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The Eisenstein Quotient of the Jacobian Variety
of a Drinfeld Modular Curve

By

Akio TAMAGAWA *

§ 0. Introduction

Let K=F,(T), the rational function field over the finite field F, (T:
indeterminate), and 4=F,[T]. For a non-zero ideal n of 4, we can define a
smooth proper geometrically connected curve X ,(n) over K, called the Drinfeld
modular curve of Hecke type with conductor n. In this article, we define the
“Eisenstein quotient” J of the Jacobian variety J of X,(n) for n maximal and
investigate its arithmetic properties. One of the main results is as follows :

Theorem (5.7).
G) T (K) is finite.
Gi) WJ/K)QZg '] is finite.

Here J ~ is a certain quotient of J (the “minus part” of J) and Il means the
Shafarevich-Tate group.

In [19], Mazur established a very elaborate theory of Eisenstein ideals for
modular curves over the rational number field Q and his theory has various
applications to number theory. (For example, the theorem corresponding to (5.7)
(i) above has been a main tool of almost all the researches on rational points on
modular curves.) The problem to develop the theory of Eisenstein ideals for
Drinfeld modular curves was suggested by Mazur, already in the introduction of
[19]. We consider that the present paper is its first step and hope for further
development.

In §1, we define an (I-primary) admissible group over an irreducible locally
noetherian normal scheme S of dimension 1, following Mazur [19], and give an
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estimate (1.11) of its étale cohomology in case S =P’Fq. In 8§82, we recall the
definition of the “L-series with coefficients in ¥ of an abelian variety over a global
field of positive characteristic on which an order of an algebraic number field F acts,
and we prove two propositions (2.4), (2.7) on the order of the L-series at s=1.
This section depends entirely on the theory of étale cohomology. In § 3, we recall
Drinfeld’s theory concerning Langlands correspondence and give the functional
equation (3.14) of the L-series attached to some [-adic representation (or,
equivalently, to some automorphic form). As in [19], Eichler-Shimura type
congruence relation (3.9) will play a crucial role in investigating the Eisenstein
quotient later. The formula for the e-factor and its corollary (3.17) will be also
used to prove main results. After these preliminaries, we investigate the Eisenstein
ideal of the Hecke algebra in § 4, and give the proof of main results (5.1), (5.7) in
§ 5. In Appendix, we prove that End g (/) @ Q is generated by Hecke operators as
a Q-algebra. This is an analogue of a result of Ribet [24].

Usual notations are employed freely :
F,, Z, Q, Q,, C; Hom, End, Aut, Gal; etc.

We shall fix some other notations here.
For a finite set &,

#¥ =the cardinal number of &.
For a module M and f =End (M),
Mfl={xeM]|fx=0},
Mir1=U Mf

For an integer ISZ, we write M[I] and M[I ] instead of M[I - id »] and
MU - id )] respectively. Moreover, when [ is a prime number,

TI(M) :lg] M[lnj‘

V(M) =T,(M) 9Q..
Similar notations are employed for commutative group schemes, abelian sheaves,
etc.

For a group G and a G-module M,

M®= {xeM|ox=x for any 0=G}.
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For a field k,

k=an algebraic closure of k,

k *P=a separable closure of k.
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§1. [-Primary Admissible Groups

Let S be an irreducible locally noetherian normal scheme of dimension 1 and
S’ a non-empty open subscheme of S. We denote by K the function field of S.

Example (1.1).

S =P},
§'=P} — {0, n} =SpecF, [T]— {n},
K=F,(D),

where T is an indeterminate and n is a maximal ideal of F,[T].

In this section, we define admissible groups over S (with respect to "), and give
an estimate of their étale cohomology groups in the case of (1.1).

Fix a prime number / which is invertible in I'(S, 0s). We shall define two
categories 4, 2 which turn out to be equivalent to each other.

The category % is a full subcategory of (group schemes /S). A group scheme
G over S is an object of € if and only if
(i) G is commutative ; G is flat, separated, and of finite type over S,
Gi) @G >S<S' is finite over S, and
Giii) 1" - id =0 in End(G/S) for some N > 0.

Remark (1.2). An object G/S of € is automatically étale. In fact, the
condition (iii) implies that IV Lie(G/S) =0, so Lie(G/S) =0, which assures that G
is étale over S.
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Example (1.3). Let B be an abelian variety which has good reduction at each
closed point of S’. Then #[1"](r > 0), #°[1"] (r > 0) are objects of ¥, where #
is the Néron model over S of B and #° is the “connected component” of 4.

Next we shall define the category 9. We fix a separable closure K *? of K and
for each x©S—S’ we fix the following commutative diagram :

S

(1.4) Y Y Q }

K < @ S, x —_— > K (x> s
where £ (x)*® is a separable closure of the residue field £(x) of Os,, and OF , is a
strict henselization of 05 .. Then we get the decomposition group D, and the
inertia group I, :

(1.5) Gal(K**/K) DD, DI,.

An object of @ is a family (M, (M,).es—s'), where M is an [-primary finite
discrete Gal(K **/K)-module which is unramified everywhere on S’ and, for each
x&S—S’, M, is a D.-submodule of M on which I, acts trivially. A morphism
M, M )res—s)— N, (N res-s) is a Gal(K*P/K)-homomorphism M— N
which sends M, into N, for all x&S—S’.

We denote by @ the functor ¥ — 2 which sends an object G/S of € to
(G(K*?), (Image(G(OF ) —>G(K*P))),es-s) and a morphism f: G—5>H of ¥
to the Gal(K **/K)-homomorphism G (K *?) — H (K *?) induced by f.

Proposition (1.6). @ : €= 2 (category equivalence).

Proof. Using elementary étale sheaf theory, we can easily prove that @ is full
and faithful (cf. [21, II, 3.10, 3.12, 3.16]). Note that the separatedness of G/S
implies the injectivity of the map G(OF ,) — G K *P).

We shall prove that @ is essentially surjective. Let (M, (M,).es-s) be an
object of the category £. By Galois theory, there exists a finite étale scheme G
over K with an isomorphism of Gal(K*?/K)-sets Gx(K*?)~M and this
isomorphism induces on Gk a structure of commutative group scheme over K. Let
G be the normalization of S in G and G| be the maximal open subscheme of G
that is étale over S (i.e. G, is the complement of the support of 2¢ ,5). By
definition, we can easily show that G, is isomorphic to (ix) «Gx as a (sets)-valued
sheaf on the étale site on S, where i is the natural morphism Spec K —S. This
isomorphism induces on G ; a structure of commutative étale group scheme over S.

For each xeS—S’, G, >s</c(x) is a finite étale scheme over £(x) and we have
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G X)) (k) <G (0F) > GxK*™: C G(K*)
R I
M5 C M

Since M, is a D, /I.(=Gal(k(x)**/k(x)))-submodule of M, there exists a
(unique) open and closed subscheme H, of G, XK (x) such that H, (k(x)**) =M,
via the isomorphism above.

Define G to be the open subscheme G —xELSJ; (G, >S</s(x) —H,) of G,. Then a
structure of commutative group scheme over S is induced on G from that of G;. By
construction, G is an object of ¥ and @(G) = (M, (M ,),es—s ). This completes the
proof. [ |

Lemma (1.7). Let

G 1> G 2> G 3
be a sequence in % and we set D(G;)=M;, (M; )res—s) (=1, 2, 3). Then the
following two conditions are equivalent :

(i)  the sequence above is exact as a sequence of sheaves on the étale site on S ;
(ii) the sequence

2(G1)—=>0(G,) > D(Gy)
in 9 obtained by applying @ to the sequence above is exact in the sense that
M—M,—>M,
is exact and
M, x—>M;,—>M;
is exact for all xS —S’.

Proof. Rephrasing the condition (i) in terms of stalks, we obtain the condition

(). [ |

Lemma (1.8). Let G be an object of € and set (G)= (M, (M,).es-s). For
any given exact sequence

0—->L—-M—>N—0
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of Gal(K **/K)-modules, there exists a sequence
(%) 0—-F—>G—H—0

in € which is exact as a sequence of sheaves on the étale site on S, such that there exists
the following commutative diagram of Gal(K **/K)-modules

0 - FK*) — GK*®) — HE* — 0
N Q I Q R
0 - L — M — N — 0.

The sequence (*) is determined uniquely (up to isomorphism) by the condition
above.

Proof. For each x&S—S’, let L, be the inverse image of M, in L and N, the
image of M, in N. Take a sequence

0—-F—G—H—0
in € which corresponds to the sequence
0—> (L, (Lres-s) > M, (Mzes—s) >N, (Nres—s)—>0
via @. By (1.7), this satisfies the condition. The uniqueness can be easily seen.ll

Definition. Let G be an object of € and set ®(G) =M, (M, )res-s). We
define the following invariants :
0(G) =length z.mea M =log, M,
0x(G)=p(G) —lengthznuM .=log,(M : M,) xES—S"),
h'(G) =length zmea H 4(S, G) =log, #H4(S, G).

If H,(S, G) is not a finite module, then we set #'(G) = <o,

Remark (1.9).
(i) Since G(S) >G(K) = GK*P) =M,
h°(G) <p(G) <o,
(i) Let
0_)Gl_)G2'—>G3_>0
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be a sequence in € which is exact as a sequence of sheaves on the étale site on S.
Then

f(Gz) :f(Gl) +f(G3>

for f=p, 0 and

g(Gz> Sg(G1)+g(G3)

forg=h, h'—h°(or, more generally, 3 (—1)'*'h’, if h'(G,) <oo for 0 <i < 2k,
i=1,2,3).

Definition.

(i) We say that an [-primary finite discrete Gal(K **/K)-module M is admissible

if the composition factors of the Gal(K *?/K)-module M are isomorphic either to
Z/1Z or to u;(K*P).

(ii) We say that an object G of € is admissible if the Gal(K*?/K)-module
G (K **®) is admissible in the sense of (i).

Lemma (1.10). Let G be an object of € and we set m=p(G). If G is
admissible, then there exist 2m +1 objects G;(i=0, ..., m), H/(i=1, ..., m) of ¢
which satisfy the following conditions :

i) Go=G G,=0;

(ii) for each i=1, ..., m, there exists a sequence

0—-G,—~G,-1—~H—0

in € which is exact as a sequence of sheaves on the étale site on S ;

(ii) foralli=1, ..., m, the Gal(K**/K)-module H;(K *P) is isomorphic either to
Z/1Z or to (K *P).

Proof. Using (1.7), (1.8), (1.9), we can prove the lemma by induction on m
=0(G). B

We shall turn to the special case (1.1).

Proposition (1.11). In the case of (1.1), we have the following inequality :

h'(G) —h°(G) <6.(G) (L),

where G is an admissible object of €.
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Proof. By (1.9) (ii) (f=0., g=h'—h°) and (1.10), the problem is reduced to
checking the inequality in the case where the Gal(K**/K)-module G(K*P) is
isomorphic either to Z/IZ or to x;(K*?). In each case, there are (up to
isomorphism) four cases. (Use (1.6).) By some elementary computation in étale
cohomology (cf. [19], where fppf cohomology is involved), we establish the
following table :

GE™ | 6.6) | 6.6) e | h© 1@ —h°(©@)
Z/1Z 0 0 1 1 0
” 1 0 0 0 0
0 !/ 0 d
i} . 1 . rd %
|1 1]d 1d
” 1 1 0 1 1
0 Ifq—1 0 Ifq—1
K> 0 0 0
#K) {1 Ilg—1 1 1]g-1
” 1 0 0 0 0
g'-1 g1
7 0 1 0 o ! [0 : il
qi—1 q4—1
e 1A
0 Ifq°—1 0 Ifgi—1
, | ) 0 fq fq
|1 I1q%—1 1 1]g%—1
9
where d=deg n=[k(n) : F,]. In all the cases, the inequality holds. ]

§2. L-series of Abelian Varieties

Let F be an algebraic number field and R an order of F. We shall recall the
definition of the “L-series with coefficients in F~” of an abelian variety over a global
field of positive characteristic on which R acts.

We need some lemmas to define the local factors of the L-series. (Note that we
have only to refer to [29] and [23] for good primes. For bad primes, there seem
to be no suitable references.)

Lemma (2.1). Let k be a field and G a commutative algebraic group over k
equipped with a ring homomorphism R—End.(G). (By an algebraic group we
mean a group scheme smooth of finite type over a field.) Let | be any prime number
distinct from the characteristic of k. Then :

G Vi(GK)) isa free R X Q,-module of finite rank which is independent of the
choice of L
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(ii) Assume that k is a finite field. Let ¢ be the (#k)-th power Frobenius element
in Gal(k/k). (Note that ¢ acts on G (k) and that its action commutes with that of
R.) Then the characteristic polynomial of ¢ in the free R ®Q;-module V.(G&))
has coefficients in F, when we regard F as a subring of RQQ,=F QQu and is
independent of the choice of L.

Proof. (i) Using the structure theorem for commutative algebraic groups
([11, [8], [26]), we can easily reduce the problem to the case where G is either an
abelian variety or a torus. Since V;(G(k)) is a Q,-vector space of finite dimension
which is independent of ], we have only to show that ¥;(G(k)) is a free RQQ,-
module.

For each fEEnd;(G), the characteristic polynomial of f in the Q,-vector
space V(G (k)) has coefficients in Q. In fact, when G is an abelian variety, this is
well-known ([22, IV, 19, Theorem 4]) and when G is a torus, it is easily seen. (We
may assume G= (G ,)" and then the following diagram is commutative :

End;(G) = M,(Z)
| |
Endo(Vi(GK))) = M,(Q)D.)

In particular, the characteristic polynomial of f&R in the Q,-vector space
V,(G(k)) has coefficients in Q and then the same statement holds for fEF
=R®Q. This implies that V,(G (k)) is free as an R QQ.(=F %)Q,) -module
([30, II, Lemma 17]).
(ii) Again by using the structure theorem, we can reduce the problem to the case
where G is either an abelian variety or a torus. Then End(G) is a free Z-module
of finite rank and the given homomorphism R — End; (G) is injective unless G =0.

Let f,=End;(G) be the Frobenius endomorphism attached to the finite field k.
The action of f; on G (k) coincides with that of ¢,. We denote by R [ fi] (resp.
Z[ fi]) the subring of End,(G) generated by fi over the image of R (resp. Z).
Then the commutative Q-subalgebra R [ f] ®Q of End(G) ®Q is semi-simple. In
fact, Z[ fi] 6;) Q, which is included in the center of the semi-simple Q-algebra
End,(G) ®Q, has no non-trivial nilpotent elements, hence it is semi-simple, and so
isF @ (Z[ fi] ® Q). Being a quotient of the semi-simple Q-algebra FQ(? (Z] fi] ® Q),
R[fi] ®Q is also semi-simple.

Let

R[fi]QQ=F X XF,

be a decomposition into a direct product of fields, where F; is a finite extension of
Q for each i=1, ..., t We define the ideal I, of R[ f] to be the kernel of
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RIAI=RIFIQQ=F X XF, > F,,

and set G,=G/I;G. We can easily check that the morphism G—GX--- XG,
induces a canonical isomorphism

ViGK) ==V i(G,(k) XXV ,(G,(k)),

which is identified with the decomposition associated with the ring decomposition
R[f:] ®Q,= (Fl@QI) X oo X (F,%)Ql). It suffices to verify the statement of (ii)
for each G;(i=1, ..., t), so we may assume that R[ f;] ®Q is a field (which is
necessarily an algebraic number field) and that R [ f,] is an order of the algebraic
number field.

Then we can apply (i) to the ring homomorphism R [ fi] — End,(G). The
R[fi] ©Q,-module ¥,(G(k)) is free of finite rank m which is independent of 1
The polynomial in question is equal to the m-th power of the characteristic
polynomial of f in the field extension R [ fi] ®Q/F, so it has coefficients in F and
is independent of the choice of L ]

Let K be a discrete valuation field with finite residue field k. Fix an extension
to K of the given valuation on K, so that we get the decomposition group D, the
inertia group I, and the isomorphism D/I > Gal(k/k). Let ¢, be the (#k)-th
power Frobenius element in Gal(k/k).

Let B be an abelian variety over K equipped with a ring homomorphism R —
End;(B). For a prime number [/ #char. (k), Gal(K*?/K) acts on the Tate module
V=V¥,B(k)), and its action commutes with that of R. Moreover, R and
Gal(K**/K) act on V*=Hom (¥, Q)), as follows :

(ah) (x)=h(ax) (EV* aER, xEV),
(oh) x)=0 (o™ 'x))=h(0c"'x) (heEV* 0=Gal(K**/K), xEV).

Lemma (2.2). Notations and assumptions as above. Let W be either V' or
(VL
()  Wisa free RQQ,-module of finite rank which is independent of the choice of I.
(i) The characteristic polynomial of ¢ in the free RQQ-module W has
coefficients in F, and is independent of the choice of I.

Proof. Let Ok be the valuation ring of K and % the Néron model over Ok of
B. Then R acts on the commutative algebraic group £k over k, as follows :

R —Endx(B) <‘\—’EndoK (#) —End (B o®k).
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Since the isomorphism
(V(BE))' <V (BO) >V, (BK) ()

is compatible with the actions of R and Gal (k/k), (1) and (ii) for W=V follow
from (i) and (ii) of (2.1) respectively.

Let B’ be the dual abelian variety of B. Then R acts on B’ via the anti-
isomorphism : Endx(B) —— Endx(B"). The isomorphism

Hom o,(V/(B(K)), Q) =Hom o (V:(B(K)), Q:(1))@Q;(—1)
=V,(B'(K) @Qi(—1)

is compatible with the actions of R and Gal(K*?/K), so the isomorphism
V=W, (B/(E)))I%?,QI(— 1)

is compatible with the actions of R and Gal (I:/k)._ Thus, (i) and (i) for (¥ *)!
follow immediately from (i) and (ii) for (V;(B'(K)))! respectively. [ ]

Let S be a smooth proper geometrically connected curve over the finite field F,
and denote by K the function field of S. For each closed point x of S, we fix a
commutative diagram (1.4) (hence(1.5)). Let ¢, be the (#£(x))-th power
Frobenius element in Gal(k (x)/k(x)) =D, /I,. We shall define the “L-series with
coefficients in F” for an abelian variety B over K equipped with a ring
homomorphism R — End ¢ (B).

We choose a prime number / which does not divide g. For each closed point
x of S, we set

P.(u; F) :=det(id—¢; 'u®> | (V,BE))*)=; RQQ)),
Q:(t; F) :=det(t - id—o, | (V,(BE))*)x; RRQ)),

where V' ; R (>ZD Q, means that V is considered as an R €Z<)Q ;-module when we take the
determinant. From (2.2), Q.(¢; F) is in F[t] and is independent of I. Since

P.(u; )=00; H7'Q,(w*; F),

we see that P, (u ; F) is in F[u*8*] CF[u] and is independent of I.
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Definition.

Zy(u;F):= 11 P.(u;F)'eF[[u]l

x : closed
point of §

(Note that there are finitely many x with deg x < N for each NEN and that, for
each x, P,(0; F)=1.)

Let B’ be the dual abelian variety of B and let # (resp. #) be the Néron model
over S of B(resp. of B"). As we have seen in the proof of (2.2), the isomorphism

Vi BE)*%= (V1(B'®)N=QQi(—1)
exists, hence

P.(q 'u; F)=det(id—o;'u®> | (V,(B'®)))*; ROQ))
=det(id—o;'u'* | V.(#);:; ROQ),

where V;(#"); is the stalk at x of the étale Q,-sheaf V;(#"). Then by the theory
of étale cohomology, we conclude that

2 — .
Zy(g 'u; F)=T1] detGd—o "'u| HL(S, V.(#)) ; RRQHV,
1=0

where S ———S@.E and ¢ is the g-th power Frobenius element in Gal (FT, /FQ).
(Note that “det” makes sense since H% (S, V;(#")) is at least a finitely generated
locally free R @Q,-module.) Since R (§Z<)Q, is a direct product of fields and, for an
extension E/F of fields, F((u)) NE () =F(u) (cf. [2, Part 1, Chapter I, Lemma
1]), it follows that Z 3(q¢ 'u ; F) EF(u), hence Z 3(u ; F) €F(u). Moreover, the
weight theory ([6, 3.2.3]) implies that, for each i=0, 1, 2,

det(id —¢ ~'u |H4(S, V(%)) ; RQQ))
isin F[u] (thereby H%(S, V,;(#")) turns out to be a free R ®Q;-module) and it is
independent of I (Observe that, if we choose a non-empty open subscheme U of S
over which %’ XU is proper, V,(#") is isomorphic to j«(V,(#’ X U)), where
j:U=S.)

Definition.

or:=(the order at u=q ' of Zz(u ; F)EF(w)),
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rri=dim(B(K)QQ),

and for a prime number [ #char.(F,) and a field E which appears as a component
in the direct product decomposition of R @Q,ZF%@Q;,

of e =dimge HL(S, Vi(£)),

where e is the idempotent of R ®Q; which corresponds to E(i.e. E=R ®Q./ -
e)) and ' means the action on B’, #’, etc. (See the proof of (2.2) .)

Remark (2.3). Letp, r, 0;denote 0q, 7 q, Oq,, o Tespectively. Then we can
easily check the following equalities :
o=[F:Qlor,
r=[F:Qlrs,
01:§ [E : QI:IUF,I,E-

From now on, we fix a pair (/, E).

Proposition (2.4). (cf. [27].)
D pr=0g,5=rr>0.
(i) Ifog, =0, then

OFr=0pg  g=rr=0.

Proof. First we note that V,(#) =V ,(#°), where #'° is the “connected
component” of #’. From the Kummer sequence for #’°, we have the following
exact sequence of R @Q;-modules :

0—4'°(S) szQ,—>H'(S, Vi(#))—=V,H'S #°)—0.
(Note that 2°(S) is a finitely generated Z-module.) Considering the E-part of this
exact sequence, we obtain rp < 0r 5.

On the other hand, since Gal(F,/F,)~Z has cohomological dimension 1,
the Hochschild-Serre spectral sequence gives the following exact sequence of
R @Q ;-modules :

0—H'(F,, HS, V.(Z))—=H'(S, Vi(#))—=HF,, H'S, V(%8)))—0,
where H'(F,, HI(S, Vi(B))) = (lim H'(F,, HIS, 1)) (Z>D’Q1. Now since

#H'(F,, H°(S, #'[1I'])) =#H°(F,, H'(S, #'[I']))
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=#7'[1"](S)
<#B'(K)[I~] (bounded),

we see that H'(F,, H(S, V,(#))) =0, hence
H'(S, Vi(#))=H(F,, H'(S, V(#)).
Considering the E-part, we deduce :

o, g= (the dimension over E of the eigenspace of ¢ with eigenvalue
1 in the E-vector space ¢’ H'(S, V(%))
(i.e. dimg e H'(S, V,(#)) [p—1])
< (the dimension over E of the generalized eigenspace of ¢
with eigenvalue 1 in the E-vector space ¢’ H'(S, V(%))
(ie. dimg e’ H'(S, V() [(0—1D*])
=pr([6, 3.2.3]).

If the eigenspace is {0}, then the generalized eigenspace is also {0}. Hence (ii)
follows. ]

Remark (2.5). If we assume that #1II (B/K)<oo (or, more weakly,
#II(B/K) [I’*] < oo for some number I’#char.(F,)), then we obtain o =r ([27]),
hence pr=0F | g=TF.

Next we fix a polarization 1 : B—>B’ over K and consider the following
condition :

(2.6) the image of (R—Endk(B)) is invariant under the Rosati involution .

This condition requires that two homomorphisms

ant1—1som

R—End;(B)®Q — End«(B)®Q
U U
f — f

and

R—End,(B)®Q —— End«(B)®Q
U W
f — Afa!



JACOBIAN OF A DRINFELD MODULAR CURVE 217
are the same. If (2.6) holds, then the isomorphism (induced by 1)
HLS, V(B)—>HLS, V(B))
induces an isomorphism
eH LS, Vi(#B) > 2ed "HLG, Vi(#) Ze HLE, V(@) .
Note that (2.6) is satisfied automatically when (F, R) =(Q, Z).
Proposition (2.7). Under the assumption (2.6),
0r=0g,z (mod. 2).
Proof. The pairing
C | ):H'G Vi(@B)XH'S, Vi(B)

d X2

—>H'(S, V.(B)XH'(S, V(%))

Weil pairing
cup product

— HS Q:(1)=Q,

is a non-degenerate bilinear form on the finite-dimensional Q,-vector space
H'(S, V,(#)) ([21,v,2.2c]). Itis symmetric, since the Weil pairing is alternating.
For a &R,

@ =0law)Z 6 law),
hence the same equality holds for ¢ ER @ Q. This implies that the decomposition

of the RQQ;-module H (s, v,(%)) assomated with the direct product decom-
position of R®Q, is an orthogonal sum decomposition with respect to the

symmetric form (| ). Thus the restriction of the pairing to eH'(S, V,(#)) X
eH'(S, V,(#)) is again non-degenerate and symmetric. Then (2.7) follows from
the next lemma (2.8). B

Lemma (2.8). Let k be a field of characteristic #2. Let V be a k-vector space
of finite dimension equipped with a non-degenerate symmetric bilinear form
C | ):VXV—=k Iff<End,(V) satisfies (fv| fw)=|w) for all v, wEV,
then (the dimension over k of the generalized eigenspace of f with eigenvalue 1in V')
= (the dimension over k of the eigenspace of f with eigenvalue 1in V) (mod. 2).

Proof. Considering V@E if necessary, we may assume k=k.
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First, the non-degeneracy of the pairing implies that f is injective, and then
fEAut, (V) since V is of finite dimension. Thus the decomposition

V=90 V()

exists, where V(@) is the generalized eigenspace of f with eigenvalue @ in ¥ (i.e.
V(o) =VI(f=a)"D.
We can easily show that (¥ (a) | ¥(8)) =0 unless ¢8=1. Then the restriction

of the pairing to ¥(1) X ¥ (1) is still non-degenerate, so we may assume that V=
v(1).
Put V'={p V| (|w)=0 for all weV[f—1]}. Then

V=("'-DV=(-D(fDHV=(f—DV.
Since
dlmkV’:dlmkV_dlmkV[f_ 1] N

the problem is reduced to checking that dim, ¥’ is even.

As (W f—11|1V)=W'|V[f—1])=0, we can define a new pairing on ¥’ X
V' as follows :

C | VXV —k

(=D [ (fF=Dw =00 (fF—Dw)—((f=DvIw) G, weP).

This pairing becomes an alternating bilinear form on ¥’. Ifv'=(f—1veEV' (&
V') satisfies that <v’|w’) =0 for all w'EV’, then for all WEY,
0=<" (f—Dw)

={(f=Dv[(f=Dw)

=0l (f=Dw)—((f—Dv|w)

=@l (fT=D=Ow) = ((f—DvIw)

=((f=Dv[ —fw) —((f—Dv[w)

=0 = (f+Dw).

Now V=V (1) implies (f+1)¥=V. (Note that char.(k) #2.) Then it follows

from the non-degeneracy of the pairing ( | ) that v'=0. Thus the pairing

{ | ) is non-degenerate, and the k-vector space ¥’, having a non-degenerate
alternating bilinear form, is even-dimensional.
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§ 3. Drinfeld Modular Curves and Automorphic Forms

Notation.

S=P},=Ak U (=} (c0=(1:0)),

A=I(S—{=}, 05)=F,[T] (T :indeterminate),

K =the function field of S=F (1),

X'= {the prime divisors of K} = {the closed points of S}
= {the maximal ideals of A} U {c0},

K, : the v-adic completion of K(v&2X),

O, : the integer ring of the local field K ,,

Ag=the adele ring of K=T]" K,,

vEX

£ =the idele group of K=T]" K,

vEX

A= lm 4/1= I o,

I: non-zero VvEZ—{oo}

ideal of 4

Ak= 11" Kk,,

vEZ— {oo}

AR=TI" K

vEX— {0}
C .. =the (o0-adic) completion of an algebraic closure K « of K «,

R=A'"(Cx)—A'Kx)=P'(Cx) —P'K).

In this section, we shall recall the relation between Drinfeld modular curves
and automorphic forms. We refer the reader to [7], [9], [14] for Drinfeld
modules and their moduli schemes, and to [15], [17], [25] for automorphic forms
on GL,. See also [12].

{Generalities)

For an open subgroup H of GL ,(4), M y denotes the corresponding (coarse)
moduli scheme of Drinfeld A-modules of rank 2, and Y5 denotes M n®K. The
scheme Y  is a smooth affine (not necessarily geometrically connected) curve over
K. Define X to be the (unique) smooth compactification of Y5 over K.

From now on, fix a prime number / not dividing g We denote by # the
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module lim Hi(Xy QK **, Q,), on which GL,(A%) XGal(K**/K) acts.
H : open subgroup
of GL2(4)

Fixing an embedding K * — K ¥, we have the following isomorphism of GL ,(A%)
X Gal(K %°/K ..)-modules :

(31) f’lHomGLZ(Kw) (Vsp, ﬂo)@Woo,
where

dozﬂo(GL 2(K)\GL Z(AK>)
=the space of (Q;-valued) cusp forms on GL ,(Ay),

Vo=1{f:P'K) —-Q,| locally constant} / {constant functions}

(which gives an irreducible admissible representation oy, of GL,(K «) called the
special representation), and

W . : the 2-dimensional [-adic representation of Gal(K3?/K .) which is
determined up to isomorphism by the existence of the following non-split exact
sequence of Gal(K /K «)-modules :
0—-Q,>Ww—>Q,(—1)—0.
Further, considering the decomposition

do: n@ﬂ 7[’ ﬂ:v@?nv’

where [7 is a set of irreducible representations of GL ;(A k), we obtain the following
isomorphism of GL ,(A%) X Gal(K **/K)-modules :

(3.2) H= G (8,180,

where p (%) is a 2-dimensional representation of Gal(K**/K) over Q; which is
determined by 7 and whose restriction to Gal (K /K ) is isomorphic to W «.

The Galois representation o(7) corresponds to 7 in the sense of Langlands,
that is to say, for each vE2,

(3.3) L(s—, m)=LGs 0(@)).

Here we fixed an isomorphism Q;=C (and hereafter also). The equality (3.3) at
an unramified place results from the Eichler-Shimura type congruence relation and
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the general case is proved by using a result of [5] (cf. remark of [10]).
For a non-zero ideal n, of O,, we set

HB(nV)={<:: 2:>EGL2(OV) le,=0 (mod. nv)}

and for a non-zero ideal n of 4, we set

b A X
Ho(n) :{<‘c‘ y >EGL2(A) lc=0 (mod. nA)}.
Then Hy(n) = ] H Ho(nO ,) is an open subgroup of GL ,(4). Let M o(n), Y o(n),

and Xo(n) denote M H,(» Y, , and X g ) respectively. These schemes have
geometrically connected fibers over Spec 4, Spec K and Spec K respectively, since
Pic(4)=1. We have the following isomorphisms (of rigid analytic spaces over

Co):

Yo()(Cw) = I'o(m\Q
(3.4 1 J
Xo)(Cw) = TI'y(\QUP'XK)),

where
Fo(n) :Ho(l‘l) NGL 2(14)

:{<Z 3>EGL2(A) lc=0 (mod n)}.

We denote by Jo(n) the Jacobian variety of X o(nn) and by #o(n) the Néron
model over S of Jo(n). It is known that Jo(n) has good reduction at each vE
— {0} which does not divide n.

Remark (3.5). The moduli problem on (Sch/4) corresponding to Ho(n) is a
functor

T —— {isomorphism classes of (E, H)},

where E is a Drinfeld A-module of rank 2 over an A-scheme T and H is an
A-subgroup scheme of E[n] which is locally free of constant rank #(4/n) over T
and which satisfies the following condition: there exist a morphism T'— T
faithfully flat locally of finite presentation and an 4-homomorphism ¢ : n "'4/4 —
H(T") such that . Z ¢(a) =H ><T as effective Cartier divisors in E ><T (cf.
(161, [18D).
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Remark (3.6).
(i) From (3.1), (3.2), we obtain the following isomorphisms :

(3.7 HL X o(n) @K™, Q)
:HOmGLz(K,,)(Vsp, o o(GL ,(KD\GL ,(A )/ (Ho(n) X 1)) @ W
as Gal(K ¥*/K ..)-modules,

(3.8) HLX () ©K**, Q)
= @ (8 7)o (1)

€l vEZ—{oo}
Mo =0

as Gal(K **/K)-modules.

(ii) By definition, the center of GL ,(K ) acts trivially on ¥,. Therefore, noting
that AX=K>* - ( II OXXKZX) as Pic(4)=1, we see that

yEX— {0}

A o(GL ,(KD\GL »(A x)/ (Ho(n) X 1))
in (3.7) can be replaced by
o o(GL ,(KD\GL 2 (A x)/ (Ho(n) X1), 1),

the part on which the center of GL ,(Ak) acts trivially. Similarly, in (3.8) it is
sufficient that 7z runs over the representations with trivial central character.

(Hecke operators and congruence relation)

Definition. (Hecke operators.)
(i) w, for a maximal ideal q of 4 which divides n :

Let m be the maximal natural number such that q™ divides n. We define w,
EAut,(M,(n)) by the rule

(E, H)—— (E/H[q™], (E[q™]+H)/H[q™])

under the notation of (3.5). (We see that w2=1 since Pic(4) =1.)

We denote also by the same symbol w, the element of Autx(X,(n)) or
Autg(Jo(n)) etc. induced by w,.
(ii) T, for a maximal ideal p of 4 which does not divide n :

Let b: Xo(np) =X (1) be the morphism induced by the injection Hy(np) C
Ho(n). We define an algebraic correspondence T, of X o(n) by the formula T,=
(b ow,) o'b, where w,EAutx(Xo(np)).
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We denote also by the same symbol T, the element of Endx(Jo(n)) induced by
T,.

Proposition (3.9). (Eichler-Shimura type congruence relation.)
To=f,+'fp in End.q (Fo(n) X£(p)),
where f, denotes the Frobenius endomorphism attached to the finite field £ (p).
Proof. 1t follows from the result of [13] as in the classical case. [ |

Remark (3.10). Since f,* ‘fo="fp " fr=q%® - id, X=f, satisfies the
following equation in End ., (Fo(n) >S<f£<p)) : X2—T, X +q%>=0.

Let 1, q, and p be as in the definition above and let P, (resp. P,) be the monic
polynomial in 4=F,[T] which generates the ideal q (resp. p). For each f
€ o(GL ,(K)\GL ,(Ax)/(Ho(n) X 1)), we define w, f and T, f as follows :

0 1

Wwof)&x)=f <x<—P:," O>> (m : as above),

(Tof) @) =22 fGem),
where 7 runs over a system of representatives of

0

miw (b ) ey,

Then we can easily check that w,fand T, f are in &/ o(GL ,(K)\GL »(A )/ (Hy(1n)
X1)).
On the other hand, w,, T,&End x(Jo(n)) act on

HLX () @K™, Q)= (V1o K)))*@Q..

Lemma (3.11). The isomorphisms (3.7), (3.8) commute with the action of w,
and T,.

Proof. Using the fact that the isomorphisms (3.1), (3.2) commute with the
action of GL ,(A%), we can check the statement. B

In the next section, we shall investigate the Hecke algebra (=the algebra
generated by Hecke operators) in detail, assuming that n is a maximal ideal of 4.
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{e-factor of the L-series)

Next we give the calculation of the &-factor of the L-series attached to a 2-
dimensional subrepresentation of Gal (K **/K) in H };(X o(n) RK**, Q 1), using the
equality (3.3). B

Let Ubea Q,[Gal(K **/K)]-submodule of H % (X ,(1) QK *?, Q) of dimen-
sion 2 over Q, and let o denote the representation of Gal (K **/K) associated to U.

Since in (3.8) each o(x) is 2-dimensional and irreducible, we see that there
exists a 7& I with 7 =~0, such that p is isomorphic to p (7). Such 7 is uniquely
determined because of (3.3) and of the strong multiplicity one theorem ([3,
Theorem 2]+ [17, 11.1.1]). Now consider the following condition :

(3.12) the conductor of 7, (in the sense of [3]) is nO, for each vEY — {oo}.

If we denote by U’ the image of U in the right-hand side of (3.8), there exists
an f'e (,e;@(m)”v)H"(") such that U'=f'®p(z). Further, we denote by f. a new
vector of To=0,, and we set f=f'® foEn. (Note that f’, f., and f are
determined by U up to scalar multiplication.) The condition (3.12) says that fis a

new form belonging to 7.

Remark (3.13).
(i) The conductor of g, is (=T 'O ). We can see this fact by observing that
the action of Hg (1) =GL ,(0 ) on P'(K ) is transitive, while that of H (o) is
not transitive. A new vector of 0, is realized in V', as the characteristic function
of one of the two orbits of the action of Hy (0) on P'(K ..).
(ii) When n is a maximal ideal, the condition (3.12) is always satisfied. In fact,
by (3.8)
9, (8., )"V ®0(@) =HEXo(1) K™, Q)),

€N
Te=0yp

which is reduced to zero, since M,(1) =Al=Spec A[j] ([11, §3]) and then
Xo(1)=Pk.

We define

Zw p):= I det(d—o:'u’> | Uk; Q) ' €Q[[u]].
x : closed
point of §

In fact, Z(u, o) Eﬁ,(u), which can be seen as in §2. Note that L(s, o) =
Z(g 5 p) by definition.
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Proposition (3.14). Assuming the condition (3.12), we have

Z(u, p)=0u, p)Z(ﬁu, o)

with

o(u, p)=— 11 €q- (qu)ien?,

q : maximal ideal of 4
which divides n

where € ,& { * 1} is determined by the formula w,f=¢ . f.

Proof. Since the central character of r is trivial ((3.6) (ii)), the functional
equation of L (s, 7) reads as follows :

L(s, m)=€e(s, m)L(1—s, 7),

where £(s, 7) is the e-factor of 7. Considering (3.3), we see that the statement is
equivalent to the following equality :

E(S, ﬂ'):——H Eq° q(3—deg n)(s—l/z)‘

qln

Lemma (3.15). Let 7, be an irreducible admissible representation of GL ,(K,)
with trivial central character and f, a new vector of t,(vE2). Let wv=<_2 (1)>E
GL ,(K ,), where we choose a,=0, so that a,0, is the conductor of m,. If

w, =€y fy

with &,E {* 1}, then, for an additive character ¢, of K, of order 0, the e-factor of 7,
is as follows :

1
e(s 7, ¢,)=¢,la,ls77 ,

where | |, is a valuation of K, normalized so that
1
by =
%0, /b,0,)
for b,€0,.

Proof. This seems to be well-known and is easily computed by using [15,
Proposition 6.17] [ |
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Corollary (3.16). (cf. [32].) Let n=Qn, be an irreducible admissible
representation of GL ,(Ax) with trivial central character. Under the notation of
(3.15) for each m,, we have the following formula for the e-factor of = :

e m=1e - (Ilal,- (I,

where (d,),EAF is a differental idele attached to a non-trivial additive character t
of Ak which is trivial on K ([33, VI, Definition 4]).

Proof. By definition, ¢,=17,(d, ' - ) is of order 0, so

es, m=1I1eG, =, 7))

vEX

:vsl_Izg(s’ Ty, ¢v(dv ° ))

=111d, [V " eCs, @y, @)

vEX

1
=IIld, ¥ &, la,[*"7

VEY
1
=Tle,- {Illa,l,- (T 1d, 1)} 2 . g
vEX VEX vEX
We return to the proof of (3.14). Here

IIla,|,=q ' -q den=g~1-den ((3.12), (3.13)),

vEX

I11d,|,=q*?* °=q* ([33, VI, Proposition 6]),

vEX

SO
Ila,l, - (IL1d, | )*=g> =",
vEX yeX

Hence it suffices to show that

(i) forvelX— {oo} which does not divide n, w, f,=f,,

(i) Wofo=—fc.
(i) is clear because w,=EGL ,(0,) =H?%(1) for v&X — {c0} which does not divide
n. If we realize fo in ¥V, as in (3.13) (i),

foTWo fo=constant function=0 in ¥V,

which implies (ii). This completes the proof of (3.14). B
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Corollary (3.17). Let v be the order at u=q ~' of Z(u, p). Then
(i) 0<y<degn—3,

) (—Dr= —Ile,.

Proof. Since 7 is a constituent of </, L (s, 7) is a polynomial function of g ~*
(117, 11.1]), so Z(u, p) is a polynomial of u. Now (3.14) implies that the degree
of the polynomial is deg n—3. (Note that Z (0, o) =1.) Hence (i) follows.

Next we set

Zw, p)=w—q )Y, p).

Then we have

z ;i’u" p>:(q2u —q"‘)”Y(qlu. 0)2{—q%(u—q“)}”Y(qzu . 0),

SO

Z(, p) — (g’ Y (% 0) _
1 1
() o)

Since Y (g 7!, o) #0, we obtain 6(g ~!, 0) = (—1)” by setting u =¢ ~'. On the other
hand, from (3.14)

6w, 0)=

o(g p)=—H Eq)

which completes the proof of (3.17). [ |

8 4. Hecke Algebra and Its Eisenstein Ideal

We follow the notations of § 3. Moreover, we assume that n is a maximal
ideal of 4 (cf.(3.13)(ii)), and set d =deg n=[k(n) : F,]. Then the genus g of
X o(n) (=the dimension of Jo(1)) is given by the following formula ([11, 3.4.18]) :

d—1
q —1
q:—5—— d: odd
qg —1
4.1 g= i
2 9 —1
q -—5—— d: even.
g —1

We write J instead of Jo(n) for simplicity.
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Definition. The Hecke algebra T is the subalgebra of Endx(J) generated by
{T,lp#n} U {w,} over Z.

Proposition (4.2).
(i) T is a finitely generated Z-module.
(i) T®Q is a commutative semi-simple algebra of dimension g over Q.
(iii) TQZDQ=EndK(J)@Q.
(In fact, in (iii), Endg can be replaced by Endg. See Appendix.)

Proof. (i) results from the well-known fact that End (J) is a finitely generated
Z-module.
Next, in the isomorphism (3.8)

vEX—{}

HLX (@K, Q)= @ (8 _ 7)™ ®p(n),

” P

( ® m)HM™ js of dimension < 1 for each z. This follows from (3.13) (ii) (cf.

yEZ— {0}

[3, Theorem 1]). Therefore, there exist just g such 7’s and if we call them 74, ...
74, we have the following isomorphism of Gal(K **/K)-modules :

b

HLX () QK ™, Q)= 0 (x).
Then

Endx(J) @61 — End gaw=x (V1 K)) @,51)
= End gag=rx, (VT &))* ® Q) (anti-isomorphism)
= End cax (H 5 X o() K *?, Q)))
=~ End aeri (8 0 ()

:‘gah

where the last isomorphism follows from the fact that each o (x;) is irreducible and
that o (z;) # 0 (x;) unlessj=j’.

Now define T’ to be the subalgebra of T generated by {T, | p#n} over Z. For
each r;, the 1-dimensional 6 j-vector space (vez@(w,nj, ) Hom jg generated by ®f; ,,
where f; , is a fixed new vector of z; ,(y &X' — {0} ) and the action of T’ on this
space (in other words, the set of eigenvalues of T,’s (p#n)) determines 7; uniquely
(the strong multiplicity one theorem). Hence the image of

T'®Q,~>End«()QQ,~> 11 Q,
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should be the whole inII Q.. Since T'C TCEndx(J), we obtain
T®Q,=End«() C;)GI:JI:’II Q.
We can easily show the statement of (ii) and (iii) by using this isomorphism. B
Remark (4.3). From(4.2) (ii), we obtain
(4.4) TQQ=F,X-:-XF,, F;: algebraic number field,
Z: [F:: Q] =g

and this decomposition gives the following isogeny over K :
(4.5) J——>J 1 X+ XJ,,
where J;=J/P,;J with P,=Ker(T—F;). Here we have
(4.6) dim J;=[F;: Q].
In fact, since

VEN*@Q= & V,UEN*RQ;
as Gal(K **/K)-modules, we have

iEN* = @ o), T Si=11, ..., g),
accordingly
dim J; =—;—dim o, Vil:(K))

=4S,

=dim 6111;!, Q,

=dimg, End caueo (V1K) * @ Q)

=dimg, F: ®Q,

:[Fi:Q]~
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The set of cusps X o(n) —Y o(n) consists of two K-rational points correspond-
ing to the points of I'o(m)\P'(K) (cf.(3.4)). (See [13, 3.4] for the K-rationality.)
We denote by o (resp. 0) the K-rational point corresponding to (1: 0) (resp.
(0: 1))EP(K) and define c=J(K) to be the class of the divisor (0) — () of
degree 0. The subgroup C of J(K) generated by c is finite cyclic and its order N is
given by the following formula ([13]) :

d
—1
1 d: odd
q—
@7 N=4y |,
g —1
3 d: even.
g —1

Lemma (4.8).

To,c=1+qg%*")c (p#n),

WnC=—0C
In particular, C is preserved by the action of T : TCCC.
Proof. Immediate from definitions (cf.[31]).

Definition. The Eisenstein ideal I of T is the kernel of T— End z(C) (i.e. the
annihilator of c).

By definition T/I~Z/NZ, and from (4.8) we can see that I contains T,—
(1+g%*)(p#n) and w,+1.

Definition.
(i)  An Eisenstein prime number is a (rational) prime number which divides N.
(ii) An Eisenstein prime ideal of T is a prime ideal of T which includes the
Eisenstein ideal I.

Remark (4.9).
(i) By (4.7), an Eisenstein prime number / does not divide g.
(ii) Since T/I=Z/NZ, we have the following one-to-one correspondence

{Eisenstein prime numbers} <—> {Eisenstein prime ideals}
I — )
the prime number which generates ¥ NZ <— &
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Definition.
(i) Let A be an ideal of T. Then we define

Ty :=lim T/,

ba:=Ker(T—>Tq)= Dl A7,

J®:=J/byl )

JO= =g O/, + 1T ®=J/(by, wot+1DJ.
(i) We write J (resp. J ~) instead of J© (resp. J®~). The abelian variety J is
called the Eisenstein quotient of J.

(iii) For each Eisenstein prime number I, we write J © instead of J ©, where %
is the Eisenstein prime ideal corresponding to L

Lemma (4.10). Let b be an ideal of T. Under the notation of (4.3),

J/bJ—>11J,;

1IEA
is an isogeny, where A=1{i=1, ...,s' bC B}

Proof. Since (T/b) QQ is a quotient of TQ Q=

1F,-, we have the following
commutative diagram for suitable A’'C {1, ..., s}.

T9Q = IIF
L
(T/D)®Q = IIF.

Here we can easily see that i€A'< &/, hence
(T/b) ®Q= g F;= g (T/B) ®Q.
From this the statement follows immediately. B

Proposition (4.11). We follow the notation of (4.3).
(1) Let I be an Eisenstein prime number and ¥ the Eisenstein prime ideal
corresponding to I. Then

j(l)-—> HJ,

1€EA,
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is an isogeny, where A;/={i=1, ..., s| P.C £}.
(ii) The following two homomorphisms are isogenies :

.I~—>1_;IJ;, where A= {i=1, ..., s |>% : Eisenstein prime ideal s.t. B,C L},

J— I;I[ Ji, where A~ ={i=1, ..., s|>%: Eisenstein prime ideal s.t. B;C ¥
and w,+1EB}.

Proof. (i) By (4.10), it suffices to show that b o C B, <= P, C#L. Set To=
(T— %) ~'T, then T4 may be identified with the completion of T at its maximal
ideal #T, since .Z is a maximal ideal of T. (Note that T/.¥ ~Z/IZ, which is a
field.) Now Ty is a noetherian local ring, so Ty —> Ty is injective.

We have the following commutative diagram :

T —> II;IIT/sBi
| |
T, = I T/Pe,

where
(T/Be:=(T—2L) ' (T/BD)
2{0 BT
(T/B—<L/B) ' (T/PBI(CF) P.CL.
Hence

bs=Ker(T—>Ty)
=Ker(T—>Ty)
= ﬂ B

1EA
Noting that each B; is a minimal prime ideal of T, we obtain b ,C P, = B, CZ.
(i) SinceT;> II Ty,wehaveb;= [\ bg. Then, from the proof of (i),

£ : Eisenstein < : Eisenstein
prime ideal prime ideal

we can see that b;= QA B.. This implies that the first homomorphism of (ii) is an
isogeny, as in the proof of (i). From this, it follows immediately that the second
homomorphism is also an isogeny. This completes the proof. B

Proposition (4.12).
(i) Let I be an Eisenstein prime number #2. Then the homomorphism J—J®
factors through J—J .
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J — J-
N Q
Fo

(i) If N is odd, then J=J".

Proof. (i) First we note that w,—1=(w,+1)—2 is invertible in T since
wo,+1E% and 2€T%. Then w,—1) (w,+1) =w2—1=0 implies that w ,+ 1=
0in Ty, that is to say w,+ 1Eb . This proves (i).

(ii) If N is odd, we obtain from (i) thatw,+1€ ()1 bge=b,. B

£ : Eisenstein
prime ideal

Remark (4.13). By the formula (4.7),

either
N is odd <= g is odd and d is not divided by 4,
or
q is even.

Proposition (4.14).
(i)  For each Eisenstein prime number I, J© 0.
(ii) The following are all equivalent :
(@) d=>3; () g>0; () g=g; () N>1; () N=5; (d) J#0;
(e) J~+#0.

Proof. (i) By (4.11) (i), it suffices to prove /A;#@. As in the proof of (4.11)
(i), A;=0 implies Ty =0. This is absurd, since T/.¥ =Z/IZ#0.
(ii) We can see (a) © (b) © (b") from (4.1) and (a) & (c) © (") from (4.7). (e)
= (d) = (c) is clear. We shall show (c¢) = (e). By (i) and (4.12) (i), it suffices
to check that if N > 1, then there exists an odd prime number / which divides N. If
this is not so, then N=2" with M > 1. In particular, N is even and then (4.13)
implies that g is odd and d is divided by 4. Hence g*—1 divides ¢g“—1 and ¢>+1

d 2 2

—1 +1 +1
divides 32_1 =N=2% so 2 5 divides 2-1, This is absurd since ~ 5, isan
odd number > 1. B

Let [ be an Eisenstein prime number and % the Eisenstein prime ideal
corresponding to L Since T is finite over Z, only finitely many prime ideals of T
contain / and, when we call them ¥ =%, ¥,, ..., ¥,, the following decom-
position exists :

(4.15) T(I)ZT_QJIX"'XT_Z:I
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=TeX (Te),

where we set (T4)'=Tg,X--XTy,. From now on, we denote by e the idem-
potent of T, which corresponds to (1, 0)ET, X (T)’.

Proposition (4.16).
(i)  The composition of C—J(K) —J(K) is injective.
(ii) The kernel of the composition of C—J(K) —J(K) —J ~(K) is contained in
C[2]. In particular, if one of the equivalent conditions of (4.14) (ii) is satisfied, then
the image of C in J~(K) is not reduced to zero.

Proof. (i) Let I be an Eisenstein prime number and % the Eisenstein prime
ideal corresponding to I The following exact sequence of T/IT(=~Ty /ITw) -
modules exists :

0— (b)) N —=JE N —=T&)[1].
Taking the #-primary part of this sequence, we obtain
0—>£4((bod) K)[I1) > e TE) 1) > e TCE) D),
which is again exact.

Claim. £4((b¢J) &) [I])=0.

Iniact, letx=b 1y ‘+ oo +bkyke (by.’) (E) [I] WlEl:lb 1y vee s bkEbg, Vi, .- ,ykE
J(K). Then there exists a finite extension L/K in K/K such thaty,, ...,y are all
inJ(L). Foreachr > 1, fix e4 ,©T which is congruent to e, modulo I’ T¢. Since
x is an [-torsion element, we have

8_gx:E_g,rx=£g,,—b 1y1+"‘+€g’, rbkyk-

Here, by definition £ b »=01in T, hence ey, ,b o CI"T=I1"T NT for each r > 1.
Therefore ex<1"J(L) for each r > 1, which implies

eexEWIAN M =I"GLI" DI U@ [I=D.
Thus
esx€ () rT@WI-D=0,

since J (L) is a finitely generated Z-module.
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In particular, J(K) [#] TP (K) is injective, since
JK) (L] C e TE) [1D).

Now, turn to the proof of (i). If the map is not injective, then there exists a

prime number / which divides N and x &C[[] which is a non-trivial element of the
kernel. Since the Eisenstein prime ideal £ corresponding to [ is generated by I and
I, and since IC =0 by definition, we see that x&J (K) [#]. By definition, the image
of x in J(K) is zero, a fortiori so is the image of x in J ®(K). This is contradictory
to the injectivity of J(K) [£] —J ©(K).
(i) Let x be an element of the kernel of the map of (ii) and x” be the image of
x in J(K). Since J~=J/(w .+ 1)J implies J = (K) =T (K)/w .+ 1) J(K)), there
exists yEJ' K) satisfying x’= (w,+1)y. On the other hand, x&C implies w ,x =
—X, SO

x'=(1-—wx'=1—w,) W, +Dy=>10—w)y=0.

Since C—J(K) is injective from (i), we have 2x=0.
As we have seen in the proof of (4.14) (ii), N can never be equal to 2. Thus
the second statement of (ii) follows. B

Proposition (4.17). Let b be an ideal of T and set B=J/bJ. Let # denote the
Néron model over S of B. Then for each r >0, e4(#B[17]) and e (#°[I"]) are
admissible for (S, S') = (P, Pk —{oo, n}) in the sense of § 1.

Proof. From (1.3), these are objects of the category € of §1, so it
suffices to show that (e4(#[1"])) (K *P?) and (4 (#°[I"])) (K*?) are admissible
as Gal(K*?/K)-modules. Note that both of these modules coincide with
e (BE™P)[17]).

Now since T4 /I" T is an artinian local rin g, there exists m > 0 satisfying & ™
CI'T,. Then we have

exBE*) "D CBE ™) [£"],
accordingly it suffices to prove the following statement (m) for each m > 0:
(m) : B(K*®)[#™] is admissible as a Gal(K **/K)-module.
If we admit that (1) is true, then for each m > 1, from the exact sequence

15 «eey Ak

(a:, )
0—B&K™) [£]—BE*=) [£m] 5 & B=) Lem1),
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where {a, ..., a:} C Tis a fixed set of generators of ¥ (i.e. Z=Ta,+ - +Tay),
we can reduce (m) to (m—1). Thus we have only to prove (1).

Set L=K (B[], 11), that is to say L is the subfield of K*® corresponding to
the kernel of

Gal(K**/K) — Aut(B(K*?) [#]) X Aut(u ,(K*P)).

The extension L/K is a Galois extension and G=Gal(L/K) is a finite group.

For each p&X—{oo, n}, B has good reduction at p. Therefore L/K is
unramified at p and the Frobenius element ¢ ,&G is defined (up to conjugacy).
Note that

B&*) [£]<B(0% ) [£]= (@xc() k() [£]

since B has good reduction at p. Then from (3.10), we see that the action of ¢, on
this finite module satisfies 92 —T, + ¢ ,+q *“8*=0. Moreover, since T, — (1+g%?)
&1 by (4.8) it satisfies

(03,— (1+qdegp)¢p+qdegp=0, or
((pp—l) ((Dn_qdeg ")=0

This implies that the characteristic polynomial of ¢, in the Z/IZ-vector space
B(K*?)[#] can be written as follows :

X— DX —g "), @y +8,=7,

where 7 is the dimension of B (K *?) [ #] over Z/IZ.
Now set

W=BEK*)[£]®BE*[£]"Y,

where (B(K*?) [£])Y =Hom z,;z(B&*?) [#], 1K *")). (Note that the action
of Gal(K**/K) on W factors through G, so ¢, acts on W.) The characteristic
polynomial of ¢, in W is

K= D5 —g %)% - X—q*s ") — D= (X~ DT (X —g*2?),

which coincides with the characteristic polynomial of ¢, in (Z/1Z)"®(u (K *¥))".
Moreover, the density theorem of Chebotarev type (cf.[33, XIII, Theorem 12])
implies that for any g G, its characteristic polynomial in W coincides with that of
(Z/1Z)"®(u,;(K*P))”. Hence the semi-simplification of the G-module W is
isomorphic to (Z/1Z)"®(u (K *?))", by the Brauer-Nesbitt theorem([4, 30.16]).
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Since B (K *?) [#] C W, this completes the proof. B

§ 5. Main Results

We follow the notations of the preceding sections (especially § 3 and §4).

Let | be an Eisenstein prime number and % the Eisenstein prime ideal
corresponding to . Let B be a minimal prime ideal of T (i.e. B {B 4, ..., P} in
the notation of (4.5)). We assume that PC.L. Set B=J/PJ and let # be the
Néron model over S of B. The factor ring R :=T/P may be regarded as a subring
of Endx(B). Note that R is an order of the (algebraic number) field F of fractions
of R.

The decomposition (4.15) :
To=Tex (Te), e2=(1, 0)
induces
ROZ =Ty /PTe X (T2)' /P(To)’
and
F®Q,=RQQ,=E XE’,

where E=T /%nggQ, and E'= (Ty)’/ﬂs('i"g)@o,. Let E=E,X - XE, be the
decomposition of E into fields E 1, ... , E; of finite degree over Q,. The assumption

PCZ implies that E #0.
For an E-module ¥, we define

dimg ¥ :=(dimg (e.V), -+, dimg, (esV ),

where e;=(0, ..., 1, ..., 0)EE X - XE,;=E.

i

Theorem (5.1). Notations and assumptions as above. Set
V=esHu(S, V(#)),

where H4(S, V(#)) = (lim H4(S, #[1"]1)) QQ, by definition. Then
(i) dimg V=0, ...,00r (1, ..,1) (e Vis a free E-module of rank < 1).
(ii) dimg V=(0, ..., 0) ifand only if w,+1EP,

dimg V=1, ..., 1) ifand only if w,—1EB.
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Proof. (i) First we note that
V=eeHu(S, V() =eHu(S, V(%) =im HL(S, e 2°["])) PQ..
Now e£(#°[17]) is admissible from (4.17), so it follows from (1.11) that

h'(ex(B°1'])) < 0.(e(B°UD) +h (e (8°117]))
< 0.(e£(B°I"]))+Lo,

where we define L =lengthz . B(K)[I™]. (Note that L, < co since B(K) is a
finitely generated Z-module.)

Lemma (5.2). #°Xx(n) is a torus. In other words,
#°Xk(m)=(Gn),
where b is the dimension of B.
Proof. By the result of [13], we see that the special fiber of .# °, the “connected
component” of the Néron model .# over S of J, is a torus. From this, the statement
follows immediately. B

From (2.1) and (5.2), we conclude that

0n(ee(B°[17]))=r - 2 dimg E—r - dimg E

=r - dimg,E.
Now from the exact sequence
H'(S, e (B°I"1)) = H'(S, ex(B°U"])) >H'(S, e« (2°(1'])),
we obtain the following exact sequence for each r > 0

T—">T—H'S, e2(2°1]))
(e. T/I'T = H'(S, e£(#°[I"])),

where T=1im H'(S, £#(#°[I™])). Thus, for each r > 0, we have

rdimgo V <length,T/I'"T (Note that V:T(z@IQ,.)
<h'(es(8°I']))
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<6.(ee(B°I7]))+L,
=r dimQ1E+Lo.
Since 7 > 0 is arbitrary, we obtain dim o, V' < dimg,E, or
h h
;: [E:: Q] dimEl(eiV) < § [E:: Q.
Case 1:dimg(e; V) >0 foralli=1, ..., h.
In this case, the inequality above forces dimz(¥) to be (1, ..., 1).
Case 2 : There exists an i & {1, ..., h} such that dimElc(e i, V) =0.
Let p’»(resp. 0'; ;) denote p r(resp. 0, 5,) for B/K and R — Endx(B) s
Endx(B") (cf. §2). Since 0%, £, =0, we obtain that 07=0 from (2.4) (ii). This
implies that for alli=1, ..., h, 05, £=0 ((2.4) (1)), i.e. dimgV=(0, ..., 0).

(i) Fix a polarization A : B—B’ over K.

Lemma (5.3). The ring homomorphism R — End g (B) satisfies the condition
2.6).

Proof. Take a prime number I’ which does not divide g(e.g. I'=I) and let
e} : Ty BK)) XTr (B(K)) = Zy (1)

be the Weil pairing associated to A. It is well-known that the condition (2.6) is
equivalent to :

el (ax, y)=el(x, ay) forall x, y=T, BXK)), acR.

Now for each maximal ideal p#n of 4, we have an isomorphism
Ty BEK)) =Ty (B x£(p)) (£(p)),

via which we shall identify these two modules with each other. Denoting by ¢, the
# (£ (p))-th power Frobenius element in Gal(x(p)/k(p)), we obtain

e} (Tox, y)=e; (@, +q*P @, Dx, y)
=e; (@ox, y) +q**%e} (9, Dx, y)

—-1,2

=@,e;(x, @;'y) +q* P9 e} (x, @)
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=q%Pe} (x, ¢, 'y) +er (x @4p)
=e}(x, (@%@, +0,)p)
=e} (x, T,y) (3.9)

Since T’@QD T in the notation of the proof of (4.2), this completes the proof of
the statement. [ |

Because of (5.3), we have 05, £ =07, 5, for eachi=1, ..., h . (Note that o r
=p’r is clear from (2.3) without (5.3), since 1 induces a Q,;[Gal(K**/K)]-
isomorphism ¥, (B(K)) =V ,(B'(K)).)

Now for eachi=1, ..., h, we have

(54) org <1

from (i), and

(5.5) 0r 1 =pr(mod. 2)

from (2.7). Further we define £,& { =1} by the condition w,—&,=%. (Observe
that w,—1) (w,+1)=0&9 and P is a prime ideal of T.) Fixing an inclusion E

— Q, and applying (3.17) (ii), we obtain

(5.6) (—1)Pr=—¢,.

Then
en=—1=pr=0(mod. 2) (5.6)
@UF, L E, = O(mod 2) (55)
:>0'}:; 1 E':O (5.4)

and

en=1=pr=1(mod. 2) (5.6)
:>0E LE, = l(mod. 2) (55)
:>GE 1 E1:1' (5-4>.

The following is the main theorem of the present paper.
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Theorem (5.7).
(1)  J(K) is finite.
Gi) WU /K)®Zlg '] is finite.

Proof. From (4.11) (ii), it suffices to prove, in the situation of (5.1), the
finiteness of B(K) and Il (B/K) ®Z[q ~'] under the assumption w ,+1EP. Note
that E#0. From (5.1), 05, g, =0, which implies that 0,=r=0 by (2.5) (i). Here
r=0 means the finiteness of B(K) and o,—r=0 implies the finiteness of IIl (B/K)
QZlg ~1([27D). [ |

Remark (5.8).
(i) Define I, to be the ideal of T which is generated by {T,— (1+q%&?) |p#n} U
{w.+1}. By definition, T/I=Z/NZ for some natural number No > 0. We
claim that No#0. In fact if Ny=0, then E=J/I,J is a non-zero abelian variety
over K and (3.10) implies that the action of ¢, on V;(E (K)) satisfies the equation
(¢,— 1 (¢p,—q*E") =0, where p&X — {0, n} and [ is a fixed prime number prime
togq. This contradicts the well-known (and already proved) “Riemann hypothesis”.

From definitions and from (4.8), we obtain that I , DI and that N divides N .

Question (5.9). I,=I? (In other words, No=N?)

In the case of the modular curve X,(p)/Q (p : prime number), Mazur has
settled the corresponding question ([19, II, (9.7)1).

Note that if we define I to be the kernel of T— (T/I,) @Z[q ~1], then I,C
I,CI from (4.7) and (4.8), and the results of this section still hold in case I is
replaced by I;.

(ii) We ask another :

Question (5.10). J=J?

(We have seen in (4.13) that this is true unless q is odd and d is divided by 4.)
The corresponding question in the case of the modular curve X ,(p) over Q
(p : prime number) has also been settled by Mazur ([19, I, (17.10)]). Without
the equality (5.10), however, we may hope that J ~ will play some role in the study
of rational points on Drinfeld modular curves (cf. [20, § 3, Axiom 2]).
(iii) Roughly speaking, our theory is concerned only with the Hecke algebra
tensored with Q. (It might sound strange because the Eisenstein ideal does not
make sense after tensored by Q, though.) In fact, the finiteness of the Mordell-Weil
group and the Shafarevich-Tate group only involves the Hecke algebra tensored by
Q.
On the other hand, in [19], to settle the questions corresponding to (5.9) and
(5.10) above, it is necessary to develop an elaborate theory of the Hecke algebra
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itself, and, for that, the theory of modular forms defined over an arbitrary
commutative ring, not only over a field of characteristic 0, is indispensable.

This is the main reason why (5.9) and (5.10) remain open in our case.
Drinfeld’s theory only involves automorphic forms defined over a field of
characteristic 0, like Q,, and no satisfactory theory of automorphic forms defined

over an arbitrary commutative ring has been established so far in the function field
case. B

Appendix. The Endomorphism Ring of Jo(n) (n: Maximal)
Notations as in the text. We prove the following theorem (cf. (4.2) (iii)).
Theorem (A.1). If n is a maximal ideal of A, then

End g(Jo(n)) =End ¢ (Jo(1)).
Corollary (A.2).
TQQ=Endz(Jo(n) QQ.
Proof. Tmmediate from (A.1) and (4.2) (ii).

Corollary (A.3). There exist the following one-to-one correspondences

{E—isogcny classes of E—simple abelian variety factors of Jo(1)}
<> {K-isogeny classes of K-simple abelian variety factors of Jo(n)}
<— {K-isogeny classes of K-simple abelian variety factors of Jo(1)}
<—> {fields occurring in the direct product decomposition of T@Q}

<—> {minimal ideals of T}.

Proof. Easy to see from (A.1) and (A.2). (Note that T is commutative.) §
Remark (A.4). It is known that for an abelian variety B over a field K,
EndL (B) - EndK sep (B)

holds, where L is an arbitrary extension field of X including K ***. Therefore A)-
(A.3) still hold if we replace K by such L (especially by K *P).

Now let us begin the proof of (A.1). Write J instead of Jo(n) as in the text.
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First by using the result of [24], we shall show that the endomorphism ring is
defined over an extension field of K which is “quite small”.

Lemma (A.5). J has semi-stable reduction at any vEJ.

Proof. AtvEX— {n, o}, J has good reduction. At v=n, the result of [13]
implies that J has semi-stable reduction (cf. (5.2)). At v=oco, (3.7) implies the
following Gal(K *?/K «)-isomorphism :

ViUEKD*QQi=wes,

where W is as in §3 and g is the dimension of J. Therefore we obtain a
Gal(K %P/K - )-isomorphism :

ViIUEK))QQi=(W )%,

which implies that the action of the inertia group on ¥;(J(K .)) is unipotent, since
there exists an exact sequence :

0661(1)—)W§_>61_>0- [ |

From [24, Theorem 1.1] and from (A.5), we can see that all the elements of
End ¢(J) are defined over the maximal unramified extension field K of K. Note that
the field K coincides with F, K (=F,(T)), as 7;(P+ , *)=1. Since Endz(J) is
finitely generated over Z, we have !

Endz(/) =Bnd ¢ (/) =Endy, ()
for sufficiently large r. E

Remark (A.6). For a polarization A : J—>J’ over K, T®Q is invariant under
the Rosati involution, as we can see by using (3.9) (cf. (5.3)). Therefore the
pairing (x, y) —> Trrea/q (xy) on TQAQ is positive definite, hence, in the decom-
position (4.4) TQQ=F,X:-XF,, each F, is a totally real algebraic number field.
On the other hand, each K-simple abelian variety factor of J has semi-stable bad
reduction at 1, as can be seen just as in (5.2). So, no such factor has complex
multiplication in the sense of [28].

Thus the assumptions of [24, Theorem 2.3] are all satisfied and the conclusion
is that all the elements of End g(J) are defined over the compositum of quadratic
extension fields of K. So, we obtain

Endz(/) =Endy (1) ;
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in other words, we may assume r=2. (But this result will not be used in the proof
below.)

Since End x(J)/End x (J) =End gsee (J) /End ¢ (J) is a torsion-free Z-module as
can be seen by considering the action of Gal(K**/K), it suffices to show

Endz(J) Q=End«()) Q=TQQ,
or
Endz() 9Q,=TOQ,
for a prime number / not dividing q.

Notation (for simplicity). Let k be a field and let ¥ and ¥’ be Q,[Gal(k **/
k)]-modules. For an extension field k” of k which is included in k *?, we define

Hom ) (¥, V') :=Hom g, jga v (¥, V7).

Lemma (A.7). Let Vand V' be Q,[Gal(K **/K ..)]-modules both of which are
isomorphic to W . Let L be a finite extension field of K  which is included in K %P
Then

Hom ) (¥, V') =Hom «_,(¥, V").

Proof. We may assume that V=V'=W .. We have the following non-split
exact sequence of Gal(K $?/K ..)-modules :

0—> Q> W.—>Q,(—1)—0.

This exact sequence is non-split also as a sequence of Gal(K /L )-modules, since
the image of the inertia group of Gal(K ¥*/K =) in Aut(W ) is infinite. Let D be
the image of Q,— W . above.

Now f EHom (1, (E/m, W ..) acts on D since Hom <L>(51, Q,(—1))=0. AsD
is of dimension 1 over Q,, f—a - id w_ kills D for some aEa . Iff—a -idw_ does
not kill the whole space W, then (f—a - idw_) W « is a Gal(K %/L)-submodule
of W of dimension 1 over Q,. Since the exact sequence above is non-split,
(f—a * id w_) W - must coincide with D.

0 > Q — We — Q-1 — 0
ol e if-a-idwm
0 - Q —> Weo — Q(—=1) — 0.
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Hence f—a - id w_ induces a non-trivial element of Hom (., (Q,(—1), Q)), which is
absurd.

Thus f—a - id w_ kills W, that is to say fEQ, - idw_. This shows that
Hom )(W o, Ww)=Q, * idw_CHom x_)(W «, W), which implies (A.7). B

Each element fEEndg(J) defines an element of Endg (@p(n,)) 1n the
proof of (4 2). It suffices to show that the image of f belongs to H Q;
(CEnd QI(1®‘O(7Z ))). Thus the following lemma (A.8) completes the proof of
(A.1), since Endg(J) =Endg,, x(J), as we have already seen.

Lemma (A.8).

o~ . id . ;— +/
Hom(Fq,K)(.O(ﬁj), P(ﬂ,’)):{(?l o {)th]erwise.

Proof. Fixing an embedding K ** — K %P, we have

Hom (¢, ,x) (0 (7)), p(z;))

CHom (FyrKo) (o(zp), p(zy))

=Hom «_)(o (), o(x;)) (A7),
SO
Hom (FyrK) (o (ﬂj>, 1% (ﬂj’ )
=Hom (F,rKNKy,) (.0 (ﬂj), p<7l'j’ ))
=Hom ) (o (ﬂj), Y (7[}" ),
which implies the statement, just as we have seen in the proof of (4.2). B
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