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Hermitian and Positive C-Semigroups on
Banach Spacest
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Abstract

Two classes of operator families, namely n-times integrated C-semigroups of hermitian and
positive operators on Banach spaces, are studied. By using Gelfand transform and a theorem of
Sinclair, we prove some interesting special properties of such C-semigroups. For instances, every
hermitian nondegenerate n-times integrated C-semigroup on a reflexive space is the n-times integral
of some hermitian C-semigroup with a densely defined generator; an exponentially bounded C-
semigroup on L”(,u)(1<p<oo) dominates C (a positive injective operator) if and only if its
generator A is bounded, positive , and commutes with C; when C has dense range, the latter assertion
is also true on L:(/,l) and C,(Q).

§1. Introduction

Let X be a (complex) Banach space. We denote by X the dual space of X
and by B(X) the space of all bounded linear operators on X. Let Ce B(X), and
let T()={T(t);t 20} be a strongly continuous family in B(X). For n>1, T()is
called an n-times integrated C-semigroup on X ([10], [11]) if it satisfies: T(¢)C =
CT(t), T(0) = 0, and

(1.1)  T(s)T()x = L(J. - J )s+1— )" T(r)Cxdr for xe€X,s,t>0.
(n=1!"dh 0

(see also [1], [15], [20] for the case C = J).T(-)is called a (O-times integrated)
C-semigroup (see [5], [6], [13], [21]) on X if it satisfies: T(0) = C, and

(1.2) T(s)T(t)=T(s+1)C fors, t >0.

The classical C,-semigroups are C-semigroups with C equal to the identity
operator /.

T(-) is said to be nondegenerate if T(t)x = 0 for all + > 0 implies x = 0. In
order that 7(-) be nondegenerate it is necessary (and sufficient in case n = 0) that
C is injective. The generator A of a nondegenerate n-times integrated C-
semigroup T(-) is the closed operator A defined as:
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!
xe D(A) and Ax=y & T(t)x—t"Cx/n!=EBnT(s)y ds for t>0.
0

We know that R(j(; T(s)ds) = D(A) and

! ! n
f T(s)dsA © AJ T(s)ds = T(t) - t—'c for 1>0.
0 0 n.

When n = 0, the generator A is identical to the infinitesimal generator, which is
defined as

D(A):= {x € X: lim 1™ (T(1)x ~ Cx) € R(C)),

Ax=C" lirgl t™(T(t)x - Cx) for x e D(A).
11—

Furthermore, if a nondegenerate n-times integrated C-semigroup 7(}) is expo-
nentially bounded in the sense that there are M > 0 and w >0 such that |T(z)||<
Me®" for all t+=0, we have the following equivalent definition of generator:

{D(A) = {xe X;Cx e R(R, (L)},
Ax:=(A=R (1) O)x for x e D(A),

where R, (4):= J:/l”e“‘T(t)dt for A>w. It is known [10] that an exponentially

bounded, strongly continuous family {T(¢#);r=0} of operators is an n-times
integrated C-semigroup with generator A if and only if C'AC=A and for all

large A, A — A is injective and ()L—A)j:e“’T(t)xdt =Cx for all xe X.

The (algebra) numerical range of an operator T € B(X) is defined as the
nonempty compact convex set

V(T):={F(T);F e BX)",|F| = F(I) =1}.

An equivalent expression due to J.P. Williams is: V(T)={le C;|T—zl|=|A~7]
for all ze C} (see [4, Lemma 22.1]), from which it is clear that both the dual
operator T and the left multiplication operator L, by Thave the same numerical
range V(7).

T is called hermitian if V(T) is contained in the real line R, or equivalently,
if |exp(itT)|=1 for all te R. T is said to be positive (in the sense of numerical
range), in notation T2 0, if V(T)c[0,). Since V(T) is equal to the closed
convex hull of the spatial numerical range

W(T):={{Tx,x hxeX,x €X ,|d=|x={x,x )=1}
(see [3, p. 83]), the set of all hermitian (resp. positive) operators is clearly closed

with respect to the weak operator topology. It is well-known that V(T) always
contains the spectrum o(7) of T, and when 7 is a hermitian operator, a theorem
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of Sinclair shows that V(T)=coo(T) which is equivalent to that r(aT+ BI)
=|a T+ BI| for all complex ¢ and f3, where r(T) denotes the spectral radius of
T (see [4], §26).

An n-times integrated C-semigroup 7(-) is said to be hermitian (resp. posi-
tive) if T(¢) is hermitian (resp. positive) for all £ > 0. The purpose of this paper is
to investigate some interesting properties of hermitian and positive n-times
integrated C-semigroups. Section 2 is concerned with hermitian ones, Section 3
concentrates on positive C-semigroups which dominate the operator C, and
Section 4 consists of some illustrating examples.

As is well known, a classical C,-semigroup 7(-) is always exponentially
bounded, and its generator A is bounded if and only if 7(-) is uniformly contin-
uous on [0,0). For a C-semigroup with C # I, the situation is quite different, even
when it is positive. For instance, in Section 4 we give an example (Example 3) of
a C-semigroup T() on ¢,, which satisfies T(r)=C=0 for all =0, is not
exponentially bounded, is uniformly continuous on [0,e), but has an unbounded
generator.

Our main theorem (Theorem 3.3) about positive C-semigroups states that a
closed operator A generates a C-semigroup 7(-) satisfying 7(¢) = C 20 if and
only if C'AC=A, R(C)c D(A"),A"Ce B(X) and A"C>0 for all n>1, so that

T(t)=§‘,;’,"=0%A"C. In case the space is a Lebesgue space L’(u) with

l<p<oo (or L, C, under the additional assumption that R(C)=X), the above
condition becomes that A and C are commuting bounded positive operators
(Corollary 3.4). The proof of it for spaces C,(2) and L(u),1< p<eo, p#2, uses
the fact that a bounded linear operator on any one of these spaces is hermitian
(resp. positive) if and only if it is a multiplication operator by a bounded, real
(resp. positive) valued function (see [22], [12], and [19]). It is unknown whether
a similar statement as Corollary 3.4 holds for C-semigroups of positivity
preserving operators on Banach lattices, although it is true for the special case: C
=1[14].

It is known that an (n+1)-times integrated semigroup need not be the integral
of some n-times integrated semigroup (see e.g. [1]), that is, it is not necessarily
differentiable. A hermitian n-times integrated C-semigroup 7(-) turns out to
possess better regularity. In fact, 7(-) is n-th continuously differentiable in norm
on (0,0) and T"(-) is locally bounded on [0,%); in case n=1, T(-) is (n—1)-th
continuously differentiable in norm on [0,e0) (Theorem 2.3, (b)-(e)). If T(-) is a
hermitian nondegenerate n-times integrated C-semigroup with generator A,
where n>1, then T"'(t)x converges to Cx as t — 0" for x in D(A) (Corollary
2.4). Thus, if A has dense domain (this is the case in particular when the space X
is reflexive), then T(-) is n-th strongly differentiable on [0,%) and T'() is a
hermitian C-semigroup (Theorem 2.5). Nevertheless, this conclusion is not true in
general (see Example 2.) We also deduce that if 7(-) is a hermitian n-times
integrated C-semigroup on a reflexive space X with generator A, then T (-) is a
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hermitian n-times integrated C -semigroup on X with genetator A' (Corollary
2.6). It is unknown to us whether the same property is shared by nonhermitian C-
semigroups, although the affirmative answer for the case C = I is well known.

Another interesting phenomenon is that every hermitian n-times integrated
semigroup is exponentially bounded (Theorem 2.3 (g)). This is similar to Arendt’s
result [2, Proposition 6.7] for positivity preserving integrated semigroups on
Banach lattices. In general, integrated semigroups are not necessarily exponen-
tially bounded (see [9] and [7, p. 110]).

§2. Hermitian C-semigroups

In this section we study some properties of n-times integrated C-semigroups
of hermitian operators on a Banach space X.

Lemma 2.1. (i) If f:[0,00) > C is a continuous function satisfying
2.1) f@)f(s)= f(t+s) fort,s 20,

then either f=0 or there is a complex number o such that f(t)=e* for all
t20;f(t)eR (resp. f(t)=1) for all 120 if and only if a€R (resp.o20).

(ii) Let n be a positive integer. If g: [0,00) > C is a locally integrable func-
tion satisfying

1 1+ )
2.2) g(t)g(s)= {J‘ - I }(s +t-r)"g(rydr for t,5>0,
(n—=D! o
then either g=0 or there is an o € C such that g(t)= o l)' (t s)"e*ds for
0
all t=0.

Proof. (i) is well-known. We deduce (ii) from (i). It follows from (2.2) that
8(sy)#0 for some s,>0 implies g, g,--,g" are continuous, g(0)=---=
g""(0)=0, and g" satisfies (2.1). The result then follows from (i).

Lemma 2.2. Let Q be a nonempty set, and let p, q be two real-valued

functions on Q such that B, :=sup{exp(q(@)s)p(w);0<s<t,weQ}<eo for all
t20. Then

. 1 rh i
. ;ll_r)rolm{ | k=) "exp(g(w)r) p(w)dr

- j’ (1 - rY"™ exp(q(@)r) p(@)dr)

T ﬂo (= )" exp(g(@)r)p(w)dr
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uniformly for (t,@) in JxQ, where J is a compact subset of (0,%0) in case
n=1, or of [0,0) in case n = 2.

Proof. Clearly, B, is increasing in ¢ and f, =sup{p(w)); w € Q}. First, we
consider the case n=>2. Fix any b>0. We have for €€ and t=0

1
(n—=1)! 81‘ 0

(t )n—l eq(wnp(w)dr — (n_12)| ‘[) (t— r)n—zeq(w;rp(w)dr .
Moreover, for 0<t<b and |h|<1 with t+h >0 we have

I(n_l),h“ (t+h=r)""e" p(@)dr - I(t——r)“‘e"“"”p(w)dr}

-], € ema@n @

1 t+h ;
- (n-2)! |h_IJ. {J‘O (s — )"~ exp(q(@)r)p(w)dr

—I (t—r)y? e><p(q(w)r)p(w)dr}dSI
0

1 1+h 5 7
" (n-2)! 'h_lj “ (s = )" exp(g(@)r)p(@)dr

+J [(s=r)2—(t- r)“‘z]eXP(CI(w)r)P(w)dr}dsl

0

. (n 2)|[lh"—1ﬂh+l +bf, sup{((z +|A)"? =" ;0 <1 < b,
which converges to 0 (as A — 0) uniformly for (z,w) in [0,b] X Q.

Next, we consider the case n=1. Without loss of generality we assume J =
[t,,t,] for some 0<f <1, <eo. Let £€>0 be arbitrary. There are numbers R, <0

and R, >0 such that
exp(ar;) <e/(1+2f,) for all a <R,

and

1 1

exp(—art,) < e/(1+2p3 B2.) forall &> R,,

where #,=1,/2. Let S :={weQ;q(w)<R}S,:={weQ;R <q(w)<R,} and
S, ={weQ;q(w)>R,}. Thus for e S, and teJ

1+h
’EJ. exp(g(w)r)p(w)dr — exp(q(w)t)p(w)l

<

Ip(@)]-exp(g(@)(t ~15))

1:+h
Z.‘. exp(g(w)r)dr —exp(g(w)t;)

<2, exp(g(w)(t—1t,)) < 2B, exp(g(w)t,) < €
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for all 0<|h|<t,. For € S,and t€J we have

1+h
)% [ exvta@mp@ar- exp(q(wmp(co)]

exp(q(@)1)| p(@)|

h
= * %J‘O exp(q(w)r)dr—1

h
. %j exp(q(a))r)dr—l'—)O
0

=P,

uniformly for (#,w) in JxS, as h— 0. Finally, we have for weS,, reJ, and
0<lh<t,,

t+h
1] ewa@npr-epa@no)

<

A exp(g(w)(t —t,) p(w)|"'*

<2857 -exp(g(o)s,)p(@)"> <2837 - B,7  exp(g(@)t,) < €.

t1+h
—j exp(g(w)r) p(w)|"*dr — exp(g(w)t,)|p(w)|"*

This proves the lemma for n = 1, and completes the proof.

Theorem 2.3. Let T(-) be a hermitian n-times integrated C-semigroup on

a Banach space X.

(a) If C20, then T(t)20 forall t=0.

(b) If n=1, then T(-) is norm continuous on [0,o0).

(¢) If n=2, then T() is norm differentiable on [0,) and T’() is a norm
continuous hermitian (n—1)- times integrated C-semigroup.

(d) If n=1, then T(:) is norm differentiable on (0,00),T’(:) is hermitian, locally
bounded on [0,%), and norm continuous on (0,%0), and T'(t+s)C=T'(t)T’(s)
forall t,s >0, where we define T'(0)=C.

(€) If n =0, then T(") is norm continuous on (0,00).

) Ifn=0and T(t)2C=0 for all t=20, then T(:) is norm continuous on [0, ).

(g) If C =1, then there exist M > 0 and ® € R such that |T(t)|< Me®' for all
t20; in case n =0, one can take M = 1.

Proof. Let A; be the Banach subalgebra of B(X) generated by 7(-), C and I,
the identity operator on X. Let ., be the carrier space of A;,i.e. the space of all
nonzero multiplicative linear functionals on A;.

Let ¢ € 4, be arbitrary. By (1.1) and (1.2) we have for all ¢, s=0

(T @D)P(T(5))=¢(T(t+ 5)P(C)
if n=0, and
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j— 1 l*‘__ \ — n=1
BTN (5)) = (n_mda{( | j;)(m " T(r)dr}(b(C)

if n>1. It follows that ¢(7(-)) =0 if (and also only if for the case n = 0)
¢(C)=0. .
Let ¢ € ) :={pem,;¢(T())#0}.If n =0, Lemma 2.1(i) implies that

2.4) O(T(1)) = exp(a,)¢(C),t 20

for some a, € R. For the case n>1 we temporarily assume that 7() is norm
continuous on [0,e0). Then one can move ¢ inside the integral so that

(T ())e(T(s)) =

1 1+ )
- U -| ](r +5= )" (T (r)dr-9(C)

for all ¢,5 20. It follows from Lemma 2.1(ii) that there is an o, € R such that

(2.5) o(T(1) =

(nil)! Jq(t ——_g)”" eXp(a¢s)ds.¢(C) for all £>0.

0
Next, we show that the nondecreasing function

(2.6) B, = sup{lexp(a,$)P(C));¢ € »/,0< s <t} <o forall £ > 0.

If a g€y has a, <0, then jexp(a,t)-¢(C)=<|C| for all £>0. Suppose B, = oo
for some 72>0. Then we have

B, = sup{lexp(a, T)P(C)|; ¢ € m], 0, > 0} < oo,

and so for every r > 0 there is a ¢, € » such that «, >0 and lexp(a, r)§, (C)|>r.
Then, since a hermitian element has norm equal to its spectral radius, we have
for t>71

I7(0)]l = sup [p(T (1)) = sup [¢(T(2))]
(I8

[ =

_ 1
= SUP G

(n . D! J (1= s)"" exp(ar, s)ds|g, (C)

[ =9 exptasrds-occy

=

1
(n=D!

=

j (t—s5)""ds-r

in case n2>1, and |T(2)|2|exp(ex, 7)¢,(C)>r in case n = 0. Since r can be
arbitrarily large, this is a contradiction.

To prove (c) and (d) we define A, (r) = R [Tt +h)-T(@)] for t>0,h#0 with
t+h=0. Since T() is hermitian, A,(t) is hermitian for all r>0,h#0 with
t+h>0. Since
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t+h

P(A, (1) = (_~1)_'h[ (t+h—r)y~"exp(a,r)¢(C)dr

—JO (t=r)""exp(a,r)¢(C)dr]

for ¢ € »; and r20,h#0 with t+h>0, we can apply Lemma 2.2 to Q= »;,
p(9) =¢(C), and q(¢) = o, (¢ € »/), and it follows that the limit

1

hll>r(I)1 ¢(Ah (t)) = 1)| (9[

j (t—=r) ‘exp(a r)¢(C)dr

converges uniformly for (¢,¢) in JX ., , where J can be any compact set in
(0,%0) (resp. [0,%0)) in case n = 1 (resp. n=>2). Hence we have for such set J

sup{lA, (1)~ A, (Ol; 1€ J)

< sup(|9(4,, ()~ 11)' BIJ. (t = )™ exp(at,IP(C)drl;t € J,0 € 1)

+sup{|¢(4,, (1) - T 11)' o"!tJ‘ (t=r) exp(et,r)¢(C)drist € J, 9 € i}

—0as h,h, —>0".

This implies that 7(-) is norm differentiable on J and T’(t)=limh_)0+ A1)
uniformly for ¢ in J. Hence T’(-)is norm continuous on J. When n2>2, J can be
any compact subset of [0,) so that T’() is a norm continuous hermitian (n-1)-
times integrated C-semigroup, i.e. (¢) is true. When n = 1, J c(0,), so T'(-) is
norm continuous on (0,e0). Also, we have

O(T’(2)) = exp(e,)¢(C) for t>0 and @ € 4.

This implies that |T°(f)] < B, for ¢ >0 and hence T’(-) is bounded on [0.,t] for any
t>0. If we define T'(0)=C, then T’(-) satisfies T'(t+s)C=T'(t)T’(s) for all
t,5 20, and is locally bounded on [0,e). This shows (d).

We have shown (2.5), and assertions (c), (d) under the assumption that 7(:) is
norm continuous on [0,e). It turns out that this assumption is superfluous. Indeed,
applying (c) to the norm continuous (n + 1)-times integrated C-semigroup S(t):=

j; T(s)ds implies that T(-) = S’(}) is norm continuous on [0,>). Hence (2.5), (2.6),

(c) and (d) hold for any hermitian n-times integrated C-semigroup.

Clearly, (a) can be seen from (2.4) and (2.5), and (b) and (e) follow by
applying (c) and (d), respectively, to S(-). When n = 1 and C = I, we have f3, =
sup{exp(e,s); ¢ € »;,0<s< 1} <co. Hence there is a @ € R such that o, <o for
all ¢ € »,. This means that |T’(s)] € exp(wt) for all z > 0, which shows assertion
(g) for the cases n =0 and n = 1. To show (g) for n>2 one can apply (g) to the
integrated C-semigroup 7" (:) and then take integration n times.
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Finally, we show assertion (f). If ¢ € ., , then ¢(T(¢)) = ¢(C)>0 for all >0
implies &, 20. Let £€>0 be arbitrary. Let r>0 be such that EXZ_RIJS <¢ for all
a>%r. Then we have that as t—07, ¢(T(t)—C)=[exp(a¢t)—1]¢(C)——>O
uniformly for those ¢ € »; with 0<a, <r. For those ¢ € »/ with ¢, >r and for

1
O<t< ) one has
[¢(T(2) — C) =|[exp(ex,t) — 1]p(C)|

_lexp(er, 1+ 3)) —exp(5 04

1 19(C)
exp(j o,)

2B,

5—1 <E.
exp(—2—a¢)

Therefore we have proved that |(7(t)— C)|=sup|¢(T(¢))—d(C)—0 as t—0".

PEmt

The proof is complete.

Corollary 2.4. Let T() be a hermitian nondegenerate integrated C-
semigroup on a Banach space X, and let A be its generator. Then T'(-)|X, is a
hermitian C|X,-semigroup on X, := D(A) and it is norm continuous on (0,).

Proof. (d) of Theorem 2.3 asserts that 7’(-) is hermitian, locally bounded,
and norm continuous on (0,o), and CT’(t+s)=T'(t)T’(s) for all ¢t,s>0. Since
T(t)x—tCx=[| T(s) Axds for all xeD(A) and 120, one has that as 1—0",

|T’(t)x — Cx| = |T(t)Ax| — O for all x € D(A), and hence for all x in X,, due to the
local boundedness of 7’(-) on [0,e0). Restricting T(:) to the invariant subspace X,

we come to the conclusion.

Theorem 2.5. Let n=1. If the generator A of a hermitian nondegenerate
n-times integrated C-semigroup T(-) on X is densely defined, then T(-) is n-th
strongly differentiable on [0,%0) and T'() is a hermitian C-semigroup with
generator A. In particular, every hermitian nondegenerate n-times integrated C-
semigroup on a reflexive space is the n-times integral of some C-semigroup with
a densely defined generator.

Proof. The first part of the theorem follows from Theorem 2.3 (c) and
Corollary 2.4. For the second part we need only to show that the generator A of a
hermitian nondegenerate integrated C-semigroup 7(-) on a reflexive space must
have dense domain.
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Since T’(¢) exists for all > 0 and A is closed, from the identity: T(¢#)x —tCx
= AJ.(; T(s)xds, xe€ X ,t>0 one sees that R(T(t)) c D(A) and AT(t)x=T'(t)x- Cx

for all xe X and ¢t > 0. Since X is reflexive, the local boundedness of T’(-)
implies that for any x € X and for any sequence t, — 0, the sequence {t,'T(t,)x

=t (:" T’(s)xds} has a weakly convergent subsequence, say t”'A'T(t,,‘)x——>y

W

weakly, so that A(t;(I J(’)”‘ T(s)xds)=t; ‘T(t”A )x — Cx converges weakly to y — Cx.

This, together with the facts that r;" _[(’)”‘ T(s)xds — 0 and A is closed implies that

4

y—Cx = A0 =0, and so Cx=w~limz,'T(z, )x. Since {z,} is arbitrary, we must

have that Cx =w —1lim t7'T(t)x € D(A). Hence C is a hermitian operator with

1—07
R(C) c D(A). Since {exp(itC);t € R} is a unitary group, it follows from the mean
ergodic theorem for semigroups on reflexive spaces (see e.g. [18]) that X = N(C)
® R(C). The nondegeneracy of T() implies that C is injective, and so we have
X =R(C) = D(A).

Corollary 2.6. Let T(-) be a hermitian n-times integrated C-semigroup on
a Banach space X. Under each of the conditions: (1) n=1; (2) n = 0 and
T(t)=2C=0 forall t20; (3) n=0, T() is nondegenerate and X is reflexive, the
dual family {T (t);t 20} is a hermitian n-times integrated C -semigroup on X .

Proof. Since the dual operator of a hermitian operator is also hermitian, the
assertion for the cases (1) and (2) follows from (b) and (f) of Theorem 2.3. For
the case (3) one can apply case (1) and then Theorem 2.5 to the integral of 7(:).

Theorem 2.7. Let T(-) be a nondegenerate hermitian C-semigroup on a

Banach space X with an infinitesimal generator A. Then

(a) R(T(®))c D(A") for n=0,1,--- and t >0 ;

(b) A"T(t) e B(X) is hermitian for n=0,1,--- and t >0 ;

(c) A"T() is norm continuous on (0,) for n=0,1,-

(d) AT (1) | < max{t"M | C|,(B,,B,M,,)"*} for t > 0 and n=0,1,---, where P, :=
sup{lexp(a,)P(C); ¢ € [ ,0<5<1},t 20, and M, :=sup{a"e“;a=0}=n"e"",
n=0,1,---.

Proof. From the proof of Theorem 2.3 we see that f, is finite and increasing
inr.Let S, :={¢€n/;0,20} and S_:=,/~S, . Since B, is finite, if €S _, we
have for all n=0,1,---,and r>0

0< oy 9(CO)| < o exp(~a,), < M, B,
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and

lozy exp(0,NP(O)] < [exp(2a,DIG(ON"* [ |(ON"? < (B, BiM,,)"* -
If peS_,then oy exp(a,))¢(C) <t "M,|C||. Hence we have
2.7 |org exp(a,)¢(C)| < max{t "M |C|,(B,,B,M,,)"*}

forall t >0 and n=0,1,---. Thus (d) follows from (2.7), condition (b), and the

following assertion:

@y It oe e \ ///-; then ¢(A”T()) =0, n20; if ¢e ///ﬁ; , then ¢(A"T(l‘)) =
o, exp(a,)p(C) for >0, n20.

We shall prove (a)-(c) and (d’) by induction on n. (c) for n = 0 is (e) of
Theorem 2.3, and (a), (b), and (d’) are obviouus for n = 0. Suppose they are true
for n=0,1,---, k. We show that they are also true for n = k + 1. Since A is the

generator of 7(-), we have AJ.:)T(s)ds =T(t)-C for +20. By the induction hypo-

thesis for n = k we have for¢t, h >0

t+h

KA T(s)ds = h7'[AT(t + h) — A T(0)]

{

are hermitian operators, and ¢(h™'A**! j.,Hh T(s)ds)=0 for all @€y \ vy, 120,

h#0 with t+h>0.Let J=[t,t,] be an arbitrary close subinterval of (0,o0). We
claim that

t+h
R(T(t)) c D(A*"") and lim h™'A*" | T(s)ds = A*"'T(z)
h—0" f
in operator norm uniformly for ¢ in J.
To show this we let Q=,/,q(@)=a, , and p(¢)=o," exp(o,t,)$(C) for
¢ € »;, where 1, =1,/2. Then by (2.7) we have for t€J and ¢ € 4,

[aéﬂ exp(a¢t)¢(c)| S max{t;,\_[Mlﬁ.]“ C "’(ﬂ/] ﬁ]M’g(/\+|))]/2 }

Thus we can apply Lemma 2.2 to obtain that
t+h

lim ¢(h~'A* | T(s)ds)

h—0* '
= lim h™" [} exp(ar, (1 +h)P(C) — 0t} exp(,)H(C)]
1—14+h

= lim &' exp(a,r)lag™ exp(a,t,)¢(C)ldr

+
h—0 1—14

= exp(t, (1 —1;))or; ! exp(o,t; ) 9(C)
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uniformly in (z,¢) on J X », , and which is equal to a;” exp(a,1)¢(C). Since each

h“A“‘J.'Hh T(s)ds is hermitian, this shows that for 4,4, >0

1+hy t+h,
sup={|i'A* | T(s)ds—hy'AM | T(s)ds|;t e J}

t t

t+hy t+h,

=sup{|p(h AN | T(s)ds)— (' AM Y T(s)ds))ste J,p € ml}

t t

1+h

< sup{|@p(hTAM! T(s)ds)— o, exp(a,)p(C)|;t € J, ¢ € nf}

t

1+,

+sup{|¢(h; ' AM! T(s)ds)— o™ exp(a,)P(C)|st € J, ¢ € mf}

t

—0+0 as A ,h, > 0"

Since J is an arbitrary compact interval in (0,e), the closedness of A and the
induction assumption for n = k show that (a)-(c) are true for n = k + 1, and we
have for ¢ €

(AT (1)) = ’li%} h ' [G(AMT(t + h)) — 9(AMT (1))]
= lim ™' [ot} exp(@, (1 + 1)O(C) otk exp(@,HO(C)]
= o, exp(a,1)¢(C)
for ¢t > 0. For ¢ € wir \ ///7{ we have

(AT (1)) = Ilirg& h ' [@(A*T (¢ + h))— 9(A*T(2))]=0, t20.
Therefore (d’) is true for n = k + 1, and the proof is complete.

Corollary 2.8. Let T(-) be a hermitian C,-semigroup on a Banach space
X with infinitesimal generator A.
(a) If Ae B(X), then A" is hermitian for n=0,1,---.
(b) If Ae B(X) and A20, then A" 20 for n=0,1,---.

Proof. (a) By Theorem 2.3 (g) there is a @ € R such that |7(z)|<e® for all
t>0. Since T(-) is hermitian, so is (A—A)™" := J: e “T(t)dt for all A>w. Since

A € B(X), we have for all n=0,1,---,

n+l
IAAT A= A" - A=A A - A< A 50 a5 A5 .
A—|A]|
Using this fact and the equality A"(A—A)™' =AA""(A—A)"' — A", one can easily
show by induction that A"(A—A)"'and A" are hermitian for all A>® and n>0.
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(b) By (a) we have that A" is hermitian for n=1,2,---. The result follows
from the spectral mapping theorem.

Proposition 2.9. Let T() be a hermitian C,-semigroup on a Banach
space X with infinitesimal generator A. Then A€ B(X) if and only if there is a
real number O such that e“'T(t)>1 for all t>0.

Proof. The sufficiency follows from Theorem 2.3 (f) and the fact that a
uniformly continuous C,-semigroup has a bounded generator. To see the necessity
we apply Corollary 2.8 (b) to the hermitian C,-semigroup e T(2). Tt follows that

MT()= Y (A+]A])" " /n1> T for all 120,

n=0

§3. Positive C-Semigroups which Dominate C
The following theorem presents some properties of positive C-semigroups.

Theorem 3.1. Let T() be a nondegenerate C-semigroup on a Banach
space X such that T(t)=C=0 for all t 20, and let A be its generator. Then
(a) R(T(t))c D(A") for n=0,1,---, and t>0;
(b) A"T(¢t)e B(X) and A"T(t)20 for n=0,1,---, and t>0;
(c) A"T() is norm continuous on [0,) for n=0,1,---;
d) JA'T®I< (B, BM,,)"> for t=0 and n=0,1,---, where B, :=sup {lexp(a,s)
OO, o€y, 055<t},620,and M, =supl{a"e “;a=20}=n"e™, n=0,1,---.

Proof. From the proof of Theorem 2.3 we see that f3, is finite and increasing
in ¢. The hypothesis: T(r) 2 C 20 , r 20, implies that ¢(C)=0 for ¢ € », \ », and
a, >0 for ¢ € 4, (Lemma 2.1 (i)) so that

0<ay0(C)<ay exp(—a,)B, <M, B,.
The estimation in the proof of Theorem 2.7 yields
(3.1) ot exp(a, (O < (B, B M,,)'">.

Thus (d) follows from (3.1), condition (b), and the following assertion:
(d’) If ¢€sp \wy, then @A'T()N=0 , n20 ; if ¢pe .y, then PA"T())=
a, exp(a,t) ¢(C) for t>20, n20.
We shall prove (a)-(c) and (d’) by induction on n. (c) for n = 0 is (f) of
Theorem 2.3, and (a), (b), and (d’) are obviouus for n = 0. Suppose they are true
for n=0,L,---, k. We show that they are also true for n = k + 1. Since A is the

generator of 7(-), we have AJ'(; T(s)ds=T(t)—C for t=0. By the induction
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assumption for n = k we have for all r>0, h>0, ¢(h'A*" -[lﬁh T(s)ds)=0 if
¢ € my \ /Mr’ and
t+h
¢(h-1AMJ. T(s)ds)=h"'[p(A'T(t + h)) - p(A"T(1))]
t

= h™' (ot exp(0t, (t + h))P(C) — &, exp(a,1)(C))

=0

if g€/ Hence h™' A" j,’*" T(s)ds is positive for all >0 and h>0.

Let b > 0 be arbitrary. We claim that

t+h
R(T(t)) € D(A*") and ’111(1)1 hlAM J T(s)ds = A*"'T(t)

in operator norm uniformly for ¢ on [0, b]. First, using integration by parts we

write

t+h

o(h AN T(s)ds)

t

= h™'[exp(a, (t + h)) — exp(o, )]0, (C)

1+h t
= h"[J; exp(at,r)dr —j:) exp(a,r)drla,*'¢(C)

t+h

=, 9OV + [} (t+h—r)exp(a,r)o,*¢(C)dr
0
—J: (t = r)exp(a,r)o,¢(C)dr].

Applying Lemma 2.2 with Q = ./, p(¢) = a,,¢(C) , and ¢(¢) = o, we obtain that
t+h

lim ¢(h~'A™ | T(s)ds)

h—0" f

— (yht! a I A+2
=a,"o(C) + Z?t—JQO (t = r)exp(a,r)a,¢(C)dr
= o} exp(et,)9(C)

uniformly for (¢,¢) in [0,5]X ;. This shows for A,h, >0

1+hy

1+hy
sup (| AM! j T(s)ds—hy' A" | T(s)ds],0<t<b)

1

t+h 1+
T(s)ds~ -hl—A“‘ T(5)ds); 0<1<b, 0 € m)

t

= sup{l«p(hiA“'

t

—0+0 as h,h, >0,.
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Since b > 0 is an arbitrary, the closedness of A and the induction assumption for
n =k show that (a)-(c) are true for n = k + 1, and we have for ¢ €

PAST(1) = lim A [G(AMT (1 + h) = (A T(D)]

= lim h™'[or; exp(et, (1 +h)P(C) — a} exp(a,t)$(C)]

h—0*
= o} exp(ar,)9(C)

for t+=0. Therefore (d’) is true for n = k + 1, and the proof is complete.
For exponentially bounded positive C-semigroups we have the next theorem.

Theorem 3.2. Let T() be a nondegenerate exponentially bounded C-
semigroup, say |T(t)|< Me®' for some constants M >0, w e R and all t=0. If
T(t)=2C =0, then the infinitesimal generator A of T(-) has the following prop-
erties:

(a) R(T(1))c D(A") for n=0,1,---,and t 20 ;
(b) A"T(t)e B(X) and A"T(t)2 0 for n=0,1,--+,and t=0 ;
(¢) R(R(A))c D(A") for n=0,1,---, A>®, where R(A) :=j e MT(t)dt;

0
(d) /llim AA"R(A) = A"C in operator norm for n=0,1,---;
(e) A"R(A)e B(X) and A"R(A)= 0 for all A>w and n=0,1,---;

(f) JA"Cl< @"|C| and JA"R(L)| < /l‘f"w ICll for all A>wand n=0,1,--.

Proof. (a) and (b) have been proved in Theorem 3.1, and the first part of (f)
follows from (d), (e), and the second part of (f). Note also that (f) follows from
the following assertion:

()
a”
#(A"C) = 0o;¢(C) and ¢(A"R(A)) = A—¢ ¢(C) for 9 € 1y, 1> ®,0,1,2,-,
)

where ¢, is treated as zero whenever ¢ € 4 \ 1.

We shall prove (c)-(e) and (f’) by induction on n. First, let us consider » = 0.
Since |T(t)| < Me®' and T(t)=C= 0 for all t+>0, it follows from Lemma 2.1 (i)
that for every ¢ em, there is a positive number o, < such that ¢(T(1))=
#(C)exp(a,t) for all +>0. Thus, by Theorem 2.3 (e), we have for A>w®

O(R(A)) = ( j Ce M T(ydr) = _§° T MO(T () dr

1
A-o,

= jme"’l' exp(e,1)dtg(C) = ¢(0),
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and

1¢(AR</1>—C>|=A°‘“’ o(C) <21 -0
-, A—w

uniformly for ¢ on m;,, as A —oo. Since AR(A)—C is hermitian, we have
[AR(A) ~ C|| = sup{|¢(AR(A) — C);¢ € m;} > 0 as 1 — co. Also, the positivity of T(-)
implies R(A1)=> 0 for A > . This proves (c)-(e) and (f*) for the case n = 0.

Now, assume that (c)-(e) and (f’) are true for n=0,1,---, k. First, we see
from AR(A) = AR(A)~C for A >wand (b), (e) for n = k that (c) holds forn = k +
1 and A*'R(1)=AA*R(1)— A*C e B(X) is hermitian. Then (f’) (with n = k )
implies that

/l I3
P(AT'R(A)) = p(AA"R(A)) - 9(A'C) = _a; 9(C) - a49(C)
[4
_ % 050
A-a, wC)=

for all ¢ € », and A>w. Hence A*"'R(A) is positive. This proves (e) and the

second part of (f) for n = k + 1. To prove (d) and the first part of (f’) forn =k +
1, it suffices to show that R(C) < D(A**') and /llim LA R(A) converges to A*'C

in operator norm.
For every ¢ € », and A, u>w

)’ A+l A+l
[BOA RA) = A RUD) =1 7= 9(C) =+ 9(C)
) M-a,
(#_l)a;+2 (# _;L)wuz
=— "% s <=7 ko
I(/l—a¢)(u—a¢)¢( )| (/‘L—a))(/,t—co)“( Nl

which converges to 0 uniformly for ¢ in ., as g,A— . Hence AA*"'R(A)
converges in operator norm to a bounded operator E. This with the induction
assumption |AA*R(A)—A*C|— 0 implies R(A'C)c D(A) and A"'C=Ee B(X)
because A is closed. Hence (d) holds for # = k + 1. Next, we have for every

¢ € wp
h+1

¢(AA+IC) — lim ¢(/‘|.AI‘+IR(/‘L)) = lim a, ¢(C) = a$+l¢(C)-
A—se0 Ao ) _a¢

This proves the first part of (f’) for n = k + 1, and the proof is complete.

Theorem 3.3. Let Ce B(X) be an injective operator, and A be a closed
operator on X. Then A is the generator of a C-semigroup 7(-) that satisfies T(¢)
2 C20 and |T(t)| < Me® for all >0 if and only if A has the properties: C'AC
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=A,R(C)c D(A"),A"C € B(X),A"C =0 and HA”Cl|< M’®" for some M’=|C| and
all n=0,1,---. Moreover, we have T(t)=," —A”C

n=0

Proof. The necessity follows from Theorem 3.2 To show the sufficiency,
n

define T(2):=), | —'A”C for ¢ > 0. The hypothesis implies that 7(¢z) > C 20 and
n.

IT(2)| < Me®' for all t>0. Next, we have for A>w

A=A e Tt ==, [ e Larcar

n=0

=(A -A)Z AAC = C.
n=0
Since C'AC=A, it follows that T() is a C-semigroup with generator A (see
[10]). This completes the proof.

Corollary 3.4. Let Ce B(X) be a positive, injective operator, and A be a
closed operator on X=LP(Uu)(1<p<e). Then A is the generator of an
exponentially bounded C-semigroup T(-) on X which satisfies T(t)=C 2= 0 for all
t20 if and only if AeB(X), A20, and AC = CA. Under the additional
assumption that R(C)= X , the assertion also holds for the spaces X = L'(S,u) and
X =Cy(Q) with Q a locally compact space.

Proof. Since, as mentioned previously, a hermitian (resp. positive) operator
on each of the spaces C,(Q) and L’(u), 1<p<oo, p#2, is a multiplication
operator by a bounded, real (resp. positive) valued function, the product of
hermitian (resp. positive) operators on these spaces is still hermitian (resp.
positive). Since the product of two commuting positive operators on a Hilbert
space 1is still positive, the sufficiency part of the corollary follows from the
sufficiency part of Theorem 3.3.

Next, we see that, as multiplication operators, positive operators on spaces

X =C,(Q), L’(u), 1< p<eo, p#2, have the property:
0 < A < B implies |Af]| <|Bf| for all feX.

Commuting operators on a Hilbert space H also have this property. Indeed, if
0<A<B and AB = BA, then A"’B=BA"? and AB"? = B"*A so that

lAx|* =(A%x,x)=(AA"*x,A*x)
<(BA"x,A"’x)=(ABx,x )
— (B'2AB"x,x) = (AB"*x, B'*x)
<(BB"x,B"x) = |Bx]?.



642 Yuan-CHUAN Li AND SEN-YEN SHAwW

To show the necessity, we see from (b) and (f’) of Theorem 3.2 that 0 < AC
<wC, so that

JACF] < w|Cf] for all feX.

Hence A is bounded and |A|< w if C has dense range. Since injective hermitian
operators on reflexive spaces have dense ranges (see the argument in the proof of
Theorem 2.5), this is readily true for the case X = L7(u)(1< p<e0). Since both C
and CA(= C(C'AC)= AC) are positive operators, for the case p = 2, C"? is an
injective positive operator with dense range, and (AC'"?x,C'"*x)=(ACx,x)20 for
all xeI?. Since A is bounded, this implies that A is positive on [*. For other
cases, there are positive functions A, and A, such that Cf =h f and CAf =h,f
for all fe X. The injectivity of C implies that Ak (s)>0 for all seQ in case
X =Cy(Q) (resp. a.e. [u] in case X =L"(w)). It follows that Af =k 'h,f for all
f€X,and so A is positive. This proves the necessity.

Remarks. (i) In particular, Corollary 3.4 asserts that a positive C-semigroup
T(-) dominates C on a Hilbert space if and only if its generator A is bounded,
positive, and commutes with C. For a simple proof of this assertion for the special
case C =1, see e.g. [17, Proposition 5.1]. It is worthwhile mentioning that the
same assertion holds for positivity preserving C,-semigroups on Banach lattices
(see [14, Proposition 4.8 and Lemma 4.18 on pp. 274-279]).

(ii) Hermitian C-semigroups on the spaces C,(£2) and L°(u), 1< p<eo,
p#2, are C-semigroups of multiplication operators. For characterization of
abstract multiplication semigroups on Banach lattices, see [14, pp. 287-290] and
[16].

§4. Some Examples

In this section we include several examples as illustration of some results in
Sections 2 and 3. The first example is a hermitian, contraction C,-semigroup on

l,.
Example 1. Let X=/¢, with coordinate vectors e, e,,---. Define
T():[0,00) > B(¢,) by

T(t)x=(e"x,) for x=(x,)€ ¥, and t20.

Let xe/,. If £€>0 is arbitrary, then there is a positive integer N so that

oo

> |x,)<€/2. Hence

n=N+l
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IT(®)x — x| =l(e™"x,) — (x,)l

N o0
<Y A—exl+ Y, (+e x|

n=1 n=N+l

N
< (A-e)lx,|+2(/2).

n=1

Taking lim sup we obtain that lim sup|T(1)x—x|<e. Hence T(-) is strongly

—0*
continuous at ¢ = 0. It is easy to see that 7(-) is a hermitian (see [4, p. 92]),

contraction C,-semigroup. The infinitesimal generator of T(:) is the operator A
defined as

D(A) ={(x,)e!;;(-nx,)el,},
Ax = (—-nx,) for x =(x,) € D(A).

Since A is unbounded, T(-) is not norm continuous at ¢ = 0. By Theorem 2.3 (e),

we know that T(-) is norm continuous on (0,c). This fact can also be seen from
the following estimate:

KT =T(Nx=3 e - e™|x, | < sup(e™ — e~ x|

n=l1 n1

<{sup(e™ —e™)+e ™}x,0<s<t,N=1,2,---.

1<nsN

Theorem 2.3 (d) asserts that a hermitian integrated C-semigroup 7(-) is norm
differentiable on (0,e0) and T’(-)is norm continuous and satisfies T’(t)T"(s) =
T’(t+5)C on (0,00). The next example shows that T’() need not be strongly
convergentto C as t —>0".

Example 2. Let 7(-) be a hermitian C-semigroup on a Banach space X
which is not norm continuous at 0 (for instance, the one in Example 1). For each
120 define a linear operator T(t) on B(X) by T(1)S:= J.(:T(T)SdT(SeB(X))‘
Clearly, T (-) is an integrated L.-semigroup on B(X). where the operator L. is
the left multiplication by C. Since V(L,,,)=V(T(1)), T () is also hermitian. The
norm continuity of 7(-) on (0,e) implies that T (-) is norm continuous on [0,ec)
and T’(-) is norm continuous on (0,00). But |[(T’(r)— L )(DI=I(T(t)-C|-»0 as
t— 0. That is, T’(:) is not strongly continuous at 0, although it is norm
continuous on (0,e0) and satisfies T’(1)T’(s)=T’'(t+5)C, t, 5> 0.

Finally, we exhibit a positive C-semigroup which dominates C, is not expo-
nentially bounded, is uniformly continuous on [0,), and has unbounded
generator.
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Example 3. Let X=/, and let C:¢, - ¢, be the operator defined as

Cx =(e""2x") for x=(x,)e{,. Clearly, C has dense range. Define 7(-):[0,0)—
B(¢)) by
T()x = ("™ x,) for x=(x,)e, and t20.

T()) is a nondegenerate C-semigroup, with generator A defined as
D(A) ={(x,)el;(nx,) €}
Ax = (nx,) for x = (x,) € D(A).

Since T(¢)=C 20 for all >0, it follows from Theorem 2.3 (f) that T(-) is norm
continuous on [0,>). Because of Corollary 3.4, the fact that A is unbounded
implies that T(-) is not exponentially bounded. In fact, this is justified by the
estimate: [T(2n)|=|T(2n)e|=e"", n=1,2,---.
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