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The Flow of Weights in Subfactor Theory

By
Carl WINSLOW*

Abstract
We define a Connes-Takesaki type flow of weights for any inclusion of factors. It is shown that
Popa’s classification of strongly amenable subfactors as well as some new structural results on type
III-subfactors can be stated in a unified way using this invariant. The invariant also separates certain
“exotic” examples of subfactors which are not covered by that classification. ’

§1. Introduction

The flow of weights on a factor of type III was defined by Connes and
Takesaki in 1973 and has been studied ever since as a tool to classify factors of
type III and their automorphisms. The purpose of this paper is to discuss how to
adapt this approach to the classification and structure theory of subfactors.

Let us briefly review the single factor case [2]. Let M denote a properly
infinite von Neumann algebra with separable predual. Then we can choose a
dominant weight @ on M. Further, there exists an action 8:R — Aut(M,) such
that

(1) (M,0°)=(M,%,R,6)

where é:R—)meleR is the dual action of 0, cf. [23]; also there exists a normal
semifinite faithful trace Ton M, with

(2) 706, =e¢"'1, seR.

In view of (1), the pair (M, 0) is called a continuous decomposition of M.
Connes and Takesaki next defined the (smooth) flow of weights on M. In the
above setting, it is the pair (2", ™), where

3) P =ZM,)) (=M,"M,)
4) F":R, > AwZ"), FY=0 ., . 4>0.

Note here that since @ and @ are both essentially unique, the isomorphism class
of (", ™) does not depend upon a choice of them. The terminology is justified
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by a theorem in [2], which roughly speaking states that the lattice of projections
in 2" can be identified with the set of equivalence classes of so-called
integrable weights on M, on which %" then acts by simple scalar multiplication.

The flow of weights turns out to be a complete invariant for hyperfinite
factors of type III. In particular, the Connes invariant

So(M) = [1Sp(4,) \ {0}
[

(where ¢ runs over all faithful normal states on M) can be calculated as
&) So(M) =Ker(F ),

thanks to [23,9.6]. Then the classification [1] in types III,(0<A<1) is given by
which subgroup of R, this yields; and there is precisely one hyperfinite factor of
each of these types except in the type III,- case, where all non-transitive ergodic
flows are realized as the flow (", ™) for exactly one hyperfinite factor M.

This paper is an attempt to establish a similar unified picture of the wealth of
classification results in subfactor theory which has been obtained during the last
few years, and it is a natural continuation of our work in [24], [25]. Besides
deepening our understanding of existing results, such a picture is supposed to
provide directions for obtaining a complete classification, cf. Conjecture 4.1. In
fact, we define in Sec. 2 a Connes-Takesaki type flow of weights for subfactors
which is a simultaneous generalization of the standard invariant for subfactors of
type II, (cf. [17]) and the classical flow of weights for type III-factors (as
described above). After treating the classification issue, we demonstrate (in Sec.
3) how this new invariant contains information on the structure of subfactors even
in cases where no classification has yet been found. The invariant also separates
some exotic (non-classified) examples of type III-subfactors, which are due to H.
Kosaki, P. Loi and T. Sano, and which will be discussed together with further
applications in Sec. 4.

This work was essentially conceived while the author stayed at the University
of Tokyo, and the writing up was done at the University Copenhagen. We wish to
thank Y. Kawahigashi for his infatigable interest and encouragement. We are
also grateful to H. Kosaki for informing us of some inacuracies in a first version
of the paper and of some related results of his. Finally thanks are due to H.
Kosaki and P. Loi for pointing out the correction [29] to [15].

§2. The Relative Flow of Weights

Let M2 N be an inclusion of o-finite factors with finite index. Let E be a
faithful normal conditional expectation from M onto N chosen as follows: If M
(hence N) is of type II, E is the canonical trace-preserving expectation; other-
wise it is the minimal expectation (cf. [5], [6]). Also let
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NcM=M,cM cM,c--

be the tower for M 2 N, with the canonical conditional expectations E, : M, —
M,_, defined by E, = E, as usual.
Take any normal semifinite faithful weight y on M satisfying

YoE=y.
Also put ¢ =w{,, ¥, =V and

W,=WoEoooE, k1.
Finally let

N=Nx ,R, M=Mx ,R; M, =M,x_, R, k>0.
o o (o2

We then assume that
Z(M)=Z(N)

from which, in particular, it follows that (#",5")=(2",7"), so that M and
N are isomorphic if they are hyperfinite by the classification mentioned in the
introduction.

2.1. Definition. Let
PN (M, AN 2 M, "M},
and define an action .7 "2" of S,(N)xR, on #"=" by

o M2N _ A oo
Tt =0 Vool im0 () € S(NIXR,,

where (0"*)" is the dual action of o%. Then the pair (#"2", 7"2") is called
the flow of weights of MO N .

Note that the fundamental homomorphism on M o N, defined in [24, 4.2] (cf.
[13], [8], [4] for notation and background) by

T@)=(a]., )i, €Aut(M,N)

M; NN’

is in the above setting a homomorphism T :Aut(M,N)— Aut(HM=2N F My,
where Aut(ZM=2N, FM2N) denotes the set of (nested) automorphisms on 2 M=V
which commutes with Im(5 "=")=F"2"(5,(N)xR,).

Also recall that Loi’s invariant @ can in general be defined as

D(ar) = (|, o )io» @ € Aut(M,N),

and @ can be identified with T when M 2 N is of type II, (but not otherwise).
A few immediate observations should be noticed here.
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2.2. Remarks.

1. We need to define #">" as a sequence of inclusions of algebras in order
to get an invariant for subfactors, due to the possible discrepancy between
principal and “dual” principal graphs; however, in an abstract setting, one can
often just look at say {#M, N M’} for simplicity.

2. The isomorphism class of (£2"2", % "2") does not depend on the choice
of the weight vy, since (using the Connes’ unitary cocycle theorem [1, 1.2.1]) one
gets easily

(M, R, (6"))=(Mx R, (0*)")

for any two normal faithful semifinite weights x,, ¥, on M.

3. For M = N properly infinite, we have (£#"2",7"2")=(x", ")
because of equation (5) and [4, 13.1].

4. For M2 N of type II, S,(N)={1} and (#"=",7"2") is isomorphic to
the standard invariant ([17]) together with the trivial action, tensor L”(R) with
translation. The last factor in the tensor product being independent of M D N, we
can ignore it, hence identify the flow with the standard invariant.

5. For Mo N of type III,, (#"2",7"2") is isomorphic to the standard
invariant of the type II,-inclusion associated to M DN via the common
continuous decomposition (see [12]), together with the R, X R, -action

v o0
(505 (6" Yioge| Voo

which is essentially the Loi invariant of the R-action from the continuous
decomposition of M D N, cf. Eq. (13).

6. For Mo N of type III,, S,(N)={1} and our invariant reduces to
restriction (6**)" to MA A N’, which has been previously considered by Kosaki in
[9], [10], cf. Sec. 4.

Without further ceremonies, we state the theorem which was our first
motivation for studying the above concepts:

2.3. Theorem. The classification of strongly amenable subfactors of type
II ([17]) and type 11, (0<A<1) ([18],[19]), as well as the classification in [20]
of finite depth type 1lI,-subfactors, can be formulated as follows: All these
subfactors are completely classified (up to isomorphism) by their flow of weights.

By 2.2.4 above, the type II-case of the above theorem is obvious.
The proof of the following statement is routine and we leave it to the reader.

2.4. Proposition. Let AD B and M be factors with A= B of type 11 with
a common trace. Then

({@A@MQB@M, 9;:?"423®M) = (gAQB ® ,_qu, 1@ %XM)
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for all (g,5)eS,(M)xR,.

Then the type III,-case of the theorem follows from [20] and the following
easy consequence of [17], the classification of hyperfinite factors and the above
proposition:

2.5. Corollary. Subfactors of the form AQM D> B®M, where ADBisa
strongly amenable subfactor of type 11, and M is a hyperfinite factor, are
completely classified by their flow of weights.

So we only have to deal with the discrete type III case of the theorem. This
will be done in the next section.

We end this section with a remark on the computability of flow of weights.
For the type III,-case, cf. also [28].

In the single factor case, the flow of weights of crossed products by discrete
amenable groups can be computed in general in terms of the invariants of the W' -
dynamical system we start with (see [22, 1.5], [21, 4.1]). In the subfactor case,
we lack the invariants for a general computation as in [22], because we do not
have a general classification for discrete amenable actions; in fact only the
strongly free case is known (see [27] for a survey). Here, an automorphism
o € Aut(M, N) is called strongly free if, for all k>0 and a € Mk the property

6(x)a=ax, xeM
entails a = 0. (Cf. [25] and [10] for further discussion of strong freeness.) Then
we have
2.6. Propeosition. Let M D N be a subfactor and O a strongly free action
of a discrete group G on M O N. Put
M=Mx,G, N=Nx,G.
Then

(il 5y = (b yT@ i s

i.e. the flow of weights of the crossed product equals the fixed point algebra of
the original flow by the image of the action under the fundamental
homomorphism.

Proof. By the argument of [18, 1.5], strong freeness of & means

M, AM'=M, "M’, k>0
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where M, is the crossed product of M, by &,. The proof in [21, 4.2] that the

crossed products by R and G can be interchanged in the obvious sense also works
for inclusions. Hence we get

~

M, "M’ =M, "M’ =M, "M’ = (M, ~M")%

for all k= 0, and the flow is as claimed. Q.E.D.
Note that [26, 5.2] is a special case of the above general statement.

§3. The Discrete Type III-case.
As an illuminating and fairly well understood class of type III-subfactors, we
study in this section the subfactors M 2N of type III, (0<SA<1) with the
property that there exists on N a A-trace ¢ satisfying

M,,vN=M

where E is the minimal conditional expectation. This condition is equivalent to the
requirement that Yy =¢oFE is a A-trace on M, i.e. M and N have a common
discrete decomposition in the sense of [12]. Namely, if Ue#%(N) is such that
o/ (U)=A"U, teR, then also 0/ (U)=2A'U, teR. Hence with P=M,, Q=N,
and 0 = Ad(U)|, € Aut(P,Q) we have

M2oN)=(P2O)X,Z.

Note also that by definition we have Sy(N)={A":neZ}.

3.1. Theorem. In the above situation, there is an isomorphism

(6) [: "N 5 pP0 @ N

such that

(7) IZA’Z’f;VI"=d)(9”)®ZN, neZ, seR,
(8) IT(@)I' =d(a,)®mod(0] ), &€ Aut(M,N)

where mod is the Connes-Takesaki module ([2]) and &’ is a perturbation of O by
a unitary from N such that, for a R, with 3‘;“ = mod(e) ',

poa’=pup, ’U)=U.
Proof. We construct below the isomorphism 7 and check that (7) is satisfied.

It is left to the reader to check (8), but the proof of [24, 4.6] contains the
essential calculations.
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In the construction of (#"2", % ">") we can use the A-trace y by Remark

2.2.2. Thus oY is periodic with period 7, = 1_2” and we obtain an action ¥ of

R/t,Z on M by putting

-
Criy =0/ teR

where 1:R—>R/tZ is the identification map. By [4, 5.4] we obtain an
isomorphism

J:M— M, R/1,2® L~ (0,log ™)

given by
Jrx)=m,(x)®1, xe M
JA0) = A,(n(1) ®m(e"), teR

where m:M — M and 7,: M — M x,,R/t,Z are the usual injections, 1:R— M

and A, :R/t,Z — Mx,,R/t,Z are the left regular representations, and m(e")-
E(s)=e"E(s) for teR, s€]0,logA![ and e [*(0,logA™"). Hence, for xe M,
s,teR and neZ, we find:

J@¥), TN (T, () ®1) =7, (x) ®1

:\+nlog/l
J(0Y)2 s (Ao (M) @ me™)) = J (e A A(1))

— ﬂf"”lo(T](t)) ® e—nlm(en‘ )
=" A, (M) ® F M (m(e)),

where the last equality comes from the special form of (PM, 7", cf. [2, IV.1].
It follows that

T ) ond =@ @ T =6,0. 7"

where we identify, as usual, the dual group of R/¢,Z with Z and o with 6.
We thus have

(M,(6Y).100) = (PRGZNZ)® M, 6, ® F M),

?+nlog/l
By Takesaki duality [23],
(Px,Zx,2,0)= (P® #(/*(Z)), 0@ Ad(©Q)),

where @ is the right regular representation of Z on B(/*(Z)). Hence

(M (0¥ ), 1002) = (PO LB(/HL)®FM, 0" ®AIQ)®TM).
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This argument carries through to the whole tower (M,), with isomorphisms
preserving the inclusions, so we can define I by the composition of J’s and
Takesaki duality. Then we get (7) by restriction to the relative commutants.

Q.E.D.

3.2. Corollary (Popa). Strongly amenable subfactors of type I, (0 <
A < 1) are completely classified by their flow of weights.

Proof. Popa’s classification ([19]) says that these subfactors are classified by
the standard invariant of the associated type II-inclusion together with the
standard part of the automorphism from the discrete decomposition; these are
contained as the first tensor component in the right hand side of (6) and (7). (In
fact, the invariant is seen to contain the single factor flow and hence the “type” of
M=N.cf Eq.(5).) Q.E.D.

3.3. Corollary. With notations as above, let O be a strongly free action of
a discrete amenable group on M D N . Let

M=Mx,G, N=Nx,G.

Then if M2oN is strongly amenable, so is M D N . Conversely, if G is finite and
M 2 N is strongly amenable, so is M D N .

Proof. From Proposition 2.6 and the theorem, we have (with the notation
from there):

PN = P20 @ PN
and
oMl ~ (P P20)(@lp) @ (GpN ymod@ly)
Thus, by definition, strong amenability of M 2> N and M2 N means strong

amenability of %22 and (#"2)"@") respectively. By [25, 3.5], a|, is strongly
outer on P 2 Q. Now the conclusion follows from [26, 6.1]. Q.E.D.

3.4. Corollary. Let M D N be an in the theorem, assuming further that
M 2 N has finite depth. Let 'y denote the canonical endomorphism for M 2 N as
in [16]. Then

Ker(F "2")={A"" :ne Z} x S,(N)

where ny=max{ne N:o ,, is contained in y* for some k>0}.
—nlogd
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Proof. From the theorem, 9(“17’2)” =1 if and only if 6;],,., =1 for all k and

"V =1. By Eq. (5), the last condition means te S,(N). With n, as above,
assume n, >1; then by [10, Lemma 9] we have 0,f°|Pka, =1 for all k, but for any
n<n, there is a k € N such that 6;], ., #1. Also, by definition n, =1 means that
no other modular automorphisms than 1 are contained in the powers of ¥ (in the
sector sense), and by [7] this means M o N is isomorphic to a type II,-subfactor

tensor M; however, by [12, Sec. 3, Sec. 6] this happens if and only if ®(0)=1,
ie. 0}, =1forall k,neN. Q.E.D.

A similar result can be obtained for type III, -subfactors with core inclusion
of finite depth, using [10, Lemma 11]. In particular defining

9) S,(M, N) = Ker(F "=")

(which is natural in view of Eq. (5)), we get the following for such type III,-
subfactors as well as for subfactors of the kind considered in Corollary 3.4:

(10) So(M,N)=S,(N)XSy(N)&(Mo2N)=(MDN)"®M

where (M 2 N)" is the standard part of the core inclusion. It would be interesting
to have more information on S,(M,N): the possible values, further structural
interpretations etc.

We now turn to the study of the image

Im(.7 ") = {F[?" : (g.1) € S,(N)X R, }

of FM=2N,

For a single, injective factor M of type III, (0<A<1), we have
(11) Im(mod) = Im(7 ")

as subgroups of Aut(#",.%"). Here, the inclusion ¢ is [2,1V .1.3], and in fact
injectivity is not needed for this part. The reverse inclusion is also well known;

for the convenience of the reader and the proof of Proposition 3.5, we outline the
details. Let 8 be the one-parameter action on the injective factor Ry, of type II_

given by 7of8 =e’'t (s€R) where T is a trace on R,,, then the dual weight
T of 7 isa A-trace on M, and M can be represented as M =R, X o Z.Llet B
be the obvious extension of B to M. Then as 7of, =e 't we have mod(B,)=
FM for all seR. (In fact B; can easily be modified to an action of R/(ZlogA)

on M with these modules.)
In the subfactor-case, we shall show that

Im(T) # Im(F M=2N)
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can occur, though equality does hold for small indices. More precisely, we have:

3.5. Proposition. Let notation be as in the beginning of this section.
Further, let & = ®(Aut(A, B)) for the Il,-inclusion associated to the core P2 Q
of M 2 N, and assume that M D N (i.e. that A 2 B) is strongly amenable. Then

Im(F¥2") c Im(T)

holds. Moreover, the following conditions are equivalent:

(1) Im(Y)=Im(5F "=2V)

(i) Zn{D(O)} is isomorphic to Z or Z, for some neN
where ®(0) is viewed as an element of & in the obvious way.

Proof. To prove the first statement, we represent the subfactor as
(M2N)=(A®R,, 2 BO®R,)x Z

6" ®B g1

where [ is as above, cf. [18]. Then observe that 6 ® B, can be extended to
M 2 N just as in the argument before the proposition, and that this produces all
values of T by Theorem 3.1 (cf. below).

Now let o € Aut(M,N) and form a’ as in Theorem 3.1. By (7) and (8) there,
we have

T(a)=®(a’|,)®mod(c )

and

%f{,f” =®O"H®F".

Hence (i) is equivalent to the condition that, for all o € Aut(M,N),
(12) (] ,) =D(O)" for some neN.
Obviously, if (ii) holds, then (12) must hold as well, since by construction
[0’,0]1=0 and hence ®(a|,) € T N{D@6)} .

Conversely assume (12) is true. Take any o € Aut(A,B) with ®(0)e &N
{®(0)). Let 0 be the extension of c®1 on (ADB)®R,, to MO N, where

P2 Q is identified with (A2 B)®R,,. Then with the above notation,
0’|, =0®1 since [c®1,0]=0and ¢oG =¢. Now, by (12) we get

®(0) = D(0’|,) = D(O)

for some neN. Q.E.D.

3.6. Coreollary. With notations as above, assume M 2 N has minimal
index less that 4. Then Im(Y)=Im(F "=2V).

Proof. By the classification of the type II,-subfactors, the principal graph of
the II -inclusion associated to M D N is one of A, (neN), D, (n=2), E, E;
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and the corresponding value of % is trivial in all these cases except for D,,
where it is Z,. Hence (ii) in the proposition is automatic. Q.E.D.

As we move up in index, the conclusion of the corollary fails. This is
illustrated by the following.

3.7. Examples.

1. Let 0 be the outer action of G=7Z, ®Z, on the hyperfinite II,-factor R,
and put B = R, A=Bx,G. Then % for this inclusion is Aut(Z, ®Z,)=S, by
[13], so with (M 2 N)=(A2B)®R,, where R, is the Powers factor of type
I, , we get Im(% "2")cIm(T) by the proposition. This example is rather trivial

because ®(0)=1 in the notation above.

2. A less trivial example is obtained e.g. by taking G =Z, ®Z; and construct
ADB asin 1; then =D, ®Z, and we let 0 be the element generating Z,.
Then put (M2 N)=((A2B)® R, )XsgeZ where 6, is given by mod(6,)=A1.
Then D, £Zn{®(B)}) =% Nn{o} and hence this group is not singly generated, so
that again Im(% "=¥)<Im(Y).

3. Let n>2 and let B be the index 4 subfactor of A = R with principal graph
AV asin [3,4.6.7,4.7.d]. By [14, 4 .4], % =Tx,Z, for some Z,-action y on the
unit circle T, and taking any nontrivial c e T<% , we have T<Z N {o}, hence
the corresponding (index 4) subfactor of type III, constructed as in 2 has
Im(7 "2")cIm(7T), but is not splitting like the example in 1.

Note that from the list in [14] and the proposition, if M D N has index 4, then
Im(# *2¥) =Im(T) unless we have trivial splitting as in 1, or the type II-graph is
A like in 3.

§4. A Look at the Remaining Cases

The only known type if classification result for subfactors of type III, comes
from Popa’s general theorem [20] stating that strong amenability, central freeness
and approximate innerness for a subfactor imply that it splits into a type II;-
subfactor tensor a single factor, so that classification follows from the II,-case
and the classification of single hyperfinite factors, and by Proposition 2.4 the
resulting classification can also be expressed using the relative flow of weights.
From a type IlI-viewpoint, subfactors splitting in this way are of course not so
interesting. In fact, by Eq. (10), the splitting corresponds to “trivial relative

flow”.

However, P. Loi showed in [14], [15] (cf. [29]) that there exists a non-
splitting inclusion of type III, with core of finite depth and that an uncountable
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family of type III,-subfactors with the same type II and type III standard
invariants as such an inclusion can be obtained under rather weak assumptions.
Namely, let M >N be such a subfactor (cf. [14, 5.5] for examples), with
continuos decomposition (M 2 N)=(P 2 Q)X,R. Then as P 2 Q carry a common
trace (the one satisfying Eq. (2)), it splits as (P2 Q)=(A2B)®R;, where
A D B is a finite depth subfactor of type II, and R, is the hyperfinite type II_-
factor. Now, assume @ splits as an R-action in the following way:

6 =6 ®0"

where 6% € Aut(A, B) is given by ®(6) using the generating property (cf. [18]),
and 0% is the unique tracescaling (as in Eq. (2)) R-action on R,. Note here that
this assumption holds for all Loi’s examples and that it is conjectured to hold in
general (cf. below). Then, for each £> 0, define an action 6° of R on P2 Q by

0 =07®0%, reR
and put
(M¢ 2 N°)=(P2Q)x,.R

Clearly Ker(®(6¢))=¢£"'-Ker(®(0)). Assume further that Ker(®(0))#0; this is
an extra condition on A D B to which we return in the next paragraph. Then as
Loi’s invariant maps cocycle conjugate actions on A D B to conjugate actions on
{A, " B’}, we conclude that

(M¢ 2> Ne)z (M D N¥), e€#¢’.

Now, as (0¥ )? is easily seen to be the canonical extension of (o¥* )" on the
tower NCMCM c- CM for all seR, we can identify (o¥ )" with
6,), ® Ad(@,) via the Takesaki duality Mk =P, ® #(L*(R)), where € is the
right regular representation. Hence in the above situation,

(13) (PN, F N =({B.n Q' 2 B, NP}, ®(6_,,))

so the uncountable family (M*® 2 N¢),, is separated by (the kernel of) the
relative flow of weights. In this context, Eq. (10) says that all M¢ > N* are non-
splitting.

After the completion of this paper, it was pointed out to us by H. Kosaki that
Ker(®(0)) =0 does occur (cf. [10]) but that, even in this case, a finer invariant
separates the inclusions M¢ 2 N¢ (cf. [29]). Also a construction similar to Loi’s
above then works without assuming finite depth of the core (or splitting of ). The
point here is that this new invariant, which is a relative version of Connes’ T-set,
is also defined in terms of the relative flow of weights, so this flow also separates
this larger family of examples.

Finally, the area of subfactors of type III, is completely different in flavor
because the core inclusions are not factorial, so that ergodic theory appears in a
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relative form. This was used by Kosaki [9] and Kosaki-Sano [11] to construct
uncountably many examples of non-splitting finite depth inclusions with the same
principal graphs and (integer) index. The uncountable number of such inclusions
follows from the wealth of so-called finite-to-one ergodic extensions of ergodic
flows, and the resulting subfactors are shown to be non-isomorphic by proving that
these extensions are isomorphic to the inclusion data

(14) (1—e, v---ve )M, "N, (6% )| )

(l-eyv ve; )A:lk AN’

).
Moreover, due to the actual construction of M D> N, (14) is obtained from
(MAHIV’, (oY), .5) by deleting the “trivial ergodic component”. Hence

(for some finite k) as an extension of the single factor flow (Z (M), (c" )Alzm)

again, the examples are separated by the relative flow of weights.

To obtain a classification for subfactors of type III,, we first have to define a
concept of strong amenability; this is done by demanding strong amenablhty of the
(factorial) component inclusions in the central disintegration of Mo N, cf. [28].
With this definition, strong amenability is defined for all subfactors of type III in
a consistent way. We then pose the following

4.1. Conjecture. Strongly amenable subfactors of type Il and type 1II,
are completely classified by their relative flow of weights.

We have been able to prove this in the type IIl;- case, in particular we re-
obtain the results due to Kosaki and Sano that were discussed above. The
techniques used in the proof of that theorem are quite different from what we
considered here, and will be presented in [28] together with other applications.

In type III,-case, the above conjecture is well known and widely believed.
Namely, by Remark 2.2.5 we see that the problem essentially is to show that
trace-scaling one parameter actions in a strongly amenable type II  -subfactor are
classified by the Loi invariant. This problem is highly non-trivial even in the
single factor case, where it asks for uniqueness, and is solved indirectly by
Haagerups proof of the uniqueness of the hyperfinite type III,-factor. Haagerups
techniques were also crucial in [20], but it seems likely that they cannot be used
directly beyond the finite depth case.
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