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Generalized Quantum Stochastic Processes
on Fock Space

By

Nobuaki OBATA*
Introduction

As is highlighted in the excellent books by Meyer [21] and by Parthasarathy
[26] quantum stochastic calculus on (Boson) Fock space has developed into a new
field of mathematics keeping a profound contact with physical applications. Since
Hudson and Parthasarathy [12] first formulated quantum stochastic integrals of
Ito type in 1984 a crucial role has been played by three basic quantum stochastic
processes:

©.1) A= I&a’s, A7 = Jbﬁi::ds, A = J'aj:a\ds, >0,
0 0 0

where the notation is after our convention, see below. These are called the
annihilation process, the creation process and the number (gauge) process,
respectively. Afterwards there have appeared many developments and variants of
approaches, among others see Belavkin [1], [2], [3], Lindsay [16], [17], Lindsay-
Maassen [18], Maassen [19], Meyer [20] and Parthasarathy-Sinha [27].

In this paper we study another aspect of quantum stochastic processes on the
basis of white noise calculus, which has been recently established as a Schwartz
type distribution theory on Gaussian space [7], [8], [9], [15], with an interesting
application to operator theory on Fock space [23]. In fact, in the operator theory a
principal role has been played by an integral kernel operator
)8: a‘:a,l "'071,,,‘151 "'dsldtl wdt

m m?

(02) EI.III(K)szHm K(SI’“"Sjvt[a"',f

where d, and 8,* are respectively the annihilation and creation operators at a
point t€ R, and Kk is a distribution in | + m variables. For example, the three
operators in (0.1) are integral kernel operators of this type. Under the name of
white noise calculus, we make a special choice of test and generalized functions
on the Gaussian space (E*, ) and we work on a particular Gelfand triple
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(E)c(I?)=L(E*,p) c(E)*

where the middle space is a realization of the Fock space via the Wiener- It0-
Segal theory. It is thus natural to discuss continuous operators between these
spaces. In particular, 9, € Z((E),(E)), 9, € Y ((E)",(E)") and E,, (k)€ L ((E),
(E)*), which are important consequences of our approach. The integral kernel
operator (0.2) was first formulated in [10], though similar expressions have
appeared in various contexts, see e.g., [4], [5], [13], [21]; among others Belavkin
[1] discusses norm estimates introducing an idea of Fock scale where a common
spirit is observed.

The idea of integral kernel operators has developed into the theory of Fock
expansion [23]. An important consequence is that every continuous operator in
Y((E),(E)") admits an infinite series expansion in terms of integral kernel
operators with a precise estimate of convergence. On the other hand, since x in
(0.2) is considered as scalar-operator-valued distribution, it is natural to introduce
an integral kernel operator of the form:

0.3) E=Jj A o DF LSy, o0, 5,,8,0,1,)0, <20, ds,---dsdt,---dt,,
Rl*+m ! ! | m

where L is an ¥ ((E),(E)")-valued distribution on R"*" . This operator was first
introduced in [25] to construct a quantum Hitsuda-Skorokhod integral. Moreover,
Huang’s idea of quantum stochastic measures [11] are included as a particular
case. Thus we believe we are in a good position to discuss quantum stochastic
processes along with the integral kernel operators and the theory of Fock
expansion.

We briefly sketch the contents: In Section 1 we recapitulate some results in
white noise calculus. The basic references are [23] and [24].

In Section 2 we propose the following

Definition. A family of operators {Z;r€ R} c ¥ ((E),(E)*) is called a
quantum stochastic process (on Fock space) if the map 7+ =, is continuous. A
continuous linear map Z:E. — ~/ ((E),(E)*) is called a generalized quantum
stochastic process. A generalized quantum stochastic process = is called regular
if it admits a continuous extension from E; into ¥ ((E),(E)*). Here E_. denotes
the complexification of ./ (R), the Schwartz space of rapidly decreasing
functions on R.

The continuity condition is not very strong because, for example, the white
noise {x(r)} becomes a continuous flow in (E)* within the white noise setup.
Hence, the quantum white noise, i.e., the white noise regarded as multiplication
operators, is a (in fact, regular) quantum stochastic process in our sense. In this
section we discuss some fundamental properties of quantum stochastic processes
and obtain the Fock expansions.
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Section 3 is devoted to a study of quantum stochastic integrals without
assuming the adaptedness. For a quantum stochastic process {L,} the operator-
valued integral

i
= = J. L ds,
a

is defined by a standard method of functional analysis and again becomes a
quantum stochastic process. Since {Ld,} and {07L} are also quantum stochastic
processes, we naturally obtain new ones:

t LI
J.L‘Bxds, J.o'?TL\ds.
These are called the quantum stochastic integrals of {L,} against the annihilation
process and the creation process, respectively. The latter generalizes a quantum
Hitsuda-Skorokhod integral discussed in [16], [17], [25]. By Riemannian
approximation, we obtain

1 1
J‘Lﬁ\ds:jL\dA\ :

where the right hand side is a natural extension of the quantum stochastic integral
of It type due to Hudson-Parthasarathy [12] to cover the non-adapted case.

In Section 4 we introduce the concept of an adapted process by using the
commutativity with g, and d,". Our definition is compatible with those due to
Hudson-Parthasarathy [12], Huang [11] and others. Then for an adapted process
{L,} we have

Jaj" Lds= J' LdA,

where the right hand side is defined through the Riemannian approximation and
coincides with a stochastic integral of It0 type introduced in [12]. Moreover, we
derive a stochastic integral representation of an adapted process. By way of
illustration assume that = is an adapted and regular generalized quantum
stochastic process. Then it is expressed in the form:

0.4

(1]

1 =j‘ L(t,s)&\ds+J. ' M (t,5)ds +c,1, teR,

where

(i) L:RXE.,— /((E),(E)") is continuous; linear in the second argument;
and supp L(¢,-) © (—oo,t] for all re R;

(i) M:RXE.— /((E),(E)) is continuous; linear in the second argument;
[M(5,8),0,1=0 for any &€ E. and s,f € R; and supp M(z,-) < (—oo,¢] for
all teR;

(iii) c¢:R — C is a continuous function.
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For more details see §4.3. It is remarkable to have such standard expression as in
(0.4) and we may expect further applications, for example, to quantum
martingales [27].

General Notation. Let X,?), 3 be locally convex spaces.

7 (X,?)): the space of continuous linear operators from X into ¥); equipped
with the topology of bounded convergence.

A(X,2;3): the space of continuous bilinear maps from Xx¥ into 3;
equipped with the topology of bi-bounded convergence.

H,(X,9):;3): the space of separately continuous bilinear maps from Xx)
into 3; no topology is needed.

X*: the space of continuous linear functionals on X ; equipped with the strong
dual topology after our convention above.

X ®9): the Hilbert space tensor product when both X, ) are Hilbert spaces.

X®,9: the completed 7-tensor product. When there is no danger of
confusion, ®_ is denoted by ® for simplicity.

§1. Operators on Fock Space
§1.1. White Noise Triplet

Throughout let H denote the Hilbert space of R-valued square integrable
functions on the real line R with respect to the Lebesgue measure dt, where the
real line is considered as the time axis. The norm and inner product are denoted
by |-|=]|-], and (,-), respectively. These are naturally extended to the norm and
the C-bilinear form on H,, the complexification of H. Note therefore that (.-) is
not a Hermitian inner product of H..

In order to realize the Fock space over H, we adopt a particular Gelfand
triple:

E= (R cH=IRcE =._/"(R),

where -/ (R) is the space of rapidly decreasing functions and .7 ’(R) its dual
space, i.e., the space of tempered distributions. The canonical bilinear form on
E*xE is also denoted by (,-). The Gaussian measure u is by definition the
unique probability measure on E* of which the characteristic function is:

1,
em(—;léla%ﬁ e“Dudx), EeE.

The probability space (E™,u) is called the Gaussian space. Let (I*)=L*(E",u)
be the Hilbert space of C-valued square-integrable functions on E* with respect
to the Gaussian measure y. The norm is denoted by ||, -
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The Wiener- Ito-Segal theory says that (I?) is canonically isomorphic to the
Fock space over H.. To be more precise, we introduce notation. The canonical
bilinear form on (E®")* x(E®") is denoted by (,-) again and its C-bilinear
extension to (EZ")*x(EE") is also denoted by the same symbol. The
“renormalized” tensor product :x®":e(E?”)i‘ym is uniquely determined by the
exponential vector:

o, =expl(nd)-LE0)= S x E0). gk

n=0
Here, in particular, @, is called the vacuum. With these notation every ¢ e (L")
admits the Wiener- Ito expansion:

oo

(1.1) o(x)=S(:x®:,f), xeE*, f eHE".

n=0

In that case it holds that

oo

(1.2) 912 EL OOPU(d) = Sn! £,

n=0

We next construct a sort of Fock space over E.. Recall that the topology of
E is given by the (semi)norms:

|§|p :|Ap§|os &EE, pER,

where A=1+1*—d?/dt*. The constant numbers 0< p=|A7Y|,, <1 and & =|A7"|
< are frequently used throughout. In fact, p=1/2 and & =n/N24. Suppose
that the Wiener-1td expansion of ¢ € (I?) is given as in (1.1). Taking (1.2) into
account, we put

loF, =2 nlfl,,  peR

n=0

Let (E) be the space of all ¢ € ([?) such that I¢ll, <o for all pe R. Then (E)

becomes a countable Hilbert nuclear space with norms |[-|,, pe R. For peR let

(E), denote the completion of (E) with respect to the norm I-1,- Then

{(E),;p € R} constitutes a chain of Hilbert spaces in both directions and we have
(E) =proj lim(E)p(= ﬂ(E)p as vector spaces).

p—reo p=0

(E)* =ind lim(E)_p(= U(E), as vector spaces).

p—soo p20

Finally we obtain a complex Gelfand triple:

(1.3) (E)c(I*)=L(E*,u;C) c (E)".



672 NoBuAkl OBATA

Elements in (E) and (E)" are called a ftest (white noise) functional and a
generalized (white noise) functional, respectively. We denote by --) the
canonical bilinear form on (E)* x (E).

For ® e (E)" there exists a unique sequence F, € (EZ"),, such that |@, =
YoonllFJ2, and

(D.0) = SnKE,. £,

n=0

for ¢ € (E) of which Wiener-1to expansion is given as in (1.1). In that case we
adopt a formal expression:

(1.4) D(x)= i( x® L F).

n=0

This is also called the Wiener- Ito expansion of @.
§1.2. Spaces of Continuous Operators

The Gelfand triple (1.3) suggests 3’((E),(E)*) and Y ((E),(E)) as natural
classes of operators to be discussed. By definition their topologies are given by the
seminorms:

12155, = sup [KZ0.y)l, =€ (E)(E)),
0eB,.yeB,

I1=15, = iupl|5¢|| pe =€ Z((E)(E)),
€B

where B, B,, B run over the bounded subsets of (E), and p runs over R (or
equivalently p > 0). The natural injection: ¥ ((E),(E))— ¥ ((E).(E)") is
continuous by definition.

Since (E) is reflexive, the adjoint operator of =€ ¥ ((E),(E)"), denoted by
Z”, again belongs to ~ ((E),(E)"). The relation is given as

(Eo.w) =(E"y.0), ¢.ye(E).

Here one should note that ¢-,-) is the canonical C-bilinear form on (E)* X(E).

Lemma 1.1. The map E+ EZ" is a linear homeomorphism (i) from
J((E),(E)*) onto itself; (ii) from ~ ((E),(E)) onto ¥ ((E)",(E)"); (iii) from
7 ((E)',(E)") onto / ((E).(E)).

In the above statement, according to our convention, 7 ((E)",(E)") is
equipped with the topology of bounded convergence. The proof is straightforward.
Note also that ¥ ((E)*,(E)*) is identified with the subspace of operators in
7 ((E),(E)") which are continuously extended to those from (E)” into itself. By
the above lemma we do not need special care for ¥ ((E)",(E)").
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Recall the canonical isomorphism:

F((E),(E)") = (E)®(E))” = ind lim((E) ® (E))._,,

p—ree

which follows from the kernel theorem (see also [23]). Then, for p = 0 let
jp((E),(E)*) denote the subspace of all = e Y((E),(E)") which correspond to

elements in ((E)®(E))_,. The topology of ,S/;((E),(E)*) is naturally induced
from the norm of ((E)® (E))_p which is denoted by ||-||_p . With this notation,
(1.5) 1Z0l_, <I=1_lel,. ¢e€(E).

Note also that

S((E),(E)*)=ind lim;’[,((E),(E)*)(: U ,G/p((E),(E)*) as vector spaces),
p=0

p—reo

In particular, %((E),(E)*) is identified with the space of all Hilbert-Schmidt
operators on ([?).

Remark. By (1.5) there is a natural injection from j,,((E),(E)*) into
7 ((E),.(E)_,), where ¥ ((E),,(E)_,) is identified with the subspace of all
operators = € .7 ((E),(E)") which admit continuous extensions from (E), into
(E)_,. Note that the injection is not surjective. In fact, we have

Z(E),.(E).,) = #(E),.(E),)=(E),®, (E),,)*
and
SWELE)) = (B)®(E)., = ((E), ®(E),)*

Thus very crucial is the difference between the n- and the Hilbert space tensor
products of Hilbert spaces. On the other hand, by a general result on a countable
Hilbert space we have

fﬂwumﬂ=%ﬂw»why

In particular, all bounded operators on the Fock space (I?)=(E), belong to
S(E)(E)).

In general, the image of a bounded subset under = e ¥ ((E),(E)) is again a
bounded subset.

Lemma 1.2. For £ € ¥ ((E),(E)") and Z, € # ((E),(E))

(1.6) IZ,5 g, 0. I NZl, 1B,
(1.7) 12,2,

|55 =1=l 2,5, 5.
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where B,, B, C (E) are bounded subsets and p =0.1If Z,, E, € ¥ ((E),(E)), then
(1.8) 1Z:50 5, =1Z 2,5,

where B c (E) is a bounded subset and p = 0.

Proof. Suppose =, € Y ((E),(E)") and E, € 7 ((E),(E)). Then by definition,
”51"-::2“3,.132 = sup [KE,E,0,w)= sup [KE,Z,00y)]

¢eB, \WweB, 9B, .yeB,
< sup 5N 1E00, 1w, =150, 12504, 1B, 1,
¢eB, .yeB,
which proves (1.6). The proofs of (1.7) and (1.8) are similar. qed

Proposition 1.3. The bilinear maps

(1.9) S(E),(E)')x ¥ ((E),(E)) —> < (E),(E)")
(1.10) YUE)(E) X ¥ (E),(E)) = < ((E),(E))

defined by the composition of operators are separately continuous.

Proof. For a fixed =, € ¥((E),(E)") take p = 0 such that |Z,|_, <eo. Then it
follows from (1.6) that =, > ==, is a continuous linear map from Y*((E),(E))
into ,5”((E),(E)*). Next let =, € ¥ ((E),(E)) be fixed. Then we see from (1.7)
that =, = =|Z, is a continuous linear map from YUE)(E)) into ¥ ((E),(E)").
Thus the bilinear form (1.9) is separately continuous. As for (1.10) we need only
to apply (1.8) and the fact that the natural injection ¥ ((E),(E)) = ~ (E),(E)")
is continuous. qed

Corollary 1.4. The bilinear maps

(I.11T) SUE) (E))x 7 (E),(E)) = Y (E).(E)")
(1.12) LB (E))x 7 (B)'(B)) = 7 (E)'.(E)").

defined by the composition of operators are separately continuous.
Proof. Immediate from Proposition 1.3 by duality. ged

Corollary 1.5. The composition of operators (Z,,Z,) > Z,E, is a (jointly)
continuous bilinear map from /,((E),(E)*)x / ((E),(E))— / (E),(E)") for a

fixed p = 0.

Proof. Immediate from (1.6). ged



QUANTUM STOCHASTIC PROCESSES 675

§1.3. Integral Kernel Operators

We first recall creation and annihilation operators at a point teR. Let
¢ € (E) be given with Wiener- It0 expansion:

Px)=Y (:x%"f,),  f €EE".
n=0

For any y € E we put

Dg(x)= 3 n(: x*" "5, y®, £),

n=1

where ®, is the contraction of tensor products, see the end of this section. It is
known that D, € /((E).(E)) and hence De </ ((E)'.(E)). For @e(E)" of

which Wiener- Itd expansion is given as

(p(x)__ ( : ”> E(E®")

sym
n=0

we have

D qr)(x) _ 2< ®(n+l) , : y®F >

n
n=0

Since the delta functions &, belong to E* =/ /(R), we may define

d,=D;, teR.
Then d, €Y ((E).(E)) and 9 € ¥ ((E)',(E)") are respectively called the
annihilation operator and the creation operator at a point te€ R. Here we
emphasize that these are not operator-valued distributions but continuous
operators for themselves. The annihilation operator o, is also called Hida's

differential operator.
For ¢,y € (E) consider a function on R"™*" defined by

na).W(SI’ ' sl’ [ tm) <<a\*| a* a ¢ ‘l/>>

It is known that 77, , € EZ/*" and ¢,y - (K‘,T]¢_W> becomes a continuous bilinear
form on (E) for any & € (EZ"*"")". Then by general theory there exists a unique
continuous linear operator =, (k)€ .7 ((E),(E)") such that

<<EI.HI(K)¢’ l//>> = <K’ n¢,w >’ ¢7W € (E)

We employ a formal integral expression:
(1.13) 5,_,,,(K)=J K(Sp,m 58ty 0,)0 000, -0, ds,---ds,dt,---dt
Rl+m 1 ! ! n

and call it an integral kernel operator with kernel distribution k. The kernel
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distribution is unique if it is taken from the subspace
®(1+n)\* ®(I+m)\*
(EC( '))\ym(l.m) ={KE(EC(+ )) ;S[.m(K)=K}’

where s, is the symmetrizing operator with respect to the first / and the last m
variables independently. This is related to the fact that [d ,d ]=0 and
[07,971=0.

The most basic examples of integral kernel operators are annihilation and
creation operators:

*

D =Z,,()= ij(z )ddt, D) =E,(y)= _L y(s)d'ds, yekE,.

In particular, 9, = Z,,(§,)and J, = Z,,(5,), t€R.

Theorem 1.6. Let ke (E¢"™")". Then E,,(x)e Y((E),(E) if and only if
Kk € (ESY® (EE™Y". In particular, E,, (k) € ¥((E),(E)) for any x € (E¢")".

The above result was proved in [10]. Moreover, we have

Proposition 1.7. The following commutative diagram holds:
(EHOESY > (B ®E"Y
\! \:
S(ENE) - ZUELE))

where all arrows are continuous.

Proof. By a general theory (see e.g., [28]) one can prove

(EZ)®(E¢")" =ind im(Eg) ® (ES")_,.
) i
Hence a linear map from (Eg)® (EE")" into ¥ ((E),(E)) is continuous if and
only if the restriction to (EC®’)®(EC®’")_,, is continuous. This foilows from the

—

norm estimates of Z, see Theorem A.l in Appendix A.l. The rest of the

assertion is already clear. ged

It is possible to replace the kernel distribution k in an integral kernel operator
(1.13) with an operator-valued distribution, for generalities for such distributions
see [24]. With each Le v (ES"™, ¥ ((E),(E)")) we may associate an operator
Ze Y ((E),(E)") by the formula:

(1.14) €Z0,,0,)> =LMN* ®E")p..0,), &Enek..

That = is well defined is due to the characterization theorem of operator
symbols, see [23] and [25]. It is reasonable to write

(1.15) 5:_{ O A L(s), 80ty 001,)0, -0, ds,-+-ds,dt, -+ dt,,.
Rl+m 1 ! 1 m

m
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In fact, if L is a scalar-operator-valued distribution (1.15) is reduced to an
integral kernel operator as in (1.13). The next result was shown in [25].

Theorem 1.8 (Fubini Type). Fix integers 0<a <l and 0<B<m. Given
K € (E&"™Y* there exists Le < (EQ*™P, 7 (E),(E)")) such that

L, ®-®n,®E ®-®&;)
= EI—(Z.IH—p((K ®ﬁ (§| ®®€ﬂ)) ®’1 (nl ®®na))s

where n,,---,na,él,---,éﬁ € E.. In that case
5,.,,,(x)=.[w 3 0 LSy Syotyoreratg)3), o3y sy oty -y,

To be sure, we recall the contraction of tensor products. Let Ke(E?”*’”’)*.
For g €E® and g €E®" we define x® (g ®g,)e(ES"")" as a unique
element satisfying

<K®I (g,@g”), §>:<K®gn’gl®§>s é’eE?(an].

Then x®'g is defined for any ge EZ"*™ by continuity and is called a left
contraction. Moreover, it is easily verified that

(116)  |F® g, <p™ | lgl,. Fe(EX™) ., geEX"™.

The right contraction x ®, g is similar, for details see [23, §4.3].
§2. Quantum Stochastic Processes

§2.1. Definition

For each t € R a generalized white noise functional @, is defined by
®(x)=(:x:6,)=(x,0,), t€R.

In fact, since 8, € E* =.7 /(R) for all t€ R, we only need to follow the argument
at the end of §1.1. For simplicity we write x(z) = @, (x). The family {x()} c (E)",
regarded as a “generalized” stochastic process, is called the white noise. Among
many mathematical formulations of white noise, here is a noteworthy feature of
our approach; namely, ¢+ @, is a continuous flow in (E)". This motivates us to
make the following

Definition 2.1. A family of operators {Z;reR}C Y((E),(E)") is called a
quantum stochastic process (on Fock space) if the map ¢+ Z, is continuous. A
continuous linear map =Z:E;. — Y((E),(E)") is called a generalized quantum
stochastic process. A generalized quantum stochastic process = is called regular
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678
if it admits a continuous extension from Ez into ¥ ((E),(E)"). The extension will

be denoted by the same symbol.
If {Z,;t€ R} is a quantum stochastic process, so is {E,*;te R}. This is called

the dual process. Similarly, the dual process of a (resp. regular) generalized

quantum stochastic process is defined and becomes a (resp. regular) generalized

quantum stochastic process.
= is regular,

Lemma 2.2. If a generalized quantum stochastic process
there exists p = 0 such that t+— X, = =(6,)e:/;((E),(E)*) is continuous. In

particular, {Z,} is a quantum stochastic process.

Proof. By the canonical isomorphism FUE),(E)" )= ((E)®(E))" we consider
* H(E)®(E)—> E.. (Here Z" does not stand for the

—
=
—

a continuous linear map
dual process.) Hence for any p = 0 there exist C = 0 and g = 0 such that
1= ()|, < Clal,.,, we(E)®(E).

Then, by duality we have
IEN ey SCIfI,.  feEg.

is continuous whenever p>5/12, see Appendix A.2.
< ((E),(E)*) is continuous. ged

—p
rtq

It is known that r+> 6, € E
For such p and g as above, the map t+ =, €
Not every quantum stochastic process is of the form of the above lemma.

From now on a regular generalized quantum stochastic process is also called a
slowly increasing if

regular quantum stochastic process.
A C-valued measurable function f is called
(1+2)%|f(®)=0 for some a>0. Every slowly increasing function

lim,
belongs to Ej and, as usual we write

(.8)= [ roEwd,  g<k,.
R
Lemma 2.3. Let = be a regular generalized quantum stochastic process.

Then for any slowly increasing function f it holds that

CE(Ho.yy= L FOKE S wyd, 0.y €(E).

Proof. As in the proof of Lemma 2.2 let =" ((E)®(E)— E, denote the

adjoint of =. Then
(E,0,w)=CE(5))0, y)=CE(5,).0@y)=(5,EZ*(9®y))=Z" (0 ®Y)1),

which belongs to E,i.e., is a rapidly decreasing function of ¢. Therefore
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j; FOKE . wydt = j FOE @®Y)(1)dt = (f. Z* (0 ® )
=(E(), @Y Y=KE()9, ¥,

as desired. qed
§2.2. Basic Examples

Example 1. It follows from Lemma A.3 that

S E(N= | f0odie Z(ENE),  feEL

is a continuous linear map. Therefore, by definition Z, is a régular generalized
quantum stochastic process. In particular, {d, = Z,,(5,)} is a regular quantum
stochastic process. In that case t+>d, € ¥'((E),(E)) is continuous. Similarly =,
is a regular generalized quantum stochastic process which is the dual process of
Z,,. In particular, {07} is the dual process of {d,} and tl—-)é’,* € YE) (E)) is
continuous.

It is known that each ®e(E)" is regarded as a continuous operator in
< ((E),(E)") by multiplication. The operator is denoted by the same symbol.
Then by definition

<<d)¢’ 1/’>>=<<(D, ¢1//>>, ¢,WE(E), (PE(E)*‘

Thus we obtain a natural injection: (E)" — - ((E),(E)"). It is known that ®e
< ((E),(E)) if and only if @e (E). Furthermore, we have the following
commutative diagram:

(E) - (E)*
l !
ZUELE) — ZWENE)

where all arrows are continuous linear maps.

Example 2. Let > ®, €(E)" be a continuous flow. Then, regarded as
multiplication operators, it forms a quantum stochastic process. This is the
standard way to regard a classical (generalized) stochastic process as a quantum
stochastic process. In particular, the white noise {x(¢)} regarded as multiplication
operators is a quantum stochastic process. This is called the quantum white noise.
The well-known relation:

(2.1 x(t)=0,+9;, tER,

implies that the quantum white noise is regular.
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Example 3. Consider the integral kernel operators:
1 1
(2.2) A= L Lo, (5)d.ds = '[) dds, A= L 1o, ()0 ds = J; d’ds,

which are called the annihilation and creation processes, respectively. These
processes will play a central role in quantum stochastic integrals. In the work of
Hudson-Parthasarathy [12] a crucial role is played also by the number (gauge)
process which is expressed as an integral kernel operator:

23) A= I Ty (5,007, dsdu = fa;*a\ds,
R* 0
where 7, € (E® E)" = 7'(R?) is defined by
(Troupr &)= J.Z_.'(s,s)ds, (e EQE=7(R%.
0

Obviously, A’ = A,. It is straightforward to verify that the above {4}, {A’} and
{A,} constitute quantum stochastic processes. The integral interval [0,7] can be
replaced with an arbitrary finite interval [a,t] or (—oo,t]. In §3 we discuss another
aspects of these processes.

Example 4. The quantum stochastic process defined as
(2.4) 0 =A, +A,* - J-(a‘ +8j“)ds, =0,
0

is called the quantum Brownian motion or the position process. It applies to the
vacuum ¢, € (E) to obtain a classical Brownian motion. In fact,

0.0y(x)=(x,1,)=B(x), xeE', 120,

whence E(B,)=0 and E(BB)=sat for s,t20. Therefore the quantum
Brownian motion Q, coincides with B, as multiplication operator.

Example 5. Let />0 be a constant. The quantum stochastic process
defined as

! oo o
P=A+IQ +It= J (070, +NI1(3" +9,)+)ds,
0
is called the quantum Poisson process. For the naming see [12], [26].
§2.3. Fock Expansion of Quantum Stochastic Processes

The theory of Fock expansion [23] says that every =€ Y((E),(E)") admits
an expansion in terms of integral kernel operators:
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=

(25) E': 2 EI,m(KI.m)’

I.m=0

where the series converges in ¥ ((E),(E)*) and the kernel distributions K, €
(E?"‘L’"’)Tym(,m are uniquely determined. For = € ¥ ((E),(E)) the kernel distribu-
belongs to (EY)®(ES")", namely, Z,,(x,,)€ < ((E),(E)) by Theorem

1.6 and the series converges in ¥ ((E),(E)). For E e ¥ ((E),(E)") the function on
E. x E. defined by

(2.6) EEM=(E9,.9,), &Enek,

tion K

L.m

is called the symbol of =. Since the exponential vectors {¢g,; E e E.} span a dense
subspace of (E), the symbol recovers the operator uniquely. If =€ %, ((E),
(E)"), p=0, we have

2.7) BEMISIEL, exp3 (2 +ImE),  Ene k.

In fact,

2| =Z0,,0,)=KZ.0,®0,)/<| =], |4, ®9,

from which (2.7) follows immediately. Then, applying the result in [22, §5] or
[23, Theorem 4.4.6] with (2.7), we come to the following

|—[7 2

Lemma 2.4. For Ze 7,((E),(E)"),p20, let E=%7,,Z,,(k,,) be the

Fock expansion. Then

(28) IKI.IHI—([H-]) S Gl.m,p"E"-p’
where
(29) G/‘,,,V,, - (llmm )—l/Z (6352(1 + pzly))(lﬂn)/’l )

We now consider the Fock expansion of a generalized quantum stochastic
process.

Proposition 2.5. Let = be a generalized quantum stochastic process and
let

oo

(2.10) 2©=3 5,k ©&) &k,
1.m=0

be the Fock expansion. Then, there exist C = 0 and p = 0 such that
(21 1) |Kl.m(§)|—(p+l) < CGI.m.plgl 2 é €E, 4
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where G is defined in (2.9). In particular, £k, (E) is a continuous linear

Lam,p l.m

s ®([+m)\*
map, namely’ Kl.m € ’?/(EC’ (EC )sym (I.m)) .

Proof. By definition Z:E.— Z((E),(E)")=((E)®(E))" is continuous.
Hence by the general theory of countable Hilbert spaces (see e.g., [6, Chapter
I]), there exist p = 0 and C = 0 such that

(2.12) 120, <cél,, Eek.
In that case =(&)e Z,((E),(E) ) for any Ee€E.. Then (2.11) follows from
Lemma 2.4 and (2.12). ged

Suppose that a generalized quantum stochastic process = is regular. Then,
for any p = O there exist g = 0 and C = 0 such that

IEPN o <CUf1,.  FEEL

see the proof of Lemma 2.2. Then, modifying the proof of Proposition 2.5, one
obtains the following

Proposition 2.6. Let = be a regular generalized quantum stochastic proc-
ess with Fock expansion given as in (2.10). Then for any p = 0 there exist g = 0
and C = 0 such that

|Kl,m(f)|—(p+q+ll < CGI.m,p+q|f|4p’ f € EC

In particular, the map & K

& . ®(/+ £
E. into (E;"™)

(&) is continuously extended to a linear map from

2 ®(l+m)
€ Y (Ec7 (EC )sym (l.m)) :

L.m

, namely, K

sym (/,m) 1l

As for a quantum stochastic process we only mention the following

Proposition 2.7. Let {Z,} be a quantum stochastic process and let

Et = z El.m(K/,m([))

1.m=0

be the Fock expansion. Assume that for any finite interval [a, b] there exists p = 0
such that t+— = € ,/p((E),(E)*) is continuous on [a, b]. Then t—kK,, ()€

(EEmY: is continuous on [a, b].

sym (L)

Proof. Since

) = = z El.m (K/,m (S) - Kl.m (t))

= -
1.m=0

is the Fock expansion of = — %, € :/,‘,((E),(E)*), we see from Lemma 2.4 that

\KI,III (S) - Kl.m (t)l—(p+|) < G/Jn.p "5\ - EI” -p? s, L€ [a’ b] N
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Then the assertion is obvious. qed
§2.4. Stochastic Integral-like Representation

For a generalized quantum stochastic process = we consider the Fock
expansion divided into three parts:

2.13) B = 3 E5,,0,EN+Y 5,0, +E,(k0(8). &€k

120,m21 =1
Note that the third term is a scalar operator. Since
& (Z00 (K00 (ENPs- 09 ) = (Z(8)y, 9y )
is a continuous linear functional on E,., there exists ¢ € E,. such that

Epo(KooE) =(c. O, E<EL.

The first and second terms in (2.13) are respectively rewritten as generalized
integral kernel operators. The main purpose of this section is to prove the
following

Theorem 2.8. Let E be a generalized quantum stochastic process. Then
there exist Le B(Ec,E.; Y (E)(E)")), MeHS(E.Eq; Y ((E)(E)) with
[M(E,1),0,1=0 for all £,neE. and te R, and c € E,. such that

(2.14) (8 = _fRL(g", 0,di + L&;*M*(é, $)ds+{c, E), EeE,.

(The integrals are generalized integral kernel operators for a fixed &€ E., see

§1.3)
The proof is divided into Lemmas 2.9-2.11 below.
Lemma 2.9. There exists Le #(Eq Eq; ¥ ((E),(E)")) such that

(2.15) jRL(é,t)a,dt: Y =k, &), EcE,.

120.m21
Proof. By Proposition 2.5 there exist C = 0 and p = 0 such that
(2'16) |K-/.IH(§)'—(,}+I) S CGI./H,/)'&'/}’ é € EC'
We fix such a pair of C = 0 and p = 0 throughout. For / = 0, m = 1 we put

(217) Ll_m(é’ 77) = EIJH—I (Kl.m(é) ®] r,)’ 5 € EC'

Letting &€ E. be fixed, we apply the Fubini type theorem (Theorem 1.8) to
obtain
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(21 8) El.m (Kl.m (é)) = 'B. Ll.m (5’ t)ardt :
R
We shall prove that the infinite series

(2.19) 2 L.&me, &EneE., ¢e(E),

120.m=1

converges in (E)*. For ¢ = 0 we see from Lemma A.2 that
”Ll.m(é’ n)¢"—(p+q+l) = ”5/.”1—1 (Kl.m (5) ®l n)¢“—(p+(/+l)

< L.m—1,p+g+1 |KIJ” (é) ®1 n' —(ptg+l) " ¢” prg+l-
On the other hand, by (1.16) we have
(22 1) |Kl.m (g) ®1 77| —(p+g+l) S |Kl.m (§)| -—([)+([+1)}T” ptg+1?

(2.20)

and by the definition of the norms we have

(2.22) 1K1 (O gty < P16, (O] -

Then, inserting (2.16), (2.21) and (2.22) into (2.20), we obtain

(2.23) L, (& Mgty S P Ciipegir €l L 1T gt 190 -

Using the explicit forms of C,, , .., and G, , (see (2.9) and Appendix A.l),

m,p

we have
prg+l =172 6362(1 + 2,7) —(p+1) g (l+m)/2
p' [+m)g Cl.m—l.p+q+| G/.m.,; < E p ) ( < pP")p P ]
2(p+q+Delogp 2(p+q+1Delogp
Take a sufficiently large g = 0 such that
6362 (pZ/J + 1)p—(p+l)pq o

—2(p+q+elogp
Then, summing up both sides of (2.23) we come to

224) XL G pgery S CUEL M gt 101 s EMEEc, 9 €(E),

120,m=1

where

prg+l -2 3g2 2py 4= (pHD) g \U+m)/2
c’:c( P j [e6(1+p )p " ) e,
—2(p+qg+1Delogp o\ —2(p+q+1)elogp

We have thus proved that the infinite series (2.19) converges in (E)*.
We now put

B, no)= Y L,&Eme, EnecE,, ¢e(E).

120.m21

Then it follows from (2.24) that
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”8(69 77’ ¢)|Iv(p+q+|) S C,|§| P Inl prg+l "¢" ptg+l? 6’ n € EC» ¢ € (E) .

In other words, the 3-linear map B:E. X E, x (E) = (E)" is continuous. By the
repeated application of the kernel theorem, there exists a unique Le 4 (E.,E;
S((E),(E)")) such that

(2.25) L& m¢=B¢&Eno= Y L, &Ene.

120.m21

This L is what we are seeking. In fact, by definition (1.14) we have
<<URL<€’ f>9,dt)¢m¢;>> = (L& M$,.0, ). 1.6 €Eg.

On the other hand, a straightforward computation with (2.25) and (2.17) yields
<<L(§’ n)¢r]’ ¢§ >> = Z <El.r)1 (Kl,m (é))(Pr[’ ¢4‘ >>

120.m21

Since Yo =), (. ()@ converges in (E)" for any &€ E, and ¢ € (E), the last
expression coincides with the symbol of ¥ .0, 2, (k;, (&), and therefore
identity (2.15) holds. qed

Lemma 2.10. There exists M e #(E.,Eq; Y (E),(E))) such that
(226) M(,é’ 77)¢ = 250_1#1 (Kl,o(é) ®1 mao, ¢ e(E),

121
where the right hand side converges in (E). Moreover, [M(&,1),0,1=0 for any
EneE.and teR.

Proof. Let C =20 and p = 0 be the same as in the proof of Lemma 2.9. For
simplicity we put

M/(év 77)=50_,_,(K1.o(§)®| 77), g’nEE" 1=1.

We follow the proof of Lemma 2.9 using Lemma A.3 instead of Lemma A.2 to
obtain

”MI (57 n)‘p” pi S Cl—l,q ,KI_O (é)'-—(p-ﬂ,-ﬂ ) lT” P+ "¢" prg+i

forany ¢ > 0,r =20, (€ E,. and ¢ €(E). Replacing ¢ with ¢ + 1, ¢ =2 0, and in
view of (2.16) we obtain

(227) “MI (5’ T’)(P" pri S p/(t['H ! Cl—l.q+l IK‘I,O(g)I —(p+h) |T” prg+i+l "d’" prg+i+l
= pl(l/+') CI—I.¢/+1 CGI.()./)'EI P lnl ptg+i+1 ”¢" prg+i+l T

On the other hand, by explicit computation we have

L P e s (1+ p2r) Y
WG, . G <(=2(g+Delogp)2 B¢ :
P Cii g Grop < (=2(g + e log p) ( -2(g+1elogp
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Take a sufficiently large g = 0 such that

pq+2!—le352(1 + pr)
—2(g+1elogp

Then, summing up both sides of (2.27), we obtain
Z"M/(g’ TI)¢H P s C”[&[ P m(nﬂ/“‘fl “¢” prq+i+l? é’n € Eg, (P € (E),

=1

where

C” = C(-2(g+ e log )2y,

21

(p‘/+2'_l€352(1 +p2/;))//3 < oo,
-2(g+1)elogp

Therefore

BE n.¢)=2 M & me, EneE,, ¢e(E),

=1

converges in (E) and B becomes a continuous 3-linear map from E. X E. X (E)
into (E). Then, in a similar manner as in the proof of Lemma 2.9 we see that
there exists M e A (E.,E.; ¥ ((E),(E))) such that B(&, 7, ¢) = M(&, 1)@, namely,
(2.26) holds. Since the integral kernel operator M,(ﬁ, n) contains only
annihilation operators by construction, [M,(£,1),d,1=0 and therefore [M(&, 1),
d31=0 . qed

For M € #(E,,E; < (E),(E))) define M* € #(E,,E.; ¥ ((E)*,(E)*)) by
M (&, MP, 9Y=KD, M(E,m¢). EneE., ¢e(E), Pe(E).

Lemma 2.11. It holds that
ja‘M(é’ s)ds = ZE/.O(K/.O(@)S Se Ec.
R /21

The proof is to show the coincidence of the symbols by a straightforward
computation, cf. the proof of Lemma 2.9. We have thus completed the proof of
Theorem 2.8.

By similar arguments we have the following results.

Theorem 2.12. Let = be a regular generalized quantum stochastic
process. Then there exist L€ .4 (E:;,EC;Q//((E),(E)*)), Me,ﬁzep(EE,EC;Q/'((E),

sep

(E))) with [M(f,n),d,1=0 for all feEz, nekE., teR and ceE; such that
(2.14) holds. In particular,

Z = Jﬁ L(t, 5)d.ds + jaj“M"‘(z,s)ds +cl, teR,
R R

where ¢, =(8,,¢)={EZ,0y,9,)-
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Theorem 2.13. Let {Z,} be a quantum stochastic process. Assume that for
any finite interval [a, b] there exists p = 0 such that t+ E, € ,3/,,((E),(E)*) is
continuous on [a, b]. Then there exist continuous maps t+> L, € ¥ (Eq, 2 ((E),
(E))), t> M, € Y (Eq, Y (E),(E))) and t+>c, € C, t€la, b, such that

E = j L,(5)d.ds + faj"M,* (s)ds+c,I, tela,b).
R R

§3. Quantum Stochastic Integrals

§3.1. Integrals against Time

In this section we discuss integration of a quantum stochastic process {L}
against ds. Let L, (R) be the space of all C-valued locally integrable functions
on R. We begin with the following

Lemma 3.1. Let {L} be a quantum stochastic process. Then for any

a,be R and f € Li_(R) there exists a unique operator £ _,(f)e 7 ((E),(E)") such

loc ab

that

b
(3.1 CE DO W )y= | fFKLY.y)ds, ¢,y e(E).

Proof. Suppose a, b are fixed. Since s> L, is continuous, the closed interval
[a, b] is mapped to a compact subset K c ¥ ((E),(E)")=((E)®(E))". Hence
there exists some p = 0 such that

(3.2) C=suplL]_, <.

ass<h
Then for any s €[a,b] we have
JCLO, WY=L, 0@ wH|<ILI 10 ® i, <Clgl, v,

and

| Ly ds

b
<Clel, v, | 1f(lds, o,y € (E).

Therefore the right hand side of (3.1) is a continuous bilinear form on (E) and
there exists a unique operator =, ,(f) € -/ ((E),(E)") such that (3.1) holds. qed

The above constructed operator =, (f) is denoted as

h
'E;<:.h (‘f‘) = .’?(-S ) ll\tis
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Unless the continuity of ¢+ f(£)=, € S((E),(E)") is assumed, {f(£)Z(z)} does
not necessarily constitute a quantum stochastic process in our sense. The next

result follows immediately from the definition.

Lemma 3.2. Let {L} be a generalized quantum stochastic process. Then

b * b
(J‘f(s)L‘ds] = [roras
forany feL (R) anda=<b.

Theorem 3.3. Ler {L)} be a quantum stochastic process and let
feL,(R). Then for any fixed t,€ R,

loc
E,=J.f(s)L‘ds, teR,

is a quantum stochastic process.

Proof. 1t is sufficient to prove the continuity on any finite interval (a, b).
Taking constant numbers p = 0, C = 0 as in the proof of Lemma 3.1, we obtain

K(E, -Z)8.w)|<Cldl, v, j “\f6Nds, a<t <1, <b, 0,y e (E).
Then for bounded subsets B,, B, — (E) we have
IZ, ~ .15 5. <CIB, By, j “|f)ds, a<t <1, <b,
from which the continuity follows immediately. ged

Corollary 3.4. Let L be a regular generalized quantum stochastic process.
Then

b
L(f-1,,)={f(s)Lds, feL, (R), a<bh.
Proof. Modelled after the argument as in the proof of Lemma 2.3. ged
Remark. Unless a generalized quantum stochastic process L is assumed to be

regular, s—1,,,(s)L, is not well defined even as an element in ¥ (E., 7 ((E),
(E)*)). In that case we have no way to define

1
z = JL\ds =J°1W,(s)L‘ds
a R

within the present formulation.
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Theorem 3.5. Assume that two quantum stochastic processes {L}, {Z,}
are related as

t
E,=jL‘ds, teR.

Then, the map t+> =, is differentiable with respect to the topology of Z((E),
(E)") and it holds that

[§4]

d
—=5 =1L.
dt t t

Proof. We prove the differentiability at a fixed € R. For that purpose, it is
sufficient to show that given bounded subsets B,, B, € (E)

(3.3) Jim i%:— -1,

h—0

=0.

B, .B,

It follows from definition that
= = t+h
((E=-nlowy =1 @ -Lwwre ovem.

Since st L, is continuous, given £ > 0 there exists some & >0 such that

||L\~L1"B,.BZ <£’ [S—t|<5,

Hence, if 0<|h| <, we have

—_-
—

=
ith L_L

h 1

1 1+h
SZJ. IL, = L) 5, 5, ds <€.
B, .B, !
This proves (3.3). qed

Corollary 3.6. For the annihilation process (A,}, the creation process
{A,*} and the number process {A,} defined in (2.2) and (2.3) it holds that

Dyg La-g, L
dt

A =30,
dt dt

with respect to the topology of YUE)(E)).
§3.2. Quantum Stochastic Integrals
We begin with the following

Lemma 3.7. If {L} is a quantum stochastic process, so are both {Ld,} and
(/L.
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Proof. We first prove that ¢+ L,d, € & ((E),(E)") is continuous. To this end
fix t € R and finite interval (a, b) containing ¢. Take p = 0 such that

C=sup|L]_, <ee,

ass<h

see the proof of Lemma 3.1. Let B,,B, c (E) be bounded subsets. Then, in view
of Lemma 1.2 we have

"L\a\ - L,81" B, .B, < “L\(a\ - a,)" B, .By +"( L\ - Ll)aI” B, .B-
<ILJ -, 10, =l L IBsll, +IL, = Ll ; 5. 5,
S C"a\ - al” By .p "BZH P +“L\ - Ll" d,B,.B,°
and therefore

lim ”Lsa\ - LtaI” By .B, =0 4
s T
as desired. That ¢ 9, L, is continuous follows by duality. qed

The above lemma and Theorem 3.3 lead us to the following

Definition 3.8. Let {L} be a quantum stochastic process. Then the
quantum stochastic processes defined as

! T
J;L\B‘ds, J&;"L‘ds

are called the quantum stochastic integrals of {L,} against the annihilation and
creation processes, respectively.

Obviously by Lemma 3.2,
' * .
(3.4) (J L‘a‘a’s) = j&;“L""ds.

The number process {A,} defined in (2.3) is the quantum stochastic integral of
{8,*} against the annihilation process as well as the quantum stochastic integral of
{d,} against the creation process.

In [16] and [17] Lindsay introduced a quantum Hitsuda-Skorokhod integral by
means of the gradient operator V. In our context the gradient operator is given as

Vo(x,t)=0,0(x), pe(E), x€E", teR,

and is a continuous operator from (E) into (E)® E,., see [23, §5.1]. It is then
easy to see that a quantum Hitsuda-Skorokhod integral introduced by Lindsay
coincides with a quantum stochastic integral against the creation process in
disregard of technical details.
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In [25] we also introduced the notion of a quantum Hitsuda-Skorokhod
integral Q, for a regular quantum stochastic process {L }. In fact, €, is defined
as a unique operator satisfying

(3.5) Q2. 0, =LA, M. 0,2, & MEE,

with the help of the characterization theorem of operator symbols. We see easily
that this €2, is a particular case of a quantum stochastic integral against the
creation process:

Q= J d'Lds.

On the other hand, if {L,} is a regular quantum stochastic process, one may define
a quantum Hitsuda-Skorokhod integral over an infinite interval like (—eo,t) by
(3.5).

§3.3. Riemannian Approximation

For a quantum stochastic process {L,} we shall define a quantum stochastic
integral against the annihilation process {A,} by Riemannian approximation. Let
[a, b] be a fixed interval. For a partition

Ata=s,<s <--<s, =b,

n

we consider the Riemannian sum of It type:
n—l n—1 .
(3.6) E,=YL (A -A)=Y L‘IJ‘ 9 du.
=0 =0 \

Obviously, =, € #((E),(E)"). The symbol is given as

n—l1

(3.7) ENEm=(20.0,)=3L Em| " twdu.
1=0 ]

Lemma 3.9. Let {L} be a quantum stochastic process. Assume that for
any finite interval [a, b] there exists p = 0 such that t+— L, € ://,((E),(E)*) is
continuous on [a, b]. Then {=Z,} c ¥ ((E),(E)") is a Cauchy net with respect to

the usual order of partitions A.

Proof. Note that t—> L, € J,,((E),(E)*) is uniformly continuous on [a, b].
Therefore given € >0 there exists a constant y >0 such that

(3.8) IL ~Ll_, <& stelabl ls—1<7.

Let A’ be a refinement of A. Then every small interval [s ,s, ;] belonging to A
is partitioned into a sum of smaller intervals belonging to A’, say,
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— (D () <. () —
Sj—t0 <t <---<f =54

m,

Then, in view of (3.7) we have

n—1 /nJ—l ﬁ:;
EaEm-EEmI<Y 3 Lo Em-LEm] | IEwidu.

J=0 =0

Suppose |A|=max|s , —s|<y (then |A’|<y too). Then by (2.7) and (3.8) we
J

come to
- o 1,20 ) b
EvEm-ExEmiseexn o +m)x | 1galdu
< e(b-a)'"*(&l, exp 5 (&F; +1nf3).
Therefore,
o o -
(3.9) 12, (&M~ Z,(&mI<eexpK(E, +Inl3,),
where
_b-a ,, 1
K= e P +2.

In view of the precise result in [23, Theorem 4.4.7], we conclude from (3.9) that
there exist ¢ > 0 and M = O (independent of the partitions A with |[A|<7y) such
that

"(EA’ - EA )¢”—(p+q+l) S 8M“¢” pryg+1? ¢ € (E)

Namely, {Z,} is a Cauchy net in Y ((E),,.»(E)_(,.,.,) and therefore in
F((E),(E)). qed

The above lemma says that there exists a unique limit of {Z,}c Y ((E),
(E)"). The limit is denoted by

b
J‘L\dA‘ =limY L (A, —A ).
a A 1 1+l 1

This is called the quantum stochastic integral of Ité type against the annihilation
process and coincides essentially with the one introduced by Hudson-
Parthasarathy [12]. However, only for the existence of the limit we do not need
to take L, as a representative value of L, on the interval [s,s . ]. Our special

choice called It6 type will be important later in §4.

Theorem 3.10. Let {L} be a quantum stochastic process. Assume that for
any finite interval [a, b] there exists p = 0 such that t—> L, € J,,((E),(E)*) is
continuous on [a, b].
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Then
b b
J.L\dA‘ = J‘L\a‘ds :
a a

Proof. For simplicity we denote by = and (2 the left and right hand sides,
respectively. It follows from Lemma 3.9 that

n—1 S b B
(50,.6,) =lim(=,9,.6,) = lignlgof/ €m) " g = [ e mesas
On the other hand, by definition

<<Q¢§’ ¢n>> = J:l<<L 9,0z ¢n>>ds = _[Ib<<L‘¢¢, q>,7>>g”(s)ds.

Therefore <<E¢§, ¢n>> = <<Q¢§, 0, >> which proves the assertion. qed

Here is a simple example. The number process is expressed as
ro '
A = J.(?T&‘ds - J' 97dA..
0 0

In a similar manner, for a quantum stochastic process {L,} satisfying the
same condition as stated in Theorem 3.10, one may prove the existence of limit:

. b -
limY (A" —ANL = |dATL.
A 1+! 1 1 a
Here again we adopt the Riemannian sum of It type, though it is not necessary

just for ensuring the existence of the limit. The next result is straightforward
from the above argument and (3.4).

Proposition 3.11. For a quantum stochastic process {L} satisfying the
same condition as stated in Theorem 3.10, we have

b b * b .
dAj*L‘;‘:( L\dA\) = j d L. ds.

a

§4. Adapted Processes
§4.1. Definition

As introduced in §1.3 we put

D =Z,,(y= Ly(t)c?,dt, D =E,0y= L y(t)d'dt, yeE,.
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It follows from Theorem 1.6 that for y=neEC,D: € X((E),(E)) and D, is
continuously extended to an operator from (E)" into itself, i.e., D, e SLUE),
(E)"). Thus for Ze.%((E),(E)") the commutators [D,, 5] and [D],Z] are
meaningful.

Motivated by Hudson-Parthasarathy [12], we make the following

Definition 4.1. A generalized quantum stochastic process = e Z(E,
Y((E),(E)*)) is called adapted (with respect to the filtration generated by
{9,, ') if

[D,. Z(©))=[D;, 5(&)]=0

for any choice of € R, &, ne E. such that supp & < (—oo, 1) and supp 7 € (7, +0).

Lemma 4.2. Assume that a generalized quantum stochastic process = is
regular. Then it is adapted if and only if [D,, =, 1= [D:, =,1=0 for any te R and

N e E; with supp 1 C (t,+e0).

Proof. First we assume that = is adapted. Given re R and ne E, with
supp 7  (¢,+o0) , take s < r and a &-sequence &, € E. such that supp &, < (—oo,1)
and & — 6,. Then, since 5(§,)—> =Z(8,)=5,, we have

(D, 5\]=}'ij{’1°[Dn, 2¢&)1=0
and hence [D,,
desired.

We prove the converse. Given & neE, such that supp &c(—ee,1) and
supp 1 < (#,+o0) take £,< t as supp & c(—oo,,). Then by Lemma 2.3,

@.1) (D,2@0.v)=(=@0. D) = [ £6)(5.0. Dy s

,E,1=0 for any s < 1. Letting s >, we obtain [D,,%,] =0 as

On the other hand, we have by assumption
(26.D¥)=(DZ0.¥) =(=D0.¥). s<1,

Hence (4.1) becomes

42) [ &z Dp.v)as=(=@D,p.v).
Consequently, it follows from (4.1) and (4.2) that D, =(&)=Z(£)D, . qed

Taking the above result into account, we make the following definition which
is consistent with Huang’s one [11].

Definition 4.3. A quantum stochastic process {Z,} is called adapted if
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[D,, Z,1=(D;, E,1=0

for any te€ R and n e E, with supp 1 c (£,+).
§4.2. Fock Expansion of Adapted Processes

We first study operators commuting with D,. By a straightforward
computation using the canonical commutation relation we obtain

(43) [Drl’ Sl,m (Kl.m )] = lE[—].ln (Kl.m ®I 77), n € E s Kl,m € (E?(Hm))

3
sym(/.m) *

(See also [25].)

Lemma 4.4. Let 5e Y ((E),(E)") and let

*
sym(/.m)?

M

= _ = ®(l+m)
(44) == ‘—'/.lu(Kl.m)’ K‘[.m € (EC o )

1.m=0

Il

be the Fock expansion. Given ne E., [D,,=Z]1=0 if and only if «,, ®'n=0 for
alll=1and m=0.

Proof. In view of (4.3) we obtain

[Dn’E] = Z lEI—l,m(K[.m ®I n)’
=0
which is the Fock expansion of [DU,E]. Because of the uniqueness of the Fock
expansion [D,,Z]=0 if and only if =_, (x,, ® n)=0 for all /> 1 and m = 0;
and therefore, if and only if x,, ® =0 forall /=1 and m =2 0. qed

The support of a distribution k € (Eg" )", denoted by supp k, is the smallest
closed subset F ' R" such that x vanishes in R" — F. Therefore supp x c F, F
being a closed subset of R", if and only if x vanishes outside F.

Lemma 4.5. Let =e Y((E),(E)") with the Fock expansion given as in
(4.4). Let t € R be fixed. Then [D,, Z] =0 for any n€ E. with supp 1 C (£, +e°)
if and only if suppk,,, C(—oo,t]' X R" for all I, m with [ + m = 1.

Proof. By Lemma 4.4, [Dn,E] =0 for any ne E. with supp 1 c (¢,+o0) if
and only if

<Kl_m ®] TI’ 771@“4) ® é]®m> = <Kl.m ®m §I®”” TI ® 111@”_”) = 0

for any &,m €E; and neE; with supp 71c(f,+). Therefore «x,,h ®, "
vanishes outside (—oo,t]X R"'. Since x,, ®, 2" is symmetric by assumption, it



696 NoBuaki OBATA

vanishes outside (—ee,r]'. Consequently, k,, vanishes outside (—co,z]' xR". The
converse assertion is clear. qed

Lemma 4.6. Let Ze€ #((E),(E)") and let t€ R be fixed. Then [D,, Z]=
[D:, Z1=0 for any ne E, with supp 1 (t,+e°) if and only if the Fock expansion
of Z is of the form:

E= z El.m(’cl.m)+01’ c= <<E¢0’¢0>>’

1+m21

where supp k,,, C(—oo,t]"™" for all l, m =0 withl + m = 1.

Proof. Note first that [D;,E]=O if and only if [DH,E*]=0. Then the
assertion follows from Lemma 4.5. ged

Combining Proposition 2.5 and Lemma 4.6 above, we obtain

Theorem 4.7. Let = be a generalized quantum stochastic process and let

5(§)= 2 EI.IN(K/JH(é))+<C’§>I’ gEE ’

1+m=1

be the Fock expansion, where k,,, € 7/ (E¢,(EQ"™), ., )and c€E,.Then Z is
adapted if and only if supp k,, (&) C (=eo,t]*" for any choice of teR, E€E,

with supp & c (—oo,t) and | + m = 1.

Similarly, by Proposition 2.7 and Lemma 4.6 we obtain

Theorem 4.8. Letr {Z} be a quantum stochastic process and let
51 = Z EI.IH(K/.IH (t)) +C’[ ’ teR ’
I+m21

be the Fock expansion. Then {Z|} is adapted if and only if supp K
(=0, t]™ for any te R and [ + m = 1.

(t)c

l.m

The annihilation and creation processes:
A=[ods=g,0,). A =] dds=2,00.,). rek.
defined as integral kernel operators are adapted. Similarly, the number process
A= j d/dds=Z,,(1_.,), 1€R,

is adapted. It is also obvious that {d,}, {0} and {9;d,} are adapted.
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§4.3. Stochastic Integral Representation

In §2.4 we established a stochastic integral-like representation for a quantum
stochastic process. We now consider the case of adapted processes.

Theorem 4.9. Assume that a generalized quantum stochastic process = is
adapted. Then it is expressed as

(4.5) =) = J'RL(g, $)9,ds+ J'Ra;*M*(g, S)ds+(c,EV, Eek,,

where
(i) Le B(E.,Eq; S (E).(E)")) such that supp L(E,") C (—oo,t] for any E € E,
with supp & C (—oo,1);
(i) Me #(E, E.; (E),(E)) such that [M(£,1),9,1=0 for any EneE,,
t € R and supp M(&,-) € (—oo,t] for any & € E, with supp & C (—o,1);
(iii) c € E.

To see the above result we only need to follow the proof of Theorem 2.8
keeping Theorem 4.7 into account. If the generalized quantum stochastic process

—

Z is regular, combination with Theorem 2.12 yields

Theorem 4.10. Let = be an adapted generalized quantum stochastic
process and consider the expression as in Theorem 4.9. If = is regular, then
Le 4 (Ei,E; 7 (EV(E)"), Me .4, (Eé Ec; (E).(E)) and c € E,.

ep sep

Recall that the delta functions &, belong to E_, for p > 5/12. On the other
hand, the separately continuous bilinear maps L and M in the above theorem
become jointly continuous on E._, X E.. We thus come to

Corollary 4.11. Let E be a regular generalized quantum stochastic
process. If it is adapted, it is expressed as

t

1 1
(4.6) ) =j L(t,s)asds+J d’M*(t,s)ds+cI, t€R,

where

(i) L:RxXE.— :/’((E),(E)*) is continuous; linear in the second argument,
and supp L(t,-) © (—oo,t] for all t€R;

(ii) M:RxE. = ¥ ((E),(E)) is continuous; linear in the second argument,
[M(s5,6),d,1=0 for any E€ E. and s,t € R; and supp M(t,-) € (—s,t] for
all teR,;

(iii) ¢: R — C is a continuous function.
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§4.4. Quantum Stochastic Integrals of Ité Type

There is a close connection between quantum stochastic integrals of Itd type
[12] and our integrals. In case of an integral against the annihilation process the
result is already stated in Theorem 3.10 without assuming the adaptedness.

Lemma 4.12. Let {L}c Y ((E).(E)) be an adapted quantum stochastic
process. Then,

[L,A,,—Al=0, teR, h=0.
Proof. By definition [D,I,L,]=[D:,L,]=O for any mnekE, with
supp 1) < (t,+e<). Since L, € ¥((E),(E)), for any ye E; the commutator [D , L]
is well-defined and belongs to Y ((E),(E)). Put y=1,,, and take an

approximating sequence 7, € E. with supp7, < (,4) such that 1, —y in E;.

Since D, =A,,, —A,, we have

[L,A

t+h '—AI]Z[L,,D\]=’1'i_I)E[LI,Dn"]:O,
as desired. qed

Lemma 4.13. Let {L}c Z/((E),(E)) be an adapted quantum stochastic
process. Assume that for any finite interval [a, b] there exists p = 0 such that
t—L e j’p((E), (E)") is continuous on [a, b]. Then the limit

b e o e e
(4.7) j LA, =lim3 L (A7 —A)
exists in ' ((E),(E)"). Moreover

b b *
JL\dA\ =(JQL‘dA‘) .

Proof. By Lemma 4.12 we have
Z(A‘,+I -A L = E;L"(A\Hl —A ).
Then, apply Lemma 3.9 to observe that
limY(4, -4, )L, = fL‘dA‘ .
The assertion follows by taking the adjoint. ged

The stochastic integral defined in (4.7) is essentially the same as one due to
Hudson-Parthasarathy [12]. The next result is clear for Proposition 3.11.
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Theorem 4.14. Let {L} < Y ((E).(E)) be an adapted quantum stochastic
process. Assume that for any finite interval [a, b] there exists p = 0 such that
t—>L e 3,’,((E), (E)*) is continuous on [a, b]. Then

b b
J.L’fdA;* = [arr7as.

§4.5. Imvariance of Operator Symbols

It is possible to describe the adaptedness of a quantum stochastic process in
terms of operator symbols. We here prove the following

Theorem 4.15. Let {Z,} be a quantum stochastic process. Then it is
adapted if and only if the function

Em> e CNE(Em), Enek,,

is invariant under the translations: &—E+& and n—>n+n, where &.,n €E,
with supp &, , supp 1, € (f,+°).

Proof. Consider the Fock expansion:

E! = EEI.III(KI.III(I))+CII'

1+m21

Then
lp(g’ n) = e'(é-”):‘;t (é’ 77) = Z (Kl.m (t)’ n®l ® §®’” > + CI ’ é’ Tl € EC °

1+m>1
If Z, is adapted, it follows from Theorem 4.8 that supp K, ,, (1) © (—eo, 1] . Hence
for any &,n e€E. with supp&, supp7m, C(t,+w) we have W(&En)=
F(E+E.n+m,).
Conversely, we assume the invariance property of ¥ . Then, in particular,

Z <K/.m (t)s n|®l ® §I®"’> =0

I+m=1

for any &,n, € E; with supp &, supp 7, < (f,+e). Hence supp k,,, (t) < (—oo,t]*"
and Z, is adapted. ged

Appendices: Norm Inequalities

§A.1. Integral Kermel Operators

For x € (EZ""™)" we put

Kl g = (A% ®(A®"))Kly,  p.geR.

Obviously, |x|_, =|x|,,,_,_, which is finite for all sufficiently large p > 0.
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Theorem A.1 ([23, Theorem 4.3.9]). Let ke (EZ"™)". Then for any
peR,q>0and o, >0 with o+ B<2q, it holds that

—al2 112 ) ml2
I s ey W e 101,
I.m P —ae log p _ﬁe lOg ,D lm,p~(p+q) ptq

forall ¢ €(E).
It is known that k € (ES"*™)" belongs to the smaller subspace (ES')® (Eg")"

if and only if for any p = O there exists ¢ = 0 such that < oo

| K1 Lm;p.~(p+q)
Specializing parameters in Theorem A.1, we obtain

Lemma A.2. Let xe(ES"™)". Then, for any p > 0 with K|, <eo we
have

1=, (00l_, <G, Ixl_,19l,. ¢ €(E),
where
p_p (I+m)/2
C — P l/mm 1/2[ j .
l.m,p p ( ) —2p€ log p

Lemma A.3. Let ke(EZ")". Then for any peR and q > 0 with |k|_,,.,,
<o we have

||50Jn(K)¢" P S Cm.z/ | K‘ —(pt+q) "¢“ ptq? ¢ € (E)’

where

—q ml2
Cm‘q — p—q/_mm/_( p ) .
—2gelog p

§A.2. Delta Functions

Theorem A.4. For any p > 5/12 and 0<o <1 with p—5/12>0/2 there
exists a constant number C = C(p,a) =0 such that

(A.1) 15‘—5,|_pSC|s—t|"‘, s,t€R.
In particular, t+ 6, € E_p is continuous for p > 5/12.
Proof. Foreachj=0,1,2, ... we put
e,(t)=(r2! j1y"2e " 2H (1),

where H| is the Hermite polynomial of degree j, see [23], [29]. Then {e}, isa
complete orthonormal basis of I?(R,dt). Note also that
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dZ
dar?’

Ae,=(2j+2)e,, A=1+1-
Then by definition
2 - — 2 . -2p
112, =IA7 =Y (f.e, ) 2j+2)%, feE. peR
J=0

In particular, for s,re R,

(A2) [8,-82,= ;)Ka\ ~5.¢,) (2j+2)?"
=2 le ()¢ (NP (2j+2)?"
=0

< Y ls— 1% suple’ (u)2* x22-2* suple, ()% x (2 +2)72".
=0 ueR ueR

Since €] =+/j/2 e, —~/(j+1)/2 e, which is verified by a direct computation,

we have

e/ (WP < oy 4 (j+1)°y%8,  ueR,

1+

where

v, =suple, (u), j=0,1,2,---.

ueR

Then (A.2) becomes

J+i

(A3) 18, =8, S22 =2 X (Joy25 +(i+ Doy 28)y i 2o (2j+2) 7.
7=0
Now we recall Szegd’s theorem [29, 8.91.10]: lim _ j'"?y, exists and is finite.
Thereby the series in (A.3) converges for ¢ —1/6—2p < —1 and we obtain (A.1).
ged
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