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Action-angle Maps and Scattering Theory
for Some Finite-dimensional
Integrable Systems
I1. Solitons, Antisolitons, and their Bound States

By
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Abstract

We present an explicit construction of an action-angle map for the nonrelativistic
Calogero-Moser systems with 1/sh? and — 1/ch? pair potentials, and for relativistic generalizations
thereof. The map is used to obtain extensive information concerning dynamics and scattering.
We also discuss the relation between the relativistic N-particle systems and the N-particle-like
solutions of various soliton PDEs, including the sine-Gordon equation.
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1. Introduction

In this paper we continue our construction and study of action-angle maps
initiated in our previous paper [1], which we shall refer to as I. Some of the
results reported here have been announced in [2]. A wider context for the
results and more background information on the integrable systems at issue (in
particular as regards their quantizations) can be found in our survey [3]. This
article can be read independently of I, but we do need one key result from I,
viz., the canonicity property established there.

The N-particle systems studied here can be physically characterized as
describing N, particles of positive charge (solitons) and N _ particles of negative
charge (antisolitons) in one spatial dimension. From a mathematical viewpoint,
we are dealing with integrable systems corresponding to the nonrelativistic
Calogero-Moser type Hamiltonian
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first studied in [4,5], and its relativistic generalization

H=p"" % exp(fp WV +p7" Y exp(Bpy)V; () (12)
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introduced in [6]. In (1.2) the potentials and coupling constants are given by
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The radicands in (1.3) and (1.4) are positive, so we may and will take positive
square roots.

In I the special ‘pure soliton’ case N_ =0 (or, equivalently, N, =0) has been
dealt with, the systems then being denoted by II,, and Il In this paper (in
contrast to I) we shall as a rule suppress the dependence on the parameters f,
u and g, as these are assumed to be fixed and this eases the notation. More
generally, our notation is chosen such that many equations for the I1,, case apply
to the 11, case, too.

For N,N_>0 the Hamiltonian (1.2) is not smooth on the hyperplanes
x;”=x; when 7 takes its maximum allowed value /2. We shall return to this
singular case after presenting some common features of the remaining two cases
Il,, and I, with 7€(0,7/2).

First, the phase space will be taken to be the symplectic manifold {Q, w),
where

Q={(x*,x",p",p7)eR*™x* eGy,,x €Gy_} (1.6)
w= Y dx}Adpf+ ) dxj Adpj. 1.7
1<i<Ny 1<<N-

Here and below, G, denotes the wedge
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G,={xeR"x,<--<x}. (1.8)

The N independent Hamiltonians in involution can be obtained from an N x N
matrix-valued function L on Q specified in Chapter 2, cf. (2.21) and (2.70). A key
property of this Lax matrix L is that it is pseudo-self-adjoint w.r.t. the indefinite
metric

| 1a, 0
7 =[ 0 —IN_]' 0

Correspondingly, we shall have occasion to use various (known) properties of
pseudo-self-adjoint and pseudo-unitary matrices, which are summarized in Ap-
pendix A.

Most of our results pertain to the open dense full measure subset of Q given
by

Q,={PeQ|L(P)has nondegenerate spectrumj}. (1.10)

On Q, the Lax matrix has /€ {0, 1, ---,m} complex-conjugate pairs of eigenvalues,
where

m=min(N,,N_). (1.11)

Such pairs will be shown to correspond to soliton-antisoliton bound states
(‘breathers’). Any remaining simple eigenvalue Ae R comes equipped with a
signature, viz., the sign of (¢, #¢), where ¢ is an eigenvector corresponding to
A. Specifically, setting

k,=N,—|, k_=N_—I, [1=0,1,---,m (1.12)

there are k. (k_) positive (negative) signature eigenvalues, cf. Appendix A.
For the exceptional case T=7/2 we take as phase space the toned-down
symplectic manifold {(Q° w), where

Q' ={(x*,x",pt.p)eQ|x; #x;,i=1,--,N,,j=1,--,N_}. (1.13)
J

With € replaced by Q7 the algebraic features just sketched apply again. Gener-
ically, solutions to the Hamilton equations hit the hyperplanes where soliton and
antisoliton positions coincide in finite time, so the H flow is not complete on
Q°. However, this disease will be shown to have an effective—if somewhat
exotic—cure.
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Having set the stage, we are now prepared to discuss the organization of the
paper and its results in more detail. Roughly speaking, the paper consists of
three parts. The first part concerns the construction of the action-angle map
(Chapters 2-4) and its ‘harmonic oscillator’ extension (Chapter 5). The second
part (Chapter 6) is devoted to a study of the flows generated by the Hamiltonians
(1.1), (1.2) and the associated commuting flows. In the third part (Chapter 7)
the results obtained in the first two parts are used to study particle-like solutions
to various PDEs. The appendices A and B contain algebraic results that are
used at various places in the paper. Appendix C deals with spectral asymptotics;
it is used only in the second and third part.

The first part of the paper is quite long and involved. To assist the reader
in keeping track of the flow chart, a sketch of the main steps—as regards the
I1,, case—now follows. (The treatment of the II,,, case is quite similar from a
conceptual viewpoint.) We shall refer to a number of key equations in Chapters
2-5, so this sketch might be skipped at first reading and referred back to as
needed. (Possibly, this is the best way to proceed as concerns all of the first part.)

Chapter 2 is concerned with the algebraic aspects of the construction of the
action-angle map. First of all, this involves a determination of the range of
variation of the spectrum of the Lax matrix L(P) as P varies over the subset Q}
of Q; where L has / complex-conjugate pairs of eigenvalues, cf. (1.10)-(1.11). A
priori, the normal form (A8)-(A12) allows any eigenvalue vector A in the set A,
(2.4). For the concrete Lax matrix (2.21), however, it is not even immediate that
Q, is non-empty, let alone that Q} is non-empty for all /e{0,1,---m}.

Our strategy is to first obtain restrictions on the set A, for the pseudo-self-
adjoint matrices at hand, and then to prove that any eigenvalue vector in the
restricted set actually occurs. The key to this restriction is the implication
(2.18), which says that certain auxiliary functions are non-negative wherever
a complex-conjugate pair of eigenvalues occurs. We have isolated this
implication in Section 2A before fully specifying the objects in the fundamental
commutation relation (2.7), so as to handle the cases I1,, and 1T, simultaneously
and without clutter.

Specializing to the 11, case in Section 2B, it is an immediate consequence of
the implication (2.18) and the transformed commutation relation (2.24) that the
spectrum of the Lax matrix belongs to the closed strip (2.26). Until Chapter 5,
however, attention is restricted to the subset Q; of Qf on which the spectrum
belongs to the interior of the strip. (The strip boundary corresponds to
collapsing tori; such points are dealt with in Section 5A.) Thus, the range of
variation A, (2.43) for the eigenvalue vector A arises.
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Via the auxiliary vector-valued function e (given by (2.20)) and a suitable
transformation of the commutation relation (2.7) we also associate a vector v of
‘norming constants’ (2.40) to any point in ;. This vector is shown to vary over
the set N, (2.44). (In Chapter 4 it will be made clear how A and v determine the
actions and angles, resp.; the reparametrizations involved would amount to
distracting fuss in the algebraic context of Chapter 2.) In analogy with soliton
theory, we have dubbed the transformation from PeQ, to (v,A)eN,x A4, the
‘direct transform’.

The crux is now, that the reasoning can be ‘run backwards’. That is, we
can start from a point in N, x 4, define matrices and vectors that satisfy the
transformed commutation relation, and transform back to the form these objects
take on ;. In this way it follows not only that Q, is non-empty, but also that
the direct transform is a bijection from €, onto the data set D,=N,x 4,.

The next problem consists in showing that the data set can be promoted to
a symplectic manifold in such a way that the (reparametrized) direct transform
is a symplectic diffeomorphism. Chapter 3 is a crucial step towards solving this
problem: it enables us to reduce the problem to the special (pure soliton) case
N,N_=0 already handled in 1. Specifically, the idea is to exploit the
canonicity and analytic features of the diagonalizing map @ from I

Unfortunately, it turns out to be quite difficult to rigorously control the
analytic continuation of this map from its definition domain Gy x R = R?" to
the subsets of C*N that correspond to the phase spaces (1.6) with N,N_>0.
Therefore, we have opted for the simpler strategy of controlling the continuation
of the inverse map &: in that case one can block part of the prolific branching
that occurs by restricting attention to the domain (3.2). (The excluded branch
varieties occur at the boundaries of the strip in (3.2).) The remaining branching
can then be determined by estimating the relevant quantities along suitably
chosen non-contractible loops, cf. Lemma 3.3.

In Chapter 4 the algebraic and analytic information assembled in Chapters
2 and 3 is combined with geometric information to solve the above problem. As
already alluded to, this involves first of all a reparametrization of the data set
D, cf. (4.1)-(4.4). The resulting set fZ, (4.5)-(4.7) can then be viewed as a
symplectic manifold that arises from quotienting out a free symplectic action
of the symmetric group S, on an open subset of a cotangent bundle, equipped
with its obvious symplectic form.

The main result of Section 4A (Theorem 4.1) is now, that the reparametrized
direct transform @, is indeed a symplectomorphism from {Q,w) onto the
quotient symplectic manifold <ﬁ,, @;». In particular, this reveals that breathers
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cannot be distinguished, a property that is far from obvious a priori—and
quite a surprise at the classical level. With hindsight, one may attribute this
indistinguishability property to the solitons and antisolitons, too; this viewpoint
is suggested especially by Theorem 6.3. But in contrast to the breathers, this
picture of the (anti)solitons is not forced by the geometric state of affairs, since
the relevant symmetric group action admits a fundamental set that is a
manifold. As will be seen, this difference comes down to the fact that distinct
real numbers—as opposed to complex ones—admit a continuous ordering.

The commutative diagram (4.19) encompasses a great deal of the notations
and constructions of Chapters 2-4. Together with its pure soliton specialization
(3.28), it can serve as a blueprint and memory aid. It is also used as a starting
point for obtaining the main result of Section 5A, namely Theorem 5.1. Here
we show that the action-angle map ®, extends to a symplectomorphism ®} from
{Q}, w) onto the symplectic manifold <QF, &) defined by (5.15)~(5.19). In new
coordinates u;, »; (defined via (5.3)) on the breather part B, of ﬁ, (cf. (4.5)-(4.7)),
the extension amounts to allowing the origins (u;,2,)=(0,0), i=1,---,L

More specifically, when a pair of complex-conjugate eigenvalues of L
converges to the strip boundary, the radius (u? +v7)!/? of the corresponding torus
goes to 0. Now this much is plain from the transformation (5.3), but the main
problem in proving Theorem 5.1 is to show that arbitrary spectral boundary
points do occur and that the extended map remains bijective. The first difficulty
is handled by showing that the inverse & of @, extends to Qf, which involves
analytic and geometric arguments. In order to obviate the second one, we have
to repeat a part of the algebraic reasoning of Section 2B, cf. (5.35)-(5.49). The
point is, that a different gauge fixing is needed to control spectral boundary
points. (The gauge freedom resides in the GL(N, C) matrix diagonalizing L on
Q.. Thus, the gauge group involved here is a semi-direct product of the
C*N_valued functions on Q, and the symmetric group Sy, the action of Sy being
the obvious one.)

The special case N, =N_=1 is spelled out in considerable detail at the
beginning of Section 5A, cf. (5.1)—(5.12). This should serve as a guide for
understanding the notation and the ‘harmonic oscillator’ terminology associated
with the extension procedure for the general case. In Section 5A we also show
that the Lax matrix is not diagonalizable on the exceptional set (separatrix)
Q,=0\Q,, and present explicit examples of phenomena occurring on Q,.

After this rather detailed summary of the first part of the paper we now turn
to a shorter description of the results in the second part, Chapter 6. Here, the
extensive information gathered in the first part is used to study the character
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and temporal asymptotics of a large class of mutually commuting Hamiltonian
flows, containing in particular the flows generated by the Hamiltonians (1.1) and
(1.2) in the nonrelativistic and relativistic case, resp. Just as in the pure soliton
regime, the position part (x*(¢), x(#) of the flows can be expressed in terms of
the eigenvalues of an explicitly known f¢-dependent N x N matrix. Therefore,
studying scattering theory is again tantamount to studying spectral asymptotics.

In the pure soliton case we could determine the desired spectral asymptotics
for matrices defined on open neighborhoods of phase space viewed as a subset
of C?N. This led to uniform estimates without which the canonicity proof in I
would break down. Here however, venturing into complex neighborhoods is
troublesome, as this leads to breather dissociation.

However, since we solve the canonicity problem via analytic continuation,
we only need the spectral asymptotics for the type of matrices arising on phase
space. This is dealt with in Appendix C in a slightly more general setting. The
main result, Theorem Cl, is of independent interest. The reality restriction (as
compared to Appendix A in I) enables us to obtain quite precise information on
the times needed for eigenvalue clusters to collide and separate, and on the
behavior before collision and after separation. For the matrices occurring in
Chapter 6 the shifts of the center of mass of each cluster (and of the phase in
case the cluster consists of one breather) can be calculated explicitly by exploiting
an explicit formula for the inverse of the Cauchy matrix, cf. Appendix B. From
a physical point of view, the corresonding elucidation of the long-time asympto-
tics of the various Hamiltonian flows (to be found in Theorems 6.2, 6.5 and 6.8)
may be regarded as the principal result of this paper.

Besides the general case, Chapter 6 also deals with a special situation of
considerable physical interest. It so happens that the collapse of the invariant
tori already discussed above corresponds physically to breathers that do not
breathe any more. In the special case N, =N_=M there exists an invariant
submanifold of phase space characterized by x* =x", p* =p~, which corre-
sponds to M such breathers. We prove that the action-angle map restricted to
this submanifold coincides with the action-angle map for M solitons up to
rescalings, cf. Theorems 6.3, 6.6. Pictorially speaking, this says that dead
breathers behave like solitons. (For the I, case and the H flow this phenome-
non was first observed by Calogero [7].)

Another striking phenomenon pertaining to the singular t-value 7/2 is the
existence of simultaneous collisions of all solitons and antisolitons. This can
only happen when the asymptotic soliton and antisoliton momenta are in-
terlaced, so that one must have [N, —N_|<1. This restriction is quite surpris-
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ing; as a bonus, the existence proof corroborates the inevitability of somewhat
complicated signs in several formulas occurring below.

Our results for the IT,, and 11, (r <7/2) systems are presented in Sections
6A and 6B, resp. These are quite complete; the problems left open concern the
exceptional set Q\Q,. In contrast, our account of the il (t=7/2) case in
Section 6C leads to some questions that are left unanswered even for Q7. These
questions are connected with the fact that the commuting local flows on Q7 are
not global: Even though we have found a way to complete the flows on a
jazzed-up phase space Qf, one winds up with some problems that appear quite
elusive.

In order to discuss Chapter 7, we begin by commenting on our terminology
‘solitons’ and ‘antisolitons’, as applied to the point particles and antiparticles of
the I1,, and I1,., systems. This terminology is natural first of all because the
factorization of the S-map revealed in Chapter 6 is the hallmark of the scattering
of the soliton-antisoliton solutions of the sine-Gordon and modified Korteweg-
de Vries equations. These solutions have been viewed as “particle-like’ ever since
they were discovered some 20 years ago. However, the fact that the particle
character of soliton solutions to various PDEs and infinite lattices (such as the
Toda lattice) can be understood from an intimate relation to integrable finite-
dimensional Hamiltonian systems (viz., the II,,; systems) has only been demon-
strated in recent years [6, 2, 3].

We mention in passing that this relation has an intriguing resemblance to
phenomena in the area of non-integrable PDEs, such as the Navier-Stokes
equation [8]. Note in this connection that in actual applications of soliton
PDEs the relevant PDE is typically obtained after some drastic approximations
of a more accurate, but non-integrable description; in many such cases, the
observed long-time behavior is indeed finite-dimensional (namely, ‘solitonic’).

In the first section of Chapter 7 we reconsider the particle-soliton relation,
firstly with regard to the notion of soliton space-time trajectory [6, 2] and
secondly with the aim of proving uniform decay bounds of the form

suplY(t,y)— ¥ *(1,y)| = Oexp(F1r)),  t— Foo. (1.14),

yeR

Here, Y(t,y) denotes an N-soliton solution and ¥ *(¢, ) denote linear combina-
tions of N 1-soliton solutions; the constant r>0 can be expressed in terms of
the action variables associated with the initial point in phase space that
determines the Cauchy initial value of the soliton evolution equation.
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As it turns out, the correspondence between particles and solitons, combined
with Appendix C, can be used to great advantage to prove (1.14). For the pure
soliton solutions of the KdV and modified KdV equations these bounds improve
previous results of Tanaka [9] and Ohmiya [10], resp., who proved that the /As
of (1.14), converges to 0 for t > +oo. It is easy to check that our decay
estimates cannot be sharpened for N=2, and we believe that they are best
possible for general N, too.

In Section 7A we make essential use of (a special case of) Theorem C1, but
the previous chapters are only needed in as much as they subsume the pure
soliton case already handled in I. In contrast, Section 7B leans heavily on
Chapters 2-6. Here, we use virtually all of our results on the t=/2 II,, systems
to study a class of sine-Gordon and modified KdV solutions. This class
subsumes all real-valued Schwartz space solutions that yield a vanishing
reflection coefficient and a transmission coefficient having N poles in the upper
half plane, each of which is simple. (Here and below, we use terminology
associated with the Inverse Scattering Transform (IST), cf. e.g. [11, 12])

We first generalize the bounds (1.14). to those solutions that contain
solitons, antisolitons and breathers with distinct asymptotic velocities. We then
detail the link with the particle systems and prove that any solution in our class
is reflectionless in the sense of the IST. Finally, after discussing the relation of
the exceptional set Q”\Q? and multipole solutions [13—15], we extend the notion
of space-time trajectories to any solution in our class and derive various
properties of these trajectories. The occurrence of soliton-antisoliton and
multiple collisions gives rise to a far richer picture than in the pure soliton case.

In Chapter 7 we also comment on related literature [2, 3, 9-17].

We conclude this Introduction with some general remarks concerning
organisation and presentation. A superficial reading of this paper might give
an impression of a certain redundancy, both in the notation and in the number
of gauge fixings and permutations employed. Now we do not presume that the
exposition cannot be improved, but we do believe that any clear-cut and rigorous
account of the results occurring below will have a quite baroque appearance.

The strategy followed here has the advantage of clearly distinguishing the
algebraic, analytic and geometric problems involved, at the expense of a small
amount of repetition. In our choice and use of gauge-dependent objects we
have attempted to obtain maximal information with minimal notation for each of
the three aspects before putting the pieces together. The various permutations
are a trifling nuisance from a conceptual point of view, but their use appears
inevitable in establishing unambiguous notation and definitions. We should
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also mention that a rigorous grip on what we have dubbed the harmonic
oscillator transform seems unattainable without first getting the action-angle
map under control.

Finally, we are aware of results in abstract symplectic geometry (described
e.g. in [18]) that may seem to have a bearing on some of the problems
encountered below, but these results hinge on certain compactness assumptions.
Our sole hypotheses are (1.1)—(1.5), and it so happens that these equations give
rise to concrete integrable systems for which these compactness assumptions are
violated. In fact, for better or worse we use very little geometric machinery and,
more generally, this paper is largely self-contained.

2. The Direct and Inverse Transforms

2A. First Steps

In this section we lay the groundwork for the construction of the direct
transform for both cases at once, without detailing the Lax matrix L yet. First,
fixing a point P in the subset Q; on which L has simple spectrum, we may
invoke Prop.A3 to conclude that a #-unitary U exists such that U™'LU
takes the normal form (A8)-(A12). (For the critical value 1=n/2 we take
PeQ’) Setting

1, 1
KEdiag(lk+,2“’2[ L ] 1, )=K '=K* (2.1)
ll _11
and
L=KU LUK (2.2)

we then obtain

f,=diag(p1, Dk PL IO PO Py — 10 oy — B0 Ny, ey ). (2.3)

Since the positive and negative signature eigenvalues p; and »; are distinct,
we may and will require that they are ordered such that pe G,,, neG,_ (recall
(1.8)). Similarly, we may and will order p, +ioy,- -, p,+i0, lexicographically;
Namely, we require p,<---<p,, and if p,,,=p, then we require o, <0,.

With these ordering conventions in force from now on, we introduce a vector
A in the set

AIE{’IECNK’II, ""lk+)EGk+a(/1N-k_ +1 “',/?.N)EGk_,
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Ms 414m=Pay wm [MAe, 1, >0, n=1,---, [,
Ai# M whenj#k, Ay, 41, %, + 10 lexicographic order} (2.4)
by writing L as
L=diag(l,, -, Ly). (2.5)

(In (2.4) and below, bars denote complex conjugation.) A priori, any A€ A, might
arise. However, this is not the case for the matrices L specified below. Just as
in I, a key tool to obtain detailed spectral information is a commutation relation
involving L and a matrix-valued function 4 on Q,

A=diag(exp(uxy), -, exp(uxy, ), —exp(uxy), -+, —exp(uxy_)). (2.6)

This commutation relation takes the form

c[4,L] =e®e—{A () (2.7

(AL+LA)2  (re))

where the constant ¢ and vector e will be detailed below (cf. (2.19), (2.20) and (2.68),
(2.69)). Setting

A=KU 'AUK (2.8)
é=KU le, e=KU'e 29
we may transform (2.7) to get

A (nr)

AU (2.10)
(AL+LA)2  (re)).

c[ﬁ,i]:é@é—{
Next, we derive an implication ((2.18) below), which can be combined with
(2.10) to obtain information on the eigenvalue vector 1. First, we note that
A7 >0, (2.11)
cf. the definitions (2.6) and (1.9). This entails

Ag>0, (2.12)
where
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n 0 1
F =KJK=diag(l,,, [1 0’] -1.) (2.13)
1

since we may rewrite A ¢ as
AF=KU 'AUFK=(KU YA £YKU H* (2.14)

Second, in both cases it can be read off from the definition of e (cf. (2.20), (2.69))
that

e=Je. (2.15)
This implies
é=gé (2.16)
since we may write
é=KU'e=KgU ' fe=(KFKY(KU Ye. (2.17)

Now let 4; be a non-real eigenvalue and let k be the index such that

J=2; Due to (2.12) we have (4.9);;, (4.9)>0; also, combining (2.16) and
(2.13) we infer &;=8,,&,=¢é;. Therefore, the following implication holds true:
Aj=pntio,, k=p,Fic,= A;>0,¢,>0. (2.18)

At this point it is expedient to proceed with a separate treatment of both
cases, detailing first c,e and L. However, it should be noted that these quantities
are in essence uniquely determined by the commutation relation (2.7) and the
definition (2.6) of A, once one insists on ¢ #0, L being #-s.a. and e satisfying (2.15).

2B. The Case II,,

In the nonrelativistic case c,e and L are explicitly given by

=—i/ug  1ge(0 ) (2.19)
| - TS S
eiEeXp(Euxi ) en. +jEleXp(5ﬂxj ) (220

I
Ly=0up +(1— 6ik)—#g’—'

237 =) ZCh%u(X? —x7)

—kE @2.21)

Li,N+ +1=
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ug _ ipg
LN++,-,k541*— Ly, +jn, +1=00D; "‘(1“511)—1'——
2ch5 px; —x;) 2sh E/J(xj' —-x7)

where i,ke{l,---,N,}andj,/e{l,---,N_}. Since uand g are positive, L is of the
form

L L,_
L=[ . ) ]’ Lys*=Lss L5 —s*=—L_;5, 6=+, (2.22)
L_, L__

so that Lis ¢-s.a.,as announced. Furthermore, the equality (2.15) is evident and
the commutation relation (2.7) is easily verified. For later use we note the crucial
relation

H:% TrL? (2.23)

cf. (1.1).
We now continue the construction of the direct transform begun in Section
2A. Rewriting the commutation relation (2.10) we obtain

Al 1+i(A— L)/ ugl=é#. (2.24)
Combining this with the implication (2.18), we infer
1% 20,/ug =0, n=1,--,1 (2.25)
But then we may conclude
o(L) = 85,2 (2.26)
where S,, denotes a strip defined by

S,={ieC[|Im | <w} 2.27)

and where ¢/ denotes closure.
Next, we introduce the subsets

Q,={PeQ|a(L(P) < S,,} (2.28)
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Q,=0\Q; (2.29)
Q,=0,nQ (2.30)
(where i,b,r stand for interior, boundary, regular). From (2.24) and (2.16) we
now conclude

1, 1, P
/1;=Pn+ilug, lk=pn—§tug=e,-=ek=0- (2.31)

In contrast, we claim that
é;#0,  j=1,---,N, (onQ,). (2.32)

Indeed, the square brackets in (2.24) are non-zero on (2,, so we may rewrite (2.24)
as

/ijk =éjc(0s w—g;h A)jkék’ (onQ,) (2.33)

where C is the Cauchy matrix (B1). Now we clearly have |4|=|A4|#0, cf. (2.6);
moreover, |C|#0 in view of Cauchy’s identity (B4). Therefore, our claim (2.32)
follows.

We proceed by introducing

E=diag(é,, -, éy). (2.34)

Restricting attention to Q, from now on, we see from (2.32) that E is invertible.
Thus we may define the product matrix

P=E"'KU"! (2.35)

and then we get from (2.2), (2.5) and (2.9) the relations

PLP ™ =diag(A,, -, Ay) (2.36)
Pe=(1,---,1)=L. 2.37)
We also introduce
v=P e (2.38)
A=PAP . (2.39)

Then we have from (2.9)
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Vk=ékék’ k=], “',N (2.40)
and from (2.33)
Ap=CO, 1, —g; 4, 2) jovye (2.41)

Finally, recalling (2.16) and (2.13), we conclude from (2.40) and (2.32):

Vie(o,w)’ i:l,-..,k+
vN—k-+jE(—O0,0), j=1,-k_ 2.42)
Vi, 4140 ="k, +n€C% n=1,-1.

Let us now take stock of our findings. We have associated to any point
in Q, for which L has 2/ (and only 2/) non-real eigenvalues the following data:
An eigenvalue vector in the set

A=A (S, (243)
(recall (2.4), (2.27)), and a vector v of ‘norming constants’ in the set
N={veC"v;e(0,0), i=1,-k,

vN—k~+jE(_oo’0)s j=1""’k—a vk++l+n=‘7k++nEC*’ n=1""’l}'
(2.44)

Moreover, the product matrix & used to define the association is uniquely
determined by (2.36) and (2.37) (in contrast to its factors). Indeed, the eigen-
values A,, -+, Ay are distinct and ordered, so that (2.36) determines 2 up to left
multiplication by a regular diagonal matrix, and then (2.37) fixes this gauge
ambiguity.

The upshot is, therefore, that we obtain a well-defined direct transform

2:0,-D, (x*,x,p*,p7)—>WM,0, a=1 (2.45)

where the data set D is given by
D=|)D, D,=N;xA,. (2.46)
=0

At this point a comment on the change of notation 1 — a in (2.45) (and below)
is in order: We are anticipating the II,,, case, where the action vector a is not
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equal to the eigenvalue vector 4. Various formulas involving this symbol will
apply without change to the II,, case because of this change in notation.

We continue by proving that & is a bijection. To this end, we choose a
point (v,a)e D, and define the matrices

AW, a) x=CO0, u, —g;a,a);v, (2.47)
L(a)=diag(ay, ---, ay). (2.48)

Then the commutation relation
4, L]1=(®v-4 (2.49)

is easily verified. Next, we introduce

si=v, =1,k 2:50)

siE{“’, i={k++1""’k++l @.51)
1 Ky tl41, -k, +21

siE(_Vi)llzz i=N—~'k—+15"',N (2'52)

S=diag(sy, -, Sy)s (2.53)

make a similarity transformation
A,=S4571, (2.54)

and consider the matrix A4._#. Using the definition (2.13) of # and the properties
of the numbers gy, v and s,, it readily follows that this matrix can be written

(Asj)jk =Sjc(0: u, —g;a, a—)jkjk' (2.55)

Let us now come to the point of this: The Cauchy matrix occurring in (2.55)
is positive by virtue of Lemma B1. But then it is clear from (2.55) that 4, ¢ is
positive, too. Therefore, 4, is #-s.a. and we may invoke Prop. Al to conclude
that A, is diagonalizable and that A, has N, positive and N_ negative
eigenvalues.

As a result, we may conclude that there exists a regular matrix .# such that

MTVAM =diag(ay, -, o) (2.56)

where
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oy, -y oy, €(0, 00), Oy, +15 5 Oy €(—00,0). (2.57)
But now we can exploit the commutation relation (2.49): It entails
(M ™ M)~ ) = gl (M O M)~ 8y (2.58)
so that
(M, (MYV);=0,;#0,  j=1,---N. (2.59)

Hence the rhs of (2.58) is non-zero for j#k, and so we may deduce that 4 has
simple spectrum. Thus, we may order the eigenvalues in such a way that the
definitions

xt=p 'na, i=1,--,N, (2.60)
X =u " n(—ay, +)h  J=1-N_ (2.61)

entail
x°e Gy, 0=+, —. (2.62)

Clearly, this fixes .# up to right multiplication by a regular diagonal matrix.
In order to complete the definition of the inverse transform, we now set

pi+5('/”_1z'/%)ii’ i= 1,"'9N+ (263)
pr=(M LMy, vin.vp  F=1N_. (2.64)

We assert that these numbers are real. To prove this, we shall exploit Fact (6)
from Appendix A, as follows. We have already shown that 4, is #-s.a. and that
A has simple and real spectrum. Therefore, KA K is #-s.a. and has simple and
real spectrum. Invoking now Prop.A3, we conclude that KA K can be
diagonalized by a Z-unitary V. The Fact mentioned above then implies that
the numbers (V™ 'KLK Wi k=1,--, N, are real. (Note that KLK is #-s.a., so
that ¥~ 'KLKVis #-s.a., t0o.) But these real numbers must be a permutation of
the numbers p;*, p;, since the matrices S™'KV and .# both diagonalize A and,
therefore, are related via right multiplication by a permutation matrix and a
diagonal matrix. Hence our assertion follows.

Since the gauge ambiguity in .# does not influence the diagonal elements
of M~ 'EM, we have now obtained a well-defined map

I:D-Q,©v,a)—x"x",p",p"). (2.65)
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Lemma 2.1. The map J is a bijection onto Q, whose inverse is the map 9.

Proof. Since (M~ 1<:)j¢0 due to (2.59), we may and will fix the ambiguity
in . by requiring

M =e, (2.66)
where e is defined via (2.20) and (2.60), (2.61). Then it follows from (2.59) that
Mv=e. (2.67)

The point of this gauge choice is, that when we fix (v,a)e D, yielding a point
P=J4(v,a)eQ, then the matrix L evaluated in P equals .4 'L.#. (To verify
this, note these two matrices have equal diagonals in view of (2.63), (2.64) and
(2.21). Next, combine (2.66), (2.67) with (2.58) to express the off-diagonal
elements in terms of x*,x~, which yields the off-diagonal elements in (2.21).)
Consequently, the numbers a, ---,ay are just the ordered eigenvalues of L(P).
Since they are distinct and belong to S,,,, we conclude that PeQ,. Thus, S
maps D into Q,.

Next, we note that the matrix 2(P) must be equal to .#. Indeed, by
construction ./ has the properties (2.36), (2.37) that uniquely determine 2(P), cf.
(2.66). But then we may deduce Zo.f =id,

Conversely, picking some P,e€(),, the matrix # evaluated in 9(P,) must
coincide with 2(P,), again by uniqueness. Thus we also have £-2=id, and
the lemma follows. []

2C. The Case I,

In the relativistic case c,e and L are defined by

cz—%cotr, r= Buge(0,1/2] (2.68)

N =

1 1 1 1
G'I'Eexp(iﬂxz'Jr + Eﬁpi+)(Vi+)l/2’ ey, +j§ieXP(E ux; + EBP,'_)(V,'—)UZ (2.69)

isint

1 +
LikEexp(E BLp! +pd DV V2
Shiﬂ(xf'—x;f +ifg)
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1T isint
Ly, +}',N++lEexp(§ﬂ[pj +pr NV W, )2 (2.70)
Shiﬂ(xj_—xz_ +ipg)

sint

1 _ _
Ly, +jx=exppLp; +pi DV V2
2 -4
Chiﬂ(Xj —x; +ifg)
Lin, 1= “EN++1.1

where i,ke{1,---,N,} and j,/e {1,---,N_}, and where the potentials V;" ,V’; are
defined by (1.3), (1.4). Note that for t=nr/2 the Lax matrix is real-analytic on
Q°, but gets singular on the hyperplanes x;* =Xx;. Substituting

ﬂHﬂ3 p,q-*(xf,'--,x§+,x1_+i7t/2,u,'--,x§_+in/2,u) (271)

in (B1), (B4), one obtains

IL|=€Xpﬂl:1<z<:N AR ) Pf] (2.72)

1<j<SN-

on Qfor te(0,n/2) and on Q° for t=m/2. Again, L is of the form (2.22) and hence
is #-s.a. Also, (2.15) is obvious and the commutation relation (2.7) is readily
verified. Here we have

H=B"'TrL 2.73)

cf. (1.2).
Continuing now with the reasoning in Section 2A, we get from (2.10)

- 1 i .
Ajk[ 5 ()‘] + ;Lk) + ‘icot‘f (},} - A’k)] = ejek. (274)

Combining this with (2.18) yields
p,Fo,cott=0, n=1,--,1 (2.75)

Therefore, any pair of complex-conjugate eigenvalues belongs to the closure of
the sector exp(S,) (recall (2.27)). More generally, we claim that
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1
o(L) c exp(S?), = 5 Pre. (2.76)

Indeed, from (2.12) and (2.16) we deduce
ie{l, k. }=A4;>0, é&>0

je{N—k_+1,--,N}=A4,,<0, é¢<0 (2.77)

J7J

so that (2.74) implies any real eigenvalue of L is non-negative. Since O¢o(L)
due to (2.72), our claim (2.76) follows.
We can now proceed in the same way as in Section 2B. We replace (2.28) by

Q,={PeQ|o(L(P)) < exp(S,)} (2.78)

and then define Q, and Q, by (2.29) and (2.30). (For t=m=/2 one should replace
Q’s by Q”s throughout) The analog of (2.31) reads

Aj=rexp(it), A =rexp(—it), r>0=¢;=¢,=0, (2.79)

the implication following from (2.74) and (2.16). * Again, the components of é (and
hence of &) do not vanish on Q, (° for t=mn/2): Here, (2.74) yields after a
straightforward calculation

/‘ijk = éjc(ﬂ, u,—g;a, a)jkék (on Qﬁb)) (2.80)
where
ajsﬁ‘llnxljeSug,z (2.81)

and C is the Cauchy matrix (B1). Therefore, (2.32) and its T=m/2 version follow
in the same way as before.

Next, we introduce E by (2.34) and restrict attention to Q, (QF for T=7/2)
henceforth. Then the product matrix (2.35) is well defined and (2.36), (2.37)
follow again. Defining v and 4 by (2.38) and (2.39), we obtain (2.40); also, from
(2.80) we infer

Au=CB, 1, —g; a, )V, (2.82)

Then the properties (2.42) of the vector v follow as before.
The upshot is, that L again gives rise to a vector a in the set 4; and a vector
v in the set N,. Once more, the matrix £ is uniquely determined by (2.36) and
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(2.37), so that we obtain a well-defined map
2: 09 5D, (x*,x ,pt,p7)—©,0) (2.83)
where the data set D is defined by (2.46).

In order to run the map backwards we fix a point (v,a)e D,, introduce
A(v,a)=C(B, 1, — & 0, )% (2.84)
L(a)=diag(exp(Ba,), ---, exp(Bay)) (2.85)

and verify the commutation relation
4, L]1={®v—(AL+LA)2. (2.86)

Defining S by (2.50)—(2.53) and A4, by (2.54), and invoking Lemma B1 once more,
we infer A, ¢ is positive. Then both the existence of a regular matrix .4
satisfying (2.56) and the properties (2.57) of the eigenvalues of 4 follow again
from Prop.Al.

Transforming (2.86) we now obtain

(M~ LMY [ — icost(o;— )+ sin(o;+ )] = 2sint(M ™) (M), (2.87)

Clearly, the square bracket factor is non-zero on D when 1€(0,7/2). However,
when t=n/2 the square bracket vanishes for those (v,a)e D for which 4 has
eigenvalues o, o, with a;4+%,=0. Correspondingly, we introduce

D}y ={(v,a)€ Dyl # —o;} (t=n/2) (2.88)

and observe that all square brackets are non-zero on D°. Writing o, as

0 1’ ) N+
o, =explux,), Imx, = k= 2.89
k plux) k {n/ll {N++1,---,N (2.89)
we obtain from (2.87) by using (B1)
(M~ LMy = (M0, B, 5 X, ) MV (2.90)

(Here, we take (v,a)e D} for t=n/2) Now we have |L|#0 in view of (2.85).
Hence, the Cauchy matrix is invertible and we have
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(./l"é’)j(/l‘v)j=(/l'1L~,/¢l)jjexp(,uxj);é0, j=1-N. (2.91)

From Cauchy’s identity (B4) we may now deduce x;#x, for j#k. But then o(A)
is simple, and so we may order the eigenvalues ay,---,ay such that the vectors
x*,x” defined via (2.60), (2.61) satisfy (2.62). (Note that x;" #x; for t=mn/2,
since we are restricting attention to D” in that case.)

Next, consider the diagonal elements in (2.91). We claim that these are
positive. Taking this for granted, we obtain uniquely determined real numbers
p; and p; by requiring

exp(Bpi Vi (x* x7)=(M T L), i=1, Ny (2.92)
exp(Bp; V5 (¢, x ) =(M " Lll)y, s;n. 45  J=1, N (2.93)

(Since x;" #x; for t1=mn/2, the potentials V;", V; are also positive for t=m/2, cf.
(1.3), (1.4).)

To prove the claim, we first note that we may repeat the reasoning below
(2.64) to conclude that the diagonal elements are real. Moreover, we may choose
the #-unitary V in such a way that (2.91) still holds true when .# is replaced by
STIKV at the lhs. (This amounts to choosing an appropriate permutation
matrix commuting with #.) Now from (2.50)-(2.53) one readily verifies

FKS 'v=KSL (2.94)
Therefore, we may infer
(STKVYv=gV ' gKS lv=¢g(S IKV) ! (2.95)

where we used the #-unitarity of V. This implies that the /As of (2.91) is positive
(negative) for j< N, (>N,), and since this also holds true for the numbers
éxp(ux;), the above claim is proved.

The upshot is, that for 1€(0,7/2) we obtain a map ¢ given by (2.65), while
for t=n/2 we get a map

F:D" > Q° (v,a)—(xt,x",p*,p7)  (t=mn/2). (2.96)

Lemma 2.2. For t1€(0,7/2) the assertion of Lemma 2.1 holds true. Now let
t=n/2. Then the map § is a bijection onto Q whose inverse is the map 9.

Proof. 1In view of (2.91) we may and will fix the gauge ambiguity in .# by
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requiring (2.66), where e is now defined via (2.69). Combining (2.91)—(2.93) we
then obtain again (2.67). The arguments in the proof of Lemma 2.1 now apply
with obvious changes that need not be spelled out. [J

3. Holomorphy, Canonicity and Monodromy

3A. The Case II,,

In this section we are concerned with two vector-valued functions ¥~ and
n and two matrix-valued functions % and &/ whose arguments (4, 0) belong to a
domain # < C?" in which they are holomophic. (Here and below, ‘domain’
stands for ‘open and connected set’) The functions v, 4 and L on the data set
D of Section 2B are related to restrictions of the holomorphic functions #, ¥
and «/, resp., to subsets of # with 2N real dimensions.

We first introduce the vector-valued potential function ¥ by
7 =(=) " T 10— 0)* +12¢ 1" /0,—0), k=1,-,N, nge©,o). (3.1)
Jj*k

Clearly, 7", is well-defined, holomorphic and non-zero in the domain
Hy={0eC0;€S,,,,0,#0, j#1, jl=1,-,N} (3.2)

(the strip S,,, being defined by (2.27)), provided we fix the square-root sign
ambiguities. (Indeed, all radicands in (3.1) stay away from (—00,0] on s#,.)
This we do by requiring the square roots to be positive when g, — @ ;is real. For
later use we note that this convention ensures

vi0)>0, k=1,--N, feGy, (3.3)

where Gy is defined by (1.8).
Next, we introduce the functions

M= eXP(ﬂqk)Vk(é) (3.4
gjk = C(Os n—g; é’ é)jkr]k(qﬂa é) (35)
o =diag@,, ---,0y) (3.6)

which are clearly holomorphic in the domain



ACTION-ANGLE MAPS AND SCATTERING THEORY II 889
#={G,0)eC?GeCr 0ex,). (3.7)

It is readily verified that on # one has

(£, A]=ipg(®n—2), (=(1,-,1) (3.8)

|- Z|=expu(Gy + - +4n), (3.9)

the last equality following from Cauchy’s identity (B4).
We continue by introducing the set

H,={Pe H|¥(P)has simple spectrum}. (3.10

Using well-known results from several complex variables analysis, one readily
deduces that #, is a domain, and that the exceptional set

H,=H\K, (3.11)

is nowhere dense and has measure zero. Indeed, #, equals the zero locus of the
discriminant of the characteristic polynomial of .. If the discriminant would
vanish identically on 5, then the discriminant of the polynomial |diag(exp(ud,),
.-, exp(udy)) — ol y| would vanish for any e CV. (This follows e.g. by setting
0eGy in (3.5) and then taking 6, —0,,, — c©.) Since this is clearly false, #,
is empty or an analytic subvariety of #, with (complex) codimension one. In
either case the assertions follow. (In fact, #, is not empty, but we do not
need to know this.)

Lemma 3.1. Suppose that U is a subset of #, such that any two points of
AU can be connected by a path in U consisting of finitely many line segments. If
in addition U is simply-connected or &£ has real spectrum on U, then there exists
a function B. U — GL(N, C) that is holomorphic in U and satisfies

(B LB), =0, j#k (3.12)

B=L, =, 1). (3.13)

Poof. Fix Ped. Since £ has simple spectrum and is holomorphic in P,
there exists a polydisc D < i, around P such that .# has eigenvalues ay, ---, ay
and corresponding eigenvectors u,, -+, uy that are holomorphicin D. Hence, the
function
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B=Col(uy, -, uy) € GL(N, C) (3.14)

satisfies (3.12); also, # and the vector 4~ ! are holomorphic in D. We claim
that #~'{ has non-vanishing components. Indeed, when we transform the
commutation relation (3.8) with %, we obtain (2.58) and (2.59) with .#, [ and v
replaced by %, o/ and 7, so that the claim follows. Multiplying £ from the right
by the matrix diag (#~'0), --,(#~'{)y) we obtain a holomorphic GL(N, C)-
valued function in D (again denoted %) that satisfies (3.12) and (3.13) on D.

Obviously, any other holomorphic function 4": D — GL(N, C) that satisfies
(3.12) and (3.13) must be related to # via #'=%HI1,, where I1,eO(N) is a
permutation matrix. When % has real spectrum on %, we may and will render
4% unique by ordering the eigenvalues in the point Pe%. Specifically, we shall
require oy <--- <o;.

Now choose a second point P’e% and a polygonal non-self-intersecting
path I' ¢ % connecting P and P'. For any point on I we can repeat the above
construction, and eventually shrinking the radii of the polydisc we may assume
that its intersection with I' is connected. A compactness argument now shows
that finitely many polydiscs D(P,), D(P,), ---, D(P,) cover I', with P, =P, P,=P".

Next, we introduce the connected sets D;=D(P)nI' and Dy =D;nD,.
Whenever D, is non-empty, there exists a permutation matrix IT; such that
%, =B]I1, on Dj. Now if % is simply-connected, we may invoke the mono-
dromy theorem to conclude the proof. Indeed, in that case we can redefine
Py, -+, %, such that T1; =1y on D;. If & has real spectrum on %, then our
ordering convention ensures oy <--- <o, in P;, j=0,---,N. Since %; is contin-
uous and D; connected, it follows that ay <--- <a; on Dj, so that IT; must equal
1y. O

To proceed, we exploit some results from Section 2B pertaining to the ‘pure
soliton’ case N_ =0 (already dealt with in I). Let us denote the data set for

this special case by Dy, and let us reparametrize D; with 2N real coordinates pj, x;
defined by

a;=p; s s} i=1,---,N. (3.15)
v;=exp(ux;) 7 (p°)

To verify that the numbers x{ may indeed be chosen real, one need only recall
(3.3) and the fact that ae Gy and v;>0 for any (v,a)€ D,, cf. Section 2B. The
definition (3.15) amounts to a bijection
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%: D=(0,0)"x Gy > R x Gy,  (v,a)—>(x",p°) (3.16)

which is clearly such that

v=n(x*,p°) (3.17)
A(v,a)=Z(x*,p") (3.18)
@)= (). (3.19)

It now readily follows from (3.18) that % has positive and simple spectrum
on the set

=R x Gy (3:20)
so that % < #,. Indeed, combining (2.56) and (2.60) we obtain for N_=0
(M~ AM (v, a) = diaglexp(ux{), -, exp(uxy ) (3.21)

whence the assertion is clear. Therefore, we may invoke Lemma 3.1 to conclude
that there exists a unique real-analytic function %y % — GL(N, C) obeying

(B~ L B)x, p’)=diaglexp(uxy), - exp(uxy)),  Bl=(. (3.22)

Combining (3.21) and (3.22), it now follows that there exists a diagonal matrix
D such that

B(x®, p°)=M(v,a)D(x°, p°). (3.23)
But then we may infer that
(B AR, p) = (M~ LMY (v, a)=p{,  i=1,- N (3.24)

where we used (3.19) and (2.63).

Having established the relevant properties of 4 on the set %, we now
invoke Lemma 3.1 once more to conclude that % can be analytically
continued along paths in #,. This gives rise to a (multi-valued) holomorphic
function in #, that will be denoted by #. As a result, the functions

g=p" "B LBy, i=1,-N (325)

0:=(%" ' A RB)s (3.26)
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(where the logarithms are chicsen real) likewise extend to holomorphic functions
in #,, giving rise to a holomorphic map

R: #,->C, (4,00~ (g,90). (3.27)

Before continuing with Lemma 3.2, let us summarize the above notation and
constructions in the following commutative diagram:

4

(,0)e R x Gy (9,0)e Gy x RY
id id (3.28)
(x*,p) e RN x Gy (v,a)e(0,0)" x Gy— (x*,p)e Gy x RY

4! 4

Here, the vertical maps are the identity maps, the map £ is the inverse transform
from Section 2B, the map % is defined via (3.15), (3.16), and the map Z; is the
branch (Zweig) of R over % that corresponds to the functions ¢ and 6 as initially
defined on 4. The commutativity of the diagram amounts to the fact that the
values of the latter functions coincide with x* and p™, cf. (3.22), (3.24). (At this
stage part of the notation and all of the diagram may seem superfluous. How-
ever, we are anticipating notation and diagrams in Chapters 4 and 5 that will be
indispensable in keeping track of the more elaborate state of affairs encountered
there.)

We are now prepared for the following key lemma, whose proof hinges on
results established in I.

Lemma 3.2. The multi-valued holomorphic map R defined by (3.27) admits a
local holomorphic inverse and satisfies

N[ oy oy, N
———(gG «0) |=0, =gq, 0
,-;_aqj 2, @0 y=q
k,\=1,--- N. (3-29)
N [ og, 06, ]
——(j0) |=6
j;ibaq,j a0, (q‘_’,)_ Kl

Proof. The map Z; in the diagram (3.28) coincides with the map denoted
by & in I (for the II case).

Now we have proved in I that & is symplectic, in
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the sense that the equations (3.29) hold true on %, cf. App. Cin I. Clearly, these
relations can be analytically continued along paths in s, so that it remains to
show that the matrix

g 9
DRE[aq 1 9‘1] (3.30)
;0 040

is invertible on s, But the canonicity relations (3.29) can be rewritten

(DR)¥(DR)' =2, yz[ 01 lg] (3.31)
— AN

so that |[DR|#0 on 4, [

To conclude this section, we shall determine the relation between the values
of # and R lying over any point in /#,. From Lemma 3.1 we see that the values
of # must be related by permutation matrices I1,, c€Sy. The monodromy of
A on the domain 4, can, therefore, be described by the finite group

M(R)= {0 € Sy| there exist branches %, #' of # related by #' =%11,}. (3.32)

It then follows from (3.25)—(3.27) that the monodromy of R s given by the discrete
group

M(R)={(k,0) € Z" X Sy| there exist branches (g, 0),
(¢',0) of R related by ¢' =g, + 2nik/p, 0’ =0,}. (3.33)

(The notation will be clear from context.)

Lemma 3.3. One has

M(R)=Sy (3.34)

M(R)=EyxSy (339
where

Ey={keZMk,+---+ky=0}. (3.36)

Proof. From (3.9) and (3.25) we obtain

g1+ +4n=q,+ - +4qn. (3:37)
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Since this relation is preserved under analytic continuation and the /As is entire,
additive multiples of 2mi/u arising from going around non-contractible loops
must sum to zero. Therefore, we need only exhibit loops 'y, ---, Ty_,, Ty in #,
starting at a point in 44 which are such that:
(i) looping I, results in g, qxs1 = Gy 1 qk=1,--,N—1;
(i) looping Ty results in gy_y,qy = gn—1 —27i/1, qy+ 2mi/p.
Indeed, since Sy is generated by transpositions, (i) entails that M(£) equals Sy and
that M(R) contains Sy; combining this with (ii), it follows that M(R) is given by
(3.35).

We shall prove the existence of such loops by reduction to the case
N=2. Correspondingly, we first take N=2 and define loops I" and I" starting in

=u lnd, d>0 (3.38)

= + - pgeoty, ve(O,g)- (3.39)

N | —

Clearly, this point belongs to %;. The loop I' is defined by taking

G()=p""[Ind+ ix(1)] (3.40)
2

where
x(t)=y(1 —e"), te[0,2n]. (341)
Then the eigenvalues of % along I' are given by

a, =d[cosx + (cos?x —cos?y)!/2]/cosy. (3.42)
1
From this one readily deduces that one can find yoe(O,i) such that

loy —d| <2dy, |a,—a_|>dy, y€(0,70] (onT). (3.43)

Taking y <y, from now on, it follows from the first estimate that the eigenvalues
stay in the right half plane and from the second one that (%) remains simple
along I'. Since cos?x(f)—cos?y winds once around the origin, it follows that
41,92 — 92,4, along I, as advertised.

Next, we define a loop I" by taking

0,()=+ - pg/sh(lnr—ir),  r=2,  te[0,2n] (3.44)
2

N -
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where r is chosen large enough so that I = #. Then the eigenvalues of % are
given by

a,=dre "  a_=-¢€" rx=2 (3.45)

entailing
loy|<dr, |ay—a_|>d  (onT). (3.46)

Again, the loop I stays in H,, but now a,, a_ return to their values, winding
once around the origin; more specifically, we obtain q,, g, - g, — 2ni/u, g, + 2ni/u,
as promised.

We are now prepared to handle the general N case. By definition, the loop
I', is given by

p~n(N—j+1), J#k, k+1
g,= (3.47)
“HIn(N—k+ 1) +ix(0)] '—{k
# S A P

0

v =
k+1

1 1
E#gcotvk, Ve="Yo/(N—k+ E) (3.48)

0,—0,,y=pgA, j#k (3.49)

where A>01is at our disposal. We claim that when A is chosen large enough, the
loop remains in #, and has the desired property (i).

To prove this claim, we denote .# evaluated in points of I', by #(A) and
observe that

lim Z(A) =diag(N, -, N—k+2, Z,(I), N—k —1, -, 1)=%(c0). (3.50)

A-©
Here, %,(I') denotes the N=2 matrix % evaluated along the loop I', with
d=N—k+ % and y=y,. From the estimates (3.43) we then see that the eigen-

values of #(o0) stay a distance at least y, apart along I.  (Recall y,<1/2.) Let
us now use the matrix

R(c0)=diag(l, ---, 1, %,(1),1,---,1) (3.51)
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diagonalizing #(c0) along T" to write
R(00) ™ L(A)R(c0)=diag(N,---,N—k+2,0,,0_,N—k—1,---,1) (3.52)
+ R(0) T [L(A)— ZL(0)]%(c0) =D + V(A).

The point of this is, that one is then dealing with a perturbation V(A) of a normal
matrix D whose eigenvalues stay at least a distance y, apart along I".  Therefore,
the above claim will follow if for A large enough one has || V(A)|| <y,/2 along
I't,. (Here and from now on, |-|| denotes the norm derived from the standard
inner product on CV.) But this is clearly true: One has ||.£(A)— Z(c0)|| = O(A™?Y)
uniformly on Iy, and ||%(c0)~ |, ||%(c0)| are independent of A and bounded
onT.
Next, we define 'y by setting

i “Un(N—j+1), j<N—1

j={u_1 AIRAR . (3.53)
u” In(1/r), j=N—-1,N

. —j i<N—1

0,= pg(N—j+1)A, J<N (3.54)

N—-1

1
+ — ug/sh(lnr — if), =
\_zug/ (nr—if), j {N‘

As before, we assert that choosing A large enough ensures [y remains in #, and
has property (ii).
To prove this, we proceed in the same way as for I';, obtaining

lim #(A)=diag(N, N—1,---, 3, Z,([)) = £(0) (3.55)

A— o
as the analog of (3.50). Since the number d in T" equals 1/r, it follows from the

estimates (3.46) that the eigenvalues of #(c0) stay a distance at least 1/r apart on
. Let us now set k=N—1 and

R(0)=diag(1, -, 1, (1)) (3.56)

in (3.52), and let us choose A large enough so that || F(A)| < 1/r? along 'y. Since
r>2, it follows as before that I'y < #,. Moreover, the perturbed eigenvalues
a4 (A) must still wind around the origin and return to their values, since |« (o0)|
and |a_(o0)| equal 1 and 1/r?, resp. (cf. (3.45)). I
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3B. The Case II,,,

We proceed by handling the relativistic case. Here, the potential function
¥ is defined by

— 1 A~ A . 1 = A . 1 A A
V== [Shzﬂ(ﬂk—f?ﬁlug)shiﬁ(f’k—@j—lug)]”z/shiﬂ((?k—l’,-),

j*k
k=1,-.N (357

where

(B,1.8)€(0,0)’N{re(0,m/2]},  t=_pug (3.58)

1
2
Then 7 is again well defined, holomorphic and non-zero on the domain J#, of
Section 3A, cf. (3.2); the restriction on 7 ensures that the radicands stay away
from (— 00,0] on #,, so that we may again fix the sign ambiguity by requiring
the square roots to be positive for real §. Then (3.3) is again clear.

Next, we define

e =exp(udy + PO () (3.59)
& 5=CB 1, —g; 0,0);m4d, 0) (3.60)
o =diag(exp(Bd,), ---, exp(Bly)). (3.61)

Then #, & and .o/ are holomorphic in J#, cf. (3.7), and on 5# one has the relations
—icott[Z, A =2 @n— LA — AL (3.62)

and (3.9), cf. (B4). Introducing #, and #, by (3.10) and (3.11), it follows as
before that J#, is empty or a codimension-one analytic subvariety, so that J#,
is a domain. Now let a4, ---,ay be the eigenvalues of £ in some point Pe #,.
Then o, extends to a multi-valued holomorphic function in £, the values lying
over any point yielding some subset of {ay,---,ay}. (As a matter of fact, this
subset equals {ay,---, oy} for any point, cf. Lemma 3.6 below. However, this
fact is not yet needed.) But the function

F

I

[T [(e;—0) +4ajosin’c] (3.63)

1<j<k<N

is invariant under permutations and hence one-valued on J#,. Since & is not
identically zero, its zero locus
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N g={PeH|F(P)=0} (3.64)
is empty or a codimension-one analytic subvariety of 5#,. In either case, the set
H=H\N 5 (3.65)

is a domain.
Lemma 3.4. With #,replaced by #?, the assertions of Lemma 3.1 hold true.

Proof. We follow the reasoning in the proof of Lemma 3.1. Here, the
commutation relation (3.62), transformed with 4, yields

(B~ A B)yle o, —e "] =2isint(B ™~ 0); (BN (3.66)
Since # #0 on #, we may now invoke (B3) to deduce

(B0, Bn),=(B ' AB);p;#0,  j=1,--,N. (3.67)

7

(Cf. the arguments leading to (2.91).) Then the proof can be completed as before.
(|

We can now proceed as in the previous case. Thus, we reparametrize
the N_=0 data set D; by setting

asri } i=1, N (3.68)
v;=exp(ux; + Bp}) 7 (p°)

and then (3.17)—(3.19) again hold true.  Also, since (3.21) is still valid, it follows as
before that % has positive and simple spectrum on the set %;. Therefore, a
unique real-analytic function %: % — GL(N, C) satisfying (3.22) exists again,
and 4 is related to the matrix # of Section 2C via a diagonal matrix D as
specified in (3.23). As a consequence we obtain

(B AB)x',p) = (M~ LM)(v, @) =exp(Bpi Vi (x*), i=1,-,N (3.69)

cf. (2.92).
Now 4 gives rise to a holomorphic function £ in #! in the same way as
before. We proceed by introducing the functions

qi=p"'Inoe,  o=(H 'L B)w (3.70)
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0=~ 10 A By~ 2 ‘1n(H [(eh“f"e_h“"’(e_h"‘f‘ek“")J) (3.71)

ki (o —)?

Here, all logarithms can and will be chosen real. Then we have again

a=x;, O=p', i=1-,N (on %) (3.72)
cf. (3.22), (3.69), (1.3). Since the arguments of all logarithms are non-zero on
AP (recall (3.67) and (3.63)—(3.65)), analytic continuation to #° does not meet
obstructions, and hence a multi-valued holomorphic map

R: - CV, (§,0)—(q,0) (3.73)

arises. Then the diagram (3.28) again applies, commutativity being a conse-
quence of (3.72).

Before continuing with Lemma 3.5, we would like to point out that (3.71)
can be rewritten

(B A B)u=exp(B0)Y (1, B. & 9) (on %) (3.74)

where (B, 1, g; 0) is defined by (3.57). This fact is only one aspect of the
self-duality of the II,, case, cf. I. However, in this paper we have opted for
denoting the (g, 0)-space and (4, §)-space objects by different symbols. Recall in
this connection that we have restricted the definition domain of the function
¥ (B, 11, g; 0) so that it remains one-valued. Therefore, the function ¥;(, ,g; q)
would no longer be well defined when the imaginary part of g; gets large
(compared to | fg|), and such g-values do arise in the IT,, case, cf. also (1.3), (1.4).

Lemma 3.5. The assertions of Lemma 3.2 hold true, with R being the map
(3.73).

Proof. The proof of Lemma 3.2 applies with obvious changes. [J

It is again clear that the monodromy of % on # can be encoded in the finite
group M(Z) defined by (3.32). (We shall presently prove M(%)=Sy.) However,
in the case at hand not only the definition of g but also that of  involves
logarithms; specifically, we conclude from (3.70) and (3.71) that (3.33) should be
replaced by
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M(R)={(k,n,0)e(Z" x ZV)x Sy| there exist branches of R related by
q =q,+2nik/u, 0' =0, + rin/f}. (3.75)

Just as in the previous case, the additive multiples must add up to 0 by virtue
of the relations

I§;=%q, x0;=x9, (3.76)

(The first equality follows again by writing |.#| in terms of § and ¢, and the
second one by writing |.«/| in terms of § and 6, cf. (3.66), (3.74).)

We conjecture that for 7e€(0, n/2) these sum rules are the only constraints.
That is, using obvious notation (cf. (3.36)), we expect

M(R)=(EN(q) x Ex(0)) X Sy, 1€(0,7/2) . (3.77)

However, for =m/2 it is plausible that the group M(R) is smaller. Specifically,
we expect that in this case M(R) is generated by the transformations

Tio Gi+ 1> O Okt 1 it 15 Qs O 1 + i/ B, Oy, — i/ B, k=1,---,N—1 (3.78)
91,92 g1 —27i/p, q, + 2mi/p. (3.79)

These conjectures hold true for N=2, but we skip the proof. Here, we restrict
ourselves to handling the g-monodromy.

Lemma 3.6. For any o €Sy and k€ Z" with k;=0 there exist branches %,
B of R and branches Z, Z' of R related by B =%, and q' =q,+2nik/y,
0 =0,+min/p, resp. Here, one has ne Z and Zn;=0.

Proof. We follow the reasoning in the proof of Lemma 3.3. The N=2
loop I' is defined in the same way as before, except that (3.39) is replaced by

0, = + B 'arsh(sintcoty),  ye(0,y,7/8]. (3.80)
2

Then the eigenvalues of & are again given by (3.42) and using the bounds (3.43)
one readily verifies

le“a, —e "ag|>dsint, t€(0,7/2] (onT). (3.81)

As a consequence, one may infer I' = # and q,,q, = g, q, along T.
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The loop I is defined by replacing (3.44) by

0,(1)= + p~'arsh(sint/sh(lnr—if)),  r>2,  te[02n]. (3.82)
2

(Once more, r is chosen large enough to ensure éj(t) €S,42) Then (3.45) follows
again, implying T" < #” and q,,q, — q, —2mi/y, q,+2mi/p.

From the above the validity of the lemma for N=2 follows. Continuing
with the general case, we replace (3.48) by

0

k
k+1

1
= + B~ arsh(sintcoty,), Pe=YoT/(N —k + E) (3.83)

and proceed as before. Choosing A large enough so that || V(A)| <7y,1/16 along
I,, one readily deduces I', = #” and the property (i) by using the estimates (3.43)
and (3.81).

Finally, in order to define I'y we replace 0y_, in (3.54) by the rhs of
N

(3.82). Choosing A such that one has |[V(A)| <1/r? along T'y then guarantees
I'y = #7 and property (ii). (Recall (3.45) and d=1/r on Ty, cf. (3.53)) O

4. The Action-angle Transform

4A. The Case II,,

Using the results of Section 3A as a guide, we continue by reparametrizing
the data set D with 2N real coordinates that will be proved to be action-angle
variables. Specifically, fixing (v,a)e D, we set

v =exp(ux})| 7' (a)|

} i=1,--k, (solitons) 4.1)
a;=p;

VN—k- +j= —;-exp(uxj)I’V‘N—k_‘H(a)‘} J= 1’ "',k_ (antisolitons) (4.2)
an_—x_+;=Dj
Vis+n :“("—)k+ e 1exp(l“"[xn + I‘Yn])“//k\» +n(a)}

| n=1,---,1 (breathers)
A, 4n= E(pn—"lén)

4.3)

(When N_ =0 we have k_=/=0, and (3.15) results. Note also ¥'(a), ¥ y-_+/a)
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are real, but not necessarily positive) In this way we obtain a bijection
%: D, - Q, (v,a)— (x°, X%, x,y, 0", p°, p, 6) 4.9

where Q, can be written
Q,=S,.,_ xB, @4.5)
Si,x ={0, X%, p%, p) e R*® )\ p* e Gy, p € Gy, pi # S} (4.6)
B,={(x,7,p,0)€ R*|y, e(—n/u,n/u], 6,€(—pg,0),

Pu—10,#p,—i0,,py—i0y,---,p,—id,in lexicographic order}.  (4.7)

Summing over / now yields a set

Q, m=minN,,N_) (4.8)

Cs=

Q=
1

0

and a bijection €: D — Q.

Clearly, the soliton set S, , is a manifold having (k,+k_)/k 'k _!

connected components, the binomial coefficient being the number of distinct
interlacings of the soliton and antisoliton momenta. On the other hand, the
breather set B, is not a manifold, as it stands. But we may and will reinterpret
this set as a coordinatization of a manifold (denoted by the same symbol), as
follows.

When we omit the ordering restriction and take y, € R at the rhs of (4.7), we
do obtain a manifold B, On this manifold we may define an action of the
symmetric group S, by simultaneous permutation of x, y, p,d € R', and a Z'-action
given by

yoy+2nk/p,  keZ 4.9)

In this way we obtain a free action of a semi-direct product of Z' and S, We
may and will view B, as the manifold obtained from B, by quotienting out
this action:

B,=B/(Z'xS) (4.10)

It is to be noted that the covering manifold B, is not simply-connected for /> 1.
Next, we turn €, into a symplectic manifold by defining the symplectic form
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k+ k 1
i, = .};1 dx; \dps + Zla’xjf AdpS+ Z:l(abc,l Adp,+dy, \d5,). (4.11)

j=

More precisely, the rhs yields a symplectic form &, on S, ,_ x B, w.r.t. which the

(Z'x S)-action is symplectic. Therefore, &, descends to a well-defined symple-
ctic form @, under the covering projection B, — B,, for which (4.11) is a convenient
shorthand.

We proceed by introducing the subset

O, =4(D) 4.12)

of the phase space Q. On Q, the matrix L has simple spectrum and / complex-
conjugate pairs of eigenvalues in the strip S,,,, cf. Section 2B. Since L is
continuous on Q, the subset Q, is open and hence a manifold. Thus, restriction
of the symplectic form w (defined by (1.7)) to €, yields a symplectic manifold
Q).

As a preparation for Theorem 4.1 below, we introduce some more notation.
We denote the restrictions of the direct and inverse transforms to ; and D, by
9, and 4, resp., and define bijections

0,=%:9:Q,-Q, (4.13)
E=I0%6"1: Q> Q. (4.14)

(Recall € is defined by (4.1)-(4.4).) Summing over / now yields the symplectic
manifolds

(@ 0>= )00 415
1=0

©,0= ) Qi) (4.16)
1=0

which are intertwined by the bijections
D=%-9:Q,~Q @.17)

E=I%1:Q-Q, (4.18)

Theorem 4.1. The maps ®, and ® are symplectic diffeomorphisms with
inverses & and &, resp.
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Proof. We need only prove that & is a symplectic difftfomorphism from
(Q,d,> onto {Q,w), [=0,---,m. To this end we first construct and
then exploit the following commutative diagram:

Ned Z . P=(q,0e,

# i m 4.19)

13=(xs,x§,x,y,ps,ps_,p,6)efl, — Q=(v,@)eD, - P=(x",x",ptpeQ,
%! 57

(The definition of this diagram will be such that it reduces to the diagram (3.28) for
the special case N_=0) The bottom line of the diagram has already been
detailed, so we need only specify 5,, iy, Z), f), and =,

First, the set €, consists of all points in C2N of the following form (from
now on, €-) denotes the sign function):

6y, 0:,)€G,,On—i_ 11,00 €G_, 0:# 0y +j (4.20)

. . . 0 k= . 4 .
(ql’...,qh)ec’“, ImqiE{Tc/u@ Hé(e."‘eN—k-+j)= +1, l=1,"',k+

j=1
4.21)
. . i Tu_F s s .
(qN-k_+1a"':qN)ECk_’Iqu—k_ +jE{ 0 < He(ei_eN—k_+j)= +1,j=1,-k_
i=1
4.22)

" - ~ A~ 1 A A
@+ 155Gk +5 glu w10, 1) E C%, Imf, +n€(0,§#g), O, +n 70k, +m
4.23)

qu+ +l+n=ék+ +n+ln[1_(_)l]/2ﬂ, ék+ +1+n™— =k+ +m = ls 91 (424)

Clearly, any such point belongs to #, cf. (3.7),(3.2). Furthermore, the definitions
of the imaginary parts are such that

nG.0eN, (G0ed (4.25)

where N, is given by (2.44). (This is readily verified from (3.4) and (3.1) by taking
the ordering (4.20) of the real §, into_account; cf. also (3.3).)
Second, we may and will identify Q, with the above manifold Sk, k. X B, by
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setting

-

xl§=Rqui’ pfng i=15"'3k+

x§=Re€?N—k_+j, P§=6N—k_+ja Jj=1,k_
xaneqk+ +ns anZReéh. +n } 1 l
. n=1,---,1L
Yo=Imgy, 1, +k+n—Dn/n,  6,=—2Im0,, ,,

Then the map 7, in the diagram (4.19) is defined by composing this identification
map with the covering projection B, —» B,, cf. (4.10). Combining (4.1)—(4.3) with
(4.20)—(4.26) we now deduce the crucial relations

WQ)=T,n(P) ' .27)
AQ)=T,#PT: (4.28)
Q) =T,4P)T: (4.29)

where
T,=diag(1, , M, M,,1, ) (4.30)

and M e O(]) is the permutation matrix putting é,H FRVRTER é,u +; in lexicographic
order. (This generalizes (3.17)—(3.19).)

Third, we define the map Z,. To this end we first observe that 5, c A,
Indeed, from (2.56) and (2.60), (2.61) we have

(M~ AMYQ)=diag(exp(uxy), ---,exp(uxy,), —exp(uxy), -, —exp(uxy_))
(4.31)

and combining this with (4.28) the inclusion is clear. Since the spectrum of ¥
is real on Q,, we may now invoke Lemmas 3.1 and 3.3 to infer that there exists
a branch % of # over Q, that is uniquely determined by

(B2 B)(P)=diag(exp(ux;), -+, —exp(uxy ). (4.32)

By definition, the map Z, is a corresponding branch of R over 5,, uniquely
determined by
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xj LNy
@=4 xjn, +injy j=A Ny +1,-- N—1. 4.33)
+ 2k + )in/u N

On account of (4.32) and Lemma 3.3 such a branch does occur, with ke Z
being given by (recall (3.37))

k——[qu in -y ‘]—%N (434)

2im j=1

(Whenever 5, has more than one connected component, this integer will depend
on the component, cf. (4.21), (4.22).) Moreover, from (4.28) together with (4.31),
(4.32) it follows that there exists a diagonal matrix D such that

B(P)=Ti5,4(Q)D(P) (4.35)

(This generalizes (3.23).) Therefore, the map Z, yields a vector 6 given by

+ e
0,:{’;"_ j={1’ N+ (4.36)
i—N+ Ny+1,--- N

cf. (4.29) and (2.63), (2.64).
It is now clear how the definition of the diagram (4.19) is to be completed:
We set

0,=2(8) 4.37)

and take for 7, the obvious identification map
'+= i +=0’ '=19'“3N
xl_ ql _pl i l. + (438)
x; =Regy, +j, Pi =by, 4+ Jj=1--N_.

Then the diagram commutes by construction.

Having detailed the algebraic bottom line, analytic top line and geometric
side lines of the diagram (4.19), we can now proceed to the dynamical punch
line: from the commutativity relation

Goti=noZ,  E=SoG ! (4.39)
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it follows that the bijection &, is a symplectomorphism onto its range. Indeed,
smoothness of &, is clear from (4.39) and holomorphy of Z,, smoothness of &~ !
follows from the fact that Z, has a local holomorphic inverse, and the canonicity
of & results from (4.33), (4.36) and (3.29) by specializing the holomorphic partials
in the latter equations to the relevant directions, cf. (4.20)—(4.24) and (4.26). [

Thus far we have concentrated our attention on the submanifold Q, =Q.NQ;
for which the Lax matrix (2.21) has simple spectrum inside the strip S, cf.
(2.28). Of course, for the special case m=min(N ., N_)=0 this is no restriction,
since one then has Q,=Q. However, assuming m>0 from now on, Q, must be
smaller than Q. Indeed, Q is a connected subset of R?Y, whereas Q, has more
than one connected component. On the other hand, Q, is only slightly smaller:
it is dense in Q and has full measure.

To prove the assertion just made, we introduce the exceptional set

Q,=0\Q, (4.40)
and note that the complement of Q, can be written
0N\Q,=Q,uQ,, 441

where Q, is the boundary set (2.29). Now let 1,,---, Ay be the roots of the
polynomial |L—21y|, and define

1<j<k<N
F= [] [(4—4&)*+r2g%]. (4.43)
1<j<k<N

Since the functions D and F are invariant under permutations of the 4, they must
be polynomials in the symmetric functions of L. Because L is real-analytic on
Q, it follows that D and F are real-analytic, as well. Now it is clear that Q, and
Q, are just the zero loci of D and F, resp., so that these sets are real-analytic
subvarieties with codimension at least one. By virtue of (4.41) we may then
deduce that Q\Q, is nowhere dense and has measure zero, implying the assertion.
However, these simple observations leave quite a few questions open that
are not as easily answered. In particular, at this stage it is by no means clear
whether Q, and Q, are both non-empty, and what happens to the y,-torus when
the action variable d, converges to —pug. We shall address such questions in
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Section 5A.

4B. The Case IT,,

1
When the parameter t= Eﬁug belongs to (0,7/2), we can and will proceed

in the same way as in the previous section. Thus, we reparametrize the data
set D again via (4.1)—(4.3), with v, replaced by v,exp(— fa,) and 7 given by (3.57),
k=1,---,N. (Thus, we get (3.68) in the pure soliton case N_=0.) After these
substitutions all definitions and relations preceding Theorem 4.1 apply without
change.

For 1=m/2 we define the map % in the same way as for 1€ (0, z/2), but now
we restrict attention to the subsets

O =%(Dy) (4.44)
Qb =4(D?) (4.45)

of the manifolds €, and Q7 resp. At this point is not yet obvious that any of
these sets is a manifold; in fact, thus far we have not even shown that DY is
non-empty. Therefore, we may and will proceed just as for 7 €(0, 7/2), replacing
D’s and Qs by D”’s and Q’s, but for the moment &} and Q” can only be viewed
as sets. However, in the following theorem these sets are promoted to 2N-
dimensional manifolds, among other things.

Theorem 4.2. For t1€(0,7/2) the assertions of Theorem 4.1 hold true. Now
let t=n/2. Then Q} is an open dense submanifold of Q,, Q? is an open submanifold
of QF, and ®, is a symplectomorphism from (QF ) onto {Qf,&) with
inverse &. Moreover, ® is a symplectomorphism from {Q°,w) onto

QP ay= Qo) (4.46)
1=0
with inverse &.

Proof. We first take t€(0,7n/2) and follow the reasoning in the proof of
Theorem 4.1. From (4.31) and the definition (3.63)—(3.65) of > we deduce
6, c #P. Then (4.32) again determines a unique branch %, of #. By definition,
the map Z, is again a corresponding branch of R. We may and will require
that the vector ¢ is given by (4.33), but since we have not determined the
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0-monodromy, it is not clear whether this requirement fixes a unique branch of
R. (Most likely, it does not, cf. the paragraph preceding Lemma 3.6.) However,
93,(}3) must again be related to .#(Q) via (4.35), so that any branch corresponding
to 4 yields a vector 0 of the form

I 1o
gj={zf_+’””{//’ j={’ N+ (4.47)
i—n. Tinn/B N,+1,--- N

where n;e Z. Then a unique branch can be fixed by elimination. (For instance,
one can proceed as follows: discard branches for which #, #0 except if no branch
remains; in the latter case discard branches whose |n,| is larger than the
minimum |n, |; then discard branches whose n; is negative except if no branch
remains. Repeating this procedure for n,, ---,ny_,, yields a unique set of integers
ny,---,ny (ny being determined by Zn;=0, cf. (3.76)), and hence a unique branch
Z,) To complete the definition of the diagram (4.19), we now define Q, by (4.37)
and n, by (4.38) with 8, replaced by Refl,. Then the diagram again commutes
by construction, and the proof can be finished as before.

Now let t=mn/2. Then we can once more construct a commutative diagram:
In (4.19) we replace the set D, by DY and the four Qs by Q”s. The bottom line
has already been defined, so we may proceed by setting

=0\ 4. (4.48)

Here, EZ, is defined as before, and A is defined by (3.63), (3.64). We claim that
ﬁ{’ is a (relatively) open dense subset of 5,. This claim will be justified
shortly. Since the function . is invariant under the (Z'X S)-action, we may
compose the identification map (4.26) restricted to 6',’ with the covering
projection B, — B,. By definition, this yields the map #, and now it also
follows that € is an open dense submanifold of Q, Hence D! is an open
dense subset of D, and Q7 is non-empty. Now Q! is an open set (as is clear
from its definition), so from here on our previous arguments apply. Therefore,
we are left with proving the claim.

Clearly, it suffices to show that each connected component of ﬁ, contains
points that do not belong to A#z. This can be seen as follows. Fixing any
interlacing in (4.20), we may choose z=0(4) such that the real parts of
Zys 2, +pZN—k_+ 1>+ Zy are distinct and a minimal distance pgA (R) apart
and such that Imz, ., equals ug/4 (n/2p), cf. (4.23), (4.24). Then it is straight-
forward to verify that the limit £(c0) of #(A)= £(4, 0) for A — oo exists and that
&#(o0) has eigenvalues a,(o0), -+, ay(c0) such that a(c0)+afc0)#0, provided R
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is chosen large enough. Fixing such an R, it follows from a perturbation
argument exemplified by (3.52) that the eigenvalues of #(A) satisfy o (A)+
®{(A)#0 for A large enough. [

For t€(0,7/2) one infers just as in the II_, case that ©, is a dense subset of
Q with full measure: One need only replace (4.43) by

F= [] [(4;=A)*+44;4sin’t] 4.49)
1<j<k<N
where A, -+, Ay are the roots of the characteristic polynomial of the Lax matrix
(2.70), and follow the reasoning after Theorem 4.1.

For t=n/2 we should compare Q° and Q°. Since Q" is the subset of Q on
which x/ #x;, i=1,--,N,, j=1,--,N_, it has NI/N,IN_!=c connected
components. Likewise, QozSNhN_ has ¢ components (cf. (4.6)), so that Qf
has at least ¢ components. Now QZ is a proper open subset of QO so that
0 has more than ¢ components. But then QF has more components than Q,
since Q° and Qf are homeomorphic by virtue of the theorem just
proved. Therefore, Q°\Q’ is a codimension-one real-analytic subvariety of
Q’, and as such is nowhere dense and has measure zero. In Section 5B we
shall see that only the discriminant function D vanishes on Q"\Q’; the function
F is non-zero on Q’, so that Q=0

5. The Harmonic Oscillator Transform

5A. The Case II,,

As promised at the end of Section 4A, we shall now obtain more information
on the sets Q, and Q,, and clarify the behavior of the y,-tori as one or more of
the actions 8, converge to —ug. To provide background, intuition and notation
for the general case, we begin by studying the case N, = N_ =1, where virtually
any question can easily be answered explicitly. In particular, one finds that Q,
is a codimension-one submanifold on which L is not diagonalizable, and that Q,
is a codimension-two submanifold; specifically,

1
Q,={(x",x",p*,p)eRY(p*"—p~) =u2g2/ch25u(x+ —x7)} (5.1)

Q={(x",x",p*,pT)eRx"=x",p* =p~}. (52



ACTION-ANGLE MAPS AND SCATTERING THEORY II 911

Thus, Q, consists of two disjoint hypersurfaces separating the two components
of the soliton manifold S, ; from the breather manifold B, (recall (4.6), (4.7)), and
Q, consists of the ‘dead breather’ points.

Of course, in the case at hand it is evident from a phase space picture that
the y-torus collapses to a point when the action variable 6 converges to —ug. To
be more precise, let us introduce the ‘harmonic oscillator variables’.

1
u=(2g)'*(1+6/pg)' *singy ~ y=—arctg(u/v)
U

- (5.3)

1
v=(28)"*(140/ug)!*cosuy 9 =§u(u2 +0*—2g)

and observe that this transformation densely embeds B, into an extended
breather manifold

B ={(x,u,p,v)€ R*|u* + > <2g}. (5.4

Let us now compose the action-angle transform @, from Q, onto Q, = B, with
the coordinate change (5.3) and denote the resulting diffeomorphism again by
®@,. Then one readily verifies that @, can be extended to a ‘harmonic oscillator
transform’ ®% from Q% =Q,UQ, onto Qf =B%. Explicitly, one finds that @ is
given by

x= 104X pptap” (55)
u=—2Cyra =2y 1sh L e ) (56)
bg ug 2
o= 2 yra1 =22 —pieh e —x) )
Lg g 2
5=—[——_—“2g2 —(p*—p-V]m, (58)

chzéu(x+ —x7)

whereas the inverse transformation & reads
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1
x*=x4 — Arth(ur)
u
(5.9
Pr=ipt L urg—uwt—s?)
2" 4 ’
where
4o — 2__,2 1/2
rs[ L 4] (5.10)
4g® —A4gv* +uv® +v
Moreover, equipping Q% with the symplectic form
&% =dx Ndp + du \dy, (5.11)

the maps ®% and &f are canonical transformations. Finally, we note that
(5.6)—(5.8) entail

limu=0, limu=02g)"%(p*—p~) (p*—p fixed). (5.12)
310 310

It would be overly greedy to expect such explicitness for N>2. Even so,
the main questions can again be qualitatively answered, as will now be
detailed. First, let us present a quite direct argument showing Q, is not
empty. (We shall greatly improve on this result in Theorem 5.1, but this involves
a lot more preparation; the a priori bounds in the argument that follows will be
needed again.)

We start from the symmetric functions of % on its definition domain
. Using (3.1)-(3.5) and (B4) one verifies that these are given by

Su(d, é) = z CXP(NZ@:)H[(@' - éj)z +u*g*]'?) (émin(i, N émax(i, -
Ic{1,.--,N} iel el
=k J#T

(5.13)
Now we specialize (4, §) to the covering manifold 5, of ©, (defined by (4.20)—(4.24))

i 1
and kill the n™ breather by taking Imf,, ,,1 5 ug (and, therefore, Imt‘?k+ f1end—

1 - -
3 ug). Using Red,, ,,=Re0l,, ;,., one reads off from (5.13) that S, has a limit

to which only subsets I contribute that either contain both indices k, +n,
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k,+I+ n or contain neither of the two. (Note the limit does not depend
on Img,, ,,, cf. (4.24))

More generally, we can kill as many breathers as we please, as long as we
ensure that the real parts of the §,, ., involved are distinct. Since the functions
Sy, -+, Sy converge, the eigenvalues of ¥ have limits, too. Moreover, none of
the latter limits can be zero, since |#|=Sy#0. Therefore, the corresponding
position vectors x* and x~ converge as well.

However, the position limits might not belong to Gy, and Gy_, resp. Put
differently, some points in o(#(g,0)) might collide, a priori. To exclude this
contingency, we first observe that

%Tr&l(f’)z = %TrL(P)Z = H(P) (5.14)

cf. (4.19), (4.29), (2.23). Next, we note the /hs converges, so that H has a limit,
too. But from (1.1) it is then plain that there is a non-zero lower bound on the
distances |x?—x?|, =+, —, so no collisions can occur. Now (1.1) also entails
that p* and p~ remain bounded. Via a compactness argument it then follows
that one can find convergent subsequences. Thus Q, is non-empty, as
advertised.

Next, we are headed for a complete elucidation of the structure of Q,NQ
(entailing in particular that p* and p~ actually converge in the limit just
studied). To this end we introduce an extended breather manifold B} by trading
Y O for u,, v,, cf. (5.3), and by setting

BfE{(xauxp: U)ER4I|M3+I)3<2g, pn_ian ¢pk—i5k’

p1—1idy,-+,p;—id,in lexicographic order} (5.15)

5nE u(uf+vf—2g), u,%+v,%<2g, n=1,""l (5'16)

N -

(recall (4.7)). More precisely, one obtains a manifold B{* when one omits the
ordering restriction in (5.15), and then B} can and will be viewed as

Bi=B¥/S, (5.17)
We now introduce symplectic manifolds (Qf©, ) by

QO=S, . xBHO (5.18)
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k+ k— 1
Of9=y dxiAdpi+ Y, dxSAdpS+ Y. (dx, Adp,+du, Ady,) (5.19)
i =1 n=1

i=1 J

(recall (4.5), (4.11)), and then set
&%= <L e, (5.20)
1=0

Moreover, we denote by Qf the subset of Q; on which L has [ (and only /)
complex-conjugate pairs of eigenvalues. Thus we have

o= )9 (5.21)

We are now prepared for the principal result of this section.

Theorem 5.1. The maps ®, and ® extend to symplectomorphisms ®f and
@* from (QF, ) onto (O, & and from (Q, w) onto {QF, &*Y, resp. The sets Q,
and Q,NQ, have codimension one and two, resp., and L is not diagonalizable on Q,.

Proof. In order to prove the existence of smooth extensions we are going
to make use of notation and arguments from the proofs of Theorem 4.1 and
Lemma 3.1. We begin by identifying €, with the manifold Si. k. X B c RN
via the identification map (4.26). Then the commutativity of the diagram (4.19)
entails that 4 and Z, give rise to real-analytic functions of (x*, x%, p%, p°; x,7,p,6)
that are invariant under the Z'-action (4.9) on B,. Therefore, % and Z, descend
to real-analytic functions (again denoted %, Z;) on

=S, . xBf, B=B/Z. (5.22)

We may and will view B¢ as the open subset of R* obtained via the transform-
ations y,, 0, U, v, n=1,---,1, cf. (5.3). Explicitly, this amounts to

Bi={(x,u,p,v)€ R*|0 <u?+v2 <2g,p,—i0,#pi—id}. (5.23)

Correspondingly, we may and will view € as the open dense submanifold
obtained from Qf by requiring (u,,2,)#(0,0), n=1,---,1.

As a result of these considerations, we may now replace (4.19) by the
commutative diagram
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O
b Yi
’ (5.24)
O, Q,
é
Here, the map
Y,=n0Z, (5.25)

is real-analytic and symplectic, and invariant under the S;-action on the breather
variables (x,u,p,»). Moreover, n§ is the covering projection that quotients out
the Sj-action, and just as before we abuse notation by denoting the images of
& and Q, under the canonical coordinate change (y,8)— (u,v) by the same
symbols.

We are now aiming for an extension of (5.24) to the following diagram:

O%c
Q

(5.26)

Here, the manifolds Qf© and QF have been defined already (recall (5.18), (5.21))
and nf¢ is the covering projection extending . Thus, the definition of the
diagram will be complete once we define the maps Y} and &'

We proceed by doing so. The result will be that Y} is a real-analytic
symplectic map from Qf into Qf that extends Y;, whereas & is a bijection from
QF onto QF that extends &. The diagram will commute by construction, so that
the map ®f=¢&"! has the asserted properties. The details now follow.

First, we restrict the vector-valued function 5 and matrix-valued function %
from Section 3A to ﬁ,:Sh,,‘_ x B, and trade (y,6) for (,v). Then we obtain
real-analytic functions (denoted by the same symbols) on Q. Now one readily
deduces from (3.4), (4.26) and (5.3) that ; has a real-analytic extension to Q,
whereas (3.5) and (B1) entail that the matrix element %, ., ;. +;+, diverges
when (u,,v,) converges to (0,0). Therefore, one should not expect that the
matrix-valued function %, occurring in the proof of Theorem 4.1 has a
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real-analytic extension (and indeed it does not, as we shall presently see).
To cope with this problem we introduce a renormalized matrix

%,=D,¥D; ! (5.27)

were

D,=diag(ly,, M, +15 "M, +1 In_)- (5.28)

The point is, that the singularity in the matrix element Cj, arising for
(¢ 0,) = (0,0) is then canceled by zeros coming from #; and #,, where
j=k,+nk=k,+1+n Indeed, a straightforward calculation yields

Y2

(LDj=expRux,)ug(2Ima;+pg)2 Imay)

oy Lai—a)’ +1°¢°1'” [(a—a)® + 171"

) (5.29)
i%jk (aj—a) (a,—ay)
j=k,+n, k=j+I, n=1,---,L
(Here, we have used the notation
1 o1 .
aE(psfi(p_lé)’i(p+lé)>ps) (530)

and ¢ is to be viewed as a function of u and o, cf. (5.16)). Therefore, %, does have
a real-analytic extension to Qf. Furthermore, the renormalized vectors

(,=DL, n,=D 'y (5.31)

have real-analytic extensions, as well.

The crux is now, that %, is not only real-analytic, but also has real and simple
spectrum on Qf. (Indeed, we know already this holds true on the dense
submanifold Q. Taking limits, reality is obviously preserved, and no collisions
can occur by virtue of the argument in the paragraph containing (5.14).)
Consequently, we may mimic the reasoning in the proof of Lemma 3.1 to infer
that there exists a real-analytic function 4%, from Qf to GL(N, C) satisfying

(B, ' LB)u=0, j#k (5.32)

B =L (5.33)
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Moreover, this function is unique up to right multiplication by a permutation
matrix. We can and will fix this ambiguity by requiring

%.,=D.% (on ). (5.34)

(Since 4, is invertible on Q¥ and |D,|=0 when one or more (1,,2,) equal (0,0),
one can now deduce that %, does not admit an extension, as asserted above.)

We now define Y] in the same way as Y, except that we use %, and
%, Since the matrices entering into this definition are all real-analytic on Qi
the map Y7 is real-analytic. Moreover, since .« is similar to L, Y} maps into
Qf, as promised. Finally, since Y7 coincides with ¥, on €, Y{ inherits the salient
properties of Y, on account of real-analyticity and the denseness of & in Qf;
specifically, Y} is symplectic and invariant under the Si-action on B{".

We are now in the position to define &' and hence to complete the definition
of the diagram (5.26). To this end, let PeQf and let Peenf~'(P). Then we
set &F(P)=Y¥(P°). (This is well defined, since Y} is Si-invariant.) As a conse-
quence, the diagram commutes and &} is a smooth symplectic extension of the
symplectomorphism &, Therefore, it remains to show that &} is a bijection onto
Qf. To this end we shall construct a map ¢;: Qf — QF satisfying

@& =id g (5.36)
(Once we succeed in doing so, we have ®f =g, of course.)
As a preparation for the definition of ¢, we choose a point PeQ} and
diagonalize L(P) with
P=E 'KU! (5.37)
where
E,=diagé,, &, 1/&, 11, e, vp i, 4141, €p). (5.38)

Here we are using the matrices U, K and vectors é, & from Sections 2A and
2B. (To verify that the components of é and ¢ entering E, are non-zero one
need only recall (2.18) and (2.24). Note that E is not invertible when Pe Qf\Q,,
cf. (2.31), (2.34).) It is easy to see that £, is the unique matrix such that

FLP, ' =diagay, - ay), acd] (5-39)

where
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A=A ) (5.40)

(cf. (2.4) and (2.43)) and such that

(%e)j=1a ]¢k++1”k++l
(5.41)
(gr_“e)j=19 j=k++1,"'ak+ +l'
Next, we note that
(‘%‘e)j=vja j=k++1,"'3k++l
(5.42)

(%_lte)jzvﬁ j¢k++15"',k++l

where v is defined by (2.40). Now it follows just as in the special case PeQ,
that (2.42) holds true, except that C* should be replaced by C. Moreover, setting

A,=PAP ! (5.43)
we deduce
(A)p=6A6.>0,  j=k,+n, k=j+l n=1,--,1 (5.44)

by using (2.18) and (2.16).
We are finally in the position to specify ¢, First, we define vectors x*e R**,
x*e R*- by setting

viEeXp(uxf)l"//i(a)l, i=13"'5k+
(5.45)

vN—k_+jE_expwxi)IVN—k_+j(a)|s j=1k_.

Second, we define a vector x € R' by parametrizing (4,), +n, +1+n Via the rhs of
(5.29). (In view of (2.42) and (5.44) all positions can indeed be chosen real.)
Third, we define u,ve R’ by writing

v;=(=Y " exp(ux,)u, — iv,)(1/2) *(2Ima; + pg) *(2Imay) ™

[(aj - ai)z + uzgz:l 1z

i#j,j+1 a;—a;

, j=ky+n, n=1,---,1L (5.46)

Fourth, we parametrize the vector ae 4] by using (5.30), which yields p°e G, _,
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P’eG,_, peR' and de[—pug,0).
Setting now

o(P)=(x%, x5, p%, p°; x,u,p,v), PeQf (5.47)

we claim that the rhs belongs to Qf. To prove this, we need only show that §,, is
related to u,, v, via (5.16), all other properties then being clear. To this purpose
we observe that on the one hand the parametrizations just detailed imply

e/ Au=v/(A)y=r+v2)/2g,  j=k,+n, k=j+l (5.48)

(Recall also (5.44) and (2.42) to verify this.) On the other hand, we infer from
(2.24) that

ég/A=1+6,/ug, j=k,+n, k=j+I (5.49)

so that the desired relation (5.16) results.

It remains to prove that @, satisfies (5.35) and (5.36). To this end we identify
@(P) with a point P°eQf in the obvious way (namely, by keeping the
lexicographic ordering). Then we must have

%, (P)=Z,P)diag(e(P), -, ex(P)) (5.50)

since the matrix at the rhs has the properties that uniquely determine %,,(IA’“).
From this (5.35) is clear. Conversely, picking PeQ} and identifying P with
PeeQi, we obtain an image point PeQf whose 2 must satisfy (5.50), again by
uniqueness. Thus, (5.36) follows and the proof of the first assertion of the
theorem is complete.

To prove the assertions concerning codimension, we note that Q is
connected, whereas € is not (recall our standing assumption m>0). Therefore,
the real-analytic subvariety Q, must have codimension one. Also, the set Q,n <)
consists of those points whose images under ®* belong to QN\Q, for some />0,
and the latter set manifestly has codimension two. Thus, Q,nQ, has codimen-
sion two.

To complete the proof of the theorem, we need only show that whenever
PeQ is such that there exists M e GL(N, C) with

M~L(PYM =diag(4,, -+, Ay), (5.51)

one must have 4;#/, for j#k. We shall now derive a contradiction from the
assumption that two A’s are equal. Eventually making a permutation, we may
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assume A;=41,=A. Then we obtain as the analog of (2.24)
(M~ IAMjk[l + i('lj_ A)/ugl=(M"~ le)j(Mte)ks Ay, ANE S,cllg/z- (5.52)

Viewing this as an equality between N x N matrices, it follows that the matrix
at the lhs has rank one. Since |M~'4AM|=|A|+#0, this gives rise to a contra-
diction for N=2, so we may assume N>2.

Next, we set

n=1+i0—A)ug,  e=1+il—Wug, jk=1,-N (5.53)

which entails r; =r, =c, =c, #0 and r;+¢; #0. If all r, would be non-zero, then
(5.52) would imply that the first two rows of M~ 'AM are linearly dependent,
contradicting [4|#0. Hence, we may as well assume r3;=0. But then we have
c3#0 and also

Ay=A—iug. (5.54)

Thus, 4 must belong to the upper boundary and 15 to the lower one. Since
A=A, =2,, this is not possible for N=3, so we may assume N>3. Likewise, if
all ¢; would be non-zero, then M~ 'AM would have two linearly dependent
columns, so we may assume c,=0. But then we have

Ay=A+iug (5.55)

so that 1 must belong to the lower boundary. This contradiction completes the
proof. []

The theorem just proved yields a complete elucidation of the state of affairs
on Q. However, it leaves open some natural questions concerning Q,. For
instance, it does not specify the dimension of Q,NnQ,, and it does not make clear
whether collisions off the real axis can occur. Another open question is: Are
there points in Q for which o(L) has cardinality one? (We suspect the answer
is ‘yes’ if and only if [N, —N_|<1)

We shall finish this section by exhibiting such phenomena for the special
case N, =N_=2, taking

x{=x;=—x3=—x;=x>0, pi=p;=-pi=-py;=p. (556)

First, choosing
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p=ug/2chux (5.57)
one finds an x-value for which |o(L)|=1:
shux=1=a(L)={0}. (5.58)
Second, with (5.57) in force one obtains, indicating (algebraic) multiplicities,
shux<1=-0(L)={a,a,—a, —a}, a=pg(1—sh?ux)!?/2shux  (5.59)
shux>1=>0(L)={b,b, —b, —b},  b=iug(sh’ux—1)"?/2shux. (5.60)

Therefore, multiple collisions and collisions off the real axis cannot be excluded in
general. Third, one finds

1 1
shux=2,p*=9u’g*/80 = o(L)= {0, 0. ipg, ~ Eiug} (5.61)

so that Q,nQ, is not empty in general.

5B. The Case 11

rel

As already mentioned, the cases 7€(0,7/2) and T=mn/2 are quite different as
regards spectral boundary points. Therefore, we shall first handle the case
1€(0,/2) by following the path laid out in the previous section and then study
the T=mn/2 case.

Starting with the special case N, =N_ =1, one finds that Q, is again given
by (5.2), whereas

Qe={(x’f,x",p*,p")eR"'lthz%ﬁ(p+ —p‘)chzéu(x+ —x7)=sin’t}. (5.62)

Thus, Q, is a codimension-one submanifold having two connected components,
just as (5.1). Again, L is not diagonalizable on Q,. Changing variables accord-
ing to (5.3) and using notation introduced below (5.3), one finds that @ is given
by (5.5) and by

1+6/ug

1/2
u= —(2g)”zsin%ﬂ5 ] sh%u(x+ —-x7) (5.63)

sin?t —sin? 3 Bo
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1/2
u:(Zg)I/zcos%ﬁé —lj—ﬂg_]

th%ﬂ@*—p‘)ch%u(x+—x')

sin’t— ﬂé
(5.64)
where
2 in2 21 + vz L + -
o= —BArctg([sm 7—th Eﬁ(‘n —p~)ch Eu(x —x7)/
1
[chziu(x+ —x7)—sin?t])}2 (5.65)
Also, the inverse transformation &% reads
+ 1
x* =x+—Arth(ur)
u
(5.66)
1 1
pr= 5P B Arth(ortg[t— - ﬁ,u(u +0%)])
where
2 1a2 1 2 2
sin’t —sin*[t— Zﬁu(u +0%)] 12
rEl: :| . (5.67)

. . 1
u*sin®t +v?sin?[t — i Bu(u? +v%)]

As expected, these formulas reduce to (5.6)—(5.10) when [ —0. (Recall
1=pfug/2.) Once again, ®} and &% are symplectomorphisms w.r.t. (5.11), and
(5.12) holds true.

We continue with the general case. Replacing (5.13) by its II,,, generaliza-
tion

Sk(q’ é) = Z . exp(:u'qu)n [Shz 0 é ) + sm T] 1/Z/Sh ﬁ(omm(t Y émax(i,j))

= iel el
J¢l

(5.68)

(cf. (3.57)-(3.60) and (B4)) we shall first show Q, is non-empty. To this end we
follow the reasoning after (5.13), replacing (5.14) by
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1 = > 1
S Tl (P)+ 4 (P)” 1= S THL(P)+L(P) 11=P,(P) (5.69)

where P, is the Hamiltonian

N+ N_
Po= Y. ch(Bp)Vi (x*,x7)+ Y ch(Bpy)V; (x*,x") (5.70)
i=1 j=1

cf. (1.3), (1.4). (The second equality in (5.69) follows by using (B4).) From this
the desired a priori estimates readily follow. (Note H=p"'TrL cannot be used,
since €* is not bounded away from zero.)

Next, we may and will copy the definitions and relations (5.15)—(5.21), which
prepares us for the following theorem.

Theorem 5.2. For 1€(0,7/2) the assertions of Theorem 5.1 hold true.

Proof. The reasoning in the proof of Theorem 5.1 applies nearly verbatim,
with Theorem 4.2, Lemma 3.4, (5.69) and Section 2C playing the role of Theorem
4.1, Lemma 3.1, (5.14) and Section 2B, resp. Therefore, we only list the changes,
to wit: (5.29), (5.39) -

(%) =exp(2ux, + PReaj)sintsin(z + fIma;)(sin fIma,) >

1
[Sh21 (a;—a;)+sint]}? [sh? = B(a,—a;)+sin?t]!/?
27 2

1 . 1 (5.71)
e Shiﬁ(aj_ai) Shiﬂ(ak-ai)
P,LP, " =diaglexp(Bay), -, exp(Bay)), (5.72)

resp.; v, — exp(— fa)v, at the lhs of (5.45); (5.46), (5.48), (5.49) —
v;=(—=)Y " exp(ux, + Bau,—iv,)(Bp)'*(2sin flma,) ~*

[sh? % Bla;—a;)+sin?]"/?

[sin(t — Blmasin(z + mma,-)]” 2 1 1 (5.73)
©—flma, Sk sh- Bla;—a)
6@ A =2 +2) P exp(prea) "~ P1M%) (574)

4sint 17— fImg;
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é jgk//i x=exp(BRea;)[cos(fIma;)— cotrsin(fIma;)] (5.75)

resp.; (5.52)—(5.55) —

(M~ AM) %(A,- L)+ -;lcotr(zj— 101 =(M o) (M),

Agy ey AnEEXp(SE) (5.76)
r= %(A+Ak)+%cott(l—lk), = —;-(lj+l)+%cotr(lj—l) (5.77)
Ay = dexp(—2i7) (5.78)
Ay = Jexp(2i) (5.79)

resp. (Note r;+c¢;#0 since Re4;>0,i=1,---,N) [

The first paragraph after Theorem 5.1 applies again. Moreover, the situa-
tion concerning collisions for the special case N, =N_=2 is the same as
before. Indeed, consider again points in Q of the form (5.56), Choosing first

chBp=[1~—sin?t/ch?ux]~'/? (5.80)

one finds as the generalization of (5.58)—(5.60)
o(L)={e" e"e %e "}, (5.81)

where o is defined by

cha=cost[1+sin?t/sh?ux]*/2. (5.82)
(In particular, o(L)={1} when shux=cost.) Also, one obtains

o(L)={1, 1,exp(it), exp(—i1)} (5.83)
(and, therefore, a point in Q,NQ,), when one chooses

shux =[2cost + 2cos?t]!/?
(5.84)

chfp=

1 [1 +2cost + 2cos?t

1/2
446 ] [(1 + cost)!'2 —sinz(1 —cost) /2],
COST

cos?t
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We proceed by studying the case T=m/2, taking again N, =N _=1 for a first
orientation. From (2.70) one then infers

1 01
xt—x"-50+=L- iiexp(iﬁ[p++p_]) [1 0]' (5.85)
Thus, L has a jump discontinuity on Q\Q”, but ¢(L) is continuous. Conse-
quently, one may include the hypersurface x* =x~ as regards spectral properties.
Doing so, one finds

Q=0\Q={(x*,x",p*,p)eR¥x* =x"} (5.86)

whereas Q, is given by (5.62) with t=m/2. Thus, Q, now consists of four disjoint
hypersurfaces. Moreover, after the change of variables (5.3) one finds that @,
and &, are given by (5.5) and (5.63)—(5.67) with t=7/2, but now these real-
analytic symplectomorphisms do not have sensible extensions. Indeed, when
x* —x~ one gets u,»—0 for any p*,p~; when u,v >0 one gets x* - x~,
whereas p*,p~ have direction-dependent limits.

Next, we turn to the general case. The formulas (5.68)—(5.70) now do not
lead to useful conclusions, since the potentials in P, are not bounded away from
zero for t=m/2, cf. (1.3), (1.4). However, it is not hard to see directly that the Lax
matrix has no imaginary eigenvalues on Q°. Indeed, let PeQ’ and assume
L(P)p=Ap, @#0, ReA=0. Then it follows that (¢,(L+ L*)¢@)=0. But from
(2.70) one obtains

1 o [Liv0 7 LN, O
E(L+L)_[0 L_j_m_[ 0 L(N_)]m_ (5.87)

where

. 1 1
D, _=diag( [] lthiﬂ(xf—xj_)lm,'“, I1 Ithiﬂ(xi—xf)lm)
1<j<N- .

1<isN

(5.88)

and where L(N ,)/L(N _) are pure soliton/antisoliton Lax matrices. Since all of
these matrices are positive on Q°, one has L+ L*>0, so that ¢=0. This is a
contradiction, so that no spectral boundary points can arise on Q°.

Just as for the above special case, g(L) has a continuous extension to Q,
whereas L has jump discontinuities on Q\Q°. For example, from (2.70) and
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(1.3), (1.4) one reads off

o1 -
Lin,+pLn,+ji— izexp(iﬁ[p:’ +p; 1)

x,~+—xj_—>0_-|;=>{ , .
Lik:Lki,Lt,N++stN++j,t"’0’ k#N,+j, [#i

(5.89)

whereas the remaining matrix elements lose their dependence on x;” and

x; . Thus, any point in O\Q" yields imaginary eigenvalues and the correspond-
ing dead breathers are forgotten altogether, in contrast to the situation for t < n/2.

We now summarize and extend these findings.

Theorem 5.3. Let t=mn/2. Then one has
Q,=0\Q’, Q=00 (5.90)

The set Q2 =Q°\Q’ has codimension one and L is not diagonalizable on Q5.

Proof. We have shown above that no point in Q° yields imaginary
eigenvalues, whereas any point in Q\Q’ does, cf. (5.89). Hence (5.90) follows.
Next, we recall that we have already proved that Q”\Q? has codimension one,
cf. the last paragraph of Section 4B. Since Q2=Q"\Q7, it remains to prove
non-diagonalizability of L on Q. But this follows as before; in fact, already
(5.78) yields a contradiction, since Re4;>0. []

The points (5.56) do not belong to ©” and hence cannot be used to obtain
illuminating examples for t=mn/2. However, just as in the previous cases it is
easy to see that for N, =2, N_=1 there exist points in Q7 yielding |o(L) = 1.

6. Dynamics and Scattering

6A. The Case II,,

Thus far, we have been engaged in the construction and study of the
action-angle transform @ and its harmonic oscillator extension ®*. In this
enterprise the Hamiltonian (1.1) has been invoked only once, namely to yield
bounds relevant for studying the boundary set Q,, cf. (5.14). However, it
should be stressed at this point that we proved the crucial canonicity property
of ®® by reduction to the case m=0 studied in I, and our canonicity proof
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for this special case does make essential use of prior information concerning
the H flow and its temporal asymptotics, cf. 1.
We proceed by obtaining detailed information on the m>0 H flow and its

1
asymptotics. In fact, we shall study along with H =§TrL2 the class of Hamil-

tonians of the form
H,=Trh(L), he¥® (6.1)

where € is the class of all entire functions 4 of the form A(z)=%,a,z",
a,€R. Since the Hamiltonians TrL" are real-valued real-analytic functions on
Q (recall L is #-s.a. and real-analytic), the same is true for any H,.

We begin by noting that the H flow is complete on all of Q. Indeed,
conservation of H yields both a non-zero lower bound on the distances |x?—xJ,
i#j, =+, — (so that any integral curve stays away from 0Q) and an upper
bound on |p*| and |p~| (so that the particles cannot escape to infinity in finite
time).

To handle, more generally, the H,, flow, we shall make extensive use of the
relations

LIP)~E(P), AP)~AP), PeQ, P=0oP)eQ,. (6.2)

(Here and from now on, ~ denotes similarity. Also the matrices 4 and I,
originally defined by (2.47), (2.48), are here viewed as functions on Q, via the
coordinate change (4.1)-(4.3)) We begin by introducing the Hamiltonians

ﬁh,lEHh°éab [=0,--,m, he¥ (6.3)

on ﬁ,. In view of (6.1) and (6.2) we have

k+ k- l
A P1= 3, KD+ T Hp)+2 3 RehE (= id) (64)
i= j= =

cf. also Section 4A. It is evident from this that all of these Hamiltonians
commute, and since &, is symplectic, the Hamiltonians H, commute on Q,, and
hence on the open dense subset Q, of Q. On account of their real-analyticity,
they then commute on all of Q. In particular, H is conserved under the H,
flow, so that any H, integral curve stays away from 0Q and has bounded |p™|
and |p~|. Therefore, completeness of the integral curve exp(tH,)(P) through
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PeQ will follow if we can prove that the position part of the curve does not
diverge in finite time.

Before deriving this from an explicit description of the position part, it
should be noticed that completeness of exp(tH,) on Q, easily follows from (6.3)
and (6.4). Indeed, due to (6.3) one has

exp(tHy)& = & exp(tH,,) (6.5)
and it is obvious from (6.4) that the A, flow reads

exp(tI:Ih_,)(xs, x§,ps,p§; X, .5 5) =(xs1 + th’(psl)» ) xi_ + th,(pi_)spsspg;

1 , .1 .
X+ tReh'(E (py—i64)) -y +tImh (5 (p1—16)),p, ) (6.6)

and so is complete on Q. (Using the results of Section 5A it is easy to
extend the previous argument to Q,.) However, completeness of a Hamiltonian
flow is not implied by completeness on an open dense set, so we need an
extra argument to handle the general case. Among other things, such an
argument is provided by the following theorem, which involves the matrix

Ay(t, P)= A(P)exp(tuh'(L(P))). (6.7)

Theorem 6.1. Let he¥, teR and PeQ. Then the matrix A, P) has
simple and real spectrum and its eigenvalues a,(£), -+, oan(f) can be ordered such that

oy (f)> - >ay,(H)>0, oy, + (< <opn(t)<O. (6.8)
Moreover, the integral curve exp(t H,)(P) is complete and its position part is given by
xi+(t)=!4_110(“i(t)), i= 15""N+

x;i(@=p""In(—ay, (0), j=1-N_. (6.9)

Proof. We have already shown that the H, flow is complete on Q,, cf.
(6.5), (6.6). Taking first Pe(,, we claim that

A(exp(tH,)(P)) ~ A,(t, P). (6.10)

To prove this, we note that on the one hand
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A(exp(tH,)(P)) = A(&exp(tH, )O(P)) ~ A(exp(tH, )\ P)) (6.11)

where we used (6.5) in the first step and (6.2) in the second one. On the
other hand, we infer from (6.6) and the explicit form of 4 and L (cf. (2.47),
(2.48) and (4.1)-(4.3)) that

Alexp(tH), )(P) = A(P)exp(tph' (L(P)) ~ A,(t, P). (6.12)

(To verify the second step one need only recall that the similarities in (6.2)
are effected by the same matrix.) Thus, (6.10) follows for PeQ,, as claimed.

From (6.10) and the definition (2.6) of 4 one now sees that the theorem
holds true for any PeQ, and hence for any Pe(,. To handle the general
case, we observe that by virtue of standard ODE lore we can find a time
interval [ —e¢g,€0] and a closed ball B,cQ around any P,eQ such that the
map [ —e€g, €] X Bo—Q, (¢, P)—exp(tH,)(P) is well defined and real-analytic. On
the other hand, the matrix A,(¢, P) has simple spectrum on {0} x By, so one
can find €, € (0, ¢y] such that it has simple spectrum and real-analytic eigenvalues
on [ —e¢y,6,] %X B,. Furthermore, since Q, N By, is dense in By, the position part
of exp(tH,)(P,) must be related to the eigenvalues of A4,(¢, P,) via (6.9) for any
te[ —e€p,€4]-

A moment’s thought now shows that a contradiction arises when one
assumes that the maximal ¢(P,) for which the relation holds is finite. Indeed,
we have already seen that the integral curve exp(tH,)(P,) can only fail to be
complete due to divergence in finite time of its position part, whereas the
spectrum of 4,(t, P,) clearly stays away from 0 and + oo for finite times. []

The theorem just proved entails that the |f| - co asymptotics of the position
part of the H, integral curve through P reduces to the spectral asymptotics
of the matrix A4,(t, P). To study this, we first choose Pe),. Recalling the
diagonal similarity transformation (2.54), we deduce from (6.12)

At P)~ M, 7 exp(eph (E(P),  PeQ, (6.13)
where we have introduced the positive matrix
M=A74. (6.14)

Combining (2.50)—(2.55) with (4.1)—(4.3), we may and will view M, as a function
on Q, explicitly given by
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M,=SC0,u, —g;a,a)S*

where

. . 1
S=diag(s;, '--,SN)Edlag(exp(iuxsx)l“/fl(a)l“2,

1 .
CXP(E uxg Ny @2 (=)rexplulx; + iy 1)V, +1(@), -+

(6.15)

- . | G
(—)k+ * 1exp(u[x, +iy )%, +ia), 1,1, CXP(EHX1)|VN—1¢_ + 1(‘1)11/2, Tty

1 .
exp( 5 ux; N n@)'?)

1 ; ! S 3 5
aE(psl’ ""piui(pl _151), "':5(p1+151)sp19 "'apk_)'

(6.16)

(6.17)

From this one readily infers that M, has a continuous and positive extension
to Qf, cf. Section 5A. Indeed, as J,|—pug, the matrix element C,, ., i, +n
diverges, but (M), , 1., +» does not, since 7, , ., —0. Explicitly, one obtains

IO, i=k,+n, j#k,+n
0, i#k,+n, j=k,+n

5nl_ﬂg:(Ml)ij"
lc,,, i=k,+n, j=k,+n

where
#2 gZ

1+ —=—
(ak++n_aj)2

e =2expux) ]

JFk+ +nks +l+n

We proceed by introducing real numbers &;,%; via
(th(al)a'"a#hl(aN))E(fx,'--,fk+,ék++1+i’11:"'a€k++z+i’7b
Cer 1= M Cey 11— M En—k_ 4157 "5CN)
and then set

{61,"‘,61\/}5{‘11,"‘,‘11(}, dg < <d, ISK<N-L

(6.18)

(6.19)

(6.20)

(6.21)

Next, we define a permutation o, as follows: first, we permute the rhs of (6.20)

into
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(fp"'aéh,fh 1+, ék* +1 —irlp”'afh w1+, 51“ 11— My ‘fN—k_ +1,"'56N)
(6.22)

- . . 01 . .
(so that ¢ turns into diag(l,,,o,,---,04,—1;.), 015[ ] occurring [ times),
10

and then we reorder (6.22) so that the real parts are decreasing from left to
right, retaining the ordering of (6.22) in each cluster.

We now transform the rhas of (6.13) with the permutation matrix IT,
representing the permutation ¢ just defined. This yields

A(tP)~E(l), PeQ (6.23)

where E(f) is given by (C4) with

M=TI,MII;* (6.24)
. 0 exp(—itn,, 0 exp(—itn,, .,
f,,(t)=d1ag(1n<s),[ ol ’][ , D= il 9],
exp(itny,) 0 exp(ith,,,) 0
— L) (6.25)

and with d,,---,dy defined via (6.20), (6.21); thus one has
|1,| =n(s) + 2n(b) + n(3). (6.26)

The point of these transformations is, that the assumptions (C3), (C5), (C6)
are now satisfied. Therefore, we may read off from Theorem Cl1 the gross
features of the temporal asymptotics of the positions x5 ()<---<x{(2),
xy_(f)<---<x7(f): For |[t|>o0 there are K separated clusters moving with
velocities dy<---<d; and the number of solitons, antisolitons and breathers
in each cluster stays the same. (However, rearrangements must occur in
general, so as to preserve the two orderings involved.)

To study the asymptotics in more detail, we should determine the cluster
matrices (C10) for the case at hand. Since #,(f) is given by (6.25), we need
only calculate the matrices m) defined by (C9). We begin by doing so when
M is of the form

M,k=fJC(O,,u, —g;p,p-)]kj;‘, f;GC*, j,k—_—l,"‘,N- (6.27)

(Here, pe C is chosen such that Lemma B1 applies.) To this end we invoke
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Lemma B2: it enables us to calculate the inverses of the three Cauchy matrices
that are involved. Explicitly, this yields

)iy ko, =Gi Mgl d=+,—, jkel, (6.28)

where

6 Pj—Pm ]
g=]] 2 jel, (6.29)
’ meIf, Pj_pm—l“g ’

(Recall (C1) and (CS8).)
In the case at hand M is of the form (6.27) with

Ji=5a-14p Pj=Ads-1) (6.30)

provided PeQ,. However, (6.28) holds true for PeQf, too, since all eigenvalues
of M stay away from 0 on Qf, cf, (6.24), (6.14).

We are now in the position to determine the asymptotics of the center
of mass position of cluster p by combining Theorem C1 with the explicit
formulas just derived. To determine the asymptotics of the individual positions
is not feasible in general; we shall only handle the three cases in which
n(s)+n(b)+n(d=1. Since h(z) is assumed to be entire, the subset of Qf for
which all clusters satisfy this restriction is an open dense full measure subset
whenever 4 depends nonlinearly on z. In particular, for the Hamiltonian H

1
(for which A(z)= 3 z2, cf. (2.23)) this subset is given by
E #l s s S 5 1 1 Tett

Q.= {PGQ, [Pl PR, DY "'st_,EPu "‘95171 dlStht}- (6.31)
The scattering will be detailed in terms of the center shift and phase shift functions

6.0 SoN{O0,£ipg} >R, z—>p~'In|l+pu’g?/2? (6.32)

8,: S, \{0}=2u~ (—m, ], z+>2p~ " arg([2> + u’g?*]1"?/2). (6.33)
Here, S, is defined by (2.27) and the square root sign is defined by requiring

Re[z? +4%¢*]'*>0,  zeS,, (6.34)

Theorem 6.2. Let PeQf and let x*(f), x~(¢) denote the position part of
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the integral curve exp(tH,)(P). Let o be the permutation defined in the paragraph
containing (6.22). Let pe{l,---,K} and let d, be defined via (6.20), (6.21). Finally,
let #,(0), |I,| and r, be given by (6.25), (6.26) and (C12), resp. Then there exist
uniquely determined indices iy, -, iyy€{1,- -k}, ji, - Jap€{l, - k_}, ny, -,

nn(b)e{ls""l}> I5,15°"" id.n(s)+n(b)e{1""5N+}5 j&,li""jﬁ,n(§)+n(b)e{1’""N—} such
that

1 n(s) + n(b) . n(3) +n(b) B 1 n(s) n(s) _ n(b)
71 Z xia,k(t)+ Z xjd,k(t) = Z x?k+ Z x;k+2 z Xrnge
Il L k=1 k=1 1Tl Lk=1 k=1 k=1

0
— 5A,,+td,,/u+ O(exp(—|t|r,)), t—d00 (6.35)

where 0= +,— and where

ApE“l— ) [ Y= ]5c(a,,_1(j,—a,_1(k)). (6.36)

‘Ipl jelp Lkel } kel 7

Next, consider the following special cases.
@) Il=1, F =1 (6.37)

Then there are indices ie{1,---,k.} and iye{1,---,N.} such that

X ()=x]— gAf-F th'(p) + O(exp(— 1lr,)), t—d00 (6.38)
where
AfE[ )IEDY ]‘Z(Pf—aa- o) (6.39)
kelp kel
(ii) IL=1, #,()=—1 (6.40)

Then there are indices je{l,---,k_} and jse{1,---,N_} such that

Y, T _
x;,(0) =xj~—EAj+ th'(p%)+ Oexp(—tIr,)), t—800 (6.41)

where

A?":—[ Z - Z :I‘sc(l’j-‘—aa—l(k)) (6.42)
ke

el} kel ;
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0 exp(—itn,)

1
s M= ImA'(Z n_"én > 1,"',1 .
explitn) 0 ] M= p Ik (py—id,), ne {1}

(6.43)

(i) |7,|=2, f,,(t)=[

Then there are indices ise{1,---,N.} and jse{1,---,N_} such that

%[xi:(t)+x,-;(z)1=x.,— gA:+tReh'(§(pn—ié..»+0(exp(—|t|r,,», =600
(6.44)

where

1
A= |: Z - Z :léc(i(pn —i0,)—a,- 1(k))' (6.45)

kel § kel 5

Moreover, when 6,> — ug one has

2.2 12
sh%u(xiﬁ(t)~x;(t))= [” g —1] sinu(vn—gAwImh'(%(p.,—ian)»

52
+0xp(—lilr,),  t—b6 (6.46)
where
1 .
Arll’EI: Z - z ]5p(—(pn_16n)—ad‘1(k)) (647)
kel } kel ; 2

and when 5,= —ug one has

x5 (1) —x;, ()= O(exp(—|tlr,)), t—300. (6.48)

Proof. Since the eigenvalues of the cluster matrices are bounded away
from 0 and + oo, it follows from (C15) that

1ol
3, Inle (0= nldetcl (0] + ], id, + Oexp(—ldr,),  1->3c0. (6.49)
-

Now [c2(7)] equals (—)"®*"|m?|, and the latter determinant can be calculated
by using (6.27)-(6.30). Doing so, the first assertion readily follows. Then
(6.38), (6.41) and (6.44) are obtained by specializing (6.35). (Recall non-real
aj’s occur in complex-conjugate pairs.)

It remains to prove (6.46) and (6.48). To this end we combine (C15) with
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(6.49) to infer
1 1
shi plxit (@) —x;,(0) =§‘detci(t)l ~12Tr ¢3(1)+ Olexp(—|tlr,)), t—do0. (6.50)

Calculating the ras from (6.27)—(6.30) and (6.43), we now obtain (6.46) and
(6.48). O

We continue with some remarks on the results just obtained. First, the
occurrence of rearrangement collisions already mentioned above is best
illustrated by considering a special case: Take N,=2, N_=1, [=1,
%p1= —pi>0, 0,=—pug, x,=x7=0, h(z)=%zz. Then the integral curve
describes the following process. For f— — oo one sees a dead breather
x5 (f)~x7(f) at the far left and a soliton x;(#) at the far right; for t—oo0 one
sees a dead breather x{(f)~x;(¢) at the far right and a soliton xJ(¢) at the
far left; for finite times the breather is alive and rearrangement occurs.

Second, it should be noticed that when one would omit the factor (—)*+*"~!
in the definition (4.3) of y, (so that corresponding terms in (4.26) and (6.16)
drop out), then one would obtain an extra factor (—)** *"~! at the rhs of (6.46).

Third, taking 8,> — ug, the shift in the complex breather positions x,+ iy,
due to the scattering at the other clusters can be written in terms of the
multi-valued shift function

8@ =p""In(1+p%g%/z%,  z#0, tiug. (6.51)

Specifically, one has

A(xniiv,.)=(k;_ - k;)é(%(pn?ién)—a,—:(k)) (mod 27i/p). (6.52)
el;  kel}

Clearly, 6(z) equals Red(z). However, one cannot replace 6, in (6.47) by
Imé. Indeed, this renders (6.46) ill defined, since the factor 1/2 multiplying
AP gives rise to sign ambiguities after this substitution.

Fourth, we point out that the above results regarding asymptotics do not
include the following items: the asymptotics of p*(#), a description in terms
of wave maps, an invariance principle for the latter, and an ‘asymptotic
constancy’ generalization. (See Chapter 4 and Section SA of I for the pure
soliton case.)

We conclude this section by studying the ‘dead breathers ~ solitons’
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phenomenon already described in the Introduction. Thus, we restrict attention
to the special case

N,=N_=-N=M (6.53)

and the submanifold
Qup={x",x",p",p)eQx" =x",p",=p~}. (6.54)
We identify Q,, with the manifold

Q% ={(q, 0)e R?M|ge Gy) (6.55)
by setting

x’=gq, p"=%0, o=+, — (6.56)

and equip Q™ with the symplectic form

M
o™= Y dgAdd;=*w), Q0 Z0,c0 (6.57)
j=1

J

where ¢ denotes the identification (6.56).

Now consider the Hamiltonian vector field X=X (with H given by (1.1))
restricted to Q. It is readily seen that X is tangent to Q. Indeed, this
amounts to the symmetry properties

Xi=Xu+p Xom+j=Xams+p j=1,M (on Q) (6.58)

which are easily verified. Therefore, the flow exp(¢H) leaves Q,, invariant and
corresponds to the Hamiltonian flow on the symplectic manifold (Q™), ™)
generated by

H,=/*H). (6.59)
In view of (1.1) this Hamiltonian reads

M 1 1
Y, 0F+2g%> Y ———— — Mg’y (6.60)
=1

1
Hr(q» 6)=_
4 1<j<k<M Shz#(élj—‘h) 4

J

Thus, its flow equals the pure M-soliton flow up to a factor 1/2 (the soliton
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mass is doubled) and a doubling of u and g.
As a consequence of this state of affairs, we may now infer from Th. 3.2
in I (with p, p, N> 2u,2ig, M) that on Q, one has

1 - 1 4
x;?(t)~qj—5Aj(9)+5t0j t— o0 (6.61)
5 14
pj(t)~50j t—00. (6.62)
Here, (4,6) belongs to the action-angle phase space
-~ -~ M -~
OM={((G,0eR*M0eGy}, OM=Y dgNdb; (6.63)
j=1

of I and is given by
(4, 0)=0,(2p.2ig; 4,0, ¢=x°0), 0=2p%0) (6.64)

where ®,, is the map from Th. 2.3 in I; moreover,

1 2,2
A,.(ol,...,9@:(2_-2)(2”)—11n[1+ (géfj)z]. (6.65)

Now it follows from (6.61), (6.62) that the matrix L,=Loexp(tH) on Qg (with
L given by (2.21)) has the t— oo limit

—% 1., 4 - 1
@ =[ 7 ] , 9= Edlag(ol,---,OM), €= E.uglM- (6.66)
Since the flow is isospectral, this entails

1. 1. 1. 1,
o(Lo)=0(L,)= {501 ii iug, -,EGM ii' 4 (6.67)

so that Q,, indeed consists of dead breather states.
More precisely, since L, has 2M = N distinct eigenvalues on the boundary
of the strip S,,,, it follows that Q,, = Q, and that ®* maps Q,, into

Qo= {6, 1, p, 0) € Qlgluty =0, = -+ =tpy =0y, =0} (6.68)
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cf. Section 5A. Therefore, we may now invoke Th. 6.2 to deduce

1 1
xi(O)~x;— §A§+ Etpj t— 0 (6.69)
where
. 11 11
As=(Y, — Y0.Cpi— =pa)+0.-pj— ~pat+ipg)] (6.70)
n<j n>j 2 2 2 2

cf. (6.44), (6.45). Comparing this to (6.61), we infer successively p;= ] s Aj=A j(é)
(recall (6.32) to check this), x;=¢;, j=1,---, M.

To summarize and extend these findings, we now identify Q™ with €,
by setting

x=4, p=0. (6.71)

Denoting this identification by ¢, we clearly have
aM=7at), QM =G, O, (6.72)

Theorem 6.3. The map ®* restricts to a canonical transformation from
Q@) onto {Q, D> which satisfies

(¢ o @ o0)(q, 0) =@, (21, 2ig ; 9, 0). (6.73)
Proof. We have already shown that the diagram

(I)#

Q Qu
‘ it (6.74)
QM) Qo
(0]

nr

commutes. Thus, it remains to prove ®* maps onto Q. But since @,, is a
bijection, this is clear from commutativity. []

We close this section with some remarks. First, recall from (6.14)—(6.19)
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that the matrix-valued function 4, on Q,, admits an extension to Qf,. Thus
one gets a function A4,4,0) on O™ via (6.71). Substituting (6.56) in A4 (recall
(2.6)), one readily deduces

M
144G, 0)—al,yl= [] (@ —exp2ug)). (6.75)
j=1

Since the map (g, 6) —(g, 0) is canonical, it follows that the symmetric functions

of A4, 0) Poisson commute. In point of fact, these functions can be explicitly
found: from (6.14)—(6.19) one obtains

46,0=° diag(cr,+cu) (6.76)
1 o 0
EC(O’ 2u, —2g;0,0)

where C is given by (B1) and where

) 16 2.2 7J1/2
¢;=2expud) [ [1+,—’i§] . 6.77)
k#j (Hj_gk)

From Cauchy’s identity (B4) it then follows that the functions S,,(4) coincide
with the functions S,(I,.) of I with u—2u, p—2ig, No> M.

Second, when we substitute (6.56) in the Lax matrix (2.21), yielding a
2M x 2M matrix L®(g,0), then the symmetric functions of L'® are real-valued
and commute. Indeed, by virtue of (6.67) one has

M 14 1
IL®Xg, 0)— Ayl =[] [(A— 59,')2 + lezgz] (6.78)
j=1

which proves the assertion.
Third, using k'™ roots of unity the fusion procedure can be generalized
to obtain kM x kM matrices L® on Q™) with real-valued commuting symmetric

. .1 . . .
functions, the function EkTr L®(q,6) (minus an irrelevant constant) being equal

to the Hamiltonian H from Th. 3.2 in I, with u, p, N—>kpu, kig, M. This entails
remarkable restriction properties of the holomorphic function R from Chapter
3, which generalize (6.73).

Finally, we point out that the C, and BC, reduction described in Th. 5.2
of 1 generalizes to the flm case. The point is, that when one requires that
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the two particles at equal distance from the origin have the same charge, then
the vector field Xy is again tangent to (the obvious generalization of) Q¢ for
N=2[ and to Q° for N=2/+1, resp.

6B. The Case I, (t<n/2)

Just as in previous chapters, provided that te(0,7/2), the reasoning for
the I1,, case can be followed to a considerable extent. In particular, we can
consider the same class % of entire functions A, but now (6.1) should be replaced
by

H,=Tth(f~'InL),  he®. (6.79)

Here, the matrix InL can (and will) be defined by the (Riesz-Dunford) functional
calculus. (Recall (L) belongs to the open right half plane.) Then InL is
real-analytic on Q, so that H, is real-analytic on Q, too. Moreover, on
one has

B~ YInL ~diag(a,,--,ay) (6.80)

cf. (5.72). Therefore, H, is real-valued on € and hence on Q as well.

Clearly, the Hamiltonian H given by (1.2) arises when one takes
h(z)= B! expPz, cf. (2.73). In the present case however, completeness of the
H flow is not immediate, since the functions expfp? in (1.2) are not bounded
away from 0 on Q. But if we start from A(z)=chfz, then we obtain the
Hamiltonian P, given by (5.70), and completeness of the P, flow is again
obvious. Now (6.2) still holds, and the definition (6.3) then leads once again
to (6.4). Therefore, all Hamiltonians H,, he €, commute on Q, and from (6.5)
and (6.6) one infers that their flows are complete on Q,. Setting

A(t, P)= A(P)exp(t uh'(B~ 'InL(P))) (6.81)
we are now prepared for the analog of Th. 6.1.
Theorem 6.4. For t€(0,7/2) the assertions of Th. 6.1 hold true.

Proof. The proof of Th. 6.1 can easily be adapted. Specifically, the role
of (2.47), (2.48) is played by (2.84), (2.85), and (4.1)-(4.3) should be modified
as detailed in the first paragraph of Section 4B. Substituting
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L(P)— B~ 'InL(P) (6.82)
in (6.12), the reasoning now applies verbatim. []

Continuing as in the previous case, the definition (6.14) leads to (6.13) with
the replacement (6.82). Then (6.15) holds true with 0 replaced by B, and with
S defined via (6.16), (6.17) with the following changes: in (6.16) one should
substitute

px; = px;+Ppi,  i=1,ky

1
:u(xn+i’yn) - H(xn+l‘))n)+ Eﬁ(pn_lén)) h= 19' ",1 (683)
pxs = pxi+Bps, =1k

and 7 is now given by (3.57). Then (6.18) follows once more, with (6.19)
replaced by

1 in?
¢, =2 cost exp(2pux, + Eﬁpn) 11 1+ il . (6.84)

j#k+ +nks+1l+n 1
' ’ Shziﬂ(ak+ +n'—aj)

Next, we fix he® and proceed as before: (6.20)—(6.26) apply again, and
in (6.27) we need only replace 0 by . Lemma B2 then yields (6.28), with
(6.29) generalized to

1
Shiﬂ(pj—pm)
g= ]_L . ,  Jjel,. (6.85)
’ shzﬁ(p,-—ﬁm—iug)

Then (6.30) applies again. To state the analog of Th. 6.2, we replace (6.32)-(6.34)
by the definitions

cl . —1 Sil’lz‘[ 1
0.: S \{0, +iug} >R, zi>u n| 14+ ok 1= 5ﬁug (6.86)
Shziﬂz
1
[shzi[iz+sin27::|”2
6,: S,,\{0} = 2u~(—m,7], z|—>2u‘1arg[ (6.87)

1
h-
s 2[32
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1
Rc[sh25ﬁ2+sin2r]“2>0, zeS (6.88)

u1g*

Theorem 6.5. For 1€(0,m/2) the assertions of Th. 6.2 hold true, with &,
and o, given by (6.86) and (6.87), and with the replacement

2,2 12 ) 12
[”f —1] —{S"’i’—lJ (6.89)
On

1
sin®= B4,
25

in (6.46).

Proof. Since (6.49) and (6.50) are still valid, we can proceed as before,
using the generalization (6.85) of (6.29). [J

The remarks after Th. 6.2 apply with obvious changes. In particular,
(6.51) should be replaced by

‘2
5(2)E,u“11n|:1+‘sm ‘
sh?—

2P

:|, z#2mik B, +iug+2nik 1, keZ (6.90)

and then (6.52) holds true again.

We continue by generalizing the reduction result Th. 6.3, starting again
from (6.53)—(6.57). With H given by (1.2), the vector field X=X, again has
the symmetry properties (6.58). Thus, the H flow restricts to Q,, and can be
identified with the flow on Q™ generated by

P P M | sin?2t :I”z
H,(g,0)= (Eﬁ) COST j§1 exp(i o j),LIj I: 1+ ——~———Sh zﬂ(Qj ) . (6.91)

(Indeed, H, is related to H via (6.59).) Hence one obtains the pure M-soliton
1 .
flow of Th. 3.4 in I, with f, u, z=it replaced by EB’ 2u, 2z and with a scale

factor cost. (Physically speaking, the latter corresponds to the mass defect
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of the relativistic bound state.) From I 1.c. it then follows that the asymptotics
of the H flow on €, is given by

1, 1 .
X ~g;— EAj(0)+tcosrexp§[39j t— 00 (6.92)

and by (6.62), with (4, §) in the phase space (6.63) and with (6.64), (6.65) replaced by

; 1
(4,9)=<Drex(5ﬂ, 2u,iBug;q,0), g=x°0), 0=2p°0) (6.93)
Af01,++0) = (3 ~Z)(2u)“ln[1+—§&}. (6.94)
i<j i>j Shzzﬁ(ej_ei)

Using (6.92), (6.62) we now get as the analog of (6.66)

1 . 1 .
], 9Ediag(expE,BHl,---,expEﬁOM) (6.95)

cost9 —sintP
sint 9 cost9

(recall (2.70)), so that
| |
o(L)={exp 3 PO +ipg), - exp 3 B0y i pg)}. (6.96)

Therefore, one has again Q,,cQ, ®%Q,)<=Q,, cf. (6.68). From Th. 6.5 we
then obtain

1 1
x5O ~x;— EAj-+t cost expiﬂpj t—00 (6.97)

with Aj given by (6.70), (6.86), and comparing this to (6.92) we deduce again
pj=éj, Aj:Aj(é), x;=q; Defining ¢ by (6.71) and recalling (6.72), we are now
prepared for the analog of Th. 6.3.

Theorem 6.6. With (6.73) replaced by

- 1 ,
(‘._ Lo (D#”')(q, 0) = (Drel( E,Ba 2[1, 1 Buga q, 0) (698)
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the assertion of Th. 6.3 holds true.
Proof. After replacing @, by ®,,, the proof of Th. 6.3 applies verbatim. []

The remarks after Th. 6.3 can be adapted with minor changes. First,
(6.75) is still valid, and (6.76), (6.77) should be replaced by

A4, 6)= 1 0 dlag(cg' ) J (6.99)
(2cos7) ™' (( 5 B.2u, —2; d,6)
1 . in22 12
cj=2cosrexp(2uq”j+§ﬂ9j)n[l+it—:| (6.100)
k#j

shzZ Bb;—0,)

In the present case, (B4) entails equality of the functions S,,(4,) and the
functions S, (I1,.,;) of I with the replacements f — /2, u— 2u,z— i fug, N - M.
Second, in view of (6.96) the analog of (6.78) reads

M

|IL®(g,0)— 1,5 = [] [A*—24cost exp( % B0, +exp(BO)]. (6.101)

j=1
Third, assuming 7 e(0,n/2) satisfies sinkt#0, k-fold fusion can again be
performed, the function sinkt(ksint)™!TrL® being equal to the Hamiltonian

1
H from Th. 3.4 in I with ﬁ,,u,z,N—»k'lﬂ,ku,iikﬁug,M.

Finally, the C;/BC, reduction remark applies again, with Xy replaced by Xp,.

6C. The Case I, (1=7/2)

In this section we study the singular case fug=n. Taking Pe()’, one
can again define InL(P) by the functional calculus. Then (6.80) holds true on
Q?, and for any he® the definition (6.79) yields a real-valued real-analytic
Hamiltonian H, on Q. Defining A, on ﬁ',’ by (6.3), it now follows from (6.79),
(6.80) and (6.2) (with Q—Q") that (6.4) holds true for any Pef)}’. Arguing
as before, this entails that all Hamiltonians H, commute on Q.

However, the H, flow is not complete on Q" whenever A(z) depends
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nonlinearly on z, as will be clear from what follows. (Of course, Q° is left
invariant when A(z)=a,+a,z.) For instance, it is easily seen that any integral
curve of

Py=(chpp* +ch ﬁp‘)lth%u(x* —x7)  (Ny=N_=1) (6.102)

yields x* —x~ =0, |p*|, |p”|— oo in finite time.

When one is willing to ignore sets of measure zero, there is a quite simple
solution to this problem, which will now be detailed. Fixing Pe Q) with image
f’eﬁ}’ under @, we define a curve P() in f!, via the rhs of (6.6). Then the
set C,p of times for which this curve intersects fz,\fz}’ does not contain an
interval around t=0. We claim that C,, is actually discrete.

Indeed, lifting the curve to a curve P(t) in the covering manifold
Q,c]f < C?N, the set consists of those times at which P(t)e Nz, of. (4.48),
(3.64). Since the function t+— % (P( f)) is real-analytic on R, existence of a limit
point in C, » would entail Ig(t)euV & for any teR, a contradiction. Thus our
claim follows.

Obviously, for any connected component I of R\C,, the curve I—Q°,

t—&(P(1) =exp(tH,((P) is a maximal integral curve of H, Thus we obtain
piecewise integral curves going through any PeQ’. In the Koopman picture
of classical mechanics (cf. e.g. [19]), this piecewise definition of exp(tH,)P),
Pe(), yields the pointwise action of a strongly continuous 1-parameter group
of measure-preserving (hence unitary) transformations on L*€). Indeed, the
rhs of (6.6) gives rise to such a group U(r) on L*€), and the canonical map
& from Q" onto Q gives rise to an isometry W from L3(Q) onto L3(Q), since
O\Q’ and O\Q’ have measure zero. Thus the image group U(f) on L*(Q) has
the asserted properties, entailing completeness in the functional analytic sense.
. However, this solution leaves much to be desired. We shall present a
more satisfactory remedy at the end of this section, after having assembled
extensive information that is of interest in its own right. First of all, we shall
show that there exists a clear-cut method to piece together maximal integral
curves for any initial point in the exceptional set Q) too. To this end we
shall make use of the matrix-valued function A,(z, P), cf. (6.81). We begin by
noting that for PeQ)] and te R\C, p one has

Ay(t, P)~ A(P)exp(tuh' (B~ 'InL(P)) = A(exp(tHy ) P)) ~ A(exp(tH,)(P))
(6.103)
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on account of (6.2)—(6.6). Therefore, A4,(t, P) has simple and real spectrum and
its eigenvalues can be ordered according to (6.8); moreover, the position part
of exp(tH,)(P) is given by (6.9).

Now consider the general case Pe(Q’. Then the argument below (6.12)
still applies, so that (6.8) and (6.9) hold true for small |z]. Next, let us introduce

F(t, P)= [ [of0)+ ()] (6.104)

i<k

where o,(f), ---, an(f) are the roots of |A4,(t, P)—alyl. Since the rhs is invariant
under permutations, & is well defined and can be written as a polynomial in
the symmetric functions of A,(t,P). Thus % is real-analytic on RxQ’;
moreover, & is non-zero and real-valued for |¢f| small enough. But then it
follows that & is real-valued on R and that the set

C,r={teR|F(t, P)=0} (6.105)

is discrete.

Of course, for PeQ) the set C, p coincides with the collision set already
encuntered. Fixing Pe QP and a connected component 7 of C, , not containing
t=0, the question is now whether the spectrum of A,(¢, P) is again related via
(6.8) and (6.9) to an H, integral curve on [ that is uniquely determined by
P. (We have already seen that this is indeed the case when Oel.)

To answer this question in the affirmative, we begin by recalling Q! is
dense in Q°. To exploit this, we fix a closed ball with center P whose radius
r is chosen small enough so that the ball belongs to Q°, and we consider the
line segments connecting P to the surface of the ball. Recalling that Q7 is
the zero locus of the discriminant function D, which is real-analytic on Q” (cf.
(4.42)), it follows that a line segment either belongs to QY or meets QY in a
finite set. Since QO is nowhere dense, there exists a segment for which the
second possibility applies. Therefore, there exists a segment S: (0,8)—QP,
st P, of length 6 <r such that P,— P as s—0 and such that S does not meet
Qf. Now € is the complement of the connected components of Q7 so it
follows that S belongs to a component of QY for some /e {0, ---,m}.

Next, we fix a compact interval K< and note Z(t, P,)#0 for te K and
s<e<d. (Indeed, (¢, P) is non-zero on I and hence stays a finite distance
from 0 on K. Since P,— P as s—0 and Z(-,) is continuous on R x Q”, this
also holds true for Z(¢, Py, provided s is small enough.) Consequently, for
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any se(0,e] the piecewise integral curve exp(tH,)(P)=P(t) is defined on
K. Our aim is now to show that the limit P(¢f) of P(f) for s—0 exists for
any teK and yields an integral curve K—QP, t+s P(?).

We begin by noting that there is a finite lower bound on the quantities
|oe; (1) + o (2)] for (s5,2) €(0,€] x K. (Indeed, all eigenvalues o, () of 4,(z, P,) remain
bounded and Z(t, P, stays away from 0. Using constancy of Tr(L+L™?!)
along integral curves in a by now familiar way, it follows that there is a finite
lower bound on the quantities |a;(f)—a(#)] and a finite upper bound on the
norm of the momentum part pf) of P(t) for (s,£)e(0,e] x K. Therefore, the
position part x(f) of PJf) does converge to a position vector x(¢) in the
configuration space of Q° for any teK.

Now p(f) remains bounded for t€ K, so the set A, of limit points of p(¢)
as s—0 is non-empty. We claim that |A,|=1, i.., that p(¢) has a limit p(f)e R¥
as s—0. Accepting this for a moment, let us first show that the limit
P()=(x(t),p(t)) of P(t) for s—0 and teK is in fact an integral curve of H,,
as advertised above. To this end we exploit Hamilton’s equation P(f)=(¥VH,)
(P(?)), where the rhs is the symplectic gradient, cf. (3.31). Since H,, is real-analytic
on Q°, its gradient remains bounded on compacts of Q°. Therefore, when we
integrate the Hamilton equation over an interval belonging to X, the integrand
at the rhs remains bounded as s—0. Since it converges pointwise, we may
use the domainated convergence theorem and the fundamental theorem of
calculus to deduce that P(¢), te K, is an integral curve of H,.

Next, we prove our claim |A,|=1. First, we note that p(f), te K, is~
continuous on (0,¢]. (Indeed, p,(0) is continuous, so this follows from inspection
of (6.6) and continuity of ®, and &,) Therefore, the limit set A, must be
connected. So if |A]>1, then A, is not a finite set. We now continue by
ruling out |A,|=oo0.

We first observe that the spectrum of the Lax matrix in points of the form

(x, p), x=limx(f), peA, tekK (6.106)

s—0

equals a(L(P)). (To see this, use 6(L(P0))) =0(L(P4?)).) Now the impossibility

of |A]=o0 follows from a Fact that is of some interest by itself, viz.. For a

fixed (x, p) € Q°, there are at most finitely many p such that o(L(x, p)) = o(L(x, p)).
To prove this, we write
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L(x,p)~diag(z, -,zy)CxX)=M(z,x),  z;=exp(fp;) (6.107)
cf. (2.70). Next, we consider the zero locus V< C¥ of the polynomials
S(M(z,x))— S (M(2,x)), k=1,--N, Z;=exp(Bp;) (6.108)

in zy,---,zy. Since V is an affine algebraic variety, V is either a finite point
set (containing in particular Z) or ¥V is unbounded. Suppose V is
unbounded. Then there exists a sequence z™ e V and k> 1 indices i, --+, i, such
that z{7, .-, z{" diverge for n — oo, whereas the remaining z; stay bounded. Since

S(M(z™, x)) equals S (M(Z,x)), we may then deduce

0=1lim SM(E™,x))/z - 20 = iy, i) (6.109)
where the rhs denotes the relevant principal minor of C(x), cf. (6.107). But
since (x,)eQ’, this minor does not vanish, a contradiction. Thus, the Fact
is now proved. (It is easy to adapt this argument to the II . (t<7/2) and Ti,,
systems, with Q” replaced by Q. Thus the Fact is a fact for these systems, too.)

Where do we stand? We have shown that for any PeQ’ and he % one
can piece together maximal integral curves of H, whose position part is related
to o(A,(t, P)), te R\C, p, via (6.8) and (6.9). In order to study the uniqueness
of this procedure (and for later purposes) it is important to extend the reasoning
to n-parameter flows. Thus,let PeQ’ hy, -, h,eF and r=(¢, -+, 1,)eR". Then
the above arguments and the equations (6.103)—(6.105) have straightforward
generalizations. In particular, exp(X}-, t;H, )(P) has an obvious meaning for
PeQ? and 1¢C, .., p, and then the above approximation argument shows
that through any P in the exceptional set, too, there passes a piecewise orbit
P(t) (locally a submanifold of Q° with dimension <min(VN,»)), whose
configuration space projection is uniquely determined by o(4,, .., (1, P)),
te R\ Cy,...,.p» via (6.8) and (6.9).

Returning to a fixed he®, we now discuss the uniqueness of the
piecing. Here we hit a snag: A priori, there might be two different maximal
curves having equal (L) and equal position parts. We believe that this cannot
happen for h(z) nonlinear, but we are unable to rule out this contingency.
Fortunately, we do not need to know this to show that to all intents and
purposes the above piecing is unique.

To be specific, we shall prove that whenever a sequence P,/ converges
to PeQ’ as n— oo, the piecewise integral curves exp(tH,)(P,) converge to
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the piecewise integral curve through P defined via the above line segment
S. Arguing as before, this is plain for the position parts. Consider now the
limit set w,, ¢ € K, for|the momentum parts p,(f) as n— co. This set is non-empty,
but not connected, 4 priori. Suppose w,# A, = {p(t)}, where p({) is obtained via
the segment S. Thé!n there exists j(¢) € w, such that p(¢) #p(f), and a subsequence
converging to p(f).

Next, we compare the piecewise orbits exp(t;H,+1,H,,)(P), h,(z)=p""
exp(fz), as obtained via this subsequence and as obtained via S. Of course,
these have equal position parts and they coincide on the component of R*\C,, . »

containing the origin. However, by assumption one has (£,0)¢ C,,, and

P(t,0)#p(t,0). That is, near (¢,0) the position vectors are equal, but the
momentum vectors are not. This yields the desired contradiction, as
0, x;=exp(fp) V;#exp(fp,)V;=0,,x; for at least one j.

Now that we have proved uniqueness of the integral curves R\C, ,—Q",
t—exp(tH,)(P), we can also show that the curves have a continuous dependence
on the initial point. Specifically, we assert that whenever a sequence P,eQ’
converges to PeQ’ as n— oo, the corresponding curves converge, too. To
prove this, one need only repeat the previous argument: It applies almost
verbatim. (Of course, for PeQ’ this property is evident; the non-trivial case
is sequences in Q2.

There is yet another way to obtain the above piecewise integral curves
that is illuminating in itself and that will be quite useful shortly. This consists
in exploiting Th. 6.4 and continuity in g. More specifically, fixing PeQ’ and
he%, the limit of the global integral curve R —Q, t—exp(tH,(g))(P) as gln/uf
exists provided te R\C, p, and coincides with the piecewise integral curve of
H,=H,(r/up) defined above. Again, the proof of this characterization is simply
a variation on previous arguments: Convergence of the position part follows
from continuity of A,(t, P) in g, and then the momentum part must ’come
along’. (To bypass the above-mentioned snag, the argument should be
generalized again to the n-parameter case, which is straightforward.)

We shall now study the behavior of the curves near times in the discrete
set C, p at which solitons collide with antisolitons. To this end it is expedient
to introduce the 'multiple collision’ and ’smooth’ sets

Crp={te Rlo(4,(t, P)) isnotsimple}, S, ,=R\C}"» (6.110)

Thus, the former set consists of times for which at least two solitons or two
antisolitons collide. Of course, this can only happen when an ss-collision
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occurs at the same time and position, so that Cy'»c C, . Before showing by
example that C;'» need not be empty, we summarize and extend the above
findings.

Theorem 6.7. Let 1=n/2, he¥ and PeQ’. For any teS,p the matrix
A(t,P) has distinct eigenvalues, of which N (N _) are positive (negative). Ordering
the eigenvalues according to (6.8), the position part of the piecewise integral
curve R\C, p—Q°, trexp(tH,)(P) defined above is given by (6.9). It has a
continuous extension to R which is real-analytic on S, p.

Now let TeC,p. Then the matrix elements of L remain bounded as
t—T. Suppose x;",x; —x, for t — T, while no other x; converges to x,. Then
pit +pj remains bounded as t— T, whereas either one has

lim pf =00, lim p; =—c0 (6.111)
t—>T t—=T

lim ext (shp;" ¥;")e(0,0), lim ext(—shp; ¥;)e(0, ), ext=inf, sup
1>T =T

(6.112)

or the same formulas hold true with p;,p; replaced by —p;*, —p; .

Proof. The first two assertions have already been proved. The third one
easily follows from the discreteness of C,p and the fact that the spectrum of
Ay, P) is continuous in ¢ on R and real-analytic in ¢ wherever it is simple.

To prove the fourth assertion we recall that any k™ order principal
minor M, of L is positive on Q. Since the flow is isospectral, it follows that
ML) is bounded above by S(L,) and bounded below by O for any
te R\C, p. In particular, this entails that the diagonal elements remain bounded
as t— T. Recalling (2.70) we infer that, for instance,

_ _ 1 _
|Lin, + > =exp(BLp +p; DV V; /Shziﬂ(xf —X;)
S—Liy,+jLly, +ji+ LiLy, +jn. +;<S3(Lo) (6.113)

and so L, remains bounded as t—T.
To prove the last assertion we note the assumption entails
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. 1
lim Vi v} /sh? 5 px; —x;)=1 (6.114)

t—>T

cf. (1.3), (1.4). In view of (6.113) this implies that p;" +p; remains bounded
above as t—T. Likewise, consideration of the relevant term in Sy!Sy_,
leads to the conclusion that p;* +p; remains bounded below.

Next, we develop |L—A1y|=P(1) wrt. row i and then w.rt row
N, +j. Then we obtain the equality

PO)=[42+exp(BLp} +p7 IV} V,-’/Shzéu(x;‘ —x)100)

1 1
+exp(y Bpi)(Vi)! 2 R(2) +exp( 3 Bpi Vi) S(4) (6.115)

where O, R, S are polynomials whose coefficients remain bounded as ¢ — T.
Now assume both p; and p; remain bounded. Then the second and
third term at the rhs converge to 0 as t— T, so that two roots of P(1) move
towards the imaginary axis. But P(1) does not depend on ¢, a contradiction.

Therefore, as t—7—, one must have either p;" —>o0, pj > — or
pit > —, pf > 0. In the first case (e.g) the third term converges to 0,
so that exp(Bp;")V;" must stay at a finite distance from 0 for - 7T— to avoid
moving eigenvalues. Since p; +p; and V{'/V; remain bounded, this must
hold true for exp(—pfp;)V;, too. Thus for t—T— the desired conclusion
follows. Clearly, for t— T+ we can argue in the same way, so that we are
now reduced to showing that p;" (say) has equal limits from the right and the
left. We assume that this is not the case and derive a contradiction.

To this end we recall that near =T the integral curve is the pointwise
limit of a global integral curve of H,(g) as gin/uf. From the assumption it
readily follows that p;(g,7) has a zero at r=t, such that 7,—»T for
gln/uB. Considering now the generalization of (6.115) to g<n/uf we arrive
at the desired contradiction: Taking t=t¢, and sending g to n/uf the second
and third term go to 0, so that two eigenvalues of L(g,?,) move towards the
imaginary axis. []

Of course, one has S,,=R when N,=N_=1. Next, we detail the
simplest case for which C;" is not empty: Take
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N,=2, N_=1, h(z)=chfz, x{=-—x;=x>0,
pi=—-ps=p<0, x =p =0 (6.116)

Then it is readily verified that a triple collision occurs at the origin after time
T>0. More specifically one finds

x()=p (=0

1 _1 1
t->T+=+x{(), £3;(0), £ iﬁSh/}PT(t), + Eﬂshﬁpi'(l)—’ iﬁ(f’ﬁ— n?

(6.117)

where

1 1
P0=20hﬂpth5uxcth/.¢x+th2§ux>l. (6.118)

Thus the collision amounts to elastic reflection of the two solitons. Note that
none of the momenta diverges for t— 7. Note also the initial point belongs
to the exceptional set Q if and only if Py(x,p)=3.

For N>4 we have no information on C}", for PeQ? and h(z) nonlinear. In
contrast, for PeQ’ a quite detailed picture can be obtained, but it is convenient
to determine first the long-time asymptotics of the positions. To this end we
fix PeQ) and proceed in the same way as for t<n/2. Thus, (6.83) should
again be substituted in (6.16), together with (3.57). Now, we need not and
shall not consider the limit 6,] — ug, as this takes us out of Q” (recall (5.90)). But
(6.85) and (6.30) are still valid, while (6.86)—(6.88) may be replaced by

d.: 8,,\{0} >R, zo—>2y“’ln|cth%ﬁzl, Pug=n (6.119)
6,: S, \{0} »2u"(—m,x], ZHZu_’arg(cth%ﬂz), Bug=m.  (6.120)

Theorem 6.8. Lett=n/2, he¥ and PeQ}. Denoteby x*(t),x (f),teR, the
continuous extension of the position part of the piecewise integral curve
exp(tH,)(P), te R\C, p. Then the assertions of Theorem 6.2 hold true with the
following changes: 6, and 6, are given by (6.119) and (6.120), in (6.46) one should
substitute
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2,2 1/2
1
[“;’; - 1] - [cot 5| (6.121)

and the assertion (6.48) should be omitted.

Proof. Using (6.103) with te R\C, p, this follows from (6.49), (6.50) and
(6.85) in the same way as before. []

Just as in the previous case, the remarks after Th. 6.2 can easily be
adapted. Here, (6.51) may be replaced by

8(z)=2u" 'In(cth %ﬁz), z#nikp™', keZ,  PBug=n (6.122)

and then J, and 6, are equal to Red and ImJ, resp.

As we have seen at the end of Section 5B, dead breathers decouple altogether
in the case at hand. Therefore, no counterpart of Ths. 6.3 and 6.6
exists. However, in the present case three or more positions can become
equal at the same time, and we continue by shedding more light on this
multiple collision phenomenon. As announced above, we restrict our
considerations to Q7. A suitable use of (6.6) then enables us to reduce dynamical
questions concerning occurrence and character of multiple collisions to a
problem that is of a kinematical nature. This problem consists in describing
the collision sets

Di=D\D},  1e{0,1,---,m} (6.123)

and the possible spectra of A(v,a) on Di. Indeed, once this problem is solved,
one can use (6.6) to establish which points in

=0\ =%(D5) (6.124)

can be reached from Qf for the dynamics at hand.

We shall not present a complete solution to this problem. However, we
are going to show that 4 can have multiple eigenvalues on D{ for any N>3
and /e{0,---,m}, but that certain constraints on the spectrum do occur (in
addition to (2.57), of course).

First of all, let us note that so far we have not even shown that the set

D= D5 (6.125)
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is non-empty. But this easily follows from Th. 6.8: choosing h(z)=chpfz (e.g.)
and suitable momenta, it follows upon comparing the ¢t — o0 and t— —
asymptotics that soliton/antisoliton collisions must have occurred along the
orbit (infinitely often for />0).

Fixing now P“ef)f, we can also use Th. 6.8 to conclude that a suitable
choice of A ensures that the orbit of B, defined by the rhs of (6.6),
will not remain in fzg. As a consequence there exist he¥, PeQ and
T>0 such that exp(tH, NP)— P as t > T.

Next, we recall from Th. 6.7 that L, remains bounded as t— T. Thus,
there exists a sequence ¢, — T'such that L, hasalimit L;. Now we also have

limA, =diag(exp[sx{ (T)], -+, —exp[pxy_(T)]). (6.126)

Moreover, we may write (cf. (2.69), (2.70))

A L) 1,-- N
ek — {( kk kk) k — ) 94V 4 (6.127)
{(— A L)' Ni+1,-- N

so it follows that e, has a limit e;. But now it follows from (2.7) that
LTAT+ATLT=26T®eT' (6.128)

Here, L1 is a #-s.a. matrix with non-negative (d9)-elements and purely imaginary
(0, — d)-elements (recall (2.22)), and with simple spectrum in the open right half
plane, A7 is a matrix of the form

diag(ay, -+, 0y), oy = Zoy, >0, Uy, +1 < <oay<0 (6.129)

and ery is given by the rhs of (6.127) with 4, L - A4, Ly, these features being
preserved under the limit ¢, — 7, cf. (2.70).

Conversely, assume L is a matrix with the above properties and 4 is a
matrix of the form (6.129); defining e by (6.127), assume in addition that L,
A, e fulfil (6.128) (with subscripts omitted). Then all assumptions of Section
2A are satisfied, so we are again lead to (2.82) with (v,a)e D.

The upshot of this train of thought is, that we obtain a well-defined surjection

2P D, (4,L)— (v,a) (6.130)

where 2 denotes the set of all pairs 4, L with the above-mentioned
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properties. Later on, we shall detail the relation between Q° and Z,, and
discuss the extent to which 2* fails to be injective. Right now, our aim is
still to obtain information on the possible spectra of 4 on D¢, and the above
developments enable us to trade this problem for the more accessible problem
of characterizing those A of the form (6.129) for which a pair (4,L)e 2,
exists. (Recall that the above scattering theory argument ensures that whenever
a pair (4,L) belongs to #Z,, one can find (4,L;)e P, with the same image
under 2*)

As a first step along these lines, we note that pairs (4,L)e Z; exist such
that: (1) 2%4,L)e D5; (2) o(A) is simple; (3) k<! pairs of solitons/antisoliton
positions coincide. Indeed, using a by now familiar perturbation argument
the existence proof can be reduced to the case N, =N_=1, where we can
take (e.g.)

A=[“ 0], L=[(_) ’b], ab,c>0, c#2.  (6.131)
0 —a ib ¢

As a second step, suppose that for (4,L)e %, an eigenvalue o of 4 has
multiplicity n>1. Then we have L(x+a)=2e;, for the n indices j that are
involved. Since |L|#0, we deduce a+a,=0 for at least n—1 indices k, and
repeating the argument for —a we deduce a+ o, =0 for at most n+1 indices
k. Therefore, the numbers c,/c_ of solitons/antisolitons involved in any
multiple collision must satisfy |c, —c_|<1.

Finally, to show that degeneracies (and hence multiple collisions) do occur,
it suffices to prove the claim that for any N,, N_ such that N, +N_>3,
I[Ny, —N_|<1, there exist (4,L)eZ, such that |o(4)|=2. Indeed, using
perturbation arguments we may then conclude that in (6.129) one can have
arbitrary multiplicities subject to the constraint in the previous paragraph,
provided the distances between the positions that are involved are sufficiently
large. (Actually we believe that the proviso may be omitted; to prove this
an explicit determination of &, is probably required.)

To prove the claim just made, it would be enough to exhibit pairs 4, L
with the stated properties. However, we shall proceed differently, so as to
obtain an explicit picture of the all-in collision subset of D°. In view of (4.19)
this amounts to an explicit description of those points (4,0) in

Q=
!

Q=2 1Q) (6.132)

Cs

0
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for which #(4,0) has spectrum {a, —a}.
To embark on this we introduce

X'={PeQ)Fa>0 suchthat o(L(E '(P)={n,—a}} (6.133)
and assert that one has

dim@M=N+1, [=0,-,m, |[N,—N_|<l, N2 (6.134)

U&=z, IN.—N_|>1 (6.135)
1=0

More in detail, we assert that for [N, —N_|<1 the points in O correspond
to (é,é)ef!, for which (,,--,0y are solely constrained by a certain ordering and
for which Img,,---,Imgy are fixed and Rej,=---=Redy. To prove these
assertions, we observe that points in ol yielding spectrum {a,—o} can be
characterized by equality of #~! and a2 (since .2 is diagonalizable on ),
and that ¥~ ! can be calculated explicitly. Specifically, we have from
(3.57)—(3.60) and (B1)

eXp[—1 ﬁ(éﬂ' ék)] 1
24, é)jk = 1 exp(udy + ﬁék)( —)! n cth 5 ﬂ(ék —0,).
chiﬂ(éj—ék) nek

(6.136)

Since the Cauchy matrix is symmetric in the present case, Lemma B2 now
leads to the striking relation

271G 0 =(—) expl— (g + 312G 0, (=772, (6.137)
Consequently, the desired spectrum occurs if and only if
exp u(g; +G) =(—Y Trexp 2ux, x=p" na. (6.138)
Taking j=k, this equality entails
G;=x+is;m/u(mod 2mi/p), s;e{0,1}, j=1,-- N (6.139)

and then it follows that (6.138) is equivalent to (6.139) with s; being equal to
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0/1 for j odd/even or for j even/odd. Now one infers from (4.23)—(4.24) both
choices can be made for the breather 4;s. However, from (4.21) and (4.22)
one sees that k. and k_ cannot be chosen at will. Indeed, to ensure alternation
of 0 and 7/u both in (4.21) and in (4.22) the s and § momenta have to alternate
in the natural ordering. (If e.g. two soliton momenta occur successively, the
product in (4.21) would not change sign.) As a consequence, one cannot have
L 1=0"2% unless |k, —k_|=|N,—N_|<1. Moreover, the latter constraint
suffices: For [N, —N_|<1 it is possible to interlace the s and § momenta in
the right way; taking then Red;=x, alternation of zeros and ones in (6.139)
results for §,,---,4,, and for g, 4 54 1.---Gn; choosing finally the corresponding
alternation for gy, +y,-:~,gs, +; ensures (6.138). Therefore, the proof of the
above assertions is now complete.

To finish this section, we tie up some of the loose ends (creating some
new ones in the process). First, we tie up the ends of the piecewise integral
curves. Consider the set of triples (P,4,1), Pe Q’, he %, t € R, with the equivalence
relation

(thl’tl)N(PZ,hZaIZ)Q(th_IZ)ERZ\Chl,hz,Pl and
exp(—t,H,,+t,H, )(P,)=P,. (6.140)

We denote the set of equivalence classes by QF, and inject Q° into QF by setting
«(P)=(P,0,0). Now fix he¥. We ave going to define a global transformation
group exp(tH}) on QF that coincides with (the image under ¢ of) exp(tH,) on
(the image of) Q.

To this end we fix a triple (P,%,,1;). For t¢ C, p, we put exp(tH,)(Py.hy.t,)

=(exp(tH,)(P,),hy,t;). Fixing now TeC,p, one can find €>0 such that
—€6,T—€¢C,p,. Clearly, the triple (P,h,,t;)=(exp(—eH,)(P,),eh+1t,h,1) is
equivalent to (Py,h;,t;) and one has T¢C,,p,, Thus we may define
exp(TH)(Po,hy,15) = (exp(TH,)(P,), hay, 1).
Now assume (P5,h3,t3)~(P,h,,t,). Then one easily checks (exp(tH,)(P,),h;,t,)
~ (exp(tH})(P3),h3,t5) for t¢ C, p, U C, p,. Consequently, fixing an equivalence
class Q of triples and fixing t€ R, there exists a non-empty subclass of triples
(in general depending on f) on which exp(tH,) is defined, yielding triples that
belong to an equivalence class Q,.

The upshot is, that the partially defined map exp(tH,) on triples descends
to an everywhere defined map exp(tH}) on QF, and there is no difficulty in
verifying that this gives rise to a I-parameter group with the properties
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announced above. As a result, we have now completed the piecewise flows
on Q’ to global flows on the ‘phase space’ Q*. In an obvious sense, QF is
the minimal extension of Q” serving this purpose.

However, the above construction has the advantage of theft over toil:
One really wants a concrete picture of QF, preferably as a manifold in which
Q’ is dense, equipped with a symplectic structure that coincides with w on Q°.

To supply at least part of such a picture, consider first the extension Qf of
Q?. The map sending the triple (P,A,f) to the point exp(tf{,,_l)(f’) in fz, (cf.(6.6))
clearly descends to ©Qf, and then given rise to a bijection between QF and
that intertwines the flows. Thus Q} may be viewed as the manifold ﬁ, (in
which Q7 is indeed dense), and the extension Qf of Q” may be thought of as Q.

To get a more explicit picture of all of QF, we introduce a set 2 of pairs
(4,L) which is defined just as the above pair set £, except that (L) need not
be simple. Any point P=(x,p)eQ’ gives rise to a pair (4,L)=(A(x),L(x,p)) € P
for which L has positive diagonal elements, cf. (2.70). Conversely, suppose
(A,L)e? and the diagonal elements of L are positive. From L,x;+a;)=2e.e;
with i=j we then infer e,,---,ey#0; taking i#; now yields a;+a;#0; since
|L| #0, one must have strict inequalities in (6.129); thus, a unique P=(x,p)eQ’
exists satisfying (A(x), L(x,p))=(4,L).

To summarize: We may view Qf, as a subset of % and for any (4,L) in

Py =P\, (6.141)

at least one diagonal element of L vanishes; moreover, for (4,L)~PeQ’ one
has 2% A4,L)=9(P), so 2* may viewed as an extension of 2.

The point is now, that there exists a quite natural correspondence between
QeQ* and a non-empty subset A(Q) of . To detail this, let (P,4,T)e Q. Then
this triple yields at least one pair (4,L)e 2, where L is the limit of a sequence
L,, as considered above. Letting the sequences and the representants of Q

vary, one gets of course the same A4, but if QeQ"\Q’, then L can be highly
non-unique. For instance, one readily verifies that the triple collision point
in D°~QN\Q? arising from (6.116) for ¢t — T yields a 1-parameter family of L
(which reflects the fact that 4 has a non-trivial commutant).

We now define A(Q) as the set of all pairs (4,L) obtained from triples in
Q via limits. Of course, one has [A(Q)|=1 for QeQ’ = Q% Also, assuming
0,#0,, one gets disjoint limit sets A(Q,) and A(Q,) whenever at least one
of Q,, 0, belongs to Q°. Moreover, for QeQ} corresponding to PeQ we
clearly have
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AQ) < 2*~ (&~ 1(P)) (6.142)

Thus, A(Q,)NA(Q,)= whenever at least one of Q,, Q, belongs to QF.

Unfortunately, we have no complete proof for the obvious conjecture that
A(Q,) and A(Q,) are disjoint whenever Q, #Q,. But the proof can be reduced
to showing that the snag encountered above is a phantom. More precisely,
the conjecture holds true when one can prove that for A(z) nonlinear, there
do not exist any piecewise integral curves in QF with equal ¢(L) and position
parts, but with unequal momentum parts.

To explain this, suppose the triples (P,h;,T)e Q;e Q\Q’ yield the same
pair (4,L) via sequences ¢,;, — T;, i=1,2. Then we have

A(exP(tthz)(Pz)) ~ At — t,,z,exp(t,,zH,,z)(Pz))
~A exp[(t,— T)uhy(f~ 'InL)]
~ Apy (T = 1,158 — T5),€xp(t, H,, J(P1))

~A(exp(t2H,,2)(P2)), FZECXP(_ T,H,,+ T H,)P,)
(6.143)

where the second and third similarities follow by taking n— oo. (Note
A(exp(tH,)(P)) is well defined even if te C, p, cf. Th. 6.7.) Taking now ¢,=0 in
(6.143), one infers (Ty,—T,)e R*\Cy 4, p, and (Pyhy,Ti)~(Pyhy,T,), cf.
(6.140)). More generally, (6.143) says that the piecewise integral curve
exp(t,H,,)(P,) has the same position part as exp(tzH,,z)(Fz). Obviously, the
spectra of the Lax matrix on these two curves are equal, too. Thus, if one
can show all this entails P,=P,, then one has (P,,h;,T;)~(P,,h,,T,) and the
conjecture would be proved.

Apart from this open question, we do not know the answer to another
obvious question: Can one obtain any (4,L)eZ? via some triple (P,h,T)?
(We have not even answered this question for £, which is why we write <, not
=, in (6.142).) We conjecture that the answer is ‘yes’.

At any rate, the conclusion reads: Provided the two conjectures involved
hold true, one may view Qf as 2#/~, where (4,,L,)~(A4,,L,) if and only if
the pairs belong to the same limit set.
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7. The Relation to Soliton Solutions Revisited

The context and the results of this last chapter have been delineated in the
Introduction. As announced there, we elaborate on the relation of the particle
systems at issue to various soliton PDEs and lattices. We shall restrict
ourselves to an explicit consideration of the particle-like solutions to the
sine-Gordon, modified KdV and KdV equations, in the form

Py~ Pu—sin@=0 sG) (7.1
v+ 240211,, +2,,,=0 (mKdV) (7.2)
u,— 6uu, +u,,, =0 (KdV). (7.3)

However, equations in the associated hierarchies can be handled in similar
ways, just as several other soliton hierarchies related to the above particle
systems.

In fact, much of the analysis needed to handle the pure soliton case
(Section 7A) applies uniformly to the II,, and II systems. (As will be briefly
recalled below, the soliton PDEs (7.1)-(7.3) all correspond to the t=m/2 II,,,
systems [6].) The generality thus obtained has notational advantages and it
renders the results applicable to soliton equations associated with t-values not
equal to n/2 (such as the Boussinesq and Hirota-Satsuma equations [2]).

On the other hand, we specialize to the sG and mKdV equations in
Section 7B, where the case of solitons, antisolitons and their bound states is
considered. This is because in that case a general setup would be notationally
unwieldy; moreover, a study of space-time trajectories would be forbidding
without specializing to concrete dynamics.

7A. The Pure Soliton Case

For several reasons it is convenient to trade the symbols x*, p*, x°, p* of
the pure soliton case for the symbols ¢, 6, 4, §, resp., cf. the diagram (3.28). (For
one, this facilitates comparison with previous work [1,2,3,6].) The connection
to soliton solutions can be made via the matrix

g(qa 0)jk = C(ﬁa 19 _g 5 é» é)jk"k(éa é)s (q5 é) € RN X GN (74)

where C is the Cauchy matrix (B1) and
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" 1 1~ A
me=exp(Ge+ FOY [ [1+ Sinz(i Be)/sh— B(6,—0 ) (7.5)

Jj#k

cf. (3.1)-(3.5) and (3.57)-(3.60).
To be specific, pure soliton solutions to various PDEs and lattices can
be expressed in terms of the matrix

At,yY)= LG+ 01011 — ),y +oxoxt —),0) (7.6)

where the parameters depend on the soliton equation at hand. It so happens
that in all cases studied thus far the parameters can be chosen to satisfy

01,"',0N>0, Z)N<"'<Ul, T=ﬂg/2€[0,7r/2] (7.7)

(up to overall signs). In particular, for the sG and (m)KdV cases we may
(and shall) take =1, g=m=, and

o,=chf, o,=thf, j=1,--N (sG) (7.8)
o;=expl, v=exp20, j=1,-N  (m)KdV). (7.9)

Then the N-soliton solutions read [6]

@ =4Tr Arctg A(,y) (sG) (7.10)
»=0,Tr Arctg A(t,y) (mKdV) (7.11)
u=—202Trin(ly+ A(t,)) (Kdv). (7.12)

(It should be mentioned that (7.10) and (7.11) are not universally called N-soliton
solutions. For instance, [11] and [12] would refer to (7.10) as N-antikink
and N-antisoliton solutions, resp.)

‘ Substituting (7.8) or (7.9) in (7.6) and using the canonical transformation
&, one readily deduces

Tr Arctg A(t,y) = i Arctg(exp[g(,»)]) (7.13)
Trln(ly+A(t,y)) = ilna +explgt.»)]) (7.14)
j=1

where
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qt.y)=[exp(tH° —yH")> £4,6)],  j=1,--,N (7.15)

with the space-time translation generators being given by

H°=%Tr(L+L“), H‘=%Tr(L—L“) (sG) (7.16)

H°=§TrL3, H'=TrL  (m)KdV). (7.17)

(Cf. (6.5), (6.6), specialized to the case N_=0.)

As a consequence of these formulas the study of the space-time dependence
of soliton solutions can be reduced to the study of the eigenvalues exp[g,(,y)],
whose space-time dependence is governed by the particle Hamiltonians (7.16),
(7.17). 1t should be noted at this point that the above representations of
soliton solutions in terms of linear superpositions of N single soliton eigenvalue
functions differs from similar representations in terms of eigenfunctions of the
associated linear problem. (The latter have e.g. been used in [9,10] to prove
that the /hs of (1.14), goes to 0 for t » =+ o0; cf. also [16] and references given
there.) This is because the latter functions are meromorphic in ¢ and y, in
contrast to the former. Moreover, the latter representation suggests a picture
of individual solitons regaining their velocities after interaction, whereas in our
picture soliton velocities are exchanged (as is obvious from the following).

We proceed to study the eigenvalues exp[qt,y)] of A(t,y), without
committing ourselves to a special choice of parameters; the only assumption we
make is that (7.7) holds true. Once a choice is made, one can always define
functions H°, H! such that the (logarithms of the) eigenvalues are given by
(7.15). However, this is not necessary for the results we shall obtain at first,
as these only involve (7.7) and Appendix C.

We begin by supplementing the definition of space-time trajectories given
in [6] with a specification of their asymptotics for t - +o00. In concrete
applications to soliton PDEs this result says that for all practical purposes
these particle trajectories coincide with the soliton trajectories, once the latter
can be read off from a plot of the solution, i.e., before and after all collisions.

Theorem 7.1.  Assume (7.7) holds true and let exp[gx(t,y)] < --- <explq,(t.y)]
be the eigenvalues of A(t,y). Then the equations

q{t.y)=0, j=1,---,N,  tfixed (7.18)
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admit uniquely determined solutions yy(t)<---<y,(f). These solutions (‘soliton
space-time trajectories’) obey the estimates

Vi (t)=l(éj$%Aj((§))+vjt+ O(exp(F tr)), - + o0 (7.19),
1 O'j

N-j+

where
.1
sin’~ fg

A E[ Y-y }m{l + ] (7.20)

k<j k>j

sh 2% (A

ry=minayls, —o|. (7.21)

Proof. We assert that (7.7) entails

o,qt.y)el—o,,—0o_1 (7.22)
where
01 =5%01, o) €(0,00). (7.23)

This assertion will be justified shortly. Accepting it for the moment, existence
and uniqueness of the solutions yj#) to (7.18) is an obvious consequence.
Next, we prove (7.19),. To this end we note

Litujt

1 t, .
git.{+o0= | (0,q)(t.9)ds, C,-E;(q‘,-—EA,-(H)) (7.24)
j

yi()

and then use (7.22) to deduce

1
0~y ot g .8+ ). (7.25)

To estimate the rhs we first recall exp[q(1,{;+v;f)] is an eigenvalue of
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~ 1
At +vt)= LG, + 01 [(vy—v)t = y"',‘Z‘AJ{é)a"',qN+O-N[(UN_vj)t'"Cj]aé)
(7.26)

cf. (7.6). Now let 6,€S;_;, and o_eSy_; be permutations that put the
positive numbers o,(v;~v;),--,0;-(v;-;—v;) and the negative numbers
0;+1(0j4+1—0vj),",05(oy—0j) in the natural order, resp. (Note these numbers
are not necessarily distinct.) Then the matrix

B(t)=T1,4,(0, )diaglexp[o,(v; —v)1], -~ explonloy— o DI * ~ A8, ;4 v;t)
(7.27)
where
I, =diag(I1,,,1,I1, ) (7.28)
satisfies the assumptions of Appendix C. Here, A, denotes the positive matrix
given by (2.54), (2.53) and (2.50). (Note k. =N and v;=#,;>0 in the case at
hand.) More specifically, one has
0=, p=L-K (7.29)
M=T11,440,{)11, (7.30)

and there exists an index p such that d,=0, |[/,|]=1. Combining (C15) with
the cluster matrix calculations in Chapter 6 we obtain

explg(t,{;+v;t)] — 1= O(exp(—tr ), t— 00 (7.31)

and on account of (7.25) we may now deduce (7.19),. The proof of (7.19)_
is similar.

It remains to prove our assertion (7.22). To this end, suppose
Be My(C) is positive and has simple spectrum. Now consider

1
Ble)=ePBe®, D= ~ diag(c,,---,0y), €€R. (7.32)

For |¢| small B(e¢) has positive simple spectrum {y,(€),---,yx(€)} and there exists
a smooth orthonormal base {b,(€),---,by(€)} such that B(e)bf€)=7,€)bfe). Differ-
entiating the identity y;(€)=(b,(c),B(e)bf€)) now yields y'(e)=(be), B {(€)be)),
since Ble) is self-adjoint and b,(¢) is a unit vector. Using (7.32) this entails
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7' {0)/7(0)=2(5,0), Db(0))e[—0 4+, —0_]. (7.33)

Applying this result to B=A4(t,y), (7.22) follows at once. []

Next, we determine the long-time asymptotics of the eigenvalue exp[gt,y)]
for arbitrary y. (Observe (7.31) specifies the asymptotics along the j'* soliton
ray.) The result we are heading for (Theorem D2) can be used in applications
to soliton PDEs to obtain quite precise information on the temporal asymptotics
of pure soliton solutions, as will be illustrated for the sG and (m)KdV
equations. To ease the notation we only consider the ¢t — oo behavior.

We now embark on a preview of Th. 7.2 and its proof; this serves to
introduce notation and should be of help in keeping track of the overall
strategy. To determine the desired eigenvalue asymptotics, we shall exploit
Appendix C just as in the proof of Th. 7.1. Thus, fixing je{1,---,N} we are
going to consider a matrix

E()=T1,440, )diag(explo (v, —v;— )], exploy(oy —v;— )DL, * ~ A(t,y {s,))
(7.34)
yis,0=+vt+st, seR, t>0 (7.35)

which reduces to (7.27) for s=0. The permutation ¢ takes care of the desired
ordering of the numbers

d;(s)= 0 v;—v;—5), (7.36)

and (7.29), (7.30) apply again. However, the cluster number K, cluster sizes
\Il,---,|Ix] and permutation matrix I1, now depend not only on j, but also on
s, in general.

To control the s-dependence it is expedient to introduce the quantities

Fji('s) =sgn(j— i)[dji(s) - dj}(s)]a [#] (7.37)
Fi(s)=Fj(s)to;s (7.38)
r;(s)=minF;(s) (7.39)
ris)=rfs)to;s. (7.40)

In view of our standing assumption (7.7) we have
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F{0)=r{0)=r, (7.41)

(recall (7.21)). Now observe that when s moves away from 0, some Fj(s) will
decrease to 0, in general. Thus, r{s) will go to 0 and, consequently, we are
no longer entitled to invoke the estimate (C15) (with d, equal to d;(s)
=—o;s and c,()=1). Specifically, this bound can only be used for
t>Ts)€(0,00), where T'(s) is defined by the requirement

exp[ - T(s)rs)]=C_ ;/3C, ; (7.42)

cf. (C13). (Here, C, ;/C_ ; denotes the maximal/minimal eigenvalue of A(0,¢ )
cf. (7.30).) Put differently, we can only use (C15) for y varying over an interval

Zi=[y —=sp0).ps,0] (7.43)

around the j™ soliton, where s; is yet to be specified.

Fortunately, for y to the right/left of X; one only needs upper bounds on
exp(q;)/exp(—g;), resp. As it happens, these can be obtained by combining
the monotonicity of g,¢,y) in y already proved above (recall (7.22)) with an
estimate on the difference of exp[g/(t,y)] and the asymptotic (for ¢ — oo) single
soliton function

1 1
explgii(t.y)]=explo ((;+vt—y)], (= (—;{é T3 Af6) (7.44)

obtained via (C15) (taking y equal to y(s;0)/y{—s;1).
Turning now to the details, we set

RjEmin(rj,O'j(Uj_l—Uj),aj(l)j_vj+ 1)) (7.45)
Fi= min(Rj,nLil_la,-zlvi—vﬂ/oj) (7.46)
Lot}

and introduce Tje(O,oo) by requiring
exp(—T#)=C_ ;/3C, ;. (7.47)
Finally, we set

s;=R;/0;

J J

(7.48)
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vE=y(Es,)=0+ottst,  y=y[0.0={+ot. (7.49)

From now on we use the symbol C to denote positive constants depending
only on the initial value (4,0) and on the numbers o,,---,05 (such as Ci;
C_ ; and positive combinations thereof; in applications to soliton PDEs and
lattices one has a,-=o’((§j)).

Theorem 7.2. One has

r{s) =7,  se[—sps;] (7.50)
ri(5)=R,, se[0,s] (7.51)
ri(®)=R;, se[—s;0] (7.52)

Now let t>T; and set q¢9=q")t,y(s,0). Then one has for any se[—s;s;]:

gj+tose[—-CC] (7.53)

jx1—1d;;4,(5)S£C (7.54)

lexp(q;) —exp(g§™)| < Cexp(—tr} (s)) (7.55)

lexp(—q;)—exp(—g{)| < Cexp(—trj (s)). (7.56)
Furthermore,

exp(g¢¥) < Cexp(—tR)) §>s; (7.57)

exp(—g¥)<Cexp(—tR)  s<—s;. (7.58)

Proof. To prove (7.50) we should show
Fi(s) =7, Is|<s;, i#j. (7.59)
Consider first
Fi(s)=0/v,—v))+5(0;—0), I<j. (7.60)

Fixing se[0,s;] one has Fj(s)>r;, unless 0;<o, But then one gets, using

Sjsvj_l—vj,
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Fi(s)= Fy(s) =0y, —v) +(v;— , —v)(o;—0))
=0',(v,——vj_1)+0'j(vj_1 —vj)ZUj(vj_l —I)J)

>R, (7.61)

Next, taking se[—s;0], one has Fj(s)>r;, unless o;>0, Using s;<r;/o
<o(v,—v;)/o; one then gets

Jj

Fy(s)=Fy(—s)=0/(v;—v)—0v,—v)(0;—0)/0;

=0i(0,—v)/0;=F; (7.62)
Therefore, (7.59) holds for i<j, and arguing in a similar way for
Fi(s)=o0v;—vy) +s(o— 7)), k>j (7.63)

we obtain the same conclusion for i>;. Hence, (7.50) follows.
To prove (7.51) we should show

F; (5)=R;, s€[0,s;], i #]. (7.64)
To this end we note that
Fi(s)=0v—v)+5Qo;—0a), I<j (7.65)
satisfies Fj;(s)>r; unless 20;<o,. But then
Fi(8)=Fj(s)=0/0,—v) + ;- —v)(20,— )

=O'l(v,—11j_ 1)+20j(7)j_1 _'UJ)ZZJJ(UJ_ 1 _U])
>R;, (7.66)
as desired. Next, consider
Fi()=0yv;—v)+s0,  k>]. (7.67)
Since Fj,(s)>Fj,(0)>r;, we may now conclude that (7.64) holds true, so (7.51)
follows.
Similarly, (7.52) is equivalent to

Fi(s)=R;, se[—s;0], i#j (7.68)

and these inequalities can be verified just as (7.64).



ACTION-ANGLE MAPS AND SCATTERING THEORY II 969

We proceed with the proof of the time-dependent estimates. In view of
(7.47), (7.42) and the bound (7.50) we are entitled to use Th. Cl for se[—s;s;],
the matrix E(f) being given by (7.34).

Specifically, the first assertion implies (7.53) and (7.54), while (C15) entails
(7.55). Noting

lexp(—g;) —exp(—q7°)| =exp(—q;—q7)lexp(q;) —exp(q}’)| (7.69)

and using (7.53), (7.44) and (7.55) we deduce (7.56) (note r~(s)=r"(s)—20;s).
Finally, since g{t,y) is a decreasing function of y we obtain for y>y/
(recall (7.44), (7.48), (7.49))

explg(t,y)] <explq,(t,y;)]
<lexplg(t,y;)]1—explqgy(t,y; )]l +exp(—a;s;1)
< Cexp(—tR)), (7.70)

where we used (7.55) and (7.51) in the last step. Analogously, (7.58) follows
by using (7.56) and (7.52). [

We proceed by using Th. 7.2 to prove the decay bound (1.14), for the
pure soliton solutions of the sG and (m)kdV equations. (It will be clear from
this how (1.14) _ can be proved.) In all three cases the decay rate r is given by

rEmin(rla o "rN)Emgn ailvi _vjl =min(R1’ ot 'aRN) (771)
i#j
of. (7.45).

Sine-Gordon. Here, (1.14), amounts to (cf. (7.10), (7.13), (7.44))

sup| ), [4Arctg(exp[q(t,y)]) — 4Arctg(exp[g;(1,y)])]| = O(exp(— ).  (7.72)

yeR j=1

To prove this bound, consider the j* difference. For ye[y,y/] we can use
|Arctg a— Arctg b| <|a—b| and the estimates (7.55), (7.51) to get an O(exp(—tR;))-
bound. Similarly, for ye[y;,y7] and y<y; one gets such a bound from
(7.56), (7.52) by noting |Arctga— Arctgb|=|Arctgb ™' —Arctga™ !|<|b™ ' —a”!|.
To estimate the tails y>y; and y<y; one need only use |[a—b|<|a|+[b| and
b=t —a '|<|b|"*+|a|”!, and invoke (7.57) and (7.58), resp. Hence, (7.72)
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follows. [

Modified KdV. Here we should show (cf. (7.11), (7.13))

N
0y -21 [Arctg(explg,(1,y)] — Arctg(exp[g;(t,y)])] = Olexp(—tr)) (7.73)

j=

uniformly in y. Note first that when the y-partial is omitted, then the bound
follows just as (7.72). Thus, the new problem consists in proving that the
y-differentiation does not alter the long-time asymptotics. Specifically, we are
going to prove

layqj(t’y) O-j |=
yer[ch g () chg(ty)|

O(exp(—(R)) (7.74)

from which (7.73) is immediate, cf. (7.71).

First, we observe 1/chgi%(t,y) is O(exp(—tR)) for y>y; and y<y; due
to (7.57) and (7.58), resp. Now note the function (d,g;)(z,y) is bounded on
R?. (It equals —exp[0(t,y)1V; (4(t,y)), and —TrL does not depend on (t,y), cf.
(7.15), (7.17).) Therefore, it remains to handle the interval ¥; around the j™
soliton, cf. (7.43).

To this end we begin by exploiting the estimates (7.53), (7.55), (7.56), (7.51)
and (7.52), as follows:

|1/ch g;—1/ch ¢%’|=|ch g}° —chgj|/ch g;ch g}°
< 2exp(—Ig;l — g5 lexp(g;) — exp(gi)| + lexp(—g,) — exp(—g47°)))

< Cexp(—2to |s|)(exp[ — tr; (s)] +exp[ — tr; (s)])
< Cexp(—IR)). (7.75)

Hence, we need only show that (0,q;4+0;)/chq} is O(exp(—tR;) on Z; to
complete the proof of (7.74). Since ¢%%(z,y) has a zero on X;, we need to
majorize |0,9;+ 0.

It would be quite awkward to do so in the general setting of Th. 7.2,
but here the particle Hamiltonians governing the space-time dependence have
a simple relation to the Lax matrix, and with due labor this yields the desired
estimate. First, since H'=TrL determines the y-dependence, we have (using
also (7.9))
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0yq;+0;=—exp(0)V; (q) +exp(0)), (7.76)

Now 6/t,y) is bounded on R? (since the Hamiltonian =ch 6,V is conserved),
so we need only majorize |V} —1|/chg3® and |exp(9j)—exp(§j)|/ch g7 on X,
To estimate |V; —1| we recall

1
Vf(@l)=g.cth§lqj—qkl (7.77)
J

cf. (1.3). Thus we have 0< V] —1<V;?—1, and telescoping in the obvious
way we deduce

Vi (@) —1<Cmax(exp(q;—q;-1)exp(qj+1—9q;)  (onZ). (7.78)
Now from (7.53), (7.54) we have

max(exp(q;—q;—1),exp(q;+1 —4g,) < Cexp[ —tr(s)] (onX) (7.719)
so that

|V} (g)—1]/ch g5° < Cexp[ —tri(s)—to ls[]
<Cexp(—1tR)) (7.80)

where we used (7.51) for se[0,s;] and (7.52) for se[—s;0].

It remains to estimate |exp(0j)—exp(0j)| on X; To this end we first study
0(t,y(s,1) as a function of z. From an inspection of A, yis,1) (cf. (7.6), (7.9))
it follows that we may view the t-dependence as being generated by the
Hamiltonian

1
H(s) = T~ (o +5)TeL (7.81)

cf. (6.5), (6.6), specialized to the case at hand. Now from the definition of L
(viz., (2.70) with N, =N, x*,p* - 4,0, f=p=1, 1=n/2) one readily sees that
the following functions are bounded on R2?, viewed as functions of (¢,y):

1 1 .
ch E (9 — )Ly, ch E (qj - qk)aq]ij and mm(exP(‘]j— 1—4;), eXp(qJ' —qj+ 1))6q,Lmk for

m=k and for m,k#j. Moreover, noting L;;=Lj, one obtains

0;={0,H(5)} = — ¥ LiaLndg Lusc+(2;+9)Y3, L (7.82)

k,l,m k
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A moment’s thought then shows
1) < Cmax(exp(¢;—g;-1).exp(g;+1—9))  (onZ). (7.83)
Next, we fix se[—s;s;] and combine (7.83) with (7.79) to infer
10, y;(s, )| < Cexp[ —ur,(s)],  u>T; (7.84)

This estimate enables us to show that 0,(7,y;(s,7)) has a limit for
T - oo. Indeed, since r{s)>0, the rhs of the equality

0,(T.y;(s,T)—0;(ty{s,0)= JB' {1,y (s, u))du (7.85)

has a limit for T— oo, so that 0(7,y;(s,T)) has a limit 0;(c0,s). Furthermore,
(7.84) also entails

J

00,9~ 00y a0 <, Copl—mfa], >, (7.36
rj S

so using (7.50) we may deduce
exp[0,(t,y;(s,1))] —exp[0;(c0,5)] = O(exp[ — tr;(s)]. (7.87)
Consequently, the desired estimate
lexp(6;)— exp((? )l/ch ¢ = O(exp(—tR)) (7.88)

follows just as (7.80) from (7.51) and (7.52), provided we can show 0;(c0,s)
equals 5j.

In order to prove this, we first show 6 (c0,s5) does not depend on s. Indeed,
we have

10,0;(t,y)| = ‘zaqukkI < Cmax(exp(q;—q;-1):€xp(gj+1—9;) (7.89)
&

which entails

10,0;(2,y j(u,1))| < Cexp(— 7)), uel —s,s;] (7.90)
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by virtue of (7.79) and (7.50). Integrating 0,0; we deduce
10;(2,y;(s,0) — 0 (t.y))| < Cls|t exp(— tF)) (7.91)

and since the rhs goes to 0 for ¢t — oo, 0;(c0,s) is equal to 0;(c0,0).
It remains to prove Gj(oo,0)=éj. To this end we note (7.31) implies

f(©)=q,(t,y7)= Oexp(—tr)) (7.92)

and study the rhs of
f)= {9,H;(0)}= ) Ly LyynOg Ly —v;L; (7.93)
k,l,m

for t - co. The matrix elements of L(z,y7) remain bounded and the function
g, Lm(t,7) converges to 0 unless m =k =j, in which case it has limit exp(6{0,0)),

cf. (2.70); moreover, the function L;(t,y?) has limit 0 unless /=j, in which case
it has limit exp(f;(c0,0)). The upshot is that we may conclude

lim 1(2) =exp(30,(c0,0)) —exp(20; + 0,(c0,0)) (7.94)

where we used (7.9). But in view of (7.92) f(f) goes to 0 for ¢ — o0, so that
the rhs of (7.94) must vanish. From this we obtain 0 ;=0,(c0,0), which completes
the proof of the estimate (1.14), for the pure soliton solutions to the mKdV
equation. []

KdV. In this case we should prove

N
sup| Zl [—20; In(1 +exp[g,y)])+ 20} In(1 +exp[43*(2,y)])| = O(exp(—1r))
yeR j=

(7.95)

cf. (7.12), (7.14). Using (7.17) one readily verifies

0;q;=2 Y. exp(0,+0)Vi 0,V . (7.96)

k#j

Therefore, we should estimate the function
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1 s -
Py +exp(—q)) 277 chz—;—qj chzéqus

Now the second sum can be handled in the same way as for mKdV; one need
only replace (7.75) by

1 1 1 1 1
|1/ch? 5 g;—1/ch? iqusl si Ichg?® —chg;|/ch® 3 gch®~g%¥ (7.98)

2

and proceed as before. Thus, it remains to estimate the first sum in (7.97).
To this end we use (7.77) to rewrite the first sum as

1 r 1 1
jgk R Sh(‘]j - Qk)Ll +exp(— ‘Ij) 1 +exp(qy)

Now exp(0)V;" is bounded on R? so we need only estimate X;.,0;, where

1 1 1 1
Qs =1/8ch E(qj_qk)CthjCh Eqk <eXP[—E(Qk—‘Ij+ lg;1+1gx)]. (7.100)

First, from (7.57) we deduce that g; is negative to the right of X; for #> sz T 3
so that

Y

Qi <exp(g;) < Cexp(—tR)), 5> t>T, (7.101)

Second, we observe that the region to the left of X; is also to the left of X, for
t>Ty= T,. Hence we may use (7.58) with j — k to conclude that g, is positive
to the left of X, for t> T, >Ty, so that

Oy <expl—qut,y(s,0)]<Cexp(—tR), s<-—s;, t>Ty (7.102)

Finally, we estimate Q;, on X,
As k<j—1, one has

G=q;-1>—CHid;;_4(s),  se[—s;s)] (7.103)

in view of (7.54). Using |g,|>¢, and the bound (7.53), it readily follows from
(7.100) that
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1
ij<Cexp[—t(dj,,-_1(s)+50j[s+|s|])], se[—sjs;]. (7.104)

For non-positive s this entails (recall (7.36))

Q;x<Cexp[—td; ;_(5)]
<Cexp[—1t0;_4(vj-y—v)]=0(exp(—1tr)), se[—s,0] (7.105)

whereas for non-negative s we get
Qi <Cexp[—Ho;_1(vj—1—v)+s(0;—0;_1))], se[0,s;]. (7.106)
Recalling aj=exp(§j)<exp(@j_1)=oj_1 and 5;<v;_; —v;, (7.106) implies

Qu<Cexp[—Ho;41(v;—1—v))+@j— 1 —v)M0;—0;-1))]
=Cexp[—1t0v;-,—v)]=0(exp(—tR)),  se[0,s;]. (7.107)

Combining the estimates (7.101), (7.102), (7.105) and (7.107) we may conclude
Q= O(exp[ — t min(R, Ry)]) (7.108)

uniformly for ye R. As a result, the first sum in (7.97) has a modulus that
is bounded above by C(exp(— tr)), where C depends only on the initial value
(G,0). Thus, the KdV N-soliton solutions are indeed approximated by a linear
superposition of N 1-soliton solutions according to the uniform exponential
decay bound (1.14),. O

Before turning to the general case we add three remarks. First, we would
like to mention that the assumption (42) in our paper [2] entails the asymptotics
(43) in [2] provided that the position x in (43) (here denoted y to avoid
ambiguities) is assumed to be fixed. Indeed, this follows from Appendix C,
and also from Th. A2 in I, since (42) implies hp(f,)<--- <hy(@y). However,
to obtain long-time asymptotics that is uniform in y, the key assumption is
strict monotonicity of the velocity function »(6)=hy(0)/h}(0) (and not of hy(0)),
as will be clear from the above.

Second, we note that when one sets

a

o;=—sh 5j, vj=cthd, j=1,-- N (sG; tachyons) (7.109)
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in (7.6), then
@ =4Tr Arctg A(t,y)—nN (7.110)

solves the sine-Gordon equation (7.1), provided N is odd. (Indeed, (7.109)
amounts to taking t<>y in (7.6), as compared to (7.8).) Taking all éj either
positive or negative, the assumption (7.7) holds true up to overall signs. Thus,
Th. 7.2 may be invoked to conclude that for odd N such solutions are
approximated by linear superpositions of N 1-tachyon solutions according to
the exponential decay bounds (1.14),, r being given by (7.71) with ¢; — [0}

Third, combining (7.10)—(7.17) with (7.1)-(7.3) we can derive functional
equations involving the potentials V;,---,V5. Indeed, we can evaluate the
partials in (7.1)-(7.3) by using Hamilton’s equations. Doing so in the
sine-Gordon case, we obtain the functional equation

N

Noo 1 1
2y —l: []cth?- (qj—qk)] =sin(4 ), Arctg(exp g;)). (7.111)
i=10gq;{ chqji=; 2 =1

At first sight this identity looks utterly unlikely, and indeed a direct proof
appears forbidding for N>2. It should be noted that our indirect proof hinges
on the canonicity of the pure soliton map & established in L.

7B. Solitons, Antisolitons, and Breathers

As announced, in this section we restrict attention to the sine-Gordon and
modified KdV equations. Our starting point is the matrix A(z,y) defined by
(7.6), with the parameters o, »; given by (7.8), (7.9), resp., and with
4,0)e RY x Gy. Since A(t,y) -0 for y — oo, we may write

Tr Arctg A(t,y) =21ilﬂ(l1N +id(t,y)/1y—iA(t,y))) (7.112)

provided that the logarithm is defined such that the rhs converges to O for
y— 0. More explicitly, this can be rewritten

Tr Arctg A(t,y) = —%i In([1+ i *S(A(t,y)]/c.c.) (7.113)
k=1

. - ; 1 . -
S = | lZ eXP[Z(Qi +[tp(0)) —yO'(Oi)])]HcthE (gmin(i.j) - omax(i,j)) (7.114)
I|=k iel iel
JeI
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_ |sho chd (sG)
p(e)z{expw ’ o)= {expf) (mKdV) (7-113)

where (7.114) follows from (B4).

Consider now analytic continuation in § and 0. As long as we keep all
0, distinct and in the strip |Imf,<n/2, we encounter no singularities in S,
and retain exponential decay for y — oco. In particular, we may continue to
the subset Q of C?V defined by (4.20)—(4.24) and (6.132). (Recall Q depends on
the choice of N,, N_; as before, this dependence will be suppressed.) Fixing
Igeﬁ, we claim that the r/s of (7.113) defines a function y(t,y) such that 4y/0,y
is a real-valued real-analytic solution to the sG/mKdV equation, resp.

To prove this claim, we first observe that A(t,y) is diagonalizable and
that we may write its spectrum as

J(A(tay)) {exp[x (tay)] —'exp[xN (t’y)]} xl =" > xlavda 6 = + s T -
(7.116)

(Recall (4.19), (2.56), (2.57) and the paragraph containing (2.84) to verify this.)
Next, we infer from reality of o(4) that the determinants |1y +i4| are non-zero
on R?. From the formulas (7.112)—(7.114) it is then plain that  is real-valued
and real-analytic on R%. Now the claim readily follows from the solution
property for points in RY x G and real-analyticity of . (Note that by picking
y large enough one can stay away from singularities while analytically
continuing,)

Of course, one obtains the same solution for any two points in Q with
the same image in Q, cf. (4.19), (4.26). The solutions thus associated to points
in Q are well known from the IST formalism. They all yield a vanishing
reflection and a transmission coefficient with N simple poles in the upper half
plane. We are going to study a slightly larger class of solutions, considering
successively the sG and mKdV cases. The details for the former case are
presented in a format that enables us to dispose of the latter by simply listing
some changes.

Firstly, we prove that for functions y(¢,y) associated to points in an open
dense full measure subset Q,, of Q, one has
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ks - !
suply(£,y)— _;'l/;f ()= 25y — X i ()

YeR
=O0@xp(—|tflr), t— too (7.117) 4

where r>0 will be specified below. In the sG case 4y is a solution, and so
are the soliton, antisoliton and breather functions 4y, 47 and 4y;’; in the
mKdV case the functions d,y, o, are solutions. (Most likely, (7.117) holds
true for the y-partials, too, but we have only proved this in the pure soliton
case, cf. Section 7A.)

Secondly, we clarify the relation of the solutions corresponding to points
in Q to the t=n/2 I, systems.

Thirdly, we use this relation to obtain and study a larger class of solutions
associated to arbitrary points in the phase space Q°.

Fourthly, we introduce soliton and antisoliton space-time trajectories and
derive various properties therof.

Finally, in the sG case we add some comments, in particular on related
literature.

Sine-Gordon. To take the first step in the program just delineated, we fix a
point P, in the set

. oA 1 1
Qhe={PeQzlpi,~--,pL,pi,---,pi_,ipl,---,Ep,dlstmct}. (7.118)

(Note that ﬁw =f20.) To determine the long-time asymptotics for the solution
associated with P, we follow a strategy that is an amalgam of the strategy
in Section 7A, the asymptotic analysis in Chapter 6, and some new
ingredients. We need some notation that will now be introduced and motivated.

First, note the bounds (7.50)—(7.52) in Th. 7.2 only involve properties of
the functions (7.36)—(7.40). These functions depend solely on se R and on the
positive numbers o,,---,04 and the distinct numbers »y<---<v;. Here, we
define numbers (01,2,), - +,(0%, +1+x_s%. +1+x_) With these properties by permuting

1 o
the pairs (chpi,thpi),n-,(chiplcos%&l,th%pl),---,(chp’,,thpsl),--' such that

the velocities are in the desired order. Then the definitions (7.21), (7.36)—(7.40),
(7.45), (7.46) make sense and the bounds (7.50)—(7.52) will entitle us to invoke
Th. Cl.
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Second, we denote by  the permutation that reorders the actions (a,,---,ay)
such that the associated velocities are decreasing from left to right, keeping the
order of the two actions going with each breather. Thus we obtain a partition
of the actions into subsets Jy,---,Ji, +;4+x_, such that J, contains the action(s)
yielding velocity »,, We define J,,J, via (C1), (C2), (C8) with I —J.

Third, we define asymptotic single soliton/antisoliton/breather functions.

To this end we fix Ae{l,---,k, +/+k_} and detail the three cases that may
occur.

(s) va=thpj (7.119)

1
:—:EArctg(exp[xﬁ5A:+fi(z,y)]) (7.120)

Agz[ y-¥ ]Reé(pf—a:—i(k)), 5(z)521n(cth%z) (7.121)

keJ}  kely
fi=tshpi—ychp; (7.122)
() v,=thp] (7.123)

1

W3, = —Arctgexp[x; F 54 +e)]) (7.124)
AjTEIi Z - Z ]Re 5(1’?‘“:“(1:)) (7.125)

keJ; keJz
fi=tshpi—ychp; (7.126)

1

() v;=th 2P (7.127)

We first define real-valued functions sZ(t,y), §X(s,y) by setting
| -1
Slsw Ha 1= FoAHf () (7.128)

sh % [sf —5t]=|cot % 8,lsin(y, F = A2 +1(t,y)) (7.129)

N =
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where A; and AZ are real numbers such that

1
Af,+iA5=[ Y - ]6(—(17"—1'5")—0;1@) (7.130)

keJ; kelz ) 2

and
f"—(tsh1 ch. )cos s (7.131)
n = zpn y 2Pn 2 n ¢
1 1 !

f: E(_tChipn_"yShEpn)SInEén' (7132)

Then the asymptotic single breather functions read
Vi, = Arctg(exp[s, (t,¥)]) — Arctg(exp[5, (£,)]) (7.133)

or, equivalently,

v EArctg(sh-;-[sni —s-,,i]/ch%[s,,i +55)). (7.134)

. . _1 1 .
Note these functions correspond to points (x,,+§Af,,y,,+5A£,p,,,5,,) in the

N, =N_=1 manifold B,, cf. (4.10).
We are now in the position to state and prove the generalization of (7.72).

Theorem 7.3. The functions V3, ¥3, ¥, and

J

N+ N_
V(ty)= 3. Arctg(explx/ (6y)])— 3, Arctg(explx; (y)]) (7.135)

associated to P, efl,;e via (7.120)—(7.122), (7.124)—(7.126), (7.128)—(7.133) and
(7.112)—(7.116), resp., satisfy the decay estimates (1.117) ., the decay rate r being
given by

F= min o
pA=1,--ky+Il+k_-
pEL

) (7.136)

ol
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Proof. We only prove (7.117),, the proof of (7.117)_ being similar. In
order to generalize the reasoning in Section 7A we fix Ae{l,---,k, +I+k_}
and consider the eigenvalue(s) and asymptotic single particle function
corresponding to the rays (7.35) with j —» 4. The real number {, now depends
on whether one is dealing with a soliton, antisoliton or breather; specifically,

1

s __AS

(x; 5 )

1 < 1.

=t os-La (1.137)

o; 2
1

— —Ad).

(xn 2 n)

The definitions (7.21), (7.35)-(7.40), (7.42), (7.43), (7.45)—(7.49) will be in force
from now on (taking j — 4, of course), the numbers C, ,/C_ , here denoting
maximal/minimal eigenvalues of the positive matrix M(0,{;) defined via (6.14),
(2.54).

We continue by specifying the generalization of (7.34). To this end we
first set

h(z)=chz—(v; +s)sh z. (7.138)

Then we define a permutation o via the paragraph containing (6.22) (taking
u=1 in (6.20)). Now we put

E()=T1,4,0,0)diag(th'(ay), -, th (@)1 ~ A(t,y(s,1)) (7.139)

and note that E(¢) is of the form (C4), with M,= M (0,{,) in (6.24), Z,(?),---, F(?)
of the form (6.25), and d,,---,dg defined through (6.20), (6.21).

Next, fixing se[—s,,5;] and > T, the bounds (7.50)—(7.52) entail that
Th. C1 applies, with T, r,, C; and d, equal to T(s), r,(s), C; ; and d,,(s)= — 0,5,
resp. There are now three possibilities, namely the cases (7.119), (7.123) and
(7.127), which correspond to (6.37), (6.40) and (6.43), resp.

In the first case (6.38) applies, yielding

X (t,y;(s,0)= —stchpf+ Oexp(—try(s)), t— . (7.140)

(To check this, note that A defined by (6.39) and (6.119) coincides with Aj
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defined by (7.121), as anticipated by our notation. Indeed, one has
Iy=Ji, o\ (IH)=1"'U5) (7.141)
since d,{(s)Sd,,(s) for i=1.) Arguing now as in Section 7A we obtain

|Arctg(explx/’, (61105, )]) — ¥ (,y:(s, )| < Cexp(—tR,). (7.142)

In the (5) case (6.141) can be used and we readily conclude

| — Arctg(exp[x;, (,ya(s,0)]) = Y5, (t.y (s, )| < Cexp(—R,). (7.143)
Finally, in the (b) case we deduce by comparing (7.128) and (7.129) to
(6.44) and (6.46) (with the substitutions (6.121) and y, — 7,— {,Im h’(%(p,,——ié,,)),

of course)

|Arctg(exp[x;% (4,:(s, ))]) — Arctg(exp[xj, (6.y(s.1))])
— U5 (6, (s, D) < Cexp(—tR)). (7.144)

As before, the bound is uniform for se[—s,,s,], since the constants Cj, at
the rhs of (C15) do not depend on s.

It remains to estimate the relevant differences for y>y; and y<y;. We
claim that the functions x(t,y), k=1,---,Ns, = +,—, are all strictly decreasing
in y. Accepting this claim for a while, it follows again that the differences
satisfy uniform O(exp(—tR;)) tail bounds. For reasons of exposition we
postpone the proof of the claim, cf. the paragraph containing (7.163). [

We now come to the second step in the program sketched at the begining
of this section. Fixing Pe(Q, we define

F(t,y)= I [aft,y) + o (t,y)]? (7.145)

j<k

where «o,---,ay are the eigenvalues of the matrix A(t,y) associated with P. We
first assume P belongs to f}}’ Then one has #(0,0)#0, so the zero locus of
& is a real-analytic variety of dimension at most one. One can now repeat
the reasoning leading up to (6.103) to conclude
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At y)~A(t,y,P), P=&(P)e’ (7.146)
where
Alt,y,P)= A(P)exp[—;- HL(P)—L(P)™ 1) _% Y(IL(P)+ L(P)~ )]. (7.147)

(From here on it is convenient to make the P-dependence explicit.) Furthermore,
we may and will view (x*(,y),x (2,y)) as the position part of a piecewise orbit
corresponding to the commuting Hamiltonians H°, H'. Denoting the zero
locus of # by Cp and the zero locus of

2(t.y)= _Hk[%(t,y) —o(t,)1? (7.148)

by Cp, it follows as in Section 6C that the positions are continuous on R?
and real-analytic off the multiple collision set Cp' = C,.

Consider next the non-generic case Peﬁ,\ﬁ,”. Then #(0,0)=0, so that
Z might vanish identically, a priori. We assert that this cannot happen.
Taking this for granted, it follows that one may shift the space-time origin to
some (t,,y,) wWhere & is non-zero; thus we may again view the sine-Gordon
solution at hand as being associated with a point in the phase space Q°. (Of
course, the shift is not needed when one is willing to employ the extended
phase space Qf, cf. the end of Section 6C.)

To prove the assertion, we choose ue R such that the k, +/+k_ numbers

1 1 1 - -
shps,—uchp‘l,---,(sh-z-pl—uchipl)cosiél,---,shpsl—uchpsl,--- are distinct and

1 1
such that the / numbers cthl—ushipi,-u are non-zero. Then we apply

Th. C1 to (a similarity transform of) A(t,ut) and deduce in a by now familiar way
that the zero locus of # meets the ray y=ut in a discrete set.

We proceed with the third step. To this end we observe that the definition
(7.147) of A(t,y,P) makes sense for any PeQP denoting the roots of
|A(t,y,P)—aly| by ay,---,ay We define functions & and 2 by (7.145) and (7.148),
and we denote their zero loci by Cp and Cp, resp. The arguments yielding
Th. 6.7 can now be adapted to the 2-parameter flows at issue. Thus, through
any PeQ’ there passes a piecewise orbit that is the limit of the global orbit
R? > Q, (t,y)—exp(tH%(g)—yH'(g))(P) as gln. (The Hamiltonians H*(g) are
given by (7.16) with L= L(g), of course.) Moreover, A(t,y,P) has real spectrum
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on R? and simple spectrum off C%; for (t,y)e R*\C; its eigenvalues are related
to the configuration part of the piecewise orbit via (7.116), and the position
xJ(t,y) has a continuous extension to R? that is real-analytic wherever the
corresponding eigenvalue is simple (in particular, off C}’). We are now in the
position to state and prove our next theorem.

Theorem 7.4. The function ¢(t,y)=4(t,y) associated to PeQ’ via (7.135)
is a real-valued and real-analytic solution to the sine-Gordon equation (1.1). It
satisfies

ylgr{; o(t,y)=0, yli{nw @(t,y)=2n(N,—N_) (7.149)
and
(0,0) (t,")e S(R) (7.150)

where S(R) denotes Schwartz space. Moreover, the solution yields a reflectionless
potential in the sense of the IST.

Proof. For PeQY all of these properties are well known, cf. the beginning
of this section. Now let PeQ’. Since Q is dense in Q°, we can find a
sequence P, e Q’ convergingto P. The corresponding solutions may be written

@.(t,y)=—2iIn(ly +iA(t,y,P,)/cc) (7.151)
or, equivalently,
N
@ut,y)==2iln([1+ ), F*SyA(t,y,P,)]/c.c) (7.152)
k=1

cf. (7.112), (7.113). Since A(-,-,") is real-analytic and has real spectrum on
R*x Q" these representations entail that ¢,(t,y) converges (uniformly on
compacts) to a real-valued real-analytic sG solution. This solution equals ¢(¢,y)
as defined by (7.135), since (7.135) entails that ¢ may also be written

o(t,y)=4Tr Arctg A(t,y, P)= — 2iIn(|1y +iA(t,y, P)|/c.c). (7.153)

Next, we choose a closed contour I' in the open right half plane that
encircles the spectrum of L(P) counterclockwise. Then the functional calculus
yields
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1 1
M(y,P)=exp[ - Ey(L(P) +L(P)"N]= fyﬁ_fe}(p[ - %y(z +2z~ )]R(z, L(P))dz
r

(7.154)

where R denotes the resolvent. Since R is continuous on I, its norm is
bounded on I'.  But now it readily follows that all y-derivatives of any matrix
element M(y, P);, have decay exp(—dy) for any d smaller than

o_= min Re(A+A"1)2. (7.155)

Aea(L(P))

In view of (7.147) the same holds true for A(t,y,P). From (7.153) it is then
clear that (0%p)(2,y), k>0, has decay exp(—dy) for y - oo. Rewriting ¢ as

Ns
@(t.y)=2n(N,—N_)—4 3 &) Arctg(exp[—xi(ty)])

S=+,— k=1
=2n(N, —N_)—4Arctg(A(t,,P)" 1) (7.156)

and repeating the reasoning for A4(t,y,P)"!, we may now deduce (7.149) and
(7.150).

Finally, we claim

Jim ﬁ%(t,y) —o(t,)ldy =0. (7.157)

R

Taking this for granted, it is not hard to prove the last assertion. Indeed,
the IST S-matrix can be defined via a Dyson series/Volterra expansion/variation
of constants formula/product integral/time-ordered exponential (choose your
favorite), y playing the role of time. (Cf. in this connection [12], pp. 394-399,
especially Egs. (4.1)—(4.4), (4.49), (4.52).) The crux is now that (7.157) ensures
L'(R)-convergence of the associated potential difference V,(¢,-)— V(z, - ); in turn,
this entails convergence of the S-matrix, as is readily verified. Since V, is
reflectionless, so is V.

It remains to prove (7.157). Since the integrand converges to 0 pointwise
for n— oo, we need only dominate |p,—¢| by an L'-function. To this end,
choose n, large enough so that o(L(P,)) is enclosed by I' for n>n,. Then
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(7.154) holds true when P is replaced by P,, n>n, Fixing de(0,6_), it now
easily follows one can find C, >0 such that |p,(¢,y)|<C,exp(—dy) for any
n>n, and y>0, say. Taking y — —y in (7.154) and using the representation
(7.156), one infers in the same way |(¢,— ¢)(t,y)| < C_exp(dy) for any n>n, and
y<0. 0O

We have little doubt that the class of sine-Gordon solutions obtained via
the t=m/2 11, systems coincides with the class of all real-valued reflectionless
solutions satisfying (7.149) (mod 2x, of course) and (7.150). More precisely, we
believe that any solution from the latter class whose transmission coefficient
has N poles (counting multiplicities) in the open upper half plane can be
obtained from a point in QP possibly after a translation of the space-time
origin. In particular, the multipole solutions [13] correspond to points in the
exceptional set Q° in this scenario (which is easily verified for N=2).

However, having a proof is far better than having no doubt. We expect
that a proof would reveal features of the exceptional set and of the multipole
solutions that are hard to arrive at when one stays within one of the two
contexts that are involved.

We now come to the fourth item announced above, viz., soliton and
antisoliton space-time trajectories. To define these, we introduce the trajectory
function

j—(tLyaP)EIlN_A(tayaP)z'

= [0 —expl257(.y)) ] (1 ~expl2x} ()] (7.158)

Obviously, J is real-analytic on R?xQ’. Since A(t,y,P)— 0 for y — oo, one
has 7(-,-,P)#0. Thus, the zero locus Tp of 7(-,,P) is a real-analytic variety
of dimension at most one, just as the zero loci Cp and C§' of the functions
F and 2 defined by (7.145) and (7.148), resp.

We shall now study the trajectory set Tp in more detail, in particular as
concerns its relation to the collision sets Cp and C}'. Before embarking on
this, let us specify the local structure any of these varieties ¥, can have, a
priori: A point (ty,y,)€ Vp can be cither isolated or belong to finitely many
real-analytic curves, some of which may end at (¢,y,). (This readily follows
from the Weierstrass preparation theorem.)

We begin by noting that the trajectory sets are Lorentz equivariant. That
is, we have actions of the Lorentz group R both on space-time R? (sending (2,) to
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(t,y)p=(tchO0—ysh0, ych0—tsh0) and on Q" (sending P=(x,p) to P(6)
=(x,p{ +6,---,p5_+0), such that the image of T, under the former action
equals Tp_g. (Indeed, this is clear from J((t,y)g, P)=T (t,y,P(0)), cf. (7.158),
(7.147), (2.70).) For space-time translations the situation is different, since H°
and H' give rise to collisions. However, when we employ the extended phase
space ), we do obtain an RZ-action Q> Q(a)=exp(a®H** —a' H'*)Q). For
points in Qf~Q it is then not hard to establish Poincaré equivariance, but
for Q¢ Q! we get trouble with Lorentz boosts. Indeed, it is clear how the
latter should be extended from Q to Q, and they also have an obvious (and
compatible) definition on the pair set 2, viz., (4,L)+— (4,¢°L). But when o(L)
is not simple, we cannot be sure that the latter definition gives rise to an
action on QF, cf. the open questions discussed at the end of Section 6C. This
is immaterial for what follows, however.
Next, we define

max Rei—Rel™!

V+= min 5.5 5. -1
AEU(L(P»ReA+Re/l

e(—11) (7.159)

and consider rays (¢,,1,) + #(cos &,sin £),r € [0, 00), in the four regions complement-
ing the two lines (¢y,y,)+ u(1,v4), ue R. For rays in the region containing the
point (£y,yo+ 1) we may use the functional calculus as in the proof of Th. 7.4
to conclude A(z,+rcosé,y,+rsiné,P)—0 for r - co. Similarly, along rays
in the region containing (ty,y,— 1), the matrix 4! vanishes. Therefore, as
t— too, the set Tpn{(t,y)lyeR} moves into any open timelike cone that
contains the closed timelike cone spanned by the above two lines, and, a
fortiori, into the forward and backward light cones as t > o0 and ¢ — — o0,
resp. Moreover, recalling (7.116), we deduce

lim x}(to+uy,y)=Foo, uel—11] (7.160)
y>*w

Fixing (to,u)€ R x [ —1,1], we now claim that the functions y s x2(to +uy,y)
are strictly decreasing. We have already made this claim in a special case,
cf. the end of the proof of Th. 7.3. Accepting it a little longer, we may invoke
(7.160) to infer that the equations

xtH(Ly)=0, i=1,-N,, x;(ty)=0, j=1,-,N_, tfixed (7.161)

admit unique solutions y;" () and y; (#), which we shall refer to as soliton and
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antisoliton space-time trajectories, resp. In addition, it now follows that we
may write

T= U U {eyoeR) (7.162)

and that trajectory tangents cannot be spacelike.

At last, we prove our claim. First, we note it suffices to show xZ(t, +uy,y)
is decreasing in y. (Indeed, the assumption xi(t,+uy,y)=c on a y-interval
entails that the line {(d¢‘,y)lye R} belongs to the zero locus of the function
(@,y) > |aly— A(to +uy,y,P)|, contradicting 4 —0 for y— 00.) Suppose xi(t,
+uy,y1)>xto +uy,y,) for y,>y,. Choose a sequence t,—t, such that
each of the lines {(¢,+uy,y)|y€ R} meets Cp in a discrete set. From Hamilton’s
equations one has

0,(xt+uy,y)=[(ushpf—chpVil(t+uy,y) <0,  (t+uy,y)eR*\Cp
(7.163)

so that x{(t,+uy,,y,)<xit,+uy,,y,). But then it follows by continuity that
xqto+uy,y1) <xdto+uy,y,), a contradiction. Hence, the claim is finally
proved.

Returning now to our study of the trajectories, consider the zero locus
of the real-analytic example function

E(t,y)=y(sh?y +(t+ T sh2y—(t—T)%),  T>0. (7.164)

It has all of the properties of 7, established thus far, so we need additional
arguments to exclude the contingency that there are fewer than N trajectories
for a non-zero time interval (a phenomenon that would correspond to resonances,
physically speaking).

We conjecture this behavior never occurs, but have not found a complete
proof. As will be clear from what follows, it would suffice to show that the
multiple collision set Cy' is discrete for any PeQ”. (We believe this is true.)
Before studying the general case in some detail, let us mention that the special
point P given by (6.116) yields Cp'={(7,0)} for Py(x,p)=>3 and a discrete C}'
on the t-axis for Py<3. It is obvious that the antisoliton trajectory is given
by the t-axis. Moreover, the three trajectories meet only in Cg' and the soliton
trajectory tangents are lightlike in the triple collision point(s). (The verification
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of these assertions is straightforward.)
We shall now elucidate the local structure of the ‘regular collision’ set

Rp=Cp\CI,  PeQ'. (7.165)

To this end, let b=(to,y5)€ Rp. We assert that the intersection of R, with a
sufficiently small disc around b consists of / spacelike curves meeting at b,
where /e {1,---,m}. Taking this assertion for granted, it follows that 7} can
meet Rp only in a discrete set. (Indeed, as shown above, trajectory tangents
can only be timelike or lightlike)) In particular, it follows that whenever C}'
is discrete, there are N distinct trajectories for any bounded time interval, except
possibly for a finite set of times.

We now prove the assertion about be Rp. We begin by noting there are
at least one pair and at most m pairs of soliton and antisoliton positions
coinciding at b. Let x;"(t,y), x; (t,y) be one of these pairs. Since o(4(b)) is
simple, x;" —xj is real-analytic at 5. Now choose a line segment

S={b+s(cos &,sin&)=b|s€(0,9)} (7.166)

such that S does not meet Cp. (Using real-analyticity of #(z,y) and Cp# R*
one sees that such an S exists.) Then we have from Hamilton’s equations

ox/! (ty)—x; (ty]=(shp;" V' —shp; Vi)b), (ty)=beS.  (7.167)

To get information on the limit of the rhAs as s —» 0 (which exists, since the lhs
is smooth at b), we exploit Th. 6.7 with h(z)=cos&chz—sinéshz. First, we
use (6.112) to infer that the limit of the rhs is finite. Thus the gradient of
x;"—xj does not vanish at b, entailing that the zero locus of x;"—x;
smooth curve through b (sufficiently near b, of course).

It remains to prove that the tangent at b to this curve is spacelike. To
this end we rewrite (7.167) as

is a

_ 1 N
Oxi" —xj)=[2sh E(P;r —Pj )Ché(Pi +pi )WVt
—shp; V1=V V)b (7.168)

Now from (1.3) and (1.4) one reads off V;*/V; —»1 as s »0. Combining this
with (6.112), it follows that the second term at the rhs goes to 0 as
s = 0. Telescoping d,(x;" —x;’) in the same fashion, we readily deduce
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. . 1
lljg@y(x?—xj_)/ﬁn(xi*—xf)ﬂljg thi(p? +p; Nb)=thpoe(—1,1). (7.169)

From this it is plain that the tangent at b is spacelike, so our assertion is proved.

We are now prepared to study the local structure of 7,. Fixing
b=(ty,yi(t,)), there are three possibilities. First, no x{(t,y) other than xJ
vanishes at . Then one can find ¢>0 such that no position but x{ vanishes
on the disc with radius ¢ around b, and such that x{ stays away from the
other positions on this disc. Since xj is strictly decreasing in y and real-analytic
on the disc, its zero locus (¢,yY(?)) in the disc is a real-analytic curve. We
claim that this curve is timelike.

To prove this, we assume first b¢ Cp. Then we may use Hamilton’s
equations

@x)B)=(shpeV)B),  (9,)(B)=(—chpV)(b) (7.170)

to infer that (dy?/df)(t,)=th pi(b), so the curve is timelike at b. Next, assuming
beCp, let S be a line segment of the form (7.166) which is not in Cp. On S
one has (7.170) with b — by; since x{ is real-analytic at b and V¥(x(b,) has the
finite limit Vi(x(b)) as s — 0, it follows that pi(b,) has a limit p(b)€ R; hence,
we arrive at the same conclusion as for b¢ Cp.

The second possibility is that both x{ and some x,.° vanish at b, but no
other position does. Then the corresponding eigenvalues are simple at b and
hence remain simple on a disc around b with sufficiently small radius
¢. Eventually shrinking ¢, we may assume no other position vanishes on this
disc. Thus we obtain two real-analytic curves (¢,y2(?)), (t,ye%(?)) in the disc
that have at least one point in common, namely b€ Cp. Choosing a segment
S of the form (7.166) that is not in Cp, we have (7.170) with b - b,. Exploiting
now Th. 6.7 in the same way as before, it follows that the curves have lightlike
tangents at » with opposite slopes. In particular, the curves separate as ¢
moves away from ¢,.

The third case is that more than two trajectories meet at b, implying
be Cp. Whenever b is an isolated point of Cy, it follows from the above that
all of these trajectories separate as ¢t moves away from ¢, (But we have no
general information on slopes. Are there always lightlike tangents at b, just
as for the point (6.116)?) However, since we have not succeeded in proving
non-existence of non-spacelike curves in C}', some trajectories might coincide
as t moves away from ¢,.

We conclude our study of the trajectories by adding some observations
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that have a bearing on this ‘multiple trajectory’ phenomenon. Firstly, if it
exists at all, it is non-generic. For instance, one can consider along with P
the points P(d) obtained from P by translating all positions over the distance
d. Since the union of the sets Tp, as d varies over R is equal to R? (recall
(7.158) and (7.147) to see this), and since one clearly has Cp,=Cp, it follows
that multiple trajectories can only occur for a discrete set of d.

Secondly, for PeQ? with image PeQ,, it is readily seen from the proof
of Th. 7.3 that for t— +oo one gets N distinct trajectories, save for the
times at which the soliton and antisoliton in any of the [ breathers
collide. More specifically, one infers (cf. e.g. (7.140)) that for ¢ » doo one gets
k. +k_ trajectories at the extremum of the functions y+— (1) given by
(7.120) and (7.124), and two trajectories associated with each Y} (7,y), whose

location follows from (7.128)—(7.133) (up to an exponentially small error).

An interesting (and puzzling) feature of the two breather trajectories is
that their maximal distance has a finite limit as  goes to its minimum —=z. To
be specific, for a breather with p=0 (corresponding to its rest frame) one easily
checks that the maximal distance between the trajectories reads

o= cos(5/2)Arth(Cos(6/ 2), d6e(—mn0), p=0. (7.171)

Thus, d_,, decreases monotonically from oo to 2 as § goes from 0 to —=z. It
is to be noted that d,,,.cos d/2 equals the distance between the two underlying
point particles at their turning point and that the oscillation periods of the
breather solution and of its associated trajectories and particle motion are
equal (viz., 2n/|sin 6/2)).

We conclude our account of the sine-Gordon case with several remarks.

(i) The asymptotic behavior detailed in Th. 7.3 is in accordance with
pp. 429-431 in [12]. More precisely, our decay bounds do not contradict
Lc. Eqg. (5.151), the qualification being necessitated by the fact that the analytical
meaning of Eq. (5.151) is left unspecified. (From the arguments presented on
pp. 133-134 of [12] it does not even follow that the ks of (1.14) goes to 0
for t » +00.)

(i) The above trajectories can also be viewed as trajectories associated to
singular solutions of the sinh-Gordon equation, cf. the review [17] and references
therein. (This was pointed out to us by Pogrebkov [20].) Indeed, taking
4; — G;+in/2 in (7.4)-(7.6), one obtains A(,y) —iA(t,y). Combining this with
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(7.146) and (7.153), one infers that the function 2In(|1y+ A(t,y, P)|/|1y— A(t,y, P)))
solves the sinh-Gordon equation. Clearly, this solution is singular along
isolated trajectories, cf. (7.158). (But singularities might cancel when multiple
trajectories do occur.) Possibly this perspective is useful in answering the
questions left open above.

(iii) Consider once more the representations (7.10), (7.112)—(7.115) of the pure
soliton sG solutions, but now allow arbitrary analytic continuations in § and
0 (as opposed to continuing to the subsets Q< C? with N_=0,1,---,N).
Taking 0,,---,0y distinct (mod 2xi), this yields sG solutions with non-real values
and with singularities, in general. However, the analytic continuations to Qare
not the only ones yielding real-valued real-analytic solutions, as will now be
illustrated.

Start from (4,0) € R" x Gy and take 0, — 0, +in for k=N, +1,---,N. Then
the resulting matrix A(0,0) equals the Lax matrix (2.70) with f=pu=1, 1=7/2,
the real numbers p{,---,py_, x{,--,xy_ being given by §,---,dn, 01,0,
resp. Moreover, the space-time dependence of A(t,y) is governed by the
Hamiltonians B°=Tr(A+A4~1)/2, H =tr(4— A~ 1)/2, cf. (2.6) with u=1. Since
Q° is manifestly left invariant by the space-time flow (t,y)— exp(tA°—yH"),
the spectrum of A(z,y) stays in the right half plane. Thus it follows from
(7.112) that one obtains a real-valued real-analytic sG solution in this way.
(iv) It is not obvious, though true, that the solutions described in the previous
remark are not new. In particular, the solution we have detailed can also
be obtained by taking §, — —§,+in for k=N, +1,---,N (which yields a point
in 50, cf. (4.20)-(4.22)). The crux is, that the rhs of (7.113) is left invariant
(mod 7/2) under the simultaneous continuations §; — —§;+ i, éj—+ 9j+i7r.

This invariance property seems to have escaped attention, so we add a
proof, taking j=1 to ease the notation. First, rewrite the rhs of (7.113) as

arctg[m] =arctg X. (7.172)
1-8,+8,

Second, rewrite (7.114) as

Si= Y [leilew  €#0  cu=cy#0. (7.173)
=1 jeI ii;

Third, note the j=1 substitutions amount to
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e, — —1je,, c— 1/cq (7.174)
Fourth, verify that these replacements entail

SI_S3+S5"' d -'(I—S2+S4)/C

1_S2+S4"'_)(SI_S3+S5"’)/C (7-175)
where
C=e |] ey (7.176)
k> 1
Hence,
arctg X — arctg(—1/X)=arctg X — /2 (mod ) (7.177)

completing the proof.
(v) On Q) the Hamiltonians of remark (iii) are the pullbacks under ®, of
the Hamiltonians

N+ 1 N 1
Y hO)]] ICthE(‘]j_Qk)l — > hO)]]lcth E(qj—qk)l’
1 kA Pty

j=N7+1
h=ch,sh, 0=(x*x%, q=(p"p) (7.178)

on Qf, cf. (3.57)—(3.60), (4.20)—(4.22), (4.25), (4.26). (Note that the set of (¢,0)
thus obtained may be viewed as Q°.) From a phase diagram for the reduced
N=2 case one reads off that the A° and A' flows do not leave Qf invariant:
Generically, the trajectories pass through Qf, where A~L has non-real
spectrum. Correspondingly, the flows generated by the Hamiltonians (7.178)
are incurably incomplete on ﬁ'{, for N=2.

It is highly plausible that the same incompleteness phenomenon occurs
for N>2, too. (To prove that it does occur, one needs more information on
the geometry of the connected components of Qf vs. those of Q, [=1,---,m.)
Note that from a physical point of view the instability is no great surprise,
since (7.178) says one is dealing with negative rest mass particles.

All the same, our conclusion is, that sG solutions containing N, solitons
and N_ antisolitons can be related not only to N, particles and N_ antiparticles
(having the same positive rest mass), but also to N, positive rest mass and
N _ negative rest mass particles.

(vi) For distinct points P,, P, in Q° one obtains distinct solutions from (7.153)
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and distinct trajectory sets from (7.158), provided that P, and P, belong to
Q! and have images P,, P, in Q, under the action-angle map ®. (Indeed,
this follows from Th. 7.3 and its proof; specifically, one can read off P, from
the ¢+ — oo asymptotics.) The natural conjecture is, that the proviso may be
omitted, but a proof (or counterexample) has not materialized.

(vii) It should be stressed that the (eventual) pathologies and open questions
encountered above all have to do with sets of measure zero. In classical
mechanics such sets are among the most interesting ones and should not be
ignored. Recall however, that as a rule of thumb measure-zero phenomena
are washed away under quantization. In fact, there is mounting evidence that
the classical particle-soliton correspondence (which is particularly transparent
for the open dense full measure set Q) turns into physical equivalence for the
quantum version of the t=n/2 I particle systems and the sine-Gordon
quantum field theory, cf. [3] and papers to appear.

Modified KdV. As announced at the beginning of this section, the mKdV
case can be handled in much the same way as the sG case. The analog of
the distinct velocity subset (7.118) reads

0O, ={PeQilexp2pt, -, exp2pi, . exp2ps, . exp2pi_,
3 1 3 1 ..
expp, cosiél/cosiél, -, €Xp p, cosié,/cosiél distinct}. (7.179)

In this case, the positive numbers ¢; and distinct numbers »; are obtained by
1 1 3 1
permuting the pairs (exppsl,epopsl),---,(expiplcosEél,expplcosiél/cosiél),

-, (expp,exp2p5),---. Note the curious fact that b velocities vary over R,
whereas s and § velocities vary over (0,co).

To obtain the analog of Th. 7.3, we need the following changes in the
formulas (7.119)—(7.134):

(7.119) - (s) v, =exp2p} (7.180)
(7.122) - f,=texp3p; —yexp p} (7.181)
(7.123) - () v, =exp2p§ (7.182)

(7.126) - f;=texp3pS—y exp p§ (7.183)
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(7.127) - (b) v; =exp p,cos % d,/cos % 0, (7.184)
. 3 3 1 1
(7.131) » f," =texp—-p,cos - d,—y €xp - p,C08 -3, (7.185)
2 2 2 2
_ 3 .3 1 .1
(7.132) » f, = —texp Ep,,sm 3 d,+yexp Ep,,sm 2 O (7.186)

Theorem 7.5. With the above changes understood, the assertions of Th. 7.3
hold true.

Proof. Replacing (7.138) by
1
h(Z)EgGXp?,Z—(UA‘FS)CXpZ (7.187)

and taking chp{ — expp; in (7.140), the proof of Th. 7.3 applies verbatim; the
monotonicity claim will be proved below. [J

Following the reasoning of the sG case, the second item of the program can
be disposed of when (7.147) is replaced by

A(t,y, P)= A(P)exp[tL(P)* — yL(P)]. (7.188)
The third one amounts to the following analog of Th. 7.4.

Theorem 7.6. The function v=20(t,y) corresponding to PeQ’ via (7.135)
is a real-valued real-analytic solution to the modified KdV equation (1.2), satisfying
veS(R). The solution yields a reflectionless potential in the sense of the IST.

Proof. Replacing (7.154) and (7.155) by

M(y, P)=exp[ — yL(P)] = ﬁ f exp(— yz)R(z, L(P))dz (7.189)
T

o_= min Rel (7.190)

Aea(L(P))
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the reasoning in the poof of Th. 7.4 can be followed. []

Finally, we come to the topic of space-time trajectories. Again, the trajectory
set T, defined via (7.158) cannot be equal to R?, since A(f,y,P)—0 as
y — . More generally, setting

max Rel3

min Rel
Aea(L(P))

il

Ut

(7.191)

the discussion below (7.159) applies, provided the adjective ‘timelike’ and the
remark on light cones are omitted. In particular, it follows that (7.160) holds true
for u=0.

Replacing (7.163) by

a,x{(t,y)=[—exp(p)Vil(t,y)<0,  (t.y)eR*\C, (7.192)

it now follows as before that the functions y—xi(¢,,y) are strictly decreasing.
Then (7.160) with #=0 suffices to conclude that (7.161) yields unique solutions
y2(#), and as a consequence (7.162) holds true.

We leave a study of the local structure of the trajectories to the interested
reader. To conclude our account of the mKdV case, we observe that, for points
in the open dense full measure distinct velocity subset of Q, the trajectory
asymptotics for t— + oo agrees with a plot of the solution, in the same sense
as for the sG trajectories.

Appendix A. Pseudo-self-adjoint and Pseudo-unitary Matrices

Throughout this appendix # denotes an operator on an N-dimensional
(complex) Hilbert space #, which is both unitary and self-adjoint. Thus # and
# can be written

H=H,@H_, Hy=PH, o=+,— (A1)
F=P,—P_, (A2)

where P, ,P_ are uniquely determined orthogonal projections. We denote
dim s#; by N;. By definition, an operator L on # is pseudo-self-adjoint w.r.t. #
(abbreviated #-s.a.) if it satisfies
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L*=¢Lg¢ (A3)

(where * denotes the Hilbert space adjoint), and an operator U is pseudo-unitary
w.r.t. ¢ (abbreviated #-unitary) if it satisfies

U*gU= 7. (A4)

In this appendix we collect some material concerning #-s.a. and _Z-unitary
operators. In essence, all of what follows has been known for many decades, cf.
e.g. [21] and references given there. However, we present simple proofs for three
results we have occasion to use, since we have not found a reference from which
a proof can be gleaned without undue effort.
We begin with a few Facts that are easily verified.
(1) _#-unitaries form a subgroup of GL(#);
(2 If Lis ¢-sa. and U is #-unitary, then U 'LU is #-s.a;
(3) L is ¢-sa. if and only if L ¢ is self-adjoint;
(4) The spectrum of a #-s.a. operator is symmetric w.r.t. the real axis;
(5) If ¢,, @, are eigenvectors of a #-s.a. operator with eigenvalues 1,, 41,
such that 1,# 1, then ¢, and @, are #-orthogonal (ie., (¢,, £¢,)=0);
(6) If pes; and L is #-s.a., then (p,Lp)eR;
(7) If SeGL(s#), then S* ¢S has N, positive and N_ negative eigenvalues
(‘Sylvester’).
We continue with some results whose proofs are less immediate.

Proposition Al. Suppose A is #-s.a. and such that B=A ¢ is positive. Then
A is diagonalizable and has N . /N _ eigenvalues in [C_,C . ]/[—C,, — C_], where
C./C_ denotes a maximal/minimal eigenvalue of B. Moreover, any non-zero
vector ¢ /@ _ in the positive/negative spectral subspace of A satisfies (@;, £ ¢5)>0,
o=+,—.

Proof. Since A equals B¢, A is similar to the self-adjoint operator
C=B'? #B'? and hence diagonalizable. Also, C has N, positive and N_
negative eigenvalues by virtue of Fact (7). These lie in the intervals specified
above, since |C||<|B|=C, and |C"!|<|B~!|=1/C_. Finally, if Ap=A.¢
with ¢ #0, then Xo, £9)=(p, B Fp)>0, from with the last assertion follows.

O

Proposition A2. Suppose L is #-s.a. and suppose a ¢-unitary U exists such
that U™ LU commutes with ¢. Then L is diagonalizable and has real spectrum.
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Proof. The assumptions entail
(UTILU*=(JU ' ASILAFUS)=FU 'LUF=U""'LU

so that L is similar to a self-adjoint operator. []

From now on we identify s# with CV equipped with its standard scalar
product, and we take

5

[l’“ 0 ] N, N_>1. (A5)
0 —1y_

The third and last proposition is concerned with a #-s.a. operator L whose
spectrum is simple. By virtue of Fact (4) this implies
o(L)={ry, " rpyTioy, -, p,tic}, r»p;€R,0;€(0,00),k+2[=N. (A6)
Proposition A3. In (A6) one has

k>IN, —N_|, I<min(N,,N_). (A7)

There exists a ¢-unitary U such that

D, 0
R X
U LU= . (A8)
2R
0 D_
Here, one has
D, =diag(py,--pe.),  D-=diag(n,,-,n) (A9)
R=diag(p,, -, p), T =diaglio,,,i0) (A10)
and
k,+k_=k, k,+I=N,, I+k_=N_ (A11)
{Pls "',Pk+} v {nl’ Y nk-} ={71, "'ark}' (AIZ)

Proof. Let @, and ¥/ denote eigenvectors corresponding to the eigenvalues
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r; and p;+ido;, resp., and set

SECO]((PI:"'y(pkawra'//l_:""lpl-'-’ll/l_)' (A13)

Since o(L) is nondegenerate, the above Fact (5) implies

S*fS=dlag(((p1, f‘pl)a "'9((pk! f(pk)s Mls B Ml) (A14)
where

MjE[ 0 (‘/’f’f‘m]. (A15)
;.29 0

Moreover, since S is regular, one has (¢, £¢,), V5, #¥;°)#0. Via a scaling we
can therefore arrange

(0o Fo)=s5  sie{l,—1}, i=1,-k

(A16)
a1 .
(lpf’fll,] 6)=5’ J=15"',l, 6=+,_
Next, we introduce
TECO]((PD ) (%XT,XT, "'3X1+,Xl_) (A17)
where
xfEl/If-i_alp]_s j=1,"'9la 6=+’_ (AIS)
Then (A16) implies
T*fT':diag(Sl’"’,ska 1’ _1,"'3 1, _1)' (A19)

By virtue of Fact (7) the sign + (—) must occur N,(N_) times at the rhs, so
that (A7) follows.

Now we partition the real eigenvalues as in (A12), such that the eigenvectors
o1, of and @7, -, @5 corresponding to py,---,p,. and ny,---,n,_, TESp.,

satisfy (¢, £¢;)=+1. Then (A11) follows from the above sign count, and
setting

UECOI((/’;’ "'5(/)1:’ Xr5 "':Xl+ax1_a R XI_’ (p1_5 ) (pl:_) (AZO)

it follows that U is #-unitary. Moreover, (A8) is readily verified, using
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UT'=gU%,  Ly}=pjj+ioy;° (A21)
of. (A18). O

Note that it follows from Prop. A2 that L cannot be diagonalized by a
J-unitary whenever />0. The normal form derived here may be viewed as
‘next best’; it appears to date back to the 19'" century. Note it implies that for
J-s.a. operators with simple spectrum any eigenvector ¢ corresponding to an
eigenvalue re R satisfies either (¢, £¢)>0 or (¢, £¢)<0. We shall refer to r
as a positive/negative signature eigenvalue in the first/second case.

Appendix B. The Cauchy Matrix Revisited

In this paper it is convenient to work with the Cauchy matrix

1.
1 sh(gtﬂug)
Eﬁpj) 1 eXp(—iﬁQk), Sk=1,-- M

shiﬁ(p,-—qﬁiug)

AB, 1.8 p» Dy =exp(—

(B1)

where the rhs is defined in the obvious way when f=0. Compared to our
previous paper I, this amounts to adding exponentials, a reparametrization and
a slight generalization: Here, the case g#p naturally arises. Setting

1 1
ijexP[ﬁ(Pj'*’ii#g)], yie=exp[B(q— Eiﬂg)] (B2)

in Cauchy’s identity

5

(B3)

=H 1 (¢ —x)0;— 1)
i Xj—=Yji<k ;=Y —x)

one obtains

shC iBug)

(Cl=expl— #E. 6+
! ! Shiﬂ([’j“%“*‘iﬂg)
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1 1
sh 5 ,B(P, —pysh E ﬁ(qj —q)
gige 1 @
sh— Blp; — qu+inglsh - fla,—p.—ing)

This entails a positivity property that plays a crucial role in this paper.

Lemma B1. Let pu,g>0,f€[0,2n/ug) and let p;—p,#0, j#k, Imp;| < ug/2,
Jok=1,----M. Then C(B,u,g;p,p) is positive.

Proof. The assumptions entail not only that the matrix C=C(8, 1, g;p,p)
is self-adjoint, but also that C has positive principal minors; indeed, the latter
property can be read off from (B4). Thus, the polynomial |A1,,+ C| has positive
coefficients, so g(C)<(0,00). [

We continue with an observation that will be exploited in Chapter 6: Up
to left and right multiplication by diagonal matrices, the inverse and the
transpose of C are equal. This fact also plays a key role in the treatment of
Sutherland type systems [22].

Lemma B2. Let (B, 11, 8,p,q)€ C***M be such that C=C(B, u,g; p, q) belongs
to GL(M,C). Then one has

C™ ' =diag(ly, -, L) Cdiag(ry, -+, 7 (B3)

where
1 1 .
eXp[EB(pj—q,-)] shiﬁ(p,-—qﬁlug)
I

I (B6)
! C,. i 1
i ” sh_ Bip;—p)

1 1
exp[z Blg;—p;)] shiﬂ(q,- —Dn—ig)

~
Il

. (B7)
j .
ij " Sh%ﬁ(qj_qn)
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Proof. Setting
1 1,
f(X)EshEﬁX/Shilﬁ#g (BY)
and using (B1) we may rewrite (B4) as

i<j
From this we obtain

(o 1’)H =(cofactor of C)/|C|

=(— )"“eXP[ B(M — 2)(Zp.+2q)—~ﬁ(M—1(Zp.+2q,)]

ik i#l

[C— H CiCy H sign(i —k) f(px —p)) l_[l sign(i—1) flg;:—q)]1 ™"
ki i i# i+

—GXP[——B(ZP& Y q)——ﬁ(M—l)(pk+ql)]

ik i#l

[Cu H Cuf(p—pr)]~ ! Ckl[CllH Cuflai—q)]™ L (B10)

ik i#l
Using (B1) once more, this yields (BS)—(B7). [
Appendix C. Spectral Asymptotics Revisited
Partition the integers {1,---,N} into K subsets [y,---,Ix by setting
I={n,_,+1,--n,}, p=1,--K (cy
where
O=no<n;<---<ng=N, 1<K<N, (C2)

and let #,(f) be |I | x|I,| matrices satisfying
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FeULD), F,(0*=7,0, VieR, Vpe{l, K} (C3)

This appendix is concerned with the spectral asymptotics for |t » o0 of Nx N
matrices of the form

E(1) =M diag(exp(td,) #,(2), ---, exp(td) (1)) (C4)
where
M=>0 (6)]
dy<---<dj, 1<K<N. (C6)
Introducing
C.=IM|, C_=|M"|"", (o7))

one clearly has s(M)<=[C_,C,]. Setting
I={1,--,n,_}, I, ={n,+1,---,N}, p=1,-- K (CB)

we denote by M, /M, the matrices obtained from M by discarding the rows and
columns whose indices belong to I, /I;}. Then o(M3)<[C_, C.], so that M? is
invertible and positive. We denote by ((Mf,)“)p the |7, x |I,| matrix obtained
from (M2)~! by retaining only the |7,] 1ast/first rows and columns when § equals
+/—. Setting now

m=(((M)~)"Y  p=1-K o=+, - (C9)

it follows that m; are positive || x |I,| matrices with spectrum in [C_,C.].

In the special case K=N, #,(t)=1, the asymptotics of a(E(?)) follows from
Theorem A2 in I. Returning to the general case, we introduce the cluster
matrices

A(=md g1, p=1,--K, o=+, —. (C10)

By virtue of Prop. A1 these matrices are diagonalizable and have real eigenvalues
o)==l (1) satisfying

CZj(t)E[_C+7_C—]U[C-—,C+]s j=19”"|]p[5 p=19"'5Ka 5=+3_ (Cll)

Likewise, E(?) is similar to a self-adjoint and invertible matrix and hence has real
and non-zero eigenvalues o(f),---,an(f). Setting
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ri=dy—dyry=dy_, —dg,r,=mind,_, —d,,d,—d, ), p=2,K—1 (Cl12)

we are prepared for the following theorem, which reduces the spectral
asymptotics of E(f) for 1 — + oo to that of the cluster matrices ¢ (z).

Theorem C1. Fix pe{l,---,K} and define T,>0 by
exp(—T,r,)=C_/3C,. (C13)

Choosing +t>T,, the matrix E(t) has |I,| eigenvalues oc,,il(t) == oc;—] 1,\(?) obeying

(€ (2C_/32C,Jexp(td,),  j=1,+-I,), (C14)

1
lIf | eigenvalues with moduli <C, exp(td, 1)<§ C_exp(td,) and |1, ,,il eigenvalues

8
withmoduli > C_ exp(td,z ) — C, exp(td,.,)> 3 C.exp(td,). Moreover,one has

lexp(— td,)o (1) — ¢ (1) < 5C% /2C _exp(|t|r,),
j=1 L], ot>T, o=+, — (C15)
Proof. Using the reversal permutation matrix, the case —¢>T, is easily

reduced to the case +>7,. Therefore, we take >0 from now on. Consider
the auxiliary matrix

A(t)=exp(—td,)E(1). (C16)
Setting
e(t)=exp(td,—1td,), t=1,--,K (C17)

it satisfies (recall ~ denotes similarity)

A(D)~ M2 diagle, () 71(1),++, F,(1),0,--,00M "2
+M2diag(0,+,0, €, 4 1(0) Fpus (1)) F(OM ' = B(t) + S(1). (C18)

In order to study the spectrum of the ‘big’ (for t— oo) matrix B(f) we introduce
the n, x n, matrix

R1)=diag(e, ()" A1(0), -, L, (NM,;) ™" (C19)
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and observe that

B()~ [F(fi_ ' g]_ (C20)

Therefore, B(f) has N—n, zero eigenvalues, the remaining eigenvalues being
those of F(t)"!. To obtain information on the latter, we first note

R0)~(M,)" *diag(0,---,0, £, ()M, )~

+(M )~V 2diag(e, (1) A1), e — 1 ()71 Ly (0,0)M) V2= H(t)+ (1)
(C21)

and then observe

0 *
o~ [o (m:)“‘f,,(t)]' 2

Therefore, H(f) has n,_, zero eigenvalues, the remaining |/ | eigenvalues being
those of (m, )t F#,(t). But the latter matrix is similar to the inverse of the
cluster matrix ¢, (f), so that

a(HON\{0} ={c, ()", scor, (071 (C23)

Having disposed of the algebra, we are prepared to handle the
analysis. First, we observe that the definitions (C19) and (C21) of F(¢) and
W(t) entail

[FOII<1/C- (C29)
V)l <1/C_e,_ (1) (C25)
resp. Choosing T~ such that
e,(T7) '=C_/3C, (C26)
the latter estimate implies
IVl <1/3C,, Vi>T". (c27)

Now from (C11) we have

‘C;](t)—llZI/C+, ]=1”}Ip| (C28)
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Combining this with (C23), (C21) and (C27), and recalling the bounds (C24)
and (C25), we deduce that for any > T~ the matrix F(r) has n,_, eigenvalues
with modulus <1/C_e,_,(f)<1/3C,, the remaining ones having modulus in
the interval (2/3C,, 1/C_]. Moreover, denoting the latter by ¢, () and
requiring @,;() "' ==, (0", we may combine (C21), (C23) and (C25)

with the min-max principle to infer
@, () —c (O~ 1<1/C_e,_ (D), Vi>T". (C29)
Clearly, these bounds entail
[0, /0) ™! =, OI<IP, () e {/C-e,-1(2)
<3C3/2C_e,_4(1), Vi>T. (C30)

Recalling now (C20), we deduce that for any ¢>7" the matrix B(z) has |I,|
zero eigenvalues, |I;| eigenvalues with moduli >C_e,_,()>3C,, and ||
eigenvalues ¢,;(f)"! having moduli in [C_,3C,/2) and obeying (C30). Next,
we consider the matrix S(f) defined by (C18). It satisfies

ISOI<Cie,s1(0) (C31)
so that we obtain
IS@Ol<C_/3, Vi>T* (C32)
provided T is defined by
e,+1(T*)=C_/3C,. (C33)

Since we have (cf. (C13))
T,=max(T",T"), (C39)

it follows that for any ¢> 7, the matrix A(¢) has |I;| eigenvalues with moduli
<C.ie, ()< C_/3, |I]| cigenvalues with moduli >C_e,_()—C.e,.,(t)>
8C, /3, and |I,| eigenvalues with moduli in (2C_/3,2C,). Moreover, denoting
the latter by y,/#) and requiring y,,({)=--->7,,(?), a second application of

the min-max principle yields
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P QR 61N P G Bt (5 I B [ (5 R A ]
<Cie, (0 + 3C3/2C_e,_4(1)
<5C%/2C _exp(tr,) Vi>T, (C35)

Recalling (C16), the theorem now follows. [

The result just obtained can be rephrased as follows. For long times the
matrix E(f) has K disjoint clusters of eigenvalues associated with the distinct
numbers dy,---,dg via (C15). The cluster corresponding to d, is isolated for
T< —T,and T>T,, but will collide with the remaining eigenvalues for [f| < T, in
general. (For instance, collisions clearly occur for diagonal M.)

Notice that the upper bound 27, on the collision period is not optimal,
the reason being that all collisions may take place long before or long after
t=0. To take this into account, consider the matrix

M(1)= Mdiag(exp(td )1y, -exp(td)l 1 |- (C36)

Denoting the maximal and minimal eigenvalues of M(¢) by C.(f) and C_(2),
resp. (so that C40) = C;, cf. (C7)) we may use Theorem Cl1 to infer C_(2)/C,(£)—0

N 1
for |f|—>o00. Hence the function t+— C_(£)/3C . (¢) attains its supremum se (0, 5]

on a compact set B. If 0¢ B, then the upper bound 27, can be decreased to
—2r, ! Ins by changing the time origin to some e B, cf. (C13).
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