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The Chern Character of the Symmetric Space EI
Dedicated to Professor Seiya Sasao on his 60th birthday
By

TAKASHI WATANABE¥*

Abstract

The purpose of this paper is to describe the Chern character homomorphism of the compact
symmetric space EI.

§1. Introduction

Let E, be the compact, 1-connected, exceptional Lie group of rank 6 and
PSp(4) = Sp(4)/{£1,} the coset space of the symplectic group of degree 4 by its
center (where I, denotes the unit matrix of degree n). There is an involutive
automorphism p: E, — E, whose fixed point set Ef is PSp(4) (see [9]). So the
coset space E,/PSp(4) is a compact, 1-connected, irreducible symmetric space
which is denoted by EI in E. Cartan’s notation. The cohomology and K-theory of
El = E,/PSp(4) are known (see [3], [4] and [6]). In this paper we describe the
Chern character homomorphism of EJ.

According to Ishitoya [3], the cohomology of EI is as follows. Its rational
cohomology ring is given by

H (EL;Q)= Q[eg]/(€§)® AQ(eg,e”),

where e, € H'(El;Q). Note that dim EI/ =42. The integral cohomology of EI has
only 2-torsion, and

H (EI;Z)/ Tors.H (EI,Z)
’ ’ ’ ’ ’ ’ ’
=Z{1, 5, €5, €15, €7, €17, €4€14, €35, €9€17, €14€,7, €34, €9€[cE 7 ).

where the relations 4e; = e/, 2eze, = e],, 2eqe,, = €}, and 4egeqe,, = e}, hold.
According to Minami [6], the K-theory of EI is as follows. The complex
representation ring of E is given by

(1.1) R(E) =70,.0,, X0, Ko, A0, 0],
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where 4‘ denotes the k-th exterior power operation, dimg, =dimg, =27,
dim @, =78 and the relation A’p, = ¢, holds. Let y, =[(H*).]1€ R(Sp(4)). Then

(1.2) R(Sp(4) = ZLx,, X 5, X 0, A 2,1

8
where dim Ay, = (k] As a subring of R(Sp(4)),

(1.3) R(PSp(A) =ZIA 1, A 10 xF (X)) A 1

The element y; —64 belongs to the augmentation ideal I(PSp(4)). Let a(}?)
€ K°(EI) denote the image of y? —64 under the composite

R(PSp(4))—%— K°(BPSp(4))—4— K° (EI),

where O is the A-ring homomorphism of [1], and j, : EI — BPSp(4) is the map
induced from the inclusion is : PSp(4) — E,. Let (I(E;)) be the ideal in R(PSp(4))
generated by the image of i :I(E;)— I(PSp(4)). Then the above composite
factors to give

R(PSp(4)) I(I(E,)) — K" (EI),
where by [6, II, Theorem 5.3],
(14 R(PSp(4) IUI(E,) = ZLx; 1/((x} — 64)).
The homomorphism p : R(E;) = R(E;) satisfies
(1.5) P (P) =05, P (91) =0y, p' (X)) = N9 and p (X)) = L@,

Let U be the infinite unitary group and i, :U(n) — U the canonical injection.
Since Ef =PSp(4),if p (A)=p and dimA=n, there is a map f, : EIl - U(n)
defined by

f(xPSp(4)) = Ax)u(x)™" for xPSp(4) e EI .

Denote by B(A—pu) the homotopy class of the composite 1,f,. Thus we have
B, -0, B(Ao, —Vp,)elEL,UI=K '(EI). Elements B(¢,), B(X*p,)e K™'(E,)
are defined in a similar manner. By [6, I, Proposition 7.3], the K-theory of EI is
torsion-free and

K (EI)=K (pt)®Z[(X(}2‘2)]/((X(7~(,2)3)®Az(ﬁ((p, _(Pﬁ),ﬁ(/lzq’[ _)‘2(06))-

With the above notation, our main result is

Theorem 1. The Chern character ch:K (EI)— H (EL;Q) is given by



THe CHERN CHARACTER OF EI 535

~ 1,
ch(oc(){l2 ) =€, +—¢,

60
1
ch(B(p, — 9,)) = 5% 150"
R 11 229
Ch(ﬂ(k(/)l - A'Z‘Pc. N= 769 - "456617'

§2. Root Systems

According to [9], there is an involutive outer automorphism 7:E;— E
whose fixed point set E; is the compact exceptional group F, of rank 4, and there
is an inner automorphism ¥ of E¢ such that p =7yt =7y (where our notation is
different from [9]). Since pT =1p, it follows that

(E0) = (B =EL NE.
It is known to be S$°-Sp(3)=(S>xSp(3))/Z,, where Z,={(1,1,),(-1,-1,)}. We
denote it by D.So D=F, " PSp(4). Let C= T'-Sp(3) be as in [4]. Then Cc D.
If T’ is a maximal torus of Sp(4), then T’ = f’/{i-L,} is a maximal torus of C, D,

F, and PSp(4). Choose a maximal torus 7 of E{ so that 7" c T. Thus we have an
inclusion i, : C — D and a diagram of inclusions

D — F,
i, 4 di,
PSp(4) —— E,.
We also have inclusions i, =i,i, : C = F, and i, = isi, = izi, : D = E etc.

For details of the following argument, see [4, §2]. F, has a system of simple
roots {¢, |i=1,2,3,4}. The corresponding fundamental weights ®, are given by

o = 2o + 30, + 4o; + 2a,,
w, = 3o, + 6a, + 8a; + 4a,,
0w, = 20, + 4a, + 60, + 3o
0w, = o + 2a, + 30, + 20,

D has a system of simple roots {§,|i=0,1,2,3}. The corresponding fundamental
weights ¢, are given by

¢0 = %ﬁo-

6 = B+ B+ 3B
0, = .Bl + 2ﬁ2 + ﬁs»
6 = B+ 2B, + 2B,
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PSp(4) has a system of simple roots {y,|i=1,2,3,4}. The corresponding fundamental
weights y, are given by

1
X =" t+t Y, t+ Y + 5 Yas
Xo = Vi + 2y, + 273 + Y,
3
Xs = v+ 2y, + 3y, + 5 Va4
Xo = v + 2y, + 3y; + 27,

E, has a system of simple roots {6 } 1j=1,2,3,4,5,6}. The corresponding fundamental
weights ¢, are given by

0 = %5, P8+ 28+ 2+ 58+ 26,
o, = 6, + 26, + 26, + 35, + 26, + O,
¢, = %5, ‘25, + %53 L 45, + 255 ; %56,
o, = 26, + 30, + 46, + 66, + 46, + 26,
4 8 10 5
Qs = gél + 26, + 553 + 49, + —g—és + 566,
O, = 561 + 0, + 563 + 28, + 565 + 556.

These {a,},{B,},{7,} can be regarded as bases for H*(BT’;Q) and {0,} a basis for
H?(BT;Q). We may suppose that i,(T")c T7,i,(T")c T, i (T")c T and i(T")cT.
The theory of Lie algebras for symmetric spaces [5] tells us the following facts. The
dominant root with respect to the root system of F, is & =2a, + 30, + 4, +20,. As
to Bi, : BT’ — BT’, we have

Bi,(o,) = B, Bi,(a,)=f,,
Bi,(at,) = B,, Bi,(-&) =,

andSO
2 1 2 0 1 2 2 3

The dominant root with respect to the root system of PSp(4) is 7 =2y, +2y, + 2y,
+7v,. As to Bi, : BT’ — BT’, we have

Bi4(}/2)=ﬂ|7 Bl“;('}/3)=ﬁ2,
Bi,(v,)=Bs. Bi,(-7)=p,

and so
y 1 1
B’4(7|)=—5ﬂ0 -B, -5, _Eﬂr

As to Biy: BT’ — BT, we have
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Big(8,) = Big(6;)=0,, Big(,) =0,
Big (8;) = Big (65) =03,  Big(8,)=a,.
Using these equalities and igi, = igi,, as to Big : BT — BT, we conclude that

Big(6,) = Big(85) =75,
Big(8,) = Big(65) = 7,
Bl(; (64) =74

and so
Big(8,) =7, =73~V
From the above, it follows that
Bi, (0,) = —2¢,, Bi, (%)) =—¢,,
Bi, (@,) = ¢y =3¢y,  Bi,(X,) =0, &y,

2.1) . .
Blz(w3)=¢2 _’2¢0, Bl4(l3)=¢z —¢0,
Bi,(0,)=0,~®,  Bi,(x.)=9,~ 9.
and
Big(¢,) = Big(¢5) = 0,, Big(9,) =,
Big (¢,) = Big (5) = w5, Big(@,)=m,.
Furthermore,
(2'2) Biﬁ((pl)zBiG((pé):ZZ’ Bié((pz)zlea

Big(9;) = Big(0s) = ), + X3»  Big(@0,) =22+ X4-

This result is restated in terms of representations. In fact, ¢, of (1.1) is defined
as the irreducible representation with highest weight ¢, , and y, of (1.2) is just
the irreducible representation with highest weight y,. Using (2.2), we see that
i : R(E;) > R(PSp(4)) satisfies

(@) =~y —1and i(@,)=A'y, + 37 =227y,

Then (1.4) follows from this, (1.1) and (1.3). (For details, see [6, II, §5].)
By [4, p. 234],

H (BT,;Z)=Z[w]7w27w27w4]:Z[tsypyj’y}]

where @, € H*(BT’;Z) and

1=,
Y =0, — @5,
Y, =03 — @y,

Y, =,
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On the other hand,

H (BTSZ) = ZLY,, Xor Xy Xad = 22208001
where ¥, € H*(BT";Z) and

n=2X
t=—y_+y fori=234.

(Note that {+¢/|i=1,2,3,4} is the set of weights of ,.)Fori=1,2, 3,4 let

2 2 0 2
P, = 0,171,157, 17),

the i-th elementary symmetric function in the indicated variables. As is well known, the
map BT’ — BSp(4) coming from the inclusion 7’ — Sp(4) induces the following
isomorphism

H' (BSp(4):2)= H (BT2)"" =Z[p,, p,. ps, p.]

where the middle notation stands for the subalgebra of H (B T".7) consisting of
invariants under the action of the Weyl group W(Sp(4)). We may identify H *(BT";Q)
with H*(BT’;Q). Since W(PSp(4)) = W(Sp(4)), we have

(2.3) H (BT; Q)" = Q[ p,, p,, 3., P, -
Next, by [7, p. 266],

H’(BT,Z) = Z[q’pq)g’q)},(p;p(psa([)ﬁ]
=2t b, x1/(t, +--+ 1, —3x)

where ¢, € H*(BT;Z) and

tg = Qs

Is = Qs — @,

L, =@, —Qs,

L=0, 10, —@,,

L= +0,— ¢,

L ==+,

xX=0,.
If we put

X, =2tj —x for j=1,2,---,6,

the set

S={x,+x,x—x,—x-x |1<i<j<6}

is invariant under the action of W(E) (see [7, §4(B) and §5(B)]). For n>1 let
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I,=3 y'eH"(BT;Q"™

ves

By [7, Lemma 5.2],
H' (BT; Q)" =Qll,, 1,1, I, I, I, .
Consider the set
S'={tt/ 1] |1<i< j<4}.
Then, by (2.2),
{Bis(»)|yeSt={2y"|y' eS’}.
Forn=1 let

I': - 2 ym Equ(BT,;Q).

ves’
By [7, §5(A)], each I is written as a polynomial of the p,, and the ideal
generated by I’’s is given by

I n2)=(3,1¢, 15, 1))
(2.4) .
=(p»p3:12p, + 3. p>).
Let (H'(BT;Q)"*’) be the ideal in H (BT’;Q)""“*) generated by the
image of
Bl-6 :H+(BT;Q)W(E,,) N H+(BT/;Q)W(PS[I(4)),

where H'(X;Q)=1X,.,H'(X;Q). By (2.3) and (2.4),

H' (BT Q)" ™7 H* (BT;Q)" ™)
=Qlp,. s> P5» P 1/(P1» P12, + P53 P3)

(2.5)
=Q[p,1/(p).

§3. Some Observation in Cohomology
Let i:T— E, and i": T’ — PSp(4) be the inclusions respectively. The
following commutative diagram

R(E6) —x KO(BE6) _1/1_) HI(BE(),Q) _B:_) HI(BT;Q)W(EG)

i, l \LBih lBi; lBiﬁ

R(PSp(4)) —=> K°(BPSp(4)) —%— H'(BPSp(4$,Q) —— H (BT, Q¥

i Ui

K°(EI) — H'(ELQ)

yields a commutative square
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R(PSp(4) [(I(E)) —%s H'(BT"; Q)Y [(H* (BT;Q)" )
3.1) jal bii
K°(ED) —ch H'(EIL;Q).

Note that the vertical homomorphisms are injective. We need to describe the image of
the right vertical homomorphism j, in terms of the generator e, € H*(ELZ).
By (2.1) and definitions in §2, the following relations hold in H*>(BT’;Q):

t,'=-1—t and t,’=lt+y5_, for i=2,3,4.
2 2
As in [4, p. 235], put
z,=(@{—-y)y for i=123

and let g, =0,(z, 2,, 23) . Then, by [4, p. 236],
H'(BC;Z)= H' (BT, Z)"° =1lt, q,, q,, q;].

By definition,
4 4
o =[10+1?)
=0 =1
EDSIND [PAe SN )
=(1+-)[[A+22 =1y, +y?)
4 4
3
=f[(z-2) where =71 +1
=1
=2(2° —q,2> + 4,2 q5).
Therefore
2 3 2, 3.4 ' ’
(3.2) p,=—q,+t and p, =q2—zq,t’+§t in H (BT";Q).

It is known that
H (EJ/F;Z)=A,(ey,€,,)
where e € H'(E,/F,;Z). As in [3, §3],

H (F,ID;Z)=Zly, f,, fy» [ 1IQ X fu2 X
FL =121, i 48, fuf =350, = F2)

where y € H3(F,/D;Z) and f € H'(F,/D;Z). By [4, Theorem 4 .4],
H (FICZ)=Z[t,u,v,wl/(? = 2u, u® = 32v + 2w, 3v? — 2w, v* —w?)

where t€ H>(F,/C;Z), ue H*(F,/C;Z), ve H*(F,/C;Z), we H*(F,/C;Z) and
then j, : H' (BC;Z) —> H (F,/C;Z) satisfies

(3.3) @)=t j.(q)=1t, j;(q,)=3v and j,(g;)=w.
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Moreover, by [3, Proposition 1],
H' (E/D;Z)=H'(F,/D;Z)® H' (E;/F;Z).

Consider the commutative diagram

Fic X F/ID —%5 E/D —Z EI
qu/ \LJG
BC s BPSp(4).

Then
T iy (eg) =m] (—8f; + f2)=—-8v+1* € H¥(F,/C,Z)
(see [3, §3]). Therefore
”l,lié‘”:(Pz):j;Bisl(pz)
o 3, 3.,
= ,——qtm+=t by (3.2
J3(q, P LR ) y (3.2)

=3v——§t4 by (3.3)

3 4
=——(-8v+t
8( )
in H¥(F,/C;Q). Thus we have

Lemma 2. j,:H (BT;Q)V"S$®/(H*(BT;Q)"*)— H (EI;Q) of (3.1) is
given by

. 3
Jo(py) = _ges-

§4. Proof of Theorem 1

There exist elements X, e H'(Eg;Z) for j = 3,9, 11, 15, 17, 23 such that
(XXX, X 5 X1 X55, [Eg]) =1 up to sign, where [E(] is the fundamental homology
class, and

HK(EG;Q) = AQ(x3,x9,x,,,x,s,xl7,x23),

where each x € H'(E;Q) is primitive.

Lemma 3. Let e Eg — EI be the  projection. Then
n,: H (EI,Z) — H (E,;Z) satisfies
Te(ey) =2x, and m(e;) =2x,;.

Proof. Let p be a prime and consider the Serre spectral sequence for the
mod p cohomology of the fibration
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E, —Z E—% > BSp(4).

If p25,

H'(EZ/(p) = Agpy(X3s Xgs X115 X355 Xy75 X53),
where x, € H'(Eg;Z/(p)), and if p = 3,

H (EGZ1(3)) = Z/(3)xg 1/(x3) ® Az i3y (X35 X7, X9, X)), X155 X17)s

where x, € H'(E;Z/(3)). If p23,

H (BPSp(4);Z/(p)) = Z/(P)[ys: Y5 Y122 Yi6 s
where y, € H'(BPSp(4);Z/(p)). If p>3,

H'(ELZ/(p)) = Z/(p)les1/(€3) ® Ay, (€s-617),

where e, € H'(EL;Z/(p)). By a routine spectral sequence argument, we see that if
p23, n,:H (ELZ/(p)) —» H (Eg;Z/(p)) satisfies

7e(ey) = xy and me(e;) = x,;.

Let 7, :E,/D— EI be the projection. In view of [3, §5], =, :H'(ELLZ) >
H'(E(/D;Z) satisfies

7T, (ey) =2e, and 7, (e,,) =2e,,.
Consider the Serre spectral sequence for the mod 2 cohomology of the fibration

E,—" s E,/D—% 5 BD.

If we denote by A4,,, a graded ring over Z/(2) with a simple system of
generators,

H (EG;Z1(2)) = Ay (X3, X5, Xy Xy Xy55 X175 X53),
where x, € H'(Eg;Z/(2)). By [4, Corollary 4.8],
H (BD,Z1(2)) = Z/2)ity hy 16t ]

where u, € H'(BD;Z/(2)). By [3, §3],

H (E,/D;Z1(2))
= Z/(2)[e2,e3,e8,e,2]/(eg + 832’32293’6: + ezzemelzz + e;eselz)
@Az (g€,

where e € H'(E;/D;Z/(2)). Similarly we see that m,,:H (E;/D;Z/(2))—
H (E;Z/(2)) satisfies

To(es) =Xy and m5(e;;) = x,5.

Since m, = 7,7, , the lemma follows.
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Let us compute the image of y; under the composite

R(PSp(4))—— R(T")—2— K°(BT")—<— H'(BT"; Q).

Since y, has weights *t’,i=1,2,3,4 (see §2), x; has weights
—
2], £ 4/+1,£4/+17,0,...,0
where 1<i<j<4.For n>1 let

4

Zt,n € HZ"(BT' Z)

Then
chai” (12)=3, 2____(2[ yroen' g2,y

n20 =1 n20

Denoting by ch? the 2g-dimensional component, we have

chz”ai"()(f)—(z—)—‘(l," 225, ).

Now we use the expressions of I, and s,, in terms of the p, given in [7, p. 271].
For n =2 we have

chtai’ ()= %(12;75 +16(=2p, + p?)) = —%pz mod(p, ).
By this, (1.4) and (2.5), the upper horizontal homomorphism cho of (3.1) is given by

cha()(f)=64—§pz.

Combining this, Lemma 2 and (3.1), we find that the coefficient of ¢; in
(:h(oc()(,2 ) is 1. Similarly for n = 4 we have

ch*ai’ (x})==——=(80(12p, + p3)+256(—4p, +2p3)) mod(p,, p;)

20160

1260( —4p, +37p3) mod(p,, p,)

135 —=P; mod(p,,ps,12p, + p3).

Combining this, Lemma 2 and (3.1), we find that the coefficient of .«382 in
ch(o(f?)) is 1/240. Since 4e], =e;, that of e, in ch(a(}?)) is 1/60. Thus we
obtain the first equality of Theorem 1.

Let us define a map &, : EI — E, by
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& (xPSp(4)) = xp(x)” for xPSp(4) e EI.
By the definition of B(A— ) and (1.5), it is easy to see that
£,(B(@)) = B(@, —@e) and &,(B(A’p) = PX'e, — X5).
By [2, §2], if x € H'(E,;Q) is primitive, then
e, (x)=xp (x)

and
x, for j=3,11,15,23

J

P (x’)z{—xj for j=9,17

in H’(Eg;Z) (see also [8, (1.5)]. Therefore, by Lemma 3,
0 for j=3,11,15,23

&, (x)= .

e, for j=9,17

in H’(EI,;Z). We quote from [8, Theorem 1] that

1 1 1 1 1
ch(B(@,)) =6x, + = x5 + == x,, + T8 ¥1s T 780 7 T 743520 X

27720
2021

o —150x 411, 1. _101 229
ch(B(X@,)) =150x, + = x4, ——x,, 168 15 T80 X T 243500 1%

277

Then, by applying §p to these equalities, the second and third equalities of
Theorem 1 follow. This completes the proof.
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