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The Chern Character of the Symmetric Space El
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By

TAKASHI WATANABE*

Abstract

The purpose of this paper is to describe the Chern character homomorphism of the compact
symmetric space El.

§1. Introduction

Let E6 be the compact, 1 -connected, exceptional Lie group of rank 6 and
PSp(4) = 5/7(4) /{±/4} the coset space of the symplectic group of degree 4 by its
center (where In denotes the unit matrix of degree «). There is an involutive
automorphism p:E6-*E6 whose fixed point set Eg is PSp(4) (see [9]). So the
coset space E6/PSp(4) is a compact, 1 -connected, irreducible symmetric space
which is denoted by El in E. Cartan's notation. The cohomology and K- theory of
El = E6/PSp(4) are known (see [3], [4] and [6]). In this paper we describe the
Chern character homomorphism of El.

According to Ishitoya [3], the cohomology of El is as follows. Its rational
cohomology ring is given by

H (EI-Q) = Q[e,]/(el)®AQ(e9,e}1),

where et eHl(EI',Q). Note that dim El = 42. The integral cohomology of El has
only 2-torsion, and

where the relations 4e% = e'6, 2e%e9 = e'{1, 2e%e{1 = e'^ and 4^8^9^17 = e^ hold.
According to Minami [6], the AT-theory of El is as follows. The complex

representation ring of E6 is given by

(1.1)
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where AA denotes the k-th exterior power operation, dim cpt = dim <p6 = 27,
dimcp2 = 78 and the relation AVi = A3<p6 holds. Let x\ = t(H4)c]

e ^(S/K4)) • Then

(1 -2) *(S/*4)) = Z[*,, A2^, A3 *,, A4^ ],

where dimA*^, =| t |. As a subring of R(Sp(4)),

(1.3)

The element j}
2-64 belongs to the augmentation ideal I(PSp(4)). Let

G KQ(EI) denote the image of x\ -64 under the composite

R(PSp(4)) — ̂ -> KQ (BPSp(4)) — ̂ -> ^° (£/),

where (X is the A -ring homomorphism of [1], and je : El — > BPSp(4) is the map
induced from the inclusion /6 : PSp(4) -» £6 . Let (7(£6)) be the ideal in R(PSp(4))
generated by the image of i6 : 1(E6)—> I(PSp(4)). Then the above composite
factors to give

where by [6, II, Theorem 5.3],

(1.4) R(PSp(4))/(I(E6)) = Z[^2]/(U,2 -64)3).

The homomorphism p : R(E6) — > R(E6) satisfies

(1 .5) p ( c p l ) = (p6,p
[((p2) = (p2,p

> (A>, ) = A>6 and p (A>, ) = A3<p, .

Let [/ be the infinite unitary group and in:U(ri)-^U the canonical injection.
Since Eg = PSp(4) , if p (A) = ^ and dimA = rc, there is a map fx\EI —*U(ri)
defined by

/A(jcP5p(4)) = A(jc)^W"1 for xPSp(4)<EEI.

Denote by j8(A-//) the homotopy class of the composite i n f ^ . Thus we have
P(9i-<Pj> j8aV1-A>6)e[£/,£/] = ̂ -I(£/). Elements jS(^), fKtfcp^e K~l(E6)
are defined in a similar manner. By [6, I, Proposition 7.3], the A'-theory of El is
torsion-free and

K

With the above notation, our main result is

Theorem 1. 77ze CTzern character ch:K (EI)->H (EI\Q) is given by
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1
et+ — e'l6,

ou

-e9+ — e]7,

11 229
y«9- — el7.

§20 Root Systems

According to [9] , there is an involutive outer automorphism 1 : E6 — > £6

whose fixed point set £6
T is the compact exceptional group F4 of rank 4, and there

is an inner automorphism y of E6 such that p = yr = ry (where our notation is
different from [9]). Since pr = Tp , it follows that

It is known to be S3 -Sp(3) = (53 x5p(3))/Z2, where Z2 = {(l,/3 ),(-!, -73)}. We
denote it by D. So D = F4n PSp(4) .Let C = T[ • 5X3) be as in [4]. Then C c D.

If F' is a maximal torus of Sp(4), then 7" = r'/{±/4} is a maximal torus of C, D,

F4 and PSp(4). Choose a maximal torus T of £6 so that 7" d 7\ Thus we have an
inclusion /, : C -» D and a diagram of inclusions

D -^> F

We also have inclusions i'3 = /,/, : C — > /^ and /10 = i6i4 = isi2 : D — > £6 etc.
For details of the following argument, see [4, §2]. F4 has a system of simple

roots {ai | i — 1,2,3,4} . The corresponding fundamental weights coi are given by

col = 2al + 3a2 + 4a3 + 2a4,
ft)2 = 3«j + 6a2 + 8a3 + 4a4,
o)3 = 2a, + 4a2 + 6a3 + 3a4,
co4 = a} + 2a2 + 3a3 + 2a4.

D has a system of simple roots {/?, |/ = 0,1, 2, 3}. The corresponding fundamental
weights 0, are given by

- A + A +
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PSp(4) has a system of simple roots {/, | / = 1, 2, 3, 4} . The corresponding fundamental
weights x, are given by

Xi = 7 1 + 72 + 73 + -74>

%2 = 7i + 2/2 + 273 + 74,

Z3 = 7, + 2y2 + 3r3 + -74,

*4 = 7i + 272 + 373 + 274.

E6 has a system of simple roots {Sj \ j = 1, 2, 3, 4, 5, 6} . The corresponding fundamental
weights (Pj are given by

9i = ^8i + 82 + -8, + 2S4 + -85 + -56,

cp, = 8l + 28, + 253 + 354 + 285 + 56,
5 ff . / 10 ff AS 8 ff 4 ffff—S

25, + 3<52 + 453 + 654 + 485 + 25

-<S + 45 + —8

6,

(p6 = -8} + 52 + -53 + 254 + -55 + -56.

These {af}, {ft },{/,} can be regarded as bases for //2(5r';Q) and {5J a basis for
H2(BT;Q). We may suppose that i2(T') c T, /4(D c r, /6(D c r and /8(D c F.
The theory of Lie algebras for symmetric spaces [5] tells us the following facts. The
dominant root with respect to the root system of F4 is a = 2al + 3a2 + 4a3 + 2a4. As
to Bi2 : BT' -» BT , we have

and so

The dominant root with respect to the root system of PSp(4) is 7 = 27, + 272

+ 74. As to Bi4 : BT -> BT' , we have

and so

As to BL : #r' -» Br, we have
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Bi, (<5, ) = B^ (S6 ) = «4 . Bi, (5, ) = a, ,

Using these equalities and z'6z'4 = z'8/2 , as to Bi6 : BT' — > 57 , we conclude that

and so

Bi6(S2) = Yi-73-74-

From the above, it follows that

#2 (<»,) = -200, 5i4(^) = -0o.

5/2 (fl)2) = 03-300, #4 (#2) = 01-00>

£l2(fi>3) - 02 ~ 200, 5/4(^3) = 02-00,

5/2 (604) - 0, -00, ^4(^4) = 03-00-

and

Furthermore,

Bi6 ((p3 ) = 5/6 (<ps ) -

This result is restated in terms of representations. In fact, <p of (1.1) is defined
as the irreducible representation with highest weight <p7 , and ^, of (1.2) is just
the irreducible representation with highest weight %lm Using (2.2), we see that

-^ R(PSp(4)) satisfies

/6(<p,) = A2^-l and /6(<p2) = A4

Then (1.4) follows from this, (1.1) and (1.3). (For details, see [6,11, §5].)
By [4, p. 234],

H

where 0), eH2(BT';%) and
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On the other hand,

where %, e H2(BT\rL) and

/ = 2, 3, 4.

(Note that {±/' | i = 1, 2, 3, 4} is the set of weights of x\ • ) For * = 1, 2, 3, 4 let

/'2 r'2 r'2 fM ->12 > £3 >*

the f-th elementary symmetric function in the indicated variables. As is well known, the
map B T — » BSp(4) coming from the inclusion 7" — > Sp(4) induces the following
isomorphism

where the middle notation stands for the subalgebra of H (BTf\'L} consisting of
invariants under the action of the Weyl group W(Sp(4)). We may identify H2(BT';Q)
with H2(BT';Q). Since W(PSp(4)) = W(5p(4)), we have

(2.3) H (BT'',Q)W{PSp™=Q[Pl,p2,p3,p4].

Next, by [7, p. 266],

where ^ e H2(BT\Z) and

x = (p2.

If we put

^ =2^- jc for 7 = 1,2,--- , 6,

the set

5 = {jc, +^,jc-;c /,-jc-jc / | l<i<j< 6}

is invariant under the action of W(£6) (see [7, §4(B) and §5(B)]). For n > 1 let



THE CHERN CHARACTER OF El 539

/„ = ! y'leH2n(BT',Q)W(E^
ve5

By [7, Lemma 5. 2],

Consider the set

Then, by (2.2),

For n > 1 let

/,' = I /" eH2n(BT'-,Q).
v'eS'

By [7, §5(A)], each 77 is written as a polynomial of the pf , and the ideal
generated by 77 's is given by

( / ; | n> l ) = ( / 2 ' > / ' / ' /

= (pp /?

Let (H+(BT-Q)W(E^) be the ideal in H' (BT';Q)W(PSp(4)) generated by the
image of

#6 : H+(BT',Q)W(E>} -> H+(BT'',Q)W(PSlJ(4)\

where //+(X;Q) = I,>0//"(X;Q). By (2.3) and (2.4),

§3. Some Observation in Cohomology

Let / : T — > £6 and /' : r7 -> PSp(4) be the inclusions respectively. The
following commutative diagram

—z-^ K°(BE6) —^> H](BE6;®) ^ > Hl (

R(PSp(4)) — s^-> K°(BPSp(4)) — ̂ -> H\BPSp(4)\Q) Bl^ > H' (BT'\Q)W(PS')(4)}

^Jf, \U-^6

yields a commutative square
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R(PSp(4))/(I(E6))
 cha

(3-1)

Note that the vertical homomorphisms are inject! ve. We need to describe the image of
the right vertical homomorphism j^ in terms of the generator e% e #8(£/;Z).

By (2.1) and definitions in §2, the following relations hold in H2(BT'-,Q):

t( = —t and t' = —t + y* for / = 2, 3, 4.1 /^ I r* •? J—l ' '

As in [4, p. 235], put

z^C-Xty for ^" = 1,2,3

and let ql = a,(zp Z2, ̂ 3). Then, by [4, p. 236],

H\BC\V) = H\BT'\Z)*(C) = Z[r, <?„ ft, ft]-

By definition,

i
where z = /

Therefore

(3.2) Pl =-q} +r2 fl/irf /72 =ft -|

It is known that

H(£6/F4;Z) =

where ^ e H'(E6/F4',Z). As in [3, §3],

// (F4/D;Z) = Z[Z, /4, /8,
/4

3 -12/4/8 +8/2, /4/12 -3/8
2, /8

3 -/,2
2)

where £ e /f3(F4/D;Z) and / e H'(F4/D',Z). By [4, Theorem 4.4],

where f e H2(F4/C;Z), u G //6(F4/C;Z), v e F8(F4/C;Z) , w e H12(F4/C;Z) and
then ;3 : H ' (BC;Z) -> // (F4/C;Z) satisfies

(3.3) y3
r(0 = ^ Ji(<li) = t2, 73(ft) = 3v and y
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Moreover, by [3, Proposition 1],

H\EJD^) = Hl(FJD','L}®H'(EJF4',
rL).

Consider the commutative diagram

FjC n'] > FJD —^—> EJD *'4 > El

A ^ ^ 76

£C *ls > BPSp(4).

Then

(see [3, §3]). Therefore

= J3te2"?i'2+-f4) by (3.2)

= 3v-^t4 by (3.3)

in //8(F4/C;Q). Thus we have

Lemma 2. J6 : H\BT'',®)W(PSv{4»/(H+(BT'Q)W(E*}) -» // (£/;Q)

§48 Proof of Theorem 1

There exist elements x} e//'(E6;Z) for j = 3, 9, 11, 15, 17, 23 such that
(jc3jc9^,,jc15j:j7jc23,[£6]) = l up to sign, where [E6] is the fundamental homology
class, and

where each xf e H y(£"6;Q) is primitive.

Lemma 3. Let n^:E^-^EI be the projection. Then
7T6 : H (£/;Z) -> //' (£6;Z) satisfies

n6(e9) = 2x9 and n6(ell) = 2xll.

Proof. Let p be a prime and consider the Serre spectral sequence for the
mod /? cohomology of the fibration
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E6 "6 > El — ^

If p > 5,

# r (£6 ; Z /(/?)) = Az/(p)(*3,*9,*lp*15,*17,*23),

where *, e # ' (E6 ; Z /(p)) , and if p = 3 ,

#~(E6;Z/(3)) = Z/(3)[jcg]/^

where *, e #'(£6;Z/(3)). If p>3,

where j, 6 Hl(BPSp(4)-Z/(p)) . If p > 3,

where e, e Hl(EI\ZI(p)). By a routine spectral sequence argument, we see that if
p > 3 , ;r6 : H (£/;Z /(/?)) -> H (£6;Z /(/?)) satisfies

6 !? I7-

Let ^ :E6/D-^ El be the projection. In view of [3, §5], <" :/fr(£"/;Z)^

/T(£6/D;Z) satisfies

^4 (^9) = 2e9 and n'4 (el7) = 2el7 .

Consider the Serre spectral sequence for the mod 2 cohomology of the fibration

E6 *'° ) £6 /D
 Jl° >5D.

If we denote by ^z/(2) a graded ring over Z/(2) with a simple system of
generators,

where jc, E Hl (E6\Z /(2)) . By [4, Corollary 4.8],

H(BD;Z/(2)) =

where M| e Hl (BD',1 /(2)) . By [3, §3],

where ^ e ///(£6/D;Z/(2)) . Similarly we see that 7T10 : H (£6/D;Z/(2)) -»
H'(E6;ZI(2)) satisfies

^,0(^9) = ^ and 7T100?17) = .x17.

Since ^:6 = ^47r10 , the lemma follows.
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Let us compute the image of %* under the composite

R(PSp(4)) — ̂ -> R(T') — ̂ -> KQ (BT) — ̂ -> H ' (BT'\ Q).

Since %l has weights ±t',i = 1,2,3,4 (see §2), %* has weights

where l<i<j<4. For n>l let

4

Then
4 Ot'Y + (—Jt'Y 7 /'

(*.') = I£(2° + 2° +1 + 8-

Denoting by c/z9 the 2^-dimensional component, we have

Now we use the expressions of I'n and s?n in terms of the pl given in [7, p. 271].

For n = 2 we have

By this, (1.4) and (2.5), the upper horizontal homomorphism cha of (3.1) is given by

Combining this, Lemma 2 and (3.1), we find that the coefficient of es in
^)) is 1 . Similarly for n = 4 we have

l ) + 256(-4p4 + 2p\ )) mod(/71 ,

Combining this, Lemma 2 and (3.1), we find that the coefficient of e\ in

ch(a(ff)) is 1/240. Since 4<6=c8
2 , that of <6 in c/z(a(jj2)) is 1/60. Thus we

obtain the first equality of Theorem 1 .
Let us define a map £p : El — > £6 by
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Zp(xPSp(4)) = xp(xyl for xPSp(4) e El.

By the definition of /?(A-jU) and (1.5), it is easy to see that

By [2, §2], if x e HJ(E6;Q) is primitive, then
£' / \ / \

6^p v / r \ /

and

fjc^ for 7 = 3,11,15, 23
P \-Xj for 7 = 9,17

in HJ(E6;Z) (see also [8, (1.5)]. Therefore, by Lemma 3,

JO for 7 = 3,11,15, 23

£p(^) = j^ for 7'= 9,17

in HJ(EI;%). We quote from [8, Theorem 1] that

Then, by applying %p to these equalities, the second and third equalities of
Theorem 1 follow. This completes the proof.
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