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On Some Derivations of Lie Algebras
Related to Galois Representations

By

Hiroshi TsuNOGAT*

§0. Introduction—Lie Version of the Outer Galois Representation—

Let E be an elliptic curve over a number field k, O a k-rational point
on E, and C = E\{O}. Then we have the outer Galois representation

(0.0.1) oc: G, - Out t(C ®F),

where k denotes the algebraic closure of k and G, = Gal (k/k) the absolute
Galois group of k. The weight filtration on n¥’(C ® k) induces a central
filtration {Gy(m)},>o On G, with G,(0) = G,. The main result of this paper is
to show that the rank of the free Z,-module

(0.0.2) g™ = G, (m)/G,(m + 1)

tends to infinity as m — oo in the even numbers. This implies that the image
of @, considered in the graded quotients of Out n{’(C ® k), is very large.

First we shall explain the background. Let C be a non-singular, geometri-
cally irreducible algebraic curve defined over a number field k. Then we have
a homotopy exact sequence of algebraic fundamental groups

(0.0.3) 1 - 7,(C®, k) - n,(C) > Gal (k/k) - 1 .

(The choice of the base points plays no important role.) This exact sequence
induces the outer Galois representation

(0.0.4) oc: Gal (k/k) > Out (,(C &, k),

in which we are very interested. We consider also its quotients for easier
treatment. Replacing n,(C ®, k) with its maximal pro-I quotient n{’(C ®, k),
we obtain another exact sequence
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(0.0.5) 1 - 19(C ®, k) - 7, (C) - Gal (k/k) - 1
with 7,(C) being a suitable quotient of =,(C), and hence
(0.0.6) o®: Gal (k/k) —» Out 7P(C ®, k)) .

In this paper, we restrict our interest to the cases where C is one of the
following:

(1) P! minus three points;

(2) an elliptic curve E minus one point.

In both cases, n¥(C ®, k) is isomorphic to the free pro-I group I7 = {x, VDoro-l
of rank two, and its weight filtration coincides with the lower central filtration
{II(m)}ns,- (In general cases, weight filtration is defined by T. Oda and M.
Kaneko first, and developed by them and by M. Asada, H. Nakamura etc. See
[K] [AK] [NT] etc) By setting

0.0.7) Grll= @ gmH=P HOm)/m+1),

m>1 m>1

Gr IT has the Lie-algebra structure with bracket [ , ] induced from the commu-
tator in the group /I, and is isomorphic to the free Lie algebra ¥ = <X, Y)
of rank two over Z;, by X = x mod I1(2), Y = y mod II(2).

Y. Thara [I] and M. Matsumoto [M] treated the case (1). The filtration
{II(m)},,», of IT induces a field tower {k(m)},>o. Moreover, by setting
(0.0.8) G =@ 9™ =P Gal (k(m + 1)/k(m)),

m>1 m>1
% becomes a graded Lie algebra and the Lie version @ of ¢ is defined. They
started from a non-trivial element g,,€ 4™ for odd m > 3, called Soulé’s ele-
ment, and proved that the rank of 4™ tends to infinity as m — oo by taking
Lie bracket of them iteratively.

The main purpose of this paper is to obtain an analcgous result in the
case (2). Let E be an elliptic curve over a number field k, O a k-rational
point of E, and C = E\{0}. Also in this case we can define the Lie version
@y from @@ (5.6.7). H. Nakamura [N] proved the following theorem:

Theorem ([N] Corollary (4.15)). For any elliptic curve E over a number
field k, there is an integer N such that for every m =2mod (I — 1)IN™! with
m>2+(—1I¥1,

g @ 9™, g™ I
gives a non-trivial homomorphism.

In fact, for m as in the theorem, we can find a non-trivial element t,, € ™
such that gr™ ¢(t,,) has a non-zero image under the projection to the highest-
weight sl(2)-irreducible component H,, of gr” I. We shall start from these
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7,,S instead of Soulé’s elements o¢,’s and prove the next theorem analogous
to the case (1)

Main Theorem (= Theorem 5.10). Let E be an elliptic curve over a number
field k, m; integers satisfying the condition in the theorem above (i=1,...,k)
and my_; #my,. Then,

(o> [Ty Lo [y T J--- 111 # 0.

From this theorem we obtain

Corollary (= Corollary 5.12). For any elliptic curve E over a number field
k,

lim rank, 4™ — .
s even
The contents of this paper are as follows. In §1 we develop the generality

of graded free Lie algebras. The concept of Hall bases, originally considered
in [H1], is very useful for handling free Lie algebras. If a Lie algebra has
a graduation, we can introduce the induced graduation into its derivation
algebra. Although this is a simple idea, the author knows of no book or
paper which mentions it explicitly. In §2 we treat the case of the free Lie
algebra of rank two to prepare for the following sections. In §3 we prove a
non-vanishing theorem about derivations coming from Nakamura’s non-trivial
elements. By considering the action of sl(2), the result is extended in §4. In
§5 we review the outer Galois representation associated with a one-point-
deleted elliptic curve and Nakamura’s result about it, and show the main
theorem by combining the Galois representation with the results of Lie calculus
in the previous sections. Finally in §6 we treat the case P! minus three
points and recover Matsumoto’s result using tools established in the previous
sections.

Acknowledgement. The author would like to express his sincere gratitude
to Professors M. Matsumoto and H. Nakamura who kindly showed him their
recent results and gave him useful comments. Some parts of this study were
developed during the author’s stay in RIMS, Kyoto. He thanks RIMS for
hospitality and, especially, Professors Y. lhara and T. Oda for their warm
encouragement.

§1. Graduations of Free Lie Algebras and Hall Bases

We first recall basic facts about Hall bases ([H1], [H2]) under generalized
graduations.
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1.1. Let S be a (possibly infinite) set of symbols. The formal monomials
are defined recursively by the following two conditions:
(1) an element X of S is a formal monomial;
(2) if C and C' are formal monomials, the symbol [C, C'] is a formal
monomial.
We denote the set of all formal monomials by &.

1.2. Next we shall take a totally-ordered additive group A and a grading
function w: € — A satisfying

(1) for any X €S, w(X) > 0;

(2) for any C, C' €%, o([C, C']) = o(C) + o(C').
Note that w is determined by the values on S, and that w(C)> 0 for all
Ce® We call w(C) the degree of C.

1.3. Fix a total order < on % compatible with grading, i.e. for elements
C,C of ¢

w(C)<w(C)=C<(C.

In general we need not any properties about the way ordering among elements
which have the same degree, but we can induce an order in a natural way
from its grading function w. Fix a total order among symbols in S which
have same degrees. Then a natural order < on % is uniquely determined by
(1) if Xe8 and Ce%\S such that o(X) = w(C), then X < C;
(2 if C=[Cy,C,], C'=[Ci, C,] €€ such that w(C) = w(C’) and C, <
1, then C < C'.
We call this order the lexicographic order with respect to w. In the following
we shall consider only lexicographic orders.

1.4. Now let us define the set of standard monomials . 1t is defined
recursively by
(1) if Xe§8, then X € 4,
2) if C, C'e satisfy C < C', then
(a) if C'eS, then [C,C'] e %;
(b) if C' =[C,, C,] (by definition, C,, C, € # with C; < C, automat-
ically) and C > C,, then [C,C'] =[C, [C,, C,]] € 4.

1.5. Let R be a ring and % the free Lie algebra over R generated by
all symbols in S. Then we can consider formal monomials as elements in ¥
by regarding formal symbols [ , ] as Lie brackets in %. It is clear that €
generates ¥ as R-module. The following theorem is essentially due to M.
Hall

Theorem 1.6. Let S, 4, A, w, <, B, R, ¥ be as above. Then # forms
a basis of & over R.
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Proof. See M. Hall [H1] in the typical case that 4 = Z with the ordinary
order and that w(X)=1 for all XeS. The proof is applicable in general
cases with no difficulty. [

We call the basis # the Hall basis (w.r.t. (S, 4, o, <)).

1.7. Remark. There is an algorithm to transform any monomial C € %
into a linear combination of elements of # in . We do not give a detail
of it here, but notice that every monomial in € is represented by a linear
combination of standard monomials of the same degrees as itself.

1.8. For ae A, we denote by £ the sub-R-module spanned by the
elements C € # with w(C) =a. By the above remark, £ coincides with the
sub-R-module spanned by the elements C € € with w(C) =a. Thus % has a
graded structure with respect to w:

=0 29,
acA
together with the projections p@: ¥ — £@. Since w(C) >0 for any Ce %,
#@=01if a<0. For fe %, only finitely many p®(f)= f@ are non-zero
and f= ) f@ The degree of f is defined to be the minimum of ae 4

aed
such that f@ #0. (Put w(0) = oo for convenience.) Then next lemma follows
immediately from definition.

Lemma 1.9. (1) For a, a' € 4, [, )] c L+,
(2) For acA and f, ge %,

PUALLgD = X [P“(f) p“(9)] .

(3) In particular, if w(f)=a and w(g)=a’, then o([f,g])=>a+ a’ and
P (LS, g1) = [P9(f), “(9)] -

1.10. Let @ be the derivation algebra of . We consider the decomposi-
tion of &2 into homogeneous components. Set

99 = (D € 9|D(Z*) = £+ for any a’ € A} .

Proposition 1.11. Every element D in 9 is uniquely represented by a (possi-
bly infinite) convergent sum

D= Z D@ (D<a) € @(a)) i

acA

Here “convergent” means that, for any fe %, D®(f) =0 except finitely many
aceA.

Proof. For De 9, define its component D@ of degree a by
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(1.11.1) DY(f) = p“*U(D(f)) for any fe £,

Then D“ is a homogeneous derivation of degree a. Since D(f) has only
finitely many homogeneous component different from zero, D®(f) # 0 for only
finitely many a € 4, and

D(f)= ) D“(f) (essentially finite sum).

acA

The uniqueness is obvious. []

In the following, we use the notation in the above proposition: D@
represents the component of degree a of D defined by (1.11.1).

Definition 1.12. For D e 9, the degree w(D) of D is defined by
(D) = inf {a € A|D® # 0}
if it exists.

1.13. Remark. In general, w(D) always exists in the order completion 4
of A. But we shall not detail about it since the derivations which we shall
deal with in this paper have their degrees in A.

Next lemma is obvious like Lemma 1.9.

Lemma 1.14. (1) For a, a' € A, [@(‘1), @(ﬂ’)] c glata),
(2) For ae A and Dy, D€ 2,
[D;, 0,19 = % [D{,D§].
a;t+a,=a
(3) In particular, if w(D,)=a and w(D,)= a’, then w([Dy,D,])>a+a’
and

[D;, D,]" = [D{, D§"].

§2. A Free Lie Algebra on Two Generators

From now on we denote by . the free Lie algebra on the set of generators
So = {X, Y} and assume that the coefficient ring R is an integral domain with
characteristic zero. In this section we treat basic properties of .Z. If we take
Z, as its coefficient ring, this Lie algebra is isomorphic to Gr I defined in
§0 (0.0.7), so is related to Galois representations.

2.1. We denote by %, =%(S,) the set of formal monomials over S,.
First, we set A = Z and define the most basic grading function &, called total
degree, by

@.1.1) aX)=a(Y)=1.
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By setting an order of S, by X < Y, the lexicographic order on %, is uniquely
determined, and so a Hall basis # is. The Hall basis # consists of the
following sequence of monomials:

X <Y<[X,Y]<[X,[X,Y]]<[Y,[X, Y]]
<[X, [X[X, YT < LY [X, [X, Y11 < [V, [V, [X, Y]1]
<[X,[X, [X, [X, YII11 < LY [X, [X, [X, YIO11 < LY, LY, X X, Y111
<[Y[Y LY, [X, YI111 < [[X, Y1, [X, [X, Y]1]
<[X, YLIY[X Y]]l <.

2.2. Secondly, we set A = Z®? equipped with the reversed lexicographic
order, i.e.

(@ b)<(c,dy=b<d or (b=d,a<o),
and define another grading function wq: ¥, — 4 called bi-degree, by
221) wo(X)=(1,0),  @o(Y)=(0,1).

Since X and Y have degrees different from each other, the lexicographic order
< on %, wrt w, is uniquely determined only by w,. From this order

<, a Hall basis %, is defined, which consists of the following sequence of
monomials:

X<Y<[ X, Y]<[X,[X,Y]]< " <(AdX)'Y < -
<[Yv[X, Y]] <[V, [X, [X, Y]1] < [Y, [X, [X, [X, Y]]]]
<[X, Y] [X,[X,Y]]] <
<[(Ad X)'Y,(Ad XYY](i<j) < <[YL[Y[X, Y]] <.

2.3. Next we consider

2.3.1) Lt= P $@

a>(0,1)

(w.r.t. wg), ie. the subalgebra of .# consisting of components of degree > 1
in Y. Put ¥,=(AdX)"Y for n=0, 1, 2,... and S; ={V,|n=0,1,2,...}.

Proposition 24. #* is a free Lie algebra generated by S,.

This proposition is a direct consequence of the following “elimination
theorem”.

Theorem 2.5 ([MKS] Chap. 5 §6, [B] §29). Let S be a set and ye€S.
Then the free Lie algebra #(S) on S over a ring R is, as an R-module, the
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direct sum of the free R-module Ry and the free Lie algebra over R generated
by all elements of the form (Ad y)'z with neN, z e S\{y}.

In the following sections we introduce suitable graduations on Z£* to
prove the main theorem.

§3. Derivations Related to the Case of C = E\{0O}

In this section we shall treat derivations of . related to Galois representa-
tions associated with an elliptic curve minus one point.

3.1. For any even integer m > 4, define a derivation D,, of & by

X+—>(Ad X)"‘Y
(3.1.1) D, 2)-
Z YL(Ad XYY, (Ad X)" '~ Y].

Note that D,([X, Y])=0. This section is devoted to show the following
non-vanishing theorem.

Theorem 3.2. Let m,,...,m, be even integers >4 such that m,_, # my.
Then

LDn,> [Dys [+ [Py y» D 1--111 # 0.

3.3. To prove the theorem, we shall introduce a system defining a Hall
basis for ##. From Proposition 2.4 we can take S; = {V, =(Ad X)"Y|n =
0,1,2,...} as a freely generating system of ##. The set of formal monomials
over S, is denoted by %, = %(S;). Set A = Z®* equipped with the reversed
lexicographic order, and define a grading function w: %, - A by

(33.1) o(¥%) =(1,0,0,0), o) =(1,1,0,0), o(V,)=(1,1,1,0),
oV)=(01,111) (i=3).
Then w is compatible with the following order on S;:
Wh<Vi<V,<-—<V<--.

Hence w and this order uniquely determine a lexicographic order on %, and
also a Hall basis # of £7*.

Lemma 3.4. The derivation D,, acts on the elements S; by

(m/2)

(3.4.1) D,(V) = zl( IV Va1,

(3.4.2) D, (V) =0
(34.3) D,(V3) = —[V1, Vul,
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and for i >3

i—1 i — 1
(3.4.4) D,(V)=-Y (l _ 1>[V,, Vati-1-+]

r=1 \I

= _[V1! Vm+i—2] — (= D[V, Viuri-al
i—1 i
- ( ) >[V3’ Vatical = — (= D[Viy, Vol
Proof. The first three formulae are obvious and the rest is shown by
induction on i. [

3.5. We decompose D,, into its homogeneous components w.r.t. w. By
comparing the degrees of each term appearing in the formulae in Lemma 3.4,
it follows that w(D,)=(1,1,0,0) and that D, is decomposed as follows:

(3.5.1) D,, = D{}:1:9:9 4 p(1-1.1.0) 4 (terms of higher degree)
The first two components are described as

VOa Vla VZHO

Vi —[Vi, Vasioz] (i=3),

VOs Vla VZHO

Vi == D[V, Viri-z]l - (2 3).

(3.5.2) Di-1-0-0; {

(3.5.3) D110 {

Next proposition is the first step of us.

Proposition 3.6. If m, # m,, then [D,, , D,,1#0. In fact, &([D,,; D,]) =
(2,2,1,0) and

2,2,1,0).
[Dp,> Dy, 1 :

12

{Vo, Vi, Vo0
Vi (my — m) [V, [V Vigtmprios1l (2 3).

Proof. Since w(D,)=1(1,1,0,0) for any even m >4, ([D,,,Dn,]) >
(2,2,0,0) and [D,,,, D,,,1*%%9 = [D: %9, D{-1-%9]. But by direct calcula-
tion using (3.5.2) we obtain [D,,, D, 1**%% =0. Now, from (3.5.1), the next
possible component is

[D"“’ sz](Z,Z,l,O) — [D'("II,I,O,O), D’(nlz,l,l,O)] + [D’("ll,l,l,O), D’(nlz,l,0,0)] .

From (3.5.2) and (3.5.3), ¥, V; and V, are killed by [D,,, D, 1**"%. We
shall calculate its action on V; for i > 3. First,

[D4; 00, DO (V) = D00~ = D[V3, Viyra-s)
— Dt = [Vy, Vg i-2])
= = DIV2 [V, Vi myi-s]
—(my +i=3)[Vy, [V, Vm1+m2+i—5]] .
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Similarly we get
[DL 219, DEOOT (V) = — (i — DVa, [Vis Vinyemyics]
+ (my + i = 3)[Vy, [V, Viryemy+i-s11 -
By adding both, we obtain
[Dm,> Dy, 1210V = (my — my)[Vy, [Va, Vi, 4my =511
= (my — my)([[V1, V2], le+m2+i—5]
+ [V, [V, Vo tmyi-511) 5

which is non-zero if m; # m, since both [[V}, V;], V; sm,+i-s] and [V,
[V1s Vi +my+i-s1] belong to #. [

To show Theorem 3.2 it suffices to prove the following proposition.

Proposition 3.7. If m,_, # my, then w([D,,, D, [***[Dpm,_,> D 1--11]) =
(k, k, 1,0). In fact,

[Dp,> [Dp,, [***[Dp,_,» Dy, 1--- 111 %510
= [DYL 109, D100 [ [D, D, ]@219...]]]

{VO, Vy, Va0
Vi (my — my_)[V1, [(Ad V1)k_2V2a Vm1+---+mk+i—2k—1]] i=3).

Proof. Induction on k. Since @([Dn,, [ [Dm,_,> D] 11 =(k —1,
k—1,1,0) by assumption, we have w([D,,,[Dn,, [***[Dp,_,> Dm ] -111) =
(k, k, 1,0) and

[Dp,> [Dpys [ [Dp,_,» Dy 1-+-1] 110
=[DG:1%9, [D,,, [ [Dp,_,» D 1---1]* 1AL 10T
The image of V; (i > 3) is calculated as:
(D5 %%, [Py, [+ [Dpy,_,> D J---11€7 171197 (1))

= Dy 10O ((my, — myy ) [Vy, LA V1)V, Vo tmytim 241 11)
— [Dpys [ [Dpy_,» Dy 17 11* 21— [V, W, im0 ])

= —(me — me_) [V, [(Ad V)2V, [V1, Viry sy ootmri=20-1 111
+ (e — my ) [V, [Vi, [AD VY72V, Vsmy ot myeti-26-1 1

= (m — my—y)[Vy, [(Ad V1) 2 Vs, Vi tootmyeti-2-11]

= (m, — m_y)(LAAD V) Vs, Vi botmy iz 281 ]
+ LA V)2V, [V, Vit tmri—20-111).
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Again this is non-zero if m,_, # m,, since both [(Ad V})* 'V, V,, s.om+i-2k-1]
and [(Ad V})*2V,, [V, Viny+-+me+i-20-11] belong to £. [

Corollary 3.8. Let m,, m, be even integers greater than or equal to 4 and
my #my, D, , D,, the derivations of &£ defined by (3.1.1), and D the Lie
subalgebra of 2 generated by D,, and D,,. Take a grading function & on &
defined by (2.1.1), i.e. ®(X) = &(Y) = 1, and denote the homogeneous decomposi-
tion of D wrt. @ by

D=@D".

m>1
Then, as m tends to infinity in the multiples of ged (my, my),
rankg D™ — oo .

Proof. By definition, D,, has a degree m; (i = 1, 2) with respect to @. The
m-th graded part D™ of D contains elements in the form

(381) [Dp,, [ [, [Doys [ [Py Doy D, 11117713

Y Y
a—fold b—fold

((@a+1)ym +b+1)my,=ma=>0,b2=0),

which exist when m is a large enough multiple of gcd (m,, m,) and which
are non-zero by Theorem 3.2. When m tends to infinity in the multiples of
ged (m,, m,), the number of such elements for m tends to infinity. So it suffices
to show that they are linearly independent. For this, we consider another
grading function w, on & defined by (2.2.1), i.e. wy(X) = (1, 0), wo(Y) = (0, 1).
Since D,, has degree (m; — 1, 1) with respect to w,, any two elements of the
form (3.8.1) have different degrees from each other. Hence they are linearly
independent. []

§4. The Action of sl(2) on Derivations
In this section we consider the action of the Lie algebra
sl(2) = sl(2, R) = {M € M,(R)|tr M = 0}

(with bracket [M, N] = MN — NM) on % and 2, and extend the results in
the previous section.

4.1. We first recall some basic properties of sl(2) and its representa-

tions. Put
0 1 00 1 0
E—(O 0), F—(1 O> and H=<0 _1>.
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Then they form a basis of sl(2) over R, and we have [E, F] = H, [H, E] = 2E
and [H, F] = —2F. Moreover, H generates a Cartan subalgebra, and E (resp.
F) is of weight 2 (resp. —2). Here we identify a root a,: H—n with n.

4.2. The finite-dimensional irreducible representations of sl(2) are con-
structed as follows. Let W = W, = R®? = Rx ® Ry be an sl(2)-module with
the action given by multiplications of matrices:

(4.2.1) Ex=0, Hx=x, Fx=y, Ey=x, Hy=—-y, Fy=0.

Then W is a two-dimensional irreducible sl(2)-module with a maximal vector
x of weight 1. The symmetric tensor product W,=Sym" W of W (neN)
turns out to be an sl(2)-module in a natural way, and also they are irreducible
of dimension n + 1 with a maximal vector x®" of weight n. Together with
the trivial representation, these are all the finite-dimensional irreducible repre-
sentations of sl(2) if we extend coefficients to the fraction field Q of R. Note
that maximal vectors w are characterized by Ew =0, and that {F*w|k =
0,1,...,n} forms a basis over Q if w is of weight n.

Lemma 4.3. Let w be a maximal vector of weight m (i.e. Ew=0 and
Hw =mw). Then, for r=0,1,...,m,

Im!
rm. w0,

4.3.1) E'F'w= E—

43.2) E*Frw=0.

Proof. Notice that EF = H + FE and HF'w = (m — 2r)F'w. By induc-
tion on k, we can easily show that

EFw=rim—r+1)Fw (r=1,...,m).

Using this iteratively, the first formula follows. The second formula is immedi-
ately deduced from the first one since Ew =0. [

4.4. Define an sl(2)-action on & as derivations by

X—0 X—X X—Y
44.1 E: H: :
@41 {Y&—»X, {Yl——)—Y, and F {Y!—)O.

It is easy to see that M[X, Y] =0 for any M esl(2). Since this gives an
embedding of s[(2) into the derivation algebra 2 of %, sl(2) acts also on 2
by adjoint action in 2:

4.4.2) Ad: sl(2) » Der 2.

Lemma 4.5. The derivation D,, (m > 4 : even) defined by (3.1.1) is a maximal
vector of weight m — 2.
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Proof. 1In general, if D € @ satisfies that D([X, Y]) =0, then D is deter-
mined by D(X) alone since D([X, Y])=[D(X), Y]+ [X,D(Y)] =0 and this
equation characterizes D(Y). (In fact, in a free Lie algebra, if two elements
are linearly independent over the fraction field Q of the coefficient ring R,
then they form a free family ([B] §2 Exercise 14); in particular, the centralizer
of Y in & is RY) In our situation, since both D,, and any M € sl(2) map
[X, Y] into 0, so does [M, D, ]. Thus the assertion is reduced to proving
that [E, D,,](X) =0 and that [H, D,](X) = (m — 2)D,(X), which easily follow
by direct calculation. []

4.6. Let us denote (Ad F)YD,, by D,, (. Since D, generates an irreducible
sl(2)-module of weight m — 2 and D,, is its maximal vector, it follows that
D, #0 for r=0,1,...,m—2 and that D, ,_;,=0. Now we have an
extended version of Theorem 3.2 in the previous section.

Theorem 4.7. Let m,,...,m, be even integers >4 such that m,_, # m,
and 1y, ..., 1, integers such that 0 <r,<m;—2 for any i=1,...,k. Then

[Dmls("l)’ [szs('z)’ [ a [Dmk—lr("k—l)’ Dmkr(rk)] . ]]] #0.
k
Proof. Put r= ) r, and operate (Ad Ef on the left-hand side. Then,
i=1
from Lemma 4.3, we have

(Ad E)r[Dmi,(u)? [sz,(rzp [. o [Dmk_l,(rk‘l)’ Dmk,(rk)] .” ]]]

r!

[(Ad Ey:(Ad FY'D,,, [(Ad EY*(Ad Fy?D,,,

rloen!

[ [(Ad Ey*(Ad Fy*D,,_,, (Ad Ey<(Ad Fy*D,,1---11]

_ a7y =2
=r! (1—_[ m) [Dm,’ [szs [ [Dmk_la Dmk] ]]] .

i=1
This is non-zero by Theorem 3.2, hence the proof is concluded. [

Corollary 4.8. Let m,, m, be even integers greater than or equal to 4 and
my # my, 1y, 1, integers such that 0 <r,<m;—2 (i=1,2), Dy, )» D,y the
derivations of & defined above, and D the Lie subalgebra of 9 generated by
D, .+, and D, ., Take a grading function & on ¥ defined by (2.1.1), and
denote the homogeneous decomposition of D w.r.t. & by

D=@ D"

m>1
Then, as m tends to infinity in the multiples of gcd (my, m,),

rankg D™ — oo .
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Proof. Similarly to Corollary 3.8, it suffices to show the linear indepen-
dence of the elements

(481) [&n,,(r,)s [ o [Dml,(rl); [sz,(rz)a [ o [sz,(rz); [Dml,(rl)a sz,(rz)]] . ]] o ]]

Y Y
a—fold b—fold

((@a+V)m +(b+1)my=ma=0,b=0),

which belong to D™. They are of weight (a + 1)(m; — 2 — 2r;) + (b + )(m, —
2-2r))=m—2(a+ D, + D+bG+ Dr,+1). If m@,+1)—myr;, +1)#
0, then all elements of the form (4.8.1) have mutually different weights, hence
they are linearly independent. If m,(r, + 1) = m,(r; + 1), then apply Corollary
3.8 after operating (Ad E)' (r = (a + 1)r; + (b + 1)r,; independent of a, b) to
each element. []

§5. Proof of the Main Theorem

In this section, we first recall the setting of outer Galois representations
in the case of an elliptic curve with one point punctured, and then prove the
main theorem using the results in the previous sections. Notations mainly
follow [NT].

5.1. Let E be an elliptic curve over a number field k, O a k-rational
point on E and C = E\{0O}. By Grothendieck’s comparison theorem, the geo-
metric fundamental group 7n(C ®, k) is isomorphic to the free pro-I group IT
of rank two. We fix a presentation

(5.1.1) IT=1,  =<xy, 2|z = [X, Y] Dprou

and identify n{’(C ®, k) with IT in such a way that z topologically generates
the inertia group of a point above O. Set

(5.1.2) I ={oeAut Il |o@) ~ 2% aeZ},
where ~ denotes conjugacy in 17,

(5.1.3) ¥ ={oel lo@) =z% aeZ},
and

(5.1.4) I =T, /IntI, , cOut I, , .

Here I ; is canonically isomorphic to I7;/{Int (z)). (In this section, we shall
omit the subscript ; ; representing the genus and the number of punctures of
the curve C if we do not emphasize them.)

5.2. The weight filtration of IT; ; coincides with its lower central filtration
{II(m)},,», defined by
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(5.2.1) nn =1,

(5:2.2) HOm + 1) = [11, [I(m)] (m=>=1).

([G,, G,] means the topological commutator group of two groups G; and
G,.) Let

(5.2.3) Grll=@ g1l = @1 H(m)/II(m + 1).

m>1
Then, for each m > 1, gr™ Il becomes a free Z,-module of finite rank, and
Gr IT a free Lie algebra generated by X = x mod I71(2) and Y = y mod I1(2)
with a graded structure corresponding to the grading function & determined
by &(X)=a&(Y)=1.

53. We define subgroups of I, I'* and I by

- ~|lo(x)x7t, a(y)y e Im + 1)
(5.3.1) I'm) = {a el o) ™ 2 } ,
(5.3.2) I*(m)=I*N1T(m),
(5.3.3) I'(m) = I'(m) Int I1/Int 1T,

where ~ means conjugacy by an element of II(m). Since the filtrations
{I'm)} sy, {I*(M)},>, and {I'(m)},-, are central, their graded quotients

g ['=TmyIm+1), g"I*=I*m)/¥m+1) and
g™ I'=I'(m)/I'(m + 1)
are abelian groups for m > 1 (in fact, free Z,-modules of finite rank), and

Gri=@g"l', GrI*=@eg™rl* and GrI'= @g"r

m>1 m>1 mx1
turn out to be graded Lie algebras with bracket [ , ] induced from commuta-
tors in groups. By [INT] Corollary (1.16) (rank formulae) and Claim (2.5), for
m < 3, all the m-th graded parts are trivial except gr? I" = gr? I'* ~ Z, (gener-
ated by Int (z)). For m >4, gr™ I’ ~ gr™ I'* canonically. Since the action of
I'* on GrI™ induced from its conjugate action on itself factors through
I*/r<1) ~ GL (2, Z,), Gr I'* has GL (2, Z,)-action.

5.4. The natural action of I" on I7 induces the action of Gr I on Gr IT
as derivations in the following way. For o e gr™ I, take any representative
g € I'(m) and define a derivation D, of Gr IT by

X 5(x)x"! mod H(m + 2)

(5.4.1) D,: {Yl—»&(y)y_l mod [I(m + 2).

This is well-defined, and the assignment o+ D, determines an injective
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homomorphism
(5.4.2) Gr I’ < Der Gr IT

between graded Lie algebras, where the graded structure of Der Gr IT is natu-
rally induced from that of GrII (§1). By the argument in [NT] (5.2), the
image of Gr I" coincides with the positive-degree part of

(5.4.3)
Der? Gr IT = {D € Der Gr II|D([X, Y]) = [T, [X, Y]] for some Te GrIl}.

Moreover, Gr I'* is mapped bijectively to the positive-degree part of
(5.4.4) Der* Gr IT = {D e Der’ Gr I1|D([X, Y]) = 0} .

5.5. We can introduce more precise graduations on Lie algebras above.
Let w, be the grading function of Gr IT defined by (2.2.1). As in §1, this
induces a graduation of Der Gr 7, hence also of Gr I and Gr I'™* by (5.4.2).
We denote the homogeneous component with respect to w, as gr™" I, gr™" r
or gr™"I*,

5.6. Now we shall consider the outer Galois representation ¢, associated
with C. The image of

(5.6.1) o®: Gal(k/k) — Out IT

is included in I since it stabilizes the conjugacy class of the inertia group
{z). We consider the m-th truncated representation

(5.6.2) oc(m): Gal(k/k) — I'/I'(m)
for m> 1. Define a field tower {k(m) = k(m; C)},,5o by k(0) =k and
(5.6.3) Gal (k/k(m)) = Ker oc(m) (m=>1).

Since ¢c(1) coincides with the usual I-adic representation, we have k(1) = k(E.),
the field of l-power division points of E. The field tower {k(m)},», is a
successive central extension of k(1), for the filtration {I(m)},, is central. Put

(5.6.4) 4= é@ gm = Q}l Gal (k(m + 1)/k(m)).

Then @@ naturally induces an injective homomorphism

(56.5) Gro= é:-jl g % > Gr T

Since g™ I' =0 for m < 3, we have k(1) = k(2) = k(3) = k(4). It is an impor-

tant remark that if m is odd, then 4™ =0 or, equivalently, k(m) = k(m + 1)
([N] Proposition 4.2). Identifying gr™ I" with gr™ I'* for m > 4, we get
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(5.6.6) Y < Grl*.

Furthermore, compositing with (5.4.2), we obtain an injective homomorphism
(5.6.7) 0g: % — Der* Gr 11,

called the Lie version of the outer Galois representation.

5.7. We are greatly concerned to know how large the image of ¢f or
@y is. In [N] H. Nakamura proved that % is non-trivial for any elliptic
curve E over number field k. Here we review his result briefly. Consider
the quotient IT/II" of II by its topological second derived group II" =
([T, IT], [T, IT]] and define

(5.7.1) v ={f e AutII/II"|f(z) = 2%, o€ L)},

(5.7.2)  ¥*m) = {f e P*|f acts trivially on II/II(m + 1)[I"} (m=1).
The projection 11— II/II" induces

(5.7.3) p: I* > P* |

and the image of I'™(m) under y is included in P*(m). Hence y induces

(574 Gry=@Pgmy:GrI*>Gr¥*= P g™ ¥*

m>1 m>1

= P P*m)/P*m+1),

m>1

where Gr ¥* is an abelian Lie algebra. Similarly to the case of gr™ I'*, also
gr™ P* has GL (2, Z,)-action naturally, and gr™y is GL (2, Z;)-equivalent. In
fact, gr™ ¥* is isomorphic to det ® Sym™ 2 as a GL (2, Z,)-module. In other
words, gr™ P* is an irreducible sl(2, Z,)-module with highest weight m — 2.

5.8. Composing (5.6.1) with (5.7.3), we have another Galois representation
(5.8.1) Y =7y o0 o®: Gal (k/k) - ¥*/{Int (2)) .
The Lie algebra version
(5.8.2) Gry: 9 - Gr ¥*

of y is obtained by composing (5.6.6) with (5.7.4). H. Nakamura [N] proved
the following theorem.

Theorem 5.9 ([N] Corollary (4.15)). For any elliptic curve E over a number
field k, there is an integer N such that for every m =2mod (I — 1)IN™! with
m>2+ (- 1",

g @: 9™ < g™ I

gives a nontrivial homomorphism.
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In fact, he showed the non-triviality of gr™ ¢ for such m, by the explicit
formula of ¥ (loc.cit. Corollary (4.12)) and the non-vanishing properties of
Kummer characters arising from values of theta functions at division points.
Let t,, be an element in 4™ whose image under gr™y is non-zero.

Theorem 5.10. Let E be an elliptic curve over a number field k, m; integers
satisfying the condition in Theorem 59 (i=1,...,k) and m,_, # m,. Then,

(o> [Tmas 05 [Tmy> Tmg 17111 # 0.
Proof. We prove the theorem by relating t,, with D,,.

Lemma 5.11. If m is even and m > 4, then the highest weight of gr™ I'*
is m — 2 with multiplicity one, and the highest-weight vector (unique up to con-
stant multiple) is the derivation D,, defined in (3.1.1).

Proof. A derivation D e gr™ I'* has weight m — 2k if and only if D(X)e
grm*+Lk T Since gr™*° IT=0 and rank gr™! IT =1, gr™ I'* does not in-
clude a component of weight m and has a component of weight m — 2 with
multiplicity at most one. It is easily seen that D, gives a non-zero element
of weight m — 2 if m is even and m > 4. [J

Denote this highest-weight component by H,. The Qlinear space
H, ®; Q, has a basis {D,, ,|r=0,1,...,m —2}. We can identify the projec-
tion to H, with gr™y:gr™ I'* - gr™ ¥*. Hence the image D, of 7, in
H, ®z, Q, is non-zero and is written in the form

m—2

D, = Z ¢ D) (c,€Quec, #0).

r=ro

!

Since it suffices to show that the highest-weight component of [D, [,
[D, Dy, 1---1] is non-zero, the assertion is reduced to Theorem 4.7. [J

Corollary 5.12. For any elliptic curve E over a number field k,
lim rank, 4™ - 0.

m—o0
m: even

Proof. Take an integer N satisfying the condition of Theorem 5.9 and
let my=2+2(—1)I"" and m, =2+ 3( — 1)I"". The argument in the
proof of the theorem reduces the assertion to Corollary 4.8 since ged (m,, m,) =
2. O

§6. A Remark to the Case C =P'\{0, 1, oo}

In this section we first review briefly the results of Y. Ihara [I] and
M. Matsumoto [M] about the case of P! minus three points. Then we shall
give a simple proof to the non-triviality of iterated brackets of the derivations
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of a Lie algebra % related with Galois representations associated with this
case. The proof is carried out in quite a similar way to the case C = E\{0},
by introducing another grading function on ## than that in the previous
sections. The result proved below was originally shown by Matsumoto in
terms of his depth filtration. We shall describe the relation between his
method and ours at the end of this section.

6.1. Let C=P'\{0, 1,0} and
(6.1.1) o®: Gal (k/k) > Out 7,(C ®, k) ~ Out IT

the outer Galois representation. For m > 1, we define the m-th truncated
representation ¢¢(m), as a quotient of ¢f, by

6.1.2) oc(m): Gal (k/k) - Out (IT/[I(m + 1)),
and a field tower {k(m)= k(m; C)},.»o by k(0) =k and
(6.1.3) Ker ¢c(m) = Gal (k/k(m)) (m>1).

Since ¢¢(1): Gal (k/k) — Out(IT/I1(2)) = Aut IT*® coincides with two direct sum
of the I-cyclotomic character, we have k(1) = k(u.), the I-cyclotomic extension
of k. It is known also that {k(m)},.-, is a successive central extension of k(1)
with Gal (k(m + 1)/k(m)) being a free Z,-module of finite rank. Setting
(6.1.4) 4 =P 9" =P Gal (k(m + 1)/k(m)),

m>1 m>1

% becomes a graded Lie algebra. The outer Galois representation ¢ natu-
rally induces an injective homomorphism

(6.1.5) @g: 9 — Out Gr II = Der Gr I1/Int Gr IT

between graded Lie algebras. Here we denote Int Gr /7 the ideal of Der Gr IT
consisting of all inner derivations, and Out Gr I the quotient, called the outer
derivation algebra.

For any odd integer m > 3, by the non-triviality of Soulé’s character y,,
[So] and the explicit formula of power-series representation [IKY], 4™ has
a non-trivial element g, Y. Ihara showed in [I] that [o,, , 0,,] # 0 for m, #
m, by carrying out the calculation of derivations associated by ¢y. Extending
this method, M. Matsumoto [M] proved that any iterated bracket [0, , [0,,,
[, [Om,_,» Om 1" -+11] is non-vanishing if m,_, # m,, and that the rank of %™
tends to infinity as m — oo. His proof is based on the concepts of the Hall
basis and of the depth filtration (see Remark 6.8).

Here we shall recover his proof by introducing a new graduation on %

6.2. For any odd integer m > 3, define a derivation D, of ¥ by
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6.2.1) D,: {X —0

Y [Y, (Ad X)"1Y].
This element equals to the component of g, of degree w, = (m — 1, 1).

Theorem 6.3 (Matsumoto [M]). Let m,,..., m; be odd integers > 3 such
that my_y # my. Then

[Dm,> [Dpys [+ (D> Dy 1---111 # 0.

6.4. As in the preceding sections, we prove the theorem by introducing
another grading function w into ## with a freely generating system S; =
{V,=(Ad X)"Y|n=0,1,2,...} equipped with the order V; <V, <V, < - <
V; <--- and the set of formal monomials %, = %(S,) over S;. Set A =2Z%3
equipped with the reversed lexicographic order, and define a grading function

w: %, — A by

o) =(01,0,0), ol)=(11,0),
(6.4.1)

oV)=11,1) (=2).

Since w is compatible with the order on S;, w and this order uniquely introduce
the lexicographic order on %, and determine a Hall basis #' for £*.

6.5. Next we decompose D,, into its homogeneous components w.r.t. .
Easy calculation shows that

(651) Dm(VO) = [VOa Vm—l] s
(6.5.2) D, (V1) = Vo, Vol + [V1, Vet 1,

659 0.00= 3 (1) bowr

. i
= [Vo, Vemric1 ] + Vi, Vipsia] + <2> [V2, Voti-sl

oot Ve Vaad  (@22).

By comparing degrees of each term, we obtain that w(D,,) =(1,0,0) and that
D,, is decomposed as follows:

(6.5.4) D, = D}-%9 4 p{-1.0 4 p1.0.1) 4 p.1.1)
The first two components are described as

Vy, Vi—0
6.5.5 p.0,0). ) 05 V1
( ) " {I/IH[I/O’ Vm+i—1] (12 2),

Vo, V10
6.5.6 pi.1.0. ) 70> 1
©>0 " {Vi'_’i[Vla Viri-2] (02 2).
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The steps of the proof are completely as in §3. We write only the key
statements.

Proposition 6.6. If m; # m,, then [D,, , D, 1#0. In fact, o([D,,, D,,]) =
(2,1,0) and

Vo, V10
Vi (my — my) [Vo, [V, Vm1+m2+i—3]] (i=2).

Proposition 6.7. If my_; # my, then w([Dy,, [Dm,> [*** [Dpy_,s D, 1*-"111) =
(k, 1,0). In fact,

[Dp,> [Dmy> [+ [Dpm,_,» Dmk]-.-]]](k,l,O)
= [DL09, [DLOO, [+ [D,, ., D, J®91]]

_ {VO, V0
Vi (= DEmy — my ) [V, [(Ad Vo) 214, Vg rooimeri-k-111 (i =2).

[Dy,» Dy, 1110 {

6.8. Remark. In [M] Matsumoto introduced the concept of the depth
on €. For C € %, the depth dep (C) of C is defined to be the minimal number
of the pairs of parenthesis necessary to denote C in the right associative
notation, i.e.

(1) dep(X)=dep(¥)=0,

dep (C') (f C=X or Y)

(2) dep([C,C])= {dep (C)+dep(C')+ 1 (otherwise)

recursively. For any Ce %,\{Y}, the following relation holds between its
depth and its degree used in this section:

dep (C) = (the second component of w(C)) — 1.

Thus we can recover the depth function from our grading function.
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