(¢)Dom(S)  Dom(S) and
SA(P)E=7(p* o1_)SE for & e Dom(S).
i) If 9 € (M,.),, then 7(¢)Dom(A) < Dom(A) and
AR(P)E = (9o 1,)AE  for £ e Dom(A).
Proof. (i) Let A’ be the right Hilbert algebra corresponding to the left Hilbert
algebra A, . If v = o,, . for &, n’ e’ then 7(y)=E'N’ where the superscript |,

indicates the right involution in A’. Hence y and w™ are I*-bounded. For any
¢eM, and x €a,, we see that

(F(P)A(Y)IST, (X)) = (AP * )7, (x*)) = (9 * y)(x)
=(p® Y)(6(x))=(¢* ® y*)(8(x*))=(n,(x)| T($*)N(y*)).
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Therefore 7(¢)7(w) belongs to the domain of the right involution operator F and
FR(¢)N(y)=(¢*)7(y™*). Since
(FA(W)IM, () = (0, (*)IT()) = w(x) = y* (x*) = (A(y*) 17, (x))

for any x € q,, we have a formula
24) Fi(y)=n(y*).

Hence FA(9)N(y)=(¢*)FA(Y).

Let £’ be an arbitrary element in the domain of the operator F. Since the linear
span (A’)? of elements of the form &1’ with £/, 7 € A’ is a core for F, there exists a
sequence {{;} in (U’)* such that {7 — &’ and F{; — F&’. Since 1(w;,,.) =&’
for &,m e, it follows that #(¢)E, — A($)E’ and Fr()¢ = (o™ )FL,
— (9™ )FE’. Consequently, 7(¢)E” belongs to the domain of F and Fr(9)E’ =
T(P*)FE’.

(i) If £ € Dom(S) and &’ € Dom(F), then

(FE7(9)) = (R(P")FE1E) = (FR(9™)E/18) = (SEIR(9*)E") = (R(9*)SE1E") .

Since ¢*** =¢* o 7_,, it follows that 7(¢)& belongs to the domain of the operator §
and SR(9)E =A(¢*o7_)SE.
(iii) If £ € Dom(A), then S& € Dom(F) and hence
R(¢oT,)FSE = Fi(¢™ o 1_)SE = FSA(P)E

by (i) and (ii). QED

Lemma 2.13. Let A= 1(b). Then the followings hold:
(i) As a linear space, A coincides with A2, and hence A is dense in 9.

(ii) The left involution operator: 1(¢) — N(¢*) in A is closable as a conjugate
linear operator on 3.

Proof. Assertion (i) is a consequence of ﬁ(a)\_‘,) =1,(x0" (y*)) for x,ye a,. We
have only to show assertion (ii). If 7(¢,)— 0 and 7(¢?) — & for ¢, €(M,,),, then,
foreach n,(x) e, =1n,(a,),

F)=(OHIM, (x) = (§17,(x)) -
Since ¢ (x™)=(1,(7_,, > R(x*))I7(9,)) converges to 0, (£n)=0 for all NeY,.
Thus € =0. QED

Let S denote the closed operator on $ obtained as the closure of the conjugate
linear mapping: 7(¢) — 7(¢*) and S = JA"? be the polar decomposition. Since U is

acore for S and $2 =1 on it, the range of 3‘ is then contained in the domain of S and
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§? 1. Indeed, if 1 =SE for & e Dom(S), there exists a sequence {&,} in A such
that &, — & and SE, — 7. Since S(SE,)=&, — £ and § is closable, 17 € Dom(S)
and .§n=£j. Therefore A2JAY?> = J on the domain of A", Hence jDom(AA"z)
c Dom(j‘”z) and

2.5) A = JA2] on Dom(A"2).
Let F be the adjoint operator of S.Then F=A"].If ¢eb and xe a,, then
(SA(O)IM, (x)) = 0™ (T_5 o R(x™)) = $(T_,, o RX*)*) = (1, (1., ° RGF)IA()).

Hence the set A, is contained in the domain of the operator F and

(2.6) Fn,(x)=1,(7_,,, o R(x*)) for xeq,.

The {7,}-invariance of the Haar weight 4 implies 7,(n,)=n, and the existence
of a positive self-adjoint operator H with
2.7 H'n,(x)=1,(7,(x)), teR, xen,.

Hence SH"1,(x)=n,(7,(x)*)=n,(t,(x*)) = H"Sn,(x) for x €,, where § is the left
involution operator for the left Hilbert algebra A, = 7, (a,). Since the set %, is a core
for A"? and satisfies H"n,(n,)=n,(7,(n,))=n,(n,), we have SH" = H"S for any
t € R. As the one parameter automorphism groups {o"}, {07®} and {7,} are mutually
commutative and preserve the Haar weight &, the one parameter unitaries {A"}, {AY .}
and {H"} which implement the above automorphism groups are mutually
commutative. This implies JH" = H"J and hence JHJ = H™'.

The family {J, A, p, H} in the following lemma will be crucial for the analysis of
Woronowicz algebras.

Lemma 2.14. (i) The four positive self-adjoint operators A, H, p and JpJ are
mutually commutative.

(i) JHI =H™.

(iii) The operator A is the closure of the operator JpJH .

Proof. Assertions (i) and (ii) have already been discussed above except for the
commutativity of pand JpJ with A and H. Since p is affiliated with the fixed point
subalgebra of M with respect to the modular automorphism {o"}, A commutes with p
and JpJ .Due to the {7,}-invariance of the Haar weight, we have

7,(p™)=7,((Dho R:Dh),)=(DhoRo 7/': Dho 1,;'), =(Dho R:Dh), = p™.
Thus H" commutes with p". Hence H commutes with p as well as JpJ by (ii).
(iii) The left Hilbert algebra A, is contained in the domain of F by (2.6). For any

xand yin q,, we have

(A‘-uznh (x)|j—1/2nh )= (ﬁnh (y)|l}nh (%))
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=(M(RoT_y, O NIM,(RoT_,, (X)) (by (2.6))
=hoR(T_,(y")T_,(x™)%)
=(Jp"2Jm, (1, ()| Jp~20n, (T, ()
=(Jp™"?JH™"2 1, (x)| Jp™ 2 TH ™21, (),

where the fourth equality is due to Lemma 2.2. Since A, = 1,(¢,) is a core for H™?
and for JpV2JH-V2 it follows that Jp~2JH ' c A2 The operators in the both
sides are self-adjoint. Hence the closure of Jp~"2JH"? coincides with A2 _Thus the
commutativity of JpJ and H implies that the closure of JpJH is nothing but the
operator A. QED

Corollary 2.14.1. The deformation automorphism {7,} on M is implemented by
{AA”} as well as {H"}. Namely, the equalities T,(x)= A'xAt = HxH™ hold for all
xeM and teR.

Lemma 2.15. (i) The left Hilbert algebra U, is a core for both involution
operators Sand F.

(if) $7,(x)=1,(L o RoT,,(x™)) for xea,.

(i) F71($)=7((p™'9™)oRo1T,,) for ¢eb.

Proof. (i) Let x € a,. Then, by Lemma 2.14 (iii),
AA"U,,(X) =Jp™JH"n, (x)=Jp™"Jn,(7,(x)) = Sp™'Sn,(7,(x))

=51,(p7"7,(x)*) = 1, (7,(x)p") = 1, (L, (7,(x))).

Hence the vector 7, (x) is entire analytic for {j”} and A, is a core for the operators
A"? and A~Y2, Thus the assertion is proved.
(ii) It is immediate from (2.6) that, for x, y €q,

(51,11, = (M, (Ro T, (Y N1, (X)) = h(x*Ro T_, (y"))

=hoR(y*RoT,,(x*))=(n,(L o RoT,,(x*)|n,(»),

where the fourth equality is due to Lemma 2.2.
(iii) It is immediate from (ii). QED

Theorem 2.16. Let W be the Kac-Takesaki operator. Then
() Wis a unitaryin M® M ;

(i1) W commutes with A®A ; and

) W*=(J@NHWI®J).



814 TETSUYA MASUDA AND YOSHIOMI NAKAGAMI

Proof. Assertions (i) and (ii) will be proved simultaneously. Let 2’ be the right
Hilbert algebra associated with A, . Then, for x,yeq,, £’€A’ and ne¥,,

(o, )¢ € Dom(F) and F(w, )¢’ =(w,,)FE’ by Lemma 2.12 (i). Hence, by
Lemmas 2.2 and 2.10 (ii), we have
(M, (D) ®ENW(1,(»® M) =(w(w, )&M) = (SN F(w, )E")
= (Sl 7w, ) FE).
Hence, by Lemma 2.11, the right hand side is equal to
(R(@, ))STIFEY= (RO, s por oy )STIFE)

= (M, (L, o RoT,, (y* ) ® SNIW (1, (Ro T_y,, (x*)) ® FE"))
= (8§, (»)® SNIW(Fn, (x)® FE)),

where the first equality follows from Lemma 2.2 and the third from (2.6) and Lemma
2.15. Let $® S, F®F and A® A denote the closures of their algebraic tensor prod-
ucts. Then A ® 4 is positive self-adjoint and F® F=(S® 8)* =(4A®A)2(J® J).
By virtue of Lemma 2.15, A, ® A, is a core for both operators S®S and FOF.
Thus

28) (EIWA)=(S®S)AIWE®F)E) for &eDom(F® F)and fj € Dom(S® S).

Replacing £’€ U’ and e, in the above argument by £ €A, and 7’ € A’ , respec-
tively, we obtain a similar equation

29) WA =(F®F)AIWES®S)E) for e Dom(F®F) and £ eDom(S®S).
Next we will show that

(2.10) W(F®F)=(F® F)W* and W*(F® F)=(F® F)W on Dom(F ® F)

and

@.11) WE®S)=(S®S)W* on Dom(S®S).

By virtue of (2.8), the vector W(ff" ®F )zf belongs to the domain of F®F and

(2.12) W*=(F® F)W(F®F) on Dom(F®F).

Hence W*Dom(F ® F) is contained in the range of F®F.Since F®F is closed and
involutive on the core A ,® A, the range is contained in its domain and (ﬁ ®F)? =1
on Dom(I:“ ® F) . Thus the first equality in (2.10) follows from (2.12). We also deduce
from (2.9) that the second equality in (2.10) holds. By considering the adjoint of the
first equality in (2.10), we obtain (2.11).

Finally we will show that W is unitary. Since (§®S)Dom(AA ®A4)
cDom(F®F), we have A®Ac(FR®F)W*W(S®S). The equality W(S®S)
= (3‘ ® S)W™ holds on the domain of the operator A®A by (2.11). Hence
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(2.13) ARAC(FRF)WH(S®S)W*
and
(S® S)W*Dom(A ® A) = W(S® S)Dom(A ® A) c WDom(F ® F).

The right hand side of the second equality in (2.10) shows that the domain of FQ®F is
invariant under W and hence we have (§® S)W*Dom(AA ®A)c Dom(f’@ F).
Therefore (2.13) together with the first equality in (2.10) implies

ARACWERF)S®S)W* =W(A®A)W*.

Since the range of the self-adjoint operator A® A is dense in H® P, so is the range
of W. Thus Wis unitary and A®A= W(ﬁ R AYW*.
(iii) According to (2.10) and (2.11),
W= ®NA®AW (A®A)(J®J)={TRNHW*(I®J)

holds on the domain of S® S . Since both sides are bounded, the assertion holds. QED

Theorem 2.17. (i) The involutive algebra A= N(b) is a left Hilbert algebra.

(ii) The representation &, of A coincides with the Fourier transform 7 in the
sense that ,(1)(9)) = () for p€b.
(iii) The von Neumann algebra M is generated by {7(§):¢ €b}.

Proof. Assertion (ii) is immediate from
T, (NNTN(Y) = (@) N(Y) = (9 * y) = A()T(y) for ¢, Y eb.

The continuity of the representation 7,(£):n — £n and the closability of the left
involution: & — £* were proved by Lemmas 2.8 and 2.13, respectively. Since
7(9)* = (¢*) for ¢ €b,the equality (EnI&)=(nIE*L) follows from assertion (ii). It
remains to show the density of A2 in A (or in $), where A2 is the linear span of
elements of the form &n with &, €. Suppose that £ € ® is orthogonal to A2,
Then, for any ¢, w e b, (A(P)EIN(w))=(EIN(d** y))=0. Therefore the density of
A in ® implies 77(¢)€ =0. Hence for any x,y€q, and 1€ £

(M, ()@ EIW(m,(»N®M)=(7(w,,)§Im=0

by Lemma 2.10. Since W is unitary by Theorem 2.16, 7,(x)® & =0 for any x€a,.
This implies & =0 and hence assertion (i) is proved.
Assertion (iii) follows from the density of b in the predual space M, . QED
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Due to this theorem, we are allowed to conclude that A and J are the modular

operator and the modular conjugation operator for the left Hilbert algebra A,

§3. Dual Woronowicz Algebra

In the previous section, we constructed a left Hilbert algebra A= 7)(b) from the
Woronowicz algebra (M, 8, R, T,h) and denoted the associated von Neumann algebra
by JPI This section is devoted to construct the dual Woronowicz algebra
(M ,0, IAQ, %,ﬁ) which corresponds to the convolution algebra for the given “quantum
group”.

Let W denote the unitary o(W*) on  ®$ ,where ois the flip automorphism on
Z(H®9) . Then the pentagonal relation for W

A ~ A A A

(3.1 Wi, Wy = Wy W3 W),
follows from that for W given by (2.3).

Proposition 3.1. Let S(x) = W(l@x)w* for x € M . Then 3 is a coassociative

coproduct on M.

Proof. As 114 € M®M by Lemma 2.10, 6(x) € M® Z($) . The pentagonal
relation (3 1) for W guarantees the coassociativity of 5. It remains to show that
5(x)€ M® M . For the proof of this fact, it suffices to show that each element
w* (T(9)® W for ¢ € M, commutes with y®1 for y e M’ , where 7 is the Fourier
transform of M,, to M defined by Definition 2.9. For &, n€ $®8 and £/, 7' € &,
we have

(B2 (YW (A(w,,, ) ®)WEIN) = (@, ) ®DWEIW (" ®1)n)
=(W@DA®W)E®EII®W)1®y* ®@1)(n’®n)) (by Lemma 2.10)
=(Ad,g,, (W @D’ D)I1®y* @1 (1’ ®M)).

Since Ad _ . (W* ®1)=W,;W,; by the pentagonal relation (2.3), W;W,; commutes

1w

with 1® y®1 for y e M’. Hence
(YW (H(w,,, ) ®DWEIN)
=(Ad,g, (W ®D(&'®(y®NE)IN' ® 1)
=(W*(#(®,,, ) ®DHW(y®DEInN),

where the last equality follows from (3.2) by replacing y and £ by 1 and
(y®1)E, respectively. Since the set of finite linear combinations of ;. ,.’s is dense



DUALITY OF THE QUANTUM GROUPS 817

the predual space M, and {7%(¢):¢EM*}”=M, we find that S(x) belongs to
MeM. QED

By means of this coproduct we define a product 8,*6, in the predual space
M, of M by

0,6, =(6,86,)05 for 6,,6,¢cM,

Thus the predual space M* turns out to be an algebra which is associative due to
the coassociativity of J.

Lemma 3.2. (i) The linear mapping:n,(x)e U, = M, (Ro7_,(x)) €U, is
closable. The closure K satisfies p~'AK c K*.
(ii) Let K =UIK]| be the polar decomposition. Then the followings hold:
a) K? = H and |KV* is the closure of p~'AH .
b) U=JJ and JUR()=T(d* oo ,) for any {o}} entire analytic I*-
bounded ¢ € M, .
¢) JHI =H™.

Proof. (i) For any x and y in a, we find that
(M, (Ro ) NN, ) = h(y*R° T_,/z(x))

=hoR(RoT,,(y*))

=(Jp~2Jm, (R(T_,,, ) )Ip2Jm, (x*))
=(p™? A1, () p~2 AV n, (R(7_,,()))
=(1,()p~ A, (R(T_,, (»))) -

Since p™A'n,(y)=1n,(c""(y)), the mapping: 0,(x)—> 1n,(Re T_,(X) s
closable. Denote the closure by K. Then nh(y)eDom(K*) and K*TI;, )
=p~'An, (Ro1_,(y)) for yea,. Since U, is a core for K, p~'AK c K*.

(ii) a) Let K =UIKI be the polar decomposition. Since K is invertible, U is
unitary. It is easy to verify that K? is positive symmetric and K?7,(x)=
n,(7_,(x)) = Hn,(x) for xeaqa,. Since A, is a core for K* and H, it follows that
K? = H. Hence (p'AH)~ c|KJ*>. Since both sides are self-adjoint, the closure of
p'AH is |K|*.

b) Let x be any element in a,. Then

Un,(x)=Kp"?H>A™*n, (x) = Kp"n, (1, ° 0},(x))
=Kn, (L., (7,50 O',I}z (x)*)*)

=M, (RoT_;, (L, (T, O',’b (x)* )* ).
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Since
RoT_ (L (T, 0 0, (x)*)*) = Ro 1,5 (L, (T, 0 0, (x)*)*
=RoL_,(0%,(x)*)* =L, °R(0},(x)), (by Lemma 2.2)

it follows that
Un,(x) =n,(L,, o Ro 0},(x)) = Jp™2Jn, (Ro 0}, (x)).

Since Jp~lJ is the closure of AH by Lemma 2.14, we find that
Un,(x) = A2 H"n,(Ro 0}, (x)) = A‘I/zm.(f_,,z ° R(07),(x)))-
Applying the operator J to both sides, we have
JUn, (x) = Fn, (7., o R(04,(x)) = 1,(0%, (x)*) = SA727, (x) = I, (x).
Thus JU=J and so U=JJ.
Let ¢ be any {0!} entire analytic I*-bounded element in M, . Then
(J1(9)1M,(x)) = (I, ()17(9)) = (1, (O}, () 71($))
= ¢(h, (x)) = $* (0%, (x™)) = (7, (¢* 0 0*,)17, (x)),
which implies that JUR(¢) = JA(9) = A($* o k).

¢) Since KH=K?=HK, we see that |[K|H=U*KH=U*HK =U*HUIK|.
Since |Kl commutes with H by a), H=U*HU on |KIDom(K?). Since
|KIDom(K?) is a core for U*HU , it follows that U*HU c H and hence that

U*HU =H. Since U=JJ by b), we have JHJ = JH] = H.

Let ﬁ'* denote the inverse Fourier transform, i.e. the mapping of the predual
space M toM obtalned as the restriction of the dual mapping of the Fourier
transform 7 of M, to M Let A’ be the right Hilbert algebra associated with

the left Hilbert algebra A constructed in Section 2.
Lemma 3.3. (i) 7,(0)=(id® 8)(W*)= (0®id)(W).

(i) 7,(6,%6,)=7,(8,)7,(6,) for 6,,6, € M,.

Proof. (i) For any ¢ € M, we have

O(7,(0)) = O(7(9)) = O((9 ®id)(W™)) = (¢ ® O)(W™) = ¢((id ® B)(W™)).

(ii) Due to the pentagonal relation, we have
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(id ® S)(W*) = Wy, WiWS, = WiW.
Applying id ® 6, ® 6, to both sides, we get the proof of our assertion. QED

Proposition 3.4. Let ﬁ(x) =Jx*J for xe M . Then
(i) R(7(¢))= (P R) for all M, ; and

(ii) Risa unitary antipode on (M, 3), ie Risa x-antiautomorphism of M
with R? =id and 6oRo5=(R®R)o 5.

Proof. (i) Let ¢ be any element in M, . First we consider the case where
¢e(M,),. If vy is [*-bounded and entire analytic with respect to {c"}, then
(3.3) Ja(@ o R)N(W) = JN((¢° R y)=0(((§° Ry*y)* o 0*,,)

= (9o R)* ®y*)odo0,).

The Kac-Takesaki operator W commutes with A®A by Theorem 2.16 and the
deformation automorphism {7,} of M is implemented by {AA”} by Corollary
2.14.1. Hence the modular automorphism {o?"} satisfies a formula

(3.4) (1,®0")o5=86-0", teR.
Therefore, by (3.3), we have
J(9 o RYT(Y) = (P R)* o 7_, )% (Y™ 00" ))) = (P R)* o 7_,) (Y ¥ o 6",)
= (o) (). (by Lemma 3.2 (ii).b))
Thus R(7(9))=J&(¢)*J =#(9oR) for ¢ e(M,),.

For a general element ¢ in M, we approximate ¢ by a sequence {¢,} in
(M,,), . Since |7(w)| < || for @ € M, by Lemma 2.8, our assertion (i) is proved.

(ii) It is clear from (i) that R maps M onto itself. Hence it is a *-
antiautomorphism of M with R? =id.

For any 6,,6, € M, we have
(3.5) (6, ® 6,)(0 0 80 R(7(9))) = (6,%6,)((¢ > R)
= (o R)(#,(6,%6,)) = (¢ o R)(#,(6,)7,(6,)) (by Lemma 3.3)
= O(R(7,.(6,))R(7,(6,))) -
Since, for any 6 € M, and y e M,
W(R(7,(8))) = (¥ o R)(#,(8)) = B(#(y o R))

= O(R(7(Y))) = 00 R(A(Y)) = W(#, (0 R)),
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we have a formula for the inverse Fourier transform:
(3.6) R(7,(0))=7,(6oR) for 0eM,.
Therefore, from (3.5), we have

(6, ®6,)(00 50 R(A(9))) = ¢(7,(6, o R)7, (6,2 R)) ,
= ¢(7,,((6, ° R)*(8, o R))) (by Lemma 3.3)

= (6, o RY*(8, o R)(7($)) = (6, ® 6,)(R® R)> 5 (7(9))).

Thus R satisfies codoR= (IA€® R)e 5. Consequently, Risa unitary antipode on
(M, 8). QED

Lemma 3.5. (i) If y € M, is I?-bounded, then yoo", is also I?-bounded
and A'T(y)=1(woo"); and
(ii) A*7(P)A™ = (P o T_,) for all peM,,.
Proof. (i) For each x en, we have o/ (n,)=n, and
(A4 7(y)In, (x) = (A(Y)In, (0%, (x)) = y(ok, (x™)) = (iy o )17, (x)).
(ii) Let ¢ be any element in M,,. Then
A7) A T(Y) = A'A(P)A(y ° 0F) = AT)(¢* (W o 01)) = N(9* (W o 67)) e G,).
Since (7,®0!)od=06.0" by (3.4), it follows that (¢*(yo0o}))oo”,
=(¢o17_)*y and hence that
A'R(O)A (W) = 1(Po T, )* W)= A($o T )N(Y).
QED

Proposition 3.6. Let 7,(x) = H'xH™ for xe M and t €R. Then
(i) %,(7(9) = #(po1.,) for all g € M; and
(ii) {1} is a deformation automorphism of (A;I,S,IA?), i.e. it is a one

parameter *-automorphism group with601,=(7,®17,)o6 and T,oR=Ro71, for
teR.

Proof. (i) Letye M, be any L[*-bounded element which is entire analytic
with respect to {0/'}. Then for any xen, we have

(H"A(yw)In, (x) = (AW)I1, (7., (x))) = w(T_, (x™) = (A(wo 7_)IN,(x)), e R.
Hence H'N(w)=1(yo1_,). Let ¢ be any element in M,,. Then
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T(R(ONN(W) = H* A(9)HN(y) = H' A($) (Y > T,)
= H'(¢*(y 0 1,)) = N(($*(Y o 1,))0 T.,).
Since 6017, =(7,®17,)o 5, we have (¢*(yeo1,))o T, =(¢o 7 )*y and hence
T((NT(Y) = NP T )* ¥) = 7P o T )TN(Y).

(ii) Taking (i) together with Lemma 3.5 gives us Ad,, = Ad,, on M. On the
other hand, Ad;, =Ad,, on M by Lemma 2.14. Moreover, We M®M and W
commutes with A ® A by Theorem 2.16. This implies that the operator W
commutes with (H® H)" and hence 807, =(7,®1,)o 5 for teR.

The commutativity of 7, and the unitary antipode R follows immediately
from that of 7, and R:

%, 0 R(7()) = A(¢poRo7,) = A($oT_, o R) = Ro T,(7(9)).
QED

Corollary 3.6.1. (i) The deformation automorphism {1,} is implemented by
{A"} as well as {H"}.

(ii) The Kac-Takesaki operator W commutes with the operator H® H .
Combining the above argument with Lemmas 2.14 and 3.2, we have

Corollary 3.6.2. The following formulas hold:
(i) JA(9) = 71(9* 2 0" ;) and A"7)(§) = 71(¢°0",) for peb;
(i) A"A(¢) = A($p")oT.,) and Jii($)=T(p™*¢*)oRo1.,) for g €b;
(iii) Jn,(x)=1,(L,, o R(x*)) and Jn,(x)=1,(0_,,(x™)) for x € ay; and
Gv) JI=JJ.

Here the notation p~2¢* = (¢p™"2)* for ¢ €b will be explained in Section 4.

For the proof of assertion (iv), we have to use the formula o*focR=Ro0
which is shown by using the KMS condition.

Let A’ denote the right Hilbert algebra associated with the left Hilbert
algebra A obtained in Section 2. Then fre(‘flz) and 7, ((5( )?) are o-weakly
dense *-subalgebras of M and M, respectively, where A2 (resp. (21 )?) is the
linear span of elements of the form &n for &, ne?l (resp. A ).

1

Lemma 3.7. (i) The set (4’)? is contained in 1,(n,).

(>i1) If ¢ is the restriction of @,,,, to Mfor & e'll’ then Ir*(d)) em, and
nh(n*(¢) )= 1'%, where the superscript |, is the right involution of A
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Proof. (i) Let A’ be the right Hilbert algebra associated with A, . For any
E,neA and &,1’ €A’ we have

E®EIWN® N) =((w,, )& 1) = (7,(ENT(@,,)IN)

=M%, (EN" 1) = (m,(m*EImEr) = Elm,(mmé™),
where the superscript |, in the fourth inner product is the right involution of A’
and where 7, and 7, are the representations of the right Hilbert algebras A’ and
A, respectively. Hence |z, (m)n’E7|<|ENIn’linl and 77E” is left bounded.
There exist then an operator x€ M such that xn=7x (n)n’é”% for neA’.

Therefore xen, and 7,(x)=1'&E%.
(ii) From the above equalities it follows that

(L) = (#(@,,)E 1) = (7 (@, )EIM).

Let ¢ be the restriction of w,, , to M. Then x* = 71,.(¢). Hence 1,(7,($)™)
=1’E” by (i). QED

Let 4 denote the canonical weight on M associated with the left Hilbert
algebra A :

oo otherwise,

A R A .f AI’
3.7) h(ﬂz(é‘)*ﬂe(i)h{(élg) if ge

where 7, is the representation of the achieved left Hilbert algebra A” . Thus
#,(E) = 7(¢) and h(7,(E)* 7,(E)) =|A(P)? for &=7(¢)eA. In what follows we
identify the underlying Hilbert space $, of the GNS-construction {nﬁ,@ﬁ,n};}
for (M,h) with the original Hilbert space $ =4, through the identification
11,;(7%((;))): n(¢), where 7 is the Fourier transform of the algebra M, to M.
Hence n};(ﬁ“(d))) = 7(¢). It is known that the weight his faithful, semi-finite and
normal and that A =A" and '215 =U".

Proposition 3.8. (i) The operator W is the Kac-Takesaki operator, that is,
it satisfies

(3.8) W, (x®y) =1, (5()(x®1), xyen..
(ii) The weight his left invariant:
(d®h)(5(2)) = h(z)l, zeM..

Proof. (i) Let ¢ be any I*-bounded element in M, and let £, n,, &, and 7,
be elements in the right Hilbert algebra A/ corresponding to A.. Then
ﬁ*(wg ” y* en, by Lemma 3.7 and
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BR@BNE ®ENN, @) =(w, , ®w, | NS(#(H))

= ¢(ﬁ-*(w§|-n| *wgzv’h )) = ¢(ﬁ*(w§2-'l: )ﬁ*(wél-r’l ))

= (N7, (0, YOI N, (T (@, )))
= (R (0, JABITES) (by Lemma 3.7)
= (ﬁ.(wﬁ(cﬁ).nzéz” )&M)
=(N(P)®EIW(n,EP ®@my)) (by Lemma 2.10.(ii))
= (W(&, ®A(®)I M, ®m,E,)
=(1® 7, (ENW(E, ® 7i(9)Im, ®my)
where 7, is the representation of the right Hilbert algebra A.. Hence we have

S(R(PNE ®E)={1® 7, (£, W(E, ® 71(9))

Since A/ is dense in $, the element &, can be replaced by 7,(£)n;(x) for
5&2[/5 and xen,. Since We M ® M , it commutes with 7,(§)®1. Thus

(3.9 {R(OOF,(ENW(N()® () =(1® 7, (&, )W(Z,(E)n. (x) ® 7)(9))
= S(R(O)(,(E)M, () ®E,) = S(7(9),(x®(E BE,).
Let y be any element in n, . Then the vector & = n; (y) is left bounded. There
exists then a sequence {n(d) )}cll such that ||n(¢n) &P+ 1|A”2(n(¢”) EN?

-0, |7(¢, )| <]yl and 7(¢,) converges strongly to 7, (&) =y. Therefore we can
replace 7(¢) and 7(¢) in (3.9) by n.(y) and y, respectively. Hence we have

(7,(E)® R, (£, (x®y) = 5(n)(x ®I(E BE,).

Whence Vf’nﬁ@; (x®y) is left bounded and we obtain

(7, ® &, )(Wn, . (x®y)) = 5(y)(x ®1).

h®h
Consequently, th®h (x®y)=1;,; (5(y)(x ®1)) for x,yen,

(ii) By virtue of (i) we find that
(ﬁ@ﬁ)((x* ® 1)3(y*y)(x® )= };(x*x)ﬁ(y*y) for x,ye n..
Hence (id®};)(3(z))=ﬁ(z)1 for zem{, where m, is the set of all finite linear

combinations of y*x’s for X,yen,. If zeM, and zgm,, then there exists an
increasing net {z,}cm." such that z,~ z. Hence

(id ® h)(8(z)) = sup(id ® h)(8(z,)) = sup h(z,)1 ,
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which is divergent. Hence (id ® h)(5(2)) = h(z)! for all ze M, . QED

The following two lemmas will be used to show that the intersection M Nm
is the set of scalar multiples of the identity in Proposition 3.11. This fact will be
needed for the analysis of the automorphism group {¥,} which will be defined in
Lemma 3.12.

Lemma 3.9. For xe M, R(x)= I,

Proof. Recall that ﬁnh(x)= nh(RoT_,,z(x*)) for xeaq, by (2.6). For any x
and y in a, we have

(3.10) RoT_,, ()M, () = M, ({R° T ()}y) = F, (X Ro 7_,, (b)) = Fx*Fn, ().

Hence Ro7_,(x) is the closure of Fx*F for any x €q,. Since A is the closure
of JpJH by Lemma 2.14, it follows from (3.10) that, for any & e A, =1,(q,),

Jx*JE = Jx* A2 FE = JA 2 A x* AR FE = B, (x*)FE = R(x)E

Thus R(x)= Jx*J for any x €aq,. Since q, is o-weakly dense in M, R(x)= Jx*]J
forall xeM. QED

Lemma 3.10. IfxeMmM is an entire analytic element for both the

modular automorphism {O'f} and the deformation automorphism {1,}, then
a};%_,,z(x)caﬁ and nﬂ(y%_,.,z(x))=R(x)nﬁ(y) for yea,, where aﬁ={xen£:x*e

nﬁ}.

Proof. Let x be an entire analytic element in M N M for the modular auto-
morphism {c!} as well as the deformation automorphism {%,}. It is known that
a is a (M)G,; -bimodule, where (A;I)oh. is the set of all entire analytic elements in
M with respect to {0}}. Since 7_,(x) is entire analytic for {07}, a.T_,(x)C
a.. Notice that

O/ (x)= A"xA™ = H'xH™ = 1,(x),
where we use the fact that x is an element of M for the second equality by
Corollary 2.14.1. Since x is entire analytic for {0’} and {,}, 0% (x)=7,(x) for
e C by analytic continuation. Since 0',"(x*)= %,(x)*,af;(x*)=%a(x)* by
analﬂytic continuation. Thus, for any yeaq,, we see that O'f,/z(%_,/z(x)*)
=0",,(7,,(x*))=x" and hence
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M, 08, () =8, ()" 1. () = Jok , (2, (1)) m. (¥)

= Jx*Jn,(y) = R, (7).
QED

Proposition 3.11. M N M=Cl.

Proof. Let x be an element in MA M. Then R(x)= Jx*J] is an element in
MAM’. Therefore O(R(x))=Ad,(1®R(x))=1®R(x), for WeM® M by
Theorem 2.16. Since 090oR=(R®R)od, we find that 6(x)=x®1 or
W(l1®x)=(x®1)W. Since Adj®](W) =w* by Theorem 2.16, it follows that

W(R(x)®1)=(1® R(x))W, W(R(x)®1)=(1® R(x))W.

First we consider the case where xe M N\ M is entire analytic for the
modular automorphism {O'f} and the deformation automorphism {7,}. Then
R(x)nﬁ(y) = nﬁ(y%_,,z(x)) for ye a by Lemma 3.10. Therefore, for any y,z €a,,
we see that

(5(2)(R(x)y ®1)) = Wn (R(x)y ®z) (by Proposition 3.8)

h®h h®h

= W(R(x)® D1, (Y ®2)
=(1® R(x)Wn, . (y®2)

=(1®R(x))n, (5(2)(y ®1)) (by Proposition 3.8)

h®h

(SO T, (x)).

I®h

The set a is o-weakly dense in M. Thus R(x)y®1—y®rl,,(x) and so
R(x)®l—1®‘r_,,2(x) Hence xeC1. Since each element in MM can be
approximated by entire analytic elements in MAM for {G,”} and {7,}, MAM
must be CI. QED

Corollary 3.11.1. MNM' =M’ NM=M ﬂM'—

Let G be the set of all comultiplicative elements {x € A;I:g(x) =x®x,x #0}.
Owing to the discussion in [20, 23], it can be shown that G is a subgroup of the
unitary group of M and R(x)=x"! for x € G by the above corollary. Since the
set {xe M: 5(x) x® x} is o-weakly closed, the subgroup G is locally compact.
When the Woronowicz algebra is commutative, the dual Woronowicz algebra is
cocommutative. Hence the predual M* is a commutative Banach algebra with
the spectrum G.
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Now we define the automorphisms {y,} and {7,} for a Woronowicz algebra
and its dual Woronowicz algebra, respectively.

Lemma 3.12. Let 7, and ¥, be the restrictions of Ad,, ., to Mand M,
respectively. Then
(i) {y,} is a one parameter *-automorphism group of M and {Ad .}
Jp,,]} and {7,} are one parameter *-automorphism group of M
(ii) 6(p")=p" ® p" and
(3.11) (7,87,)06=060-7y,, teR;

(Ad

(iii) 7,(7(9)) = A(poy.,) for all pe M, and t€R.

Proof (i) It is clear that {y,} is a one parameter *-automorphism group of M.
Since A is the closure of JpJH by Lemma 2.14, Ad ,,!=%,00'f, is a *-

automorphism of M . Since R(x) =Jx*J for xeM, Ad =Ro Adjp,,j oR is also
a x- automorphlsm group of M . Thus {7,} is a one parameter *-automorphism

group of M.
(ii) The left hand side of the equality

(1®p")8(p™)=({d® Ad,, (W)W*

belongs to M® M and the right hand side belongs to M®M by (i), for
WeM®M. Hence it belongs to M ® C1 by Proposition 3.11. Therefore, for
any fixed teR, (1®p")é(p™)=v*®1 for some unitary v in M; hence
6(p")=v®p". Replacing p” by R(p") in the above argument, we see that
S(R(p"))=w® R(p") for some unitary w in M. Since 6o §oR=(R®R)o 4§, we

find that R(w)® p” =p” ®v and hence R(w)p™ ®1=1®vp™. Thus v=A(t)p"

for some A(1)eC, i.e. 8(p")=A@)p" ®p". It is easy to see from the
multiplicativity of the function A that A(¢z) = u" for some constant u >0. Since
R(p")=p™ by (1.1), 6(p")=6(R(p™))=0(R®R)>6(p™")=A"p" ®p". Hence
d(p")=p"®p".

Since 7y, = Adp,, on M, formula (3.11) is immediate from the above.

(iii) For any I*-bounded ¥ and xen,, we have
(p"Ip"IN(Y)IM, (x)) = (N(W)lp™Jp™Jm, (x))
= (AWM, (7, () = Ay o )N, ().
Hence we have a formula;
(3.12) pUIp IN(Y) =iy o r.,).

Let ¢ be any element in M,.. Then {¢*(yo7y,)}ey_, =(¢dcy_)*y obtained by
(3.11) in (ii) implies that
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V(TN N(y) = ptIp" JR(P) (Yo ¥,) = p“Jp"JN(P* (Yo ¥,))
=A{p*(Woy oy )=0(doy )W) =a(doy_)NW).
QED

Proposition 3.13. Let h be the Haar weight on (M,8,R, ). Then it is {1,}-
invariant as well as {¥,}-invariant.

Proof. The proof is the same for both automorphisms. We have only
consider the {T }-invariance of the Haar weight. Let s be an arbltrarlly fixed real
number. Then ho 7, is a faithful, semi-finite, normal weight on M . For any 7(¢)
in A we have

ho T, (R(9)* 7(9)) = h(R(Po 7, ) A(9o1.)) = (A(Pom_)|T(Pox.,))
= (H"7)(9)| H"7)(9)) = h(7($)* () .

Therefore 4o T, =hona o -weakly dense subalgebra ﬁ'e('ﬁz) of M, where U? is
the set of all finite linear combinations of &n for éne‘ll. Since
0"‘(717[('2[2)) 7r('2l2), if we can show the {o"'} -invariance of ho% then

hoT —h namely, h is {7,}-invariant. However, the {O'h} -invariance of hor is
clear from the commutativity of A and H. QED

For the proof of the commutativity of the weights h and hAoR, we will
utilize the previous proposition.

Proposition 3.14. The Haar weight h commutes with the weight hoR.

Proof. Since R(p")=p™ by (1.1), it follows that Roy, =7,0oR. Since
R(7r(¢)) (po R) by Proposmon 3.4 and ¥,(7(9))=7(Po y.,) by Lemma 3.12,
it follows that Roy }/,oR Since R(71:(¢)) 7r(¢ R) and T(7L’(¢)) 7r(¢o‘r )
by Proposition 3§ it follows that ROT =71, oR. Since o"' Ad oy o7, by
Lemma 2.14 and h is {7,}-invariant by Proposition 3 13, it follows that & is
{Adlp,,J}—invariant. Since 7, = K p , o Ad oy and h is {7,}-invariant by
Proposition 3.13, it follows that h is {Adp,, }-invariant. Since

Roof =RoAd, ., o% =Ad ,oRo% =Ad , o%oR

Jp~"J
and £ is {Ad poi o 7,}-invariant, we find that ho Roo” flok, which means that A
commutes w1th hoR. QED
Remark. The Haar weight}; is invariant under {Adp,, } as well as {Adjp,,J} .
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The I?-boundedness for elements in M* is defined similarly as that for M*;
i.e. the element a)eM* is said to be I’-bounded if there exists a positive
constant A >0 such that |@(x*)|< A”n (x)|| for all xen,. Let f) be the linear
mapplng from I?-bounded elements in M to & with a)(x*) (n(w)ln (x)) for
0] eM and xen,. By usmg the boundedness of the Kac-Takesaki operator W,
it is shown that if E)GM*, then, for any I? bounded weM*, the product
9=l=a)eM=I< is I?-bounded and the bounded operator 7r(0) on &;'y is defined by
(0 n(w)= n(0* ®) similarly as Definition 2.8. The mapping 7: M - Z($) is
called the Fourier transform. The relation of the Fourier transform with the Kac-
Takesaki operator is given by the same formula as in Lemma 2.10 :

(3.13) (& ®EIW(E, ®E,) = (7w, . IEJE,).

Let ao be the entire analytic part of g with respect to four transformations {o"’ },
{O'h Ry {z,} and {L} where Lx xp” for xe M and p is the Radon-Nikodym
derivative of & with respect to hoR.

Lemma 3.15. (i) The Fourier transform 7:r of M* to L($) is linear and
multiplicative. R

(ii) If GEM* is entire analytic with respect to {1,}, then m(6)
=RoT o, (0)eM and 71'(9#)—76(9) where 6* = 0* OROT

Proof. (i) It is clear from the definition of the Fourier transform 7:t
(ii) Let x €a, and let 6’ € M, be [?-bounded and entire analytic with respect
to {7,}.If £ and 7 are elements in §3, then

(H(@2,,)AONT,(x) = (E®AONW(N® 7, (1) (by (3.13))

= (W(R(6)® &N, ()@ M) = (Elf(w . )

77,"(4\).77(9)

=, (Ao . ).

7;(x).1(6")

Since each element O € M is written in terms of ®, ’s, we replace ;. in the
above equality by O e M If ¢ € M, , then, by Proposmon 3.6(1),

H'n(2(¢) = H"7(¢)=1(¢o 1) = n; (9ot )= n,(%,(7(9))) -
Hence we obtain H'n, (x)= nﬁ(%,(x)). If yen_, then

(H*0(O)I1, () = (O, (£, () = O, (3)*) = (7B T, (7).

Hence we obtain H”T:](G) = 1:1(00 7_,). Therefore we have
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. oT (=W, . . 2), zeM, teR
(61 () (@ n(e'or,).n,;w_,(x»( ) ’

and hence the functional @, PO € M, is entire analytic with respect to {7,}.
Furthermore, since (80 7, )(7(¢)) = O(7(d o 7,)) = ¢(7,(7,(H))) for O e M,, if 0
is entire analytic with respect to {7,}, then 7,(0) is entire analytic with respect

to {7,}. Thus

(RO, (N =6k, . ")
= 9(71‘(60”(9 ;) °Rot_p))=(RoT_,° ﬁ*(G)T:](B’)I 1; (x))-

As the image of @, by the GNS- mappmg n, as well as the image of entire
analytic and I?-bounded elements in M by the mapping 7] are dense in 85 we
see that 77:(9) Ro 1,07, (0) for any entire analytlc element 6 € M for {7,}.

Finally we will show that n'(B”) 7[(9) By Propositions 3.4 and 3.6, if
¢ e(M,),, we have

PR(O)) = P(Ro T,y 0 7 (09)) = (6™ (7, (9")) = 6% (R(9™))

= 6*(R(9™)*) = 0 (Ro 7, (R, (0¥ )*) = B0 Ro T, (R(9™))

= O(R(¢* o RoT ;)= ¢ o Ro T, (#,(6)) = 6™ (7(0))

= §(7(6)),

and hence we obtain 7(6*) = 7(8)*. QED

Proposition 3.16. The Haar weight h satisfies the strong left invariance.
Proof. Let 0 be any element in M*. Let x and y be any elements in n ..
If 6 is of the form w,, for E= n;(a) and 1= 1,(b) with a,ben,, then
(3.14)  (8®ANUA®E (N 8(E () = (h®A)(B® F,(y)*5(F,()@®1)
= (71,@,,(5(1' (N@®)in, .(b®T,(y)))
= (Wﬂ,;®,;(ﬂ ®T,(x)InN,. . (b®1,(y))

= (1, (3, N ()N, (£,(3)) (by (3.13))

and hence we obtain



830 TETSUYA MASUDA AND YOSHIOMI NAKAGAMI

(3.15) (B0 R®A)(B(%,(»)* (1®,(x))) = (8% e RO A)(1® 7,(x))* 8(%,(»)))

= (1, (2, IO Ry, (7, (x))) (by (3.14))

= (8 RN, (3,)IN,(£,()), 1€R

In the above formulas (3.14) and (3.15) we may assume that 6 is a ﬁmte linear
combinations of @, ’s. Since such elements form a dense subspace of M*, we
may assume that 0 1s an arbitrary element in M

For any x and y in a, we define two entire functions F, , and G, , by
(3.16) Fr0(@) = (M, (2, DI 2(6")N (3,(»)), @eC
(3.17) G.,o() = (7(6 R, (Z,(x)I",(E;(3)), aeC.

Of course, the function Fw‘e is bounded on R and R+(i/2); hence it is
bounded continuous function on D={aeC:0<Ima<1/2}. Similarly, the
function G, , is bounded continuous function on {&xe C:~1/2 <Im < 0}. Since
T,(7,(0") =7, (0’0 7,) and R(7,(6")) =7, (6o R) for any G'EM*, if 6 is
entire analytic with respect to {7,}, then for any teR

F (1) = (R(6%)* 0, (3,00) 17, (3,()))
= (7180 Ro &)1, (£,(x)I 1, (£,(»))
= (80 RYH"™ 1, (3,(e)| H21, (£,(7)))

= (205 RN, (3, G, Ry )
G,,o(t=(i12)).

By the unicity theorem we find tI:lat G, o(0)=f,,o(x+(i/2)), aeC for any
{7,}-entire analytic elements 6 € M,.. Thus the strong left invariance holds for
x,y€a, by (3.14) and (3.15).

Next, we consider the case where x € n, and yea,. Let {x,} be a sequence
in @, such that n. (x,)— n, (x). Denote the entlre functions F, , by F,, which
are entire analytlc even if x is not entire analytic with respect to {7}, since 6 is
entire analytic with respect to {7,}. Then the sequence {F,} converges uniformly
on R and R+(i/2) to functions (3.16) and (3.17), respectively. Thus the
Phragmen-Lindel6f theorem tells us that {F,} converges to a bounded

continuous function F on D={a e C:0<Ima <1/2} which is analytic in D and
satisfies the strong left invariance:

F(t)= (0 ®h)((1® 7,(y)* 6(%,(x)))
F(t+(i/2))= (80 R®A)S(Z,(y)F(1® 7, (x))).
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Furthermore, the case where x and y are arbitrary elements in n is treated
similarly by approximating y by elements in @, in addition to the above
argument. QED

Summarizing the above propositions, we have the following theorem.

Theorem 3.17. The family (M, 3‘, A, T, ﬁ) is a Woronowicz algebra and W
is the Kac-Takesaki operator.

The family (M, 3, IAQ, T, ﬁ) is called the dual Woronowicz algebra for the
Woronowicz algebra (M, 8, R, T, h). A Haar weight on the dual Woronowicz
algebra is sometimes called the Plancherel weight for (M, 8, R, T, h).

Remark 3.18. A Woronowicz algebra is said to compact (resp. discrete), if
the Haar weight (resp. Plancherel weight) is bounded. If a Woronowicz algebra
is compact, then the dual Woronowicz algebra has the counit £ 7(@)— ¢(1) as
in Remark 3.19 below. If a Woronowicz algebra (M, 6, R, 7, h) is compact and
discrete, then it is automatically finite dimensional by a similar discussion as in
[23]. Hence the modular automorphism {o”} is inner, i.e. there exists an
invertible positive operator d in the fixed point subalgebra M°" with respect to
{o*} such that o’(x)=d"xd™ for xe M and teC. Therefore the mapping:
x€M — h(d'x) e C is a faithful normal trace on M, which we denote by ¢r. On
the other hand, the Radon-Nikodym derivatives in this case satisfy p=1 and
p=1 by Remark 1.3, and so A=H=A by Lemma 2.14. Since p=1 and
R(p)=p~', we see that troR(x)=1tr(d’x) for xe M. Since troR is also a
faithful normal trace on M, the Radon-Nikodym derivative d? of troR with
respect to ¢r belongs to the center of M. Hence the modular automorphism{c!}
turns out to be trivial, i.e. A=1, and hence H= A =1. Therefore the
deformation automorphisms in the Woronowicz algebra (M, 8, R, T, h) and its
dual are trivial. Consequently, (M, &, R, tr) is a Kac algebra. In other words, the
Woronowicz algebra (M, 8, R, 7, h) and its dual are Kac algebras.

Remark 3.19. If the Haar weight is bounded, then it is I*-bounded and
satisfies W(&E® 7(h)) =& ® 7(h) for all £ € § as shown in [1]. Indeed, for any
I?-bounded ¢p e M, and x,yen, we find

(@) ® (R W, (x® Y)) = (@ ® B)(x* ®1E(Y™))
= @(x* (™) = (@) ® N(h)| N5, (x B Y)) .

By the uniqueness of a bounded Haar weight up to scalar shown as in Remark
1.2, the subspace {ne H:W(E®N)=E® 1, £ € H}is one dimensional. The state
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o, for a normalized vector 7 in this subspace gives us a normalized Haar
welght h on M as well as the counit & on M:

(id® o, WO6(x)) = ,(x)l for xeM
and

@, (7)) = 0y, ((@)) = ¢(1) for peM..

Therefore we obtain 7,(8)=1for £=0,|, ,and (8®id)oS=id=(id®&)o 5.

§4. Duality Theorem
Let (M, d,R, T,h) be a Woronowicz algebra and (M, 5, R, 7,h) its dual
Woronowicz algebra:
5(x)=WA®x)W*, R(x)=Jx*J, % (x)=H"xH"
and
A N g if ceu”
h(m(é)*m(é»={ 6y if G e
oo otherwise.
Then W = 6(W*) is the Kac-Takesaki operator for the dual Woronowicz algebra.
The bidual Woronowicz algebra (M 6 R 7, h) is defined to be the dual
Woronowicz algebra of (M 5 R %, h) constructed in the same manner as in
Section 3. The Kac-Takesaki operator W is then given by a umtary O'(W ).
Thus W=W.If M is shown to be a subalgebra of M, then 6 R, 7 and h agree

with 8, R, T and h on M.
Our main assertion is the following duality theorem for a Woronowicz
algebra.

Theorem 4.1. A Woronowicz algebra is isomorphic to the bidual
Woronowicz algebra:

(M, 8,R, T,h)=(M,8,R, %, h).

We have already used the notation 5[, .§', 1:7 and 7:r for the bidual Woronowicz
algebra corresponding to those for the dual Woronowicz algebra, i.e. (5[ 3‘) is a
pa1r of the left Hilbert algebra and the left involution operator correspondmg to
(’Zl S) n is the linear mappmg of the set of I?-bounded elements in M to 85
corresponding to 7; and 7 is the Fourier transform from M to M

corresponding to 7.
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Lemma 4.2. The left Hilbert algebra Aisa subalgebra of the achieved left
Hilbert algebra A , and Scs.

Proof. Let 1:1(9) be any element in A= T:](Ab). For any &’, 17 in the right
Hilbert algebra A’ associated with A ,, we denote by ¢ the restriction of w,, .
to M. Since 7(¢) = &£'n’%, we have

@.1) (7, () AO)IEN = (RO EM) = (A(O) I A($))
= (7(O)1 M, (A(9)) = O(R($)*) = B(#(9"))
= 0 (R,(0)) = 0" (Ro Ty, o 7, (0)) = (R(O)T'1E")

where 7z, is the representation of the right Hilbert algebra A’. Thus

7r,(17’)f1(9)= 721:(9)17’ for all 7’ A’. Hence 7:7(0) is left bounded. On the other
hand,

(SAO)IEM?) = (A(O)IT(9)) = (R(B*)M'IE)
= (A(O)* M'1E") = (& 111(6)) = (F(E'n™)I ().
Therefore T:](B) belongs to the domain of operator § and S$=5 on A. Hence
n(@)eA,. Thus A is identified with a vector subspace of A, together with
their left involution operators.
To show the coincidence of multiplication structures, it remains to show that

71',(121(9)) = 7?5(9), where 7, is the representation of the left Hilbert algebra A, .
Let £’ and 1’ be any elements in A’. Then we have

(m(fl(e))é’l n’)= (n,(é’)ﬁ(e)l )= (ROE 1)
by (4.1). QED

Denote by W the Woronowicz algebra (M, J, R, 7, h). We will consider the
co-opposite Woronowicz algebra W° and the commutant Woronowicz algebra
W’ by using the mappings: x — R(x)=Jx*J and x — Jx*J, respectively.

Proposition 4.3. (i) [f6°=00°8, R"=R, 1,=1,, and k" =hoR, then
We=(M, 6, R°, T°, h°) is a Woronowicz algebra and the Kac-Takesaki operator
We is of the form VW, where Ve (9 ®$) is the flip operator: E@N—->nR®E.

(ii) If 6’=Ad,g;°0°Ad,, RR=Ad,oRcAd,, 7/=Ad, o7 ,°Ad, and
h’(x)=h(JxJ) for xe M/, then W =(M’,6’, R’, v, h") is a Woronowicz algebra
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and the Kac-Takesaki operator W’ is of the form Ad g, (W)= Adye (W*), where
U=Ji.

Proof. (i) It is easy to see that 6° is coproduct, R° is a unitary antipode,
{7;} is a deformation automorphism and A° is a {7;}-invariant faithful semi-
finite normal weight on M such that 4° is left invariant and commutes with the
weight h°o R°. It remains to show that the weight h° satisfies the strong left
invariance. If x,y€a, Na,, and ¢ € (M,,), then, by the strong left invariance of
the Woronowicz algebra W, there exists a bounded continuous function F,wzJ on
the strip D={z€ C:0<Imz<1/2} such that F, , is analytic in D and satisfies
the boundary condition:

Fe@®)=(¢°7,®h)(1®y)" 5(x))

F.o(t+(i/2)=(¢oRoT, ®h)(E(»)* (18 x)).

Let F =F,,,(~z+(i/2)). Then F,

R(y)“R(x),_n,(z) is a bounded continuous

()" R(x)' 9
function on D such that it is analytic in D and satisfies the boundary condition:

(4.2) Froymeoo (=0T ®°)(1® R(x))8" (R(Y*)))

F oy roy o+ 2)= (90 R 0 T ® B*)(8°(R(x))(1® R(Y™))).

R

Here notice that R(e, Na,z)=a,Na,,. For any x,y inn, there exist
sequences {x,} and {y,} in «@,Na,, such that 7,.(x,)—>7,.(x) and

N, (¥,) = 1M,.(¥) . The sequence {FR(y ¥ Rix )’.¢} is Cauchy on R and R+(i/2) in

the uniform topology. Hence, by the Phragmen-Lindel6f Theorem, there exists a

function F on D such that FR(yn)«vR(x")‘,q,

bounded continuous function on D such that it is analytic in D and satisfies the

converges uniformly to F. Thus F is a

same boundary condition (4.2).
(ii) The proof is accomplished in the same manner as in (i). QED

The entire analytic part (M, )_. of the predual is the same as (M,,), as a set.
The product ¢, ¥ — (¢ ® y)o §° in the former coincides with y*¢ in the latter.
Since the entire analytic part a, for W coincides with that for W°, the involutive
algebra b° for W° corresponding to b in Definition 2.3 is the same as b as a set.
Therefore the involutive algebra A = 7°(b°) is *-antiisomorphic to A= n(b).

By means of the correspondence: 7,.(x)— Jp™"2Jn,(x)=n,(L,x) for
x €a,, the standard representation Hilbert space for (M°,h°) is identified with
the Hilbert space § for (M, h). Similarly, by the correspondence: 7, (x) —
Jn,(JxJ) the standard representation Hilbert space for (M’,4’) is identified with
the Hilbert space § for (M, h). The left Hilbert algebra A, is then identified
with the right Hilbert algebra A’ associated with A ,. Hence

(M (0)) = Im, (1, (IXI)J = 7, (1, (Jx*T)), x€a,, .
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Indeed,
ﬂé(m'(X))mI(y) = Tlh'(xy) = JT]h(nyJ)
= Jr,(n,(IxINn, (IyJ) = Jr,(n,(Ix])JIN,. (y).

Let {J°, A°,p°, H°} and {J’, A’, p’, H’} be families of operators which appear in
We° and W’ respectively, corresponding to the family {J, A, p, H} for W. Then

4.3) J=J, A=A p=p’, H=H"
and
“4.4) Jr=J, A'=A", p'=JpJ, H' =H7.

If x,yemn,, then p”x, p™yen, and hence

i — —
po,,= (Op,,x, =0

| — —
y (Loxy oy and o.p=0 , =0

y x(Ly*)*”

Since &(p")=p" ®p" implies p"(9*y)=(p"P)*(p"y) and (P*y)p" =
(9p")*(yp") for ¢,yeM,, if ¢,yeb, then these functions in ¢ can be
extended to the whole complex plane by their analytic continuation. We
sometimes use the formal notation such as ¢p*? or ¢p*' for them.

Proposition 4.4 Let W" denote the dual Woronowicz algebra of W.
Q) (wo)"=(Ww"y.
(i) (W) =(W"y.

Proof. (i) Let A = 7°(b°) be a left Hilbert algebra constructed from W* in
the same way as in Definition 2.3. Let 7° and 7° denote the mappings
corresponding to 7 and 7. Then for any ¢ in b, we have

7°(9) = Jp"2J7(9) = Ti(@p"?),  $°7(9) = FTi(¢p™?)
and
#°(9) = 7, (7i(dp"2)),

where $° is the left involution operator for A,. and x, is the representation of
the right Hilbert algebra associated with A. Indeed, I:“ﬁ(l//) =0((p'y*)o Ro ()
for y in b by Lemma 2.15 and hence

ﬁﬁ(¢P”2) = ﬁ((P_”2¢*)° Ro T,/z) = fl((¢* oRo T )P”z)
= 7°(¢* oRo7,,) = 1°(¢* o Ro 7°,,,) = §°7°(9)

for ¢ in b. By means of this identification, it is straightforward to verify that
assertion (i) holds.
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(ii) The predual (M’), of M’ coincides with the set {¢’ e (M), ¢’(x)=
¢(Jx*J), ¢ € M,}. Since, for x€a,. and an [?-bounded ¢’ € (M’), with ¢’(x) =
¢(Jx*J),

(79111, () = ¢"(x™) = (JxT) = ()M, (Jx*]))

= (1, (X)NINP)) = (N(P)| A7>7,. (%)),

the vector 7(@) belongs to the domain of A2 and 7)’(¢’) = A?7)(¢). For any
¢, ¥ €b we see that

(O (W)= (9* y) = N((9* Y)p"?) = AP (9p"** yp'?)).
It is straightforward to verify that (¢ ® )’ = ¢’® y’. Hence
(N (W) = AP ((9p"* ) (wp'?Y) = (A7 (($p"* ) A1 () -
Hence 7'((¢p"?)") = A27°(9)A? for ¢ € M,,. Since 7°(¢) = R(ft(m) =7(¢°R),
we have

A—llzﬁ.c(¢)Al/2 = A—I/Zﬁ-(¢ ° R)Al/z — ﬁ-(¢ oRo 1—1/2)'
Using these fact in mind, we get the proof of (W’)* =(W*)°. QED

Corollary 4.4.1. (i) Let {.},AA,f), H} be the family of operators which appear
in W. Then {J, AA“,.}ﬁj, H™'} is the family of operators for (W°)* =(W*)" and
(A, B H'Y for (W) = (W,

(ii) Let A and A™ be the modular operators for W° and W’

corresponding to A for W. Then A™ is the closure of Jp™'JH™' and A" is the
closure of pH™.

Proof. It is clear from (4.3) and (4.4). QED

Proof of Theorem 4.1. By virtue of Lemma 4.2, ScS.If A commute with
A, then 3‘ =S.Hence A, is the achieved left Hilbert algebra associated wiEh ‘i[ .
It remains to show the commutativity of the modular operators A and A. By
Corollaries 2.14.1 fmd 3.6.1, Adj" = Ad,, and Ad,, =Ad,, on A;I, which prove
Ad2" fAdA" on M. Recall that A commutes with p by Lemma 2.14. Since
p* € M for seR, it follows that Ad,, (p*)=p". Hence A commutes with p.

We repeat the same argument for the co-opposite Woronowicz algebra W-°.
Then we find that A° = A, , commutes with jﬁj by Corollary 4.4.1.

Since o/ (p*)=p* for t,seR, p* commutes with A" = Jp~"JH" as well as
Jp"J . The equality p* = R(p™)=Jp*J implies that p* commutes with p* and
Jp"J . Thus p commutes with p and JpJ . Hence jﬁf commutes with jpj=p"
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and ijJf. Since A" =jAA”j=pr‘"JjH", it follows that Jp"J=ij"Jj and
hence JJpJJ=Jp~'J. Thus JpJ commutes with pJp~'J. On the other hand,
At =ptJp"JAY . and A, , = A" by (4.3). Therefore the modular operator A is
given by the closure of pJp~'JA°. Hence A commutes with jﬁj and H as well.
Since A is the closure of jf).}H by Lemma 2.14, A commutes with A. QED

Remark 4.5. When a Woronowicz algebra is commutative, the modular
operator A is trivial, i.e., A=1, and hence H=[) by Lemma 2.14. since
jﬁj=H“, H is affiliated with the center of M and so the deformation
automorphism {7,} is trivial on M. By virtue of the duality, the deformation
automorphism {7,} obtained as the dual of {7,} is also trivial. Thus the
commutative Woronowicz algebra turns out to be a commutative Kac algebra
(M,8,R,h) and the dual Woronowicz algebra is the corresponding dual Kac
algebra.

Proposition 4.6. An involutive Hopf algebra, a Kac algebra and a
Woronowicz algebra are the same object whenever the algebras are finite
dimensional.

Proof. Throughout the proof of this statement, we assume that the algebras
are finite dimensional.

We first prove that an involutive Hopf algebra (M, 9, ¢, k) with a faithful
Haar state h is a Woronowicz algebra. Let {x,,%,} be the GNS representation.
Then =, is faithful and §), is identified with a finite dimensional left Hilbert
algebra. The linear operator H on &, defined by Hmn,(x)=1n,(k*(x)) is positive
and invertible. It also satisfies

H(Em)=(HE)(HM), & neH,.
If 2 €C\Sp(H), then H— Ais invertible and (H —1)"'$, = 8, Therefore

T
& = [ o H -1 Hnar

for any analytic function f on some neighbourhood of Sp(H) in C. Here we use
the same argument as in the Tomita-Takesaki theory [22] with the modular
operator replaced by H. We then find that

SH*m=H'(H*5)m), aeC. EnesH,.

Thus the one parameter unitary group {H"} implements a one parameter
*-automorphism group {7,} of M such that x,(7,(x))=H"®m,(x)H™ for xe M,
which will play the role of the deformation automorphism. Using the entire
analytic extension of {7,}, we define a mapping R on M by ko 7,,. Let K be the
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linear operator: 7,(x) — 1,(x(x)). Then KH =HK. Hence ko7, =1,0cKk for
o e C. Thus R is an involutive *-antiautomorphism on M, which will play the
role of the unitary antipode. Since 0o(k® Kk)od =060k, the Kac-Takesaki
operator W obtained in Remark 2.6 commutes with H ® H as well as H2 @ H"?,
Thus 0o (R®R)od=0°R and (1,87,)od=00°7,. The {7,}-invariance of the
Haar state & is clear. The strong left invariance is already verified in Remark 1.2.
Thus (M, 8, R, T,h) is a Woronowicz algebra.

The fact that a finite dimensional Woronowicz algebra is a Kac algebra is
shown in Remark 3.18.

Finally we prove that a finite dimensional Kac algebra (M, d,R,h) is an
involutive Hopf algebra with a faithful Haar state. Since a finite dimensional Kac
algebra is discrete, the exists an element € in M™ such that ¢*&=¢ =e*¢ for
¢ in M*. Thus ¢ is the counit. It suffices to verify that R play the role of the
coinverse:

(4.5) Lo(R®id)od(a)=po(id®R)od(a)=e(a)l,

where p is a product in M, i.e. a bilinear mapping of M®M to M with
U(x®y)=xy. First we notice that

(4.6) A® A(@ou)=Vn. .(5(R(0)), @eM,,

h®h

where V is the flip operator on $® H:£®@ 1 — n® . Indeed, if 6, and 6, are
elements in M*, then

9o (76, ® 1(6,)) = P(7(6,%6,)) = (@ o R)(7, (6,%6,)) = (6,46, )((¢ > R)
=(6,® 6,)(8(7(¢ o R)) = (8, R® 6, o RY(S(7(9)))
and hence
((A® M@0 1)1, ((8,)* ® (6,)")) = (N ® N)(B, o R® 6, o )M, . (5(7(9)*)))
= (15 BE@NIT ® DA M), 2 R® 6, = R)).
Since JA(8) = (%) and JA(6) = 71(6* » R) by Corollary 3.6.2, we see that
(A® )P o I ® J) 11,0, (7(6,) ® 7(6,)))
= (1, (RPN ® (N ® 7)(6, ® 6),))
= (1, (BGPNI ® J)T),, (7(6,) ® 7(6),)))..
Using formula (4.6), we find that
oo (R®id)o 8(a) = (1® (9o 1) Nye, (R®id)(S())))
= (VI ; (B(R(PNI(J ® )14 (8(a)))
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= (VWn, .(1® Z(@)I(J ® J) W1, (1® a)))

h®h

= (WV(H® A)(e® 0)IW*(J ® /)T, (1® a)))

=(M®M(Q®&)IM,q,(1®a™)) = £(a)p(1).

Similarly, we have po(id ® R)o §(a) = £(a)l. Thus (4.5) holds. Hence (M, u, 6,
€, R) is an involutive Hopf algebra with a faithful Haar state . QED

The results in [27; Appendix A2] are deduced from the above discussions.

Remark 4.7. (The uniqueness of Haar weights up to scalar) (i) Let (M, 6, R,
T, h) be a Woronowicz algebra and G={xeM:6(x)=x®x,x#0}. If ueG
satisfies 7,(u) =u, then 8(o"(u))=u® o’ (u) by (3.4), and hence 6(v)=1®v for
v=u*0't”(u). Since R(u)=u"', we have R(v)®v=956(R(v)v)=1®1. Thus v = 1,
which means that o’ (u) =u.

(ii) Let ¢ be another Haar weight on (M, 6, R, 7). Since the weight¢oR is
right invariant, it is {ol}-invariant by (3.4). Since Roc!'=0"FoR
=Ad, o o’ o R, the weight ¢ is {o"}-invariant by assertion (i) replaced & by ¢.
Hence the weight £+ ¢ commutes with the Haar weight #. Repeating the same
argument as in [20] together with Corollary 3.11.1, we prove that ¢ is a scalar
multiple of A.

§5. Examples

Quantum group SL,(2,C) (see [10] for example): Assume that ge C (¢ #0,
1). Let A be the C-algebra generated by the four elements x, u, v, y satisfying the
condition of quantum matrix:

(5.1) xu=qux, xv=gqvx, uy=qyu, vy=qyv, uv=vu, xy—yx=(q—q uv
and the normalization condition of the quantum determinant:
xy—quv=1.
Let X be an element in M(2,A)= M(2,C)® A of the form
X u
(v yj '
Then the family (A,d,.€,,k,) is a Hopf algebra with respect to the
comultiplication &, , the counit €, and the coinverse (antipode) k, given by

(5.2) (d®5,)(X)= X®X, ({d®&,)(X)=1., (d®K,)(X)=X",
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where id is the identity mapping in M(2,C) and ® is the contraction tensor
product given by (au)é(bq )=(Ziaa; ®b,). The Hopf algebra is then interpreted
as the coordinate ring of SL,(2,C) denoted by A(SL,(2,C)).

Quantum group SL,(n,C) for n =z 2: Assume that ge C (¢#0,1). Let A be
the C-algebra generated by n? matrix elements x, (i=1--,n j=1,---,n) of the

quantum matrix X satisfying
i) the condition of quantum matrix: Each 2x2 minor matrix

x, X
1€i<k<ml<j<i<n,

Xy Xu

satisfies condition (5.1); and
ii) the normalization condition of the quantum determinant:

(5.3) 2(“])[@ XismyX202) """ Xnomy = 1,

[ A
where S, is the symmetric group of order n and /(o) is the cardinality of the set
{(i, j)):i< j,0()>0(j)}. The left hand side is denoted by detq(X). Then the
family (A,6,,€,,x,) with respect to 6,,€,,x, with (5.2) is a Hopf algebra
denoted by A(SL,(n,C)), which is interpreted as the coordinate ring of SL, (n,C).
Let R be the A,_, type solution of the Yang-Baxter equation R,R;R,,

=R,,R;R, on C"®C" given by

R=Yq%e,®e,+(g-q")Y e, ®e,.
ij=1 >]
Then condition i) is equivalent to the equation RX, X, = X,X|R, where X, is the
matrix X acting on the i-th space of C"®C". Let F be the flip operator
2. -¢,®e, on C"®C" and denote FR by T. Then

(5.4) T=Yq%e, ®e,+(qg-q")Ye, ®c,,

=1 <y

and condition i) is equivalent to the equation TX X, = X, X,T.

Let 6,,6, and Kk, be the coproduct, the counit and the antipode of
A,(SL(n,C)) given by the same formulae as (5.2):

0,(x,) =2 %, ®x,, £,(x,)=06;, K,(x,)=(—q) det,(X,),
k=1

where X, is the (n—1)x(n-1) quantum matrix obtained from the quantum
matrix X by deleting the j-th row and the i-th column. We sometimes identify
the quantum matrix X in M(n,A) with an element ¥ e, ®x, in M(n,C)® A.

Then the nxn matrix (x,(x,)) is the inverse of X in M(n,A). Therefore the

family (A,0,,¢€,,%,) is a Hopf algebra, which we denote by A(SL,(n,C)).
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Quantum group SU, (n): In what follows we restrict g to be real and consider
an involution in A(SL,(n,C)) = (A,d,,¢,,k,) defined by

(5.5) xr=K,(x,), Lje{l,2,....n}.

Then A is a #-algebra. The mappings §, and €, are *-homomorphisms and x, is
the *-antiautomorphism which satisfies the Woronowicz condition:

K, (@) =K, (@), acA.
Then the involutive Hopf algebra (A,6,,€,,k,) is interpreted as the coordinate
ring of the “quantum group SU,(n)”. We denote the involutive Hopf algebra by
A(SU,(n)) .
Whenever we deal with the quantum group SU,(n), the quantum matrix is
denoted by U instead of X. Let U=(x,). The adjoint and the transpose are
denoted by U* =(x;’f) and ‘U=(x,). Then U*U =UU* =1 in M(n, A). Further-

more, we have

Lemma 5.1.
(1) det, (X) = Xoes, (=) X0 X 52 Xotam

= Y es, (—g)"® Xnom " X202 %1001)
(ii) Let H=3%/_,9g"" e, in M(n,C)(C M(n,A)). Then
"UH('U)" =H, (U H'(U)=H".

Proof. (i) See [8] for example.
(ii) Let 'U=(y,) with y,=x,. Then ‘U is a quantum matrix. Let

z, =(=q)'” det,(("U),). Then the nXn matrix (z,) is the inverse of ‘U by (i).
Since det,(‘U), =det, (U,) by (i), we have

2, =(=q) det, (('U),) = (~q)*~"(~q) det, (U,) = (~)* " x",
which implies that

"UH(x; )H™' = 'U(z,)=1 and H(x))H'(U)=(z,)(U)=1.

Thus '‘UH('U)* = H and (U)*H™'('U)=H"". QED

We will consider a representation of the =x-algebra A(SU,(n)). Let H
=1?(Z,)®1>(Z). A representation {7, $H?} of A(SU,(2)) for g€(0,1) is given

by Woronowicz:

n’(?-)(x) = 2(1 - q2” )”2 erH—l.n ® 1’ n(z)(v) = zq"en.n ® Z em+l‘m N

n=0 n=0 meZ
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Proposition 5.2. Let U™ =(x{") be the nXn quantum matrix for SU,(n).
Then the representation {x™, 9™} of A(SU,(n)) for n = 2 is given inductively
by ° L
ZOU®) = (1@ UP)@1,_,)®1® 1)U ) @2 (U?) 1, ,),
where ™ =H? @ H" @ H@, 1®(U®) denotes the kxk matrix (0 (x{)),

and ® is the contraction tensor product.

Proof. By direst computation, it is shown that each 2x2 minor matrix of
W (U™) satisfies the condition of the quantum matrix and the quantum
determinant det,(U™) is equal to the identity 1. The unitarity of U™ is clear
from the definition of the contraction tensor product. QED

The completion of the *-algebra A(SU,(n)) with respect to the norm
lall = sup{|z(a)|: = € Rep(A(SU,(n)))}, ae€ A(SU,(n))

becomes a C*-algebra, which we denote by C(SU,(n)). This is nothing but a
compact matrix quantum group in the sense of Woronowicz.

Let h, be the Haar state on A(SU,(n)), i.e. a normalized positive linear
functional on A(SU,(n)) with the left invariance (id® &,)(6,(a))=h,(a)l. The
Haar state on the C*-algebra C(SU,(n)) is also defined by the same condition.
The existence and the uniqueness of the Haar state on a compact matrix quantum
group is shown by Woronowicz [27]. The same results for A(SU,(n)) is given by
[14] explicitly. The faithfulness of the Haar state on C(SU,(n)) is shown by [12]
for n = 2 and [15] for general n = 2.

Proposition 5.3. (i) There exists a *-antiautomorphism R, on A(SU,(n))
with
(5.6) R, (x,)=(=1)*"det, (U,).

It satisfies co(R, ® R,)o6,=08,°R, and h,oR, =h,.
(ii) There exist one parameter *-automorphism groups {t*} and {c}} on
A(SU, (n)) with

5.7) TA(x,) = g% x,,
(5 8) o-tA (xkl) - q21(k+l—n—l)rxk[ .

Then these automorphisms satisfy the formulas
(5.9) (7} ®1)eb,=8,071,, TAoR, =R, o1}, hyott=h,,

(5.10) (1} ®0))ed,=08,°07, 0/oR, =R, 0%, hyoof=h,.



DUALITY OF THE QUANTUM GROUPS 843

Proof. (i) Let A be the *-algebra A(SU,(n)) and A° its opposite algebra.
Denote the right hand side of (5.6) by x;,. Then

Xy =g K, (xy) = ql_kx;:
by the definition of the antipode and the adjoint. It is easy to see that x;, for k,
le{l,2,...,n} are the generators of A° and satisfy the same conditions as the
definition of the quantum matrix and its determinant for A°. Thus there exists a
*-isomorphism R, of A to A° with R,(x,)=x,. This means that R, is a
#-antiautomorphism of A. It suffices to verify the equality 6o(R, ® R,)~ 4,
=8, o R, only for generators, which is easy to show.

(ii) We denote by x;; the right hand side of (5.7) or (5.8). Then x} for k,
le{l,2,...,n} satisfy the conditions in the definition of the quantum matrix and
its determinant. Thus there exists a *-automorphism 7! or o on A with
T4(x,) =x], or 0/(x,)=x], respectively. By direct computation, the first two
equalities of (5.9) or (5.10) are verified. For instance,

n
6A ° o-rA (xkl) - q2x(k+1—n—1)16A (xkl) — q2z(k+[—n—l)t 2 x/q ® le
J=1

n
= 2 QZI(k—J)'xk, ® q2i(]+1—"—l)lxﬂ = (T;A ® O';A )o 6A (xkl)
J=1

and
OA (R, (x)) = g0 (x,)" = g *g2keinixy
=g 2R, (xy) = Ry (07, (xy)).
It is easy to see that h, o7 and h, o0} are also Haar states on A(SU,(n)). The
uniqueness of the Haar state implies the invariance h, o 7* =h, and h, o0} =h,.
QED

It will be shown that the above {7} and {0} play the role of the
deformation automorphism and the modular automorphism on A(SU,(n)),

respectively. For each z € C we define automorphisms 7# and ¢ by
(5 1 1) T? (xkl) = qu(k—l)zku , 0-24 (xkl) = q2:(k+1—n—1):xkl .
Then the antipode x, is written in the form x, =R, 074, =74, R,.

A unitary representation w on a finite dimensional Hilbert space $ of a
quantum group G, is a unitary in Z($)® A(G,) with

wows =(d®8,)w),  (d®e)w)=1.

When w= Zf,",:le,, ® w, for m=dim §, these conditions are written in the form
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m

8,(w,)=2w, ®w, , g,(w,)=9,.
k=1

For two unitary representations w and w’ on § and &’, the operator
ae€ Z($,9’) which satisfies (a®)w=w’(a®]1) is called an intertwining
operator between w and w’. If there exists a subjective isometry as an
intertwining operator, the unitary representation are said to be equivalent. Let
é be the family of the equivalence classes of irreducible unitary representations
of the quantum group G, . When G is a complex simple Lie group, it is shown by
Rosso [19] that G =G. The dual object G of the Lie group SU(n) is identified
with the set {(m,, om,_)E(Z,)im 2---2m,_, 20}. Then the Peter-Weyl
theorem for SU, (n) holds [13]:

A(SU, (n)) = (‘ByeéA(y).

The irreducible unitary representation w’ corresponding to y,=(1,0,---,0) & G
is given by the fundamental unitary representation U™, i.e. U™ =w) and
A(Y,) is the linear span of its matrix elements x, for i,j=1,--,n

Proposition 5.4.
() hy(x;x,)=6,8,4"""1[n],

(ii) h,(x,xy) = 8,8,4°07" /[n],
where [n]=(1-q*)/(1-4*).

Proof. By the right invariance of the Haar state A, ,
hy(xx, )= (h, ®1d)(8,(x)x,)) = > h, (x5x, X%, -
k.l=1
Since X i, xe,q =1, we see that

Z{h (xux )—h, (x,kx,k)}x,jxkj =§;hA(x,’:x,,)xe,j
i

The set of elements x; x, for k,le{l,---n} is linearly independent by the
representation in Proposition 5.2. Hence

(5.12) Ry (x5x,) = 8,hy (x)x,) ki=1,--n.

Thus, the row vectors {7, (x,):k=1,--,n} have the same norm and mutually
orthogonal. From the relation for the transpose of U in Lemma 5.1, we have

n
1-2k * — 1-2
Zq”* P (X x,) = 5;,‘1'” "

k=1
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Hence our assertion (i) holds by (5.12). Assertion (ii) is proved similarly. QED

Proposition 5.5. (i) If a,be A(SU,(n)), then h,(ab)=h,(bo’ (a))
=h,(c*(b)a).

(ii) There exists a *-isomorphism 7 of A(SU,(n)) onto a o-weakly dense -
subalgebra of a von Neumann algebra M and a faithful normal state h on M such
that homw=h, and o'(n(a))=n(c’(a)) for ae A(SU,(n)), where {o"} is the
modular automorphism of h on M.

Proof. Let w and w’ be irreducible unitary representations on § and £’.
For each be Z($,%’), the operators ¢ =(id® h)(w’* b®w) and ¢’ =(id® k)
(w’(b®1)w*) are intertwining operators between w and w’. When b is a matrix
unit e, in ¥ ($,%’), the matrix elements of ¢ and ¢’ are given by

— ’* — 7y,
Cy =h, (Wi w ey, cy=h(Wiw, e, .
. . *
Thus, if w andw’ are not equivalent, then hA(w,;*wk,) = h, (w)w,,) = 0. Therefore

hy (xia) = g%k, (ax}) = b, (ach (x3)), a€A(SU,(n)),
and hence
(5.13) h,(ab) = h,(bo* (a)), for a,be A(SU,(n)),

which is (i). Let f be the analytic function on C defined by f(z) =h,(c?(a)b)
for ze C. Then f(¢+i)=h,(02 (a)b)=h,(bo!(a)). Thus {c*} satisfies the KMS
condition for h, on A(SU,(n)).

Let {m, , %, .M, } be the GNS representation of A(SU,(n)) with respect to
the Haar state A, :

(m,, (a)n,, DN, (c))=h, (c*ab), a,b,ce A(SU,(n)).

Let M be the von Neumann algebra generated by n’hA(A(SUq(n))) and A the nor-
mal state on M defined by h(x)=(xn,,A(1)ln,,A(1)) for xeM. Then
h(r, (a))=h,(a) for ae A(SU,(n)). Since h, is {o/}-invariant, there exists a
positive self-adjoint operator A with A1, (a)= 71,“(0'," (a)) and it satisfies
A"n,,A (a)a™ = T, (6(a)) for ae A(SU,(n)). Therefore the one parameter uni-
tary group {4} implements a one parameter *-automorphism group {6"} on M
such that o/ (x)= A"xA™ for x € M . Since T, (A(SU,(n))) is o-weakly dense in
M, by a standard approximation procedure, the automorphism group {c/} on M
is shown to satisfy the KMS condition on M. The uniqueness of the modular au-
tomorphism implies that it is the modular automorphism for A. Therefore
O',h(n:,,A (a))= T, (0%(a)) for ae A(SU,(n)) and the normal state h is faithful on
M. Thus 7, is the desired *-isomorphism. QED
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For an involutive Hopf algebra, the Kac-Takesaki operator W:
(n,, ® n,, Na ®b) > (nhA ® us )(6,(b)(a®1)) is unitary as shown in Remark
2.6. Define the coproduct § on M by the usual formula: 8(x)=W(1® x)W*. Then
it is an extension of §,, i.e., 5(”11A (@) =(m, ®m, )(8,(a)) for aeA(SU,(n))
and satisfies the coassociativity. The left invariance of the state & on M is
immediate form that of the Haar state h,.

Since the deformation automorphism {7/} preserves the Haar state #,, there
exists a positive selfadjoint operator H with H"’nhA(a)= M, (t2(a)). Define the
deformation automorphism {z,} on M by 7,(x) = H"xH ™. Then it is an extension
of {71}, ie., Tx(”h,, (@)= T, (tA(a)). It is easy to see its commutativity with the
coproduct and its invariance of the state # by (5.9). By virtue of Proposition 5.3,
each element of A(SU,(n)) is entire analytic with respect to the deformation
automorphism {7}. Put R, =k,o7/,. Using the operator J defined by
jnhA (a)= U (BA (a*)) for ae A(SU,(n)), we define the unitary antipode R on M
by R(x)=Jx*J.Then it is an extension of R,, i.e., R(m, (@) =m, (R,(a)). It is
easy to see its commutativity with the deformation automorphism, its invariance
of the state & and 0o (R® R)od = 6o R. As we have already seen in Remark 1.2
that an involutive Hopf algebra satisfies the strong left invariance, we find that
the family (M,0,R,7,h) is a Woronowicz algebra, which we denote by
L~(SU,(n)). Thus we have the following:

Theorem 5.6. IfA(SU, (n)) = (A, 0,.€,4,K,) is an involutive Hopf algebra and
h, is the Haar state, then L~ (SU, (n))=(M, 0,R,T,h) is a Woronowicz algebra
which contains A(SU,(n)) as its o-weakly dense *-subalgebra under the above

notations.

Remark 5.7 Let W be the Kac-Takesaki operator of L*(SU,(n)). For each
yeG with G=SU(n), we denote by w? —(w(”)us,y the corresponding
irreducible unitary representation with &, (w”)=w"". Then

h(w(r) (7))
W=3 Y n,whev’=3 ¥ \j

yeG :kel yeG kel

(7) ® (7’)
h(w(’/)* (7)) h( ) Cu

where v,”’n,(w”)=n,(w/’) for any jel, and v{”=0 on the orthogonal

complement of the subspace Y, Jelycnh(wzy))_

Quantum Lie algebra sl (n,C) for n22: Assume that ge C(g#0,%1). The
quantum universal enveloping algebra #(sl (n,C)) is the Hopf algebra
(#,6,,¢,,k,) consisting of a C-algebra % generated by 4(n—1) elements
ki .k; e, f, for j=1,2,...,n—1 satisfying the fundamental relations:
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kik; =k7k =1, k'ki =kik® (i#)),
kiek =qe, (i=j);=q"e (i-jl=1):=¢ (i-jI>1
kifk=q'f (i=)); q"f (i-jl=D); =f, (i-j>1)
ef,—fe.=06,(a—q7" ) (k') — (k7))
ee,=ee, ff,=ff (i-j>D
e’e, —[2leee +ee’ =0, f2f —[21f.f,f,+f f =0 (i-jl=1)
and the coproduct & ,» the counit €, the antipode x, with
0,(k*)=k*®k*, 6,(e)=¢ ®k +k'®e, 0,(f)=f®k +k' ®Ff,
£,(k)=1¢,(e)=¢€,(f)=0,
x, (k) =k, x,(e)=—qe,x,(f)=-q"f,.

Quantum Lie algebra su, (n) for n22: Assume that g€ R (¢ #0.%1). Let’s
consider an involution: ¢ — ¢* in #(sl,(n,C))=(%, 6,,€,,k,) satisfying

(klt)#=kzi’ el#=fl’ f1#=er‘

Then % is a x-algebra. The mappings &, and €, are *-homomorphisms and the
mapping K, is a *-antiautomorphism with the Woronowicz condition. The
involutive Hopf algebra (#,6,,€,,x,) is called the quantum universal
enveloping algebra 7% (su,(n)) for the “quantum Lie algebra su, (n)”.

The dual space of A(SU,(n))=(A, 6,.€,,K,) becomes an involutive unital
algebra with respect to the product ¢*y=(§® y)o4d, for ¢,l//eA*, the
involution ¢#(a)=¢*(1<,/(a)), where ¢™(a) = ¢(a™), and the identity €,. The
quantum universal enveloping algebra #%(su,(n)) is identified with a =*-
subalgebra of the dual space A(SU, (n))* under the initial conditions

i i+1
(k*(x,,)) = diag(,--~ 1, ¢*'2, g™, 1,---, 1),
(el (‘xlm )) = el,l+l ’ (f: (xlm )) = el+l.l
for the quantum matrix U =(x,,) and the recurrence formulas
ki (ab) = k*(a)k? (b),
¢,(ab) = ¢,(a)k (b) +k/ (a)e,(b), f,(ab)= f,(@)k; (b)+ k' (a)f,(b).
In what follows A(SU,(n)) = (A,6,,€,,x,) together with the Haar state h, is

embedded into the Woronowicz algebra L“(SUq(n))=(M, 6,R,7,h) as a O-
weakly dense #-subalgebra. The underlying space $ is identified with the L?-
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space I?(A,h,) through the identification 1,(7,(a))= M, (a) for ae A. For each
¢ € A* we define two linear operators A(¢) and p(¢) in § by

A@)7,, (@)= (1, ® 9)(8,(a)) and p($)n, (@)= ($® 1, )5, (a)).

It is easy to see that these operators are closable. The restriction of elements in
the predual M, to A(SU,(n)) forms a weakly* dense subspace of A(SU, (n))*.

Proposition 5.8. If ¢ € (M,),, then p(¢)” = 7i(¢ o k) and A(§)~ = Fa(¢*)F.

Proof. By direct computation, we obtain the assertions. QED

The modular properties for representations of SU,(n) in the sense of
Woronowicz [27] are described by a family {f,:z€ C} of multiplicative linear
functionals on A defined by p(f,) < p¥?, where p is the Radon-Nikodym
derivative (D}; ° IAQ:DI;)l for the dual Woronowicz algebra L~ (SU, (n))".

Proposition 5.9. Let % (su,(n)) be the quantum universal enveloping
algebra.

(i) Let {a},---,a,_,} be the fundamental root system for the Lie algebra su(n)
and P, the system of positive roots. For each a=ma, +---+m,_,  in P, we
set k® = (k)™ - (k)™ and k=[l,ep k*. Then k= (ki)™ (k5 )2 (ki)
- ( k;—z )2(n—2> ( k’:r_l )n—l .

(i) The Radon-Nikodym derivative p = (Dho R:Dh), for L*(SU,(n))* is the
self-adjoint extension of the operator p(k)™.

Proof. (i) By direct computation, we obtain the assertion.
(ii) According to Lemma 2.14 together with the duality, we see that

/3=.7A.7H. For any element a=x, ---x , in A we set j=j+--+j, and

I=1+---+1,. Then Proposition 5.3 implies that
pn, (a) = JAJHN, (a) = ¢~ JA Jn, (a) = 0" J AN, (R(a)*)
= q2(;—I)q2(j+l—m(n+l))jAnh (R(a)*) — q2(2/—m(n+l)) Tlh (a) .

On the other hand,
pUIT, (@) = (k®id)(8(@) = k(x, , x, , Ja=k(x,, ) k(x, , )a

and, by assertion (i),

k(x,,,, ) = q—(j,—l)(n—],+1)/2qj,(n—/,)/2 = q—(21,—n—l)/2’ l — 1, e m.

Hence p1,(a) =p(k)™n,(a) for ac A. QED
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As for the dual Woronowicz algebra for SU, (n), we will discuss in separate

publications.
References

[1] Baaj, S. and Skandalis, G., Unitaires multiplicatifs et dualité pour les produits croisés de C” -
algebre, (first version, 1988)

[3] Drinfeld, V. G., Quantum groups. Proc. ICM, Berkeley, 1(1986), 798-820.

[4] Enock, M. and Schwartz, J. M., Une dualité dans les algébre de von Neumann, Bull, Soc. Math.
France, Suppl. Mémoir , 44(1975), 1-144.

[5] , Sur la structure des algebres de Kac, II, Proc. London Math, Soc., (3)41(1980), 465-
480.

[6] Jimbo, M., A g-difference analogue of U(y) and the Yang-Baxter equation, Lett. Math.
Phys.,10(1985), 63-69.

[7] Kac, G. I., Generalization of the group principle of duality, Soviet Math, Dokl., 2(1961), 581-
584.

[8] Koelink, H. T., On quantum groups and g-special functions, Thesis 1991.

[9] Masuda, T., Mimachi, K., Nakagami, Y., Noumi, M. and Ueno, K., Representation of quantum
groups, “Mapping of operator algebras” , Proc. Japan-U.S. Joint Seminar, Univ. Pennsylvania,
1988, edited by H. Araki and R. Kadison, 119-128, Birkhéduser, Boston-Basel-Berlin, 1990.

[10] , Representations of the quantum group SU,(2) and the little g-Jacobi polynomials, J.
Functional Analysis, 99(1991), 357-386.

[11] Masuda, T., and Nakagami, Y., An operator algebraic framework for the duality of the quantum
groups, “Mathematical Physics X”,Proc. AMP-91, Univ. Leipzig, 1991, edited by K. Schmiidgen,
291-295, Springer-Verlag, Berlin-Heiderberg-New York, 1992.

[12] Masuda, T., Nakagami, Y. and Watanabe, J., Non commutative differential geometry on the
quantum SU(2), I: an algebraic viewpoint, K-theory, 4(1990), 157-180.

[13] Mimachi, K., Noumi, M. and Yamada, H., Zonal spherical functions on the quantum homogeneous
space SU,(n—-1)\SU,(n), Proc. Japan Acad., 65(1989), 169-171.

[14] , Finite dimensional representation of the quantum group GLq (n;C) and the zonal
spherical functions on U, (n—-1)\U,(n), to appear in Japan. J. Math.

[15] Nagy, G.,On the Haar measure of the quantum SU(n) groups, Commun. Math. Phys., 153(1993),
217-228.

[16] Nakagami, Y., Takesaki duality for the crossed product by quantum groups, “ Perspectives on
Quantum and Non-Commutative Analysis — Past, Present and Future of Contents between
Mathematics and Physics”,Kyoto, 1992, edited by H. Araki, K. Itoh, I. Ojima and A. Kishimoto,
Birkhiduser, 1993.

[17] Podle$, P., and Woronowicz, S. L., Quantum deformation of Lorentz group, Commun. Math.
Phys., 130(1990), 381-431.

[18] Rosso, M., Comparison des groupes SU(2) quantiques de Drinfeld et de Woronowicz, C. R.
Acad. Sc. Paris, 304(1987), 323-326.

[19] , Finite dimensional representations of quantum analog of the enveloping algebra of a
complex simple Lie algebra, Commun. Math. Phys., 117(1988), 581-593.

[20] Schwartz, J. M., Sur la structure des algébres de Kac, I, J. Functional Analysis, 34(1979), 370-
406.

[21] Stratila, S., Voiclescue, D. and Zsid6, On the crossed products, I, II, Rev. Roum. Math. Pures
Appl., 21(1976), 1411-1449; 22(1977), 83-117.

[22] Takesaki, M., Tomita’s theory of modular Hilbert algebras and its applications, Lecture Notes
in Math., 128(1970), 1-123, Springer-Verlag, Berlin-Heiderberg-New York.

[23] , Duality and von Neumann algebras, Lecture Notes in Math., 247(1972), 665-779,

Springer-Verlag, Berlin-Heiderberg-New York.



850

[24]

[25]
[26]

[27]
[28]

[29]

TETSUYA MASUDA AND YOSHIOMI NAKAGAMI

Vainerman, L. I. and Kac, G. I., Non unimodular ring groups and Hopf-von Neumann
algebras, Math, USSR Sbornik, 23(1974), 185-214.

Vainerman, L. I., Correlation between compact groups and Kac algebras, preprint.
Woronowicz, S. L., Twisted SU(2) group. An example of a non-commutative differential
calculus, Publ. RIMS, Kyoto Univ., 23(1987), 117-181.

, Compact matrix pseudogroups, Commun. Math. Phys., 111(1987), 613-665.

, Tannaka-Krein duality for compact matrix pseudogroups. Twisted SU(N) groups,
Invent. Math., 93(1988), 35-76.

Yamagami, S., On unitary representations of compact quantum groups, preprint 1993.




